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SYMPLECTIC CAPACITY AND SHORT PERIODIC BILLIARD
TRAJECTORY

KEI IRIE

ABSTRACT. We prove that a bounded domain € in R"™ with smooth boundary has a
periodic billiard trajectory with at most n 4+ 1 bounce times and of length less than
C,r(), where C,, is a positive constant which depends only on n, and r(£2) is the
supremum of radius of balls in . This result improves the result by C.Viterbo, which
asserts that 2 has a periodic billiard trajectory of length less than C{lvol(ﬂ)l/ " To
prove this result, we study symplectic capacity of Liouville domains, which is defined via
symplectic homology.

1. INTRODUCTION

Let 2 be a bounded domain in R" with smooth boundary. A periodic billiard trajectory
on € is a continuous map vy : R/7Z — 2 such that there exists a finite set Z C R/7Z
and satisfies the following conditions:

e ~ is smooth on (R/7Z) \ % and satisfies ¥ = 0.
e For each ty € B, v(ty) € 09, the left and right derivatives ¥(tF) := lim F(t) exist,
st

and satisfy the law of reflection (v denotes the outward normal vector on 0f2):
(3(t3), v(7(t0))) = —(3(t), (7 (ta))) # 0,
I(tg) — (1(t5), v(v(t)) - v(r(t)) = H(tg) — (3(te), v(v(t0))) - v(v(to)).
Elements of # are called bounce times.

Before stating the main theorem, we introduce some notations. For x € R" and r > 0,
B(z,r):={y eR" | |z —y| < r}. For Q C R",

r(Q) :=sup{r > 0 | there exists # € R" such that B(z,r) C Q}.
The main theorem of this paper is the following:

Theorem 1.1. Let Q be a bounded domain in R"™ with smooth boundary. Then, there
exists a periodic billiard trajectory ~v on € with at most n + 1 bounce times and which
satisfies the following length estimate:

] < Cor(9),

where C,, is a positive constant which depends only on n.
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Remark 1.2. The existence of a periodic billiard trajectory with at most n + 1 bounce
times is due to [2]. They also consider arbitrary metrics on R".

In [8], it is proved (theorem 4.1) that there exists a periodic billiard trajectory - on Q
(with the flat metric) which satisfies a length estimate |y| < C’vol(Q)*", where C, is a
positive constant which depends only on n. Notice that this result follows from theorem
1.1 and an obvious inequality 7(Q) < w;, /"vol(Q)"/", where w, denotes the volume of the
n -dimensional unit ball.

In [1], it is proved (theorem 1.2, the case of a constant potential) that there exists a
periodic billiard trajectory 7 on € (with the flat metric) with at most n + 1 bounce times
and which satisfies a length estimate |y| < C”diam(, where C” is a constant which does
not depend on n, and

diamf) := inf{\’u\ | (v+Q2)NQ = @}.

Notice that our main theorem also implies this result for each fixed n, though we can not
prove the independence of C” on n by this argument.

Finally we remark that one can easily construct (€2)g, a sequence of bounded domains
in R", such that klim vol(§2) = klim diam(€),) = oo and r(€2;) < 1 for any k.
—00 —00

To prove theorem 1.1, we use symplectic capacity defined via symplectic homology,
which was introduced in [7]. In the present paper, symplectic capacity is defined for
Liouville domains (compact exact symplectic manifolds with convex boundaries), and it
is denoted by capg. The definition is given at the beginning of section 3.

Using symplectic capacity capg, we introduce the notion of capacity for Riemannian
manifolds (without boundaries), which is denoted by capp. Roughly speaking, it is defined
by capg(N) := capg(DT*N), where DT*N := {(q,p) € T*N | |p| < 1}. But when N
is non-compact, the right hand side does not make sence since DTN is not a Liouville
domain (since it is not compact). Hence we have to approximate DT*N by compact
domains. See definition 4.3 for the precise definition.

We prove that capj satisfies following properties:

(A) Let ©Q be a non-empty open set in R™. Then, capp(Q2) < C,r(R2), where 2 is
equipped with the flat Riemannian metric on R".

(B) If Q is a bounded domain in R™ with smooth boundary, there exists a periodic
billiard trajectory on €2 with at most n 4+ 1 bounce times and of length equals to

capp(Q).
Our main theorem 1.1 follows at once from (A) and (B).

We explain the structure of this paper. In section 2, we recall the notion of symplectic
homology. We use the version introduced in [7].

In section 3, we define capg, and prove its properties. The most important result in this
section is theorem 3.6, which asserts that when 7 : Y — X is a covering map between
Liouville domains, then capg(Y) < capg(X). Though its proof is not very difficult, it
seems to the author that this result contains a novel idea.
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In section 4, we define capp, and prove its properties. The main result in this section is
theorem 4.13, which includes the property (A). Theorem 3.6 is used to prove that R™\ Z"
with the flat metric has a finite capacity (theorem 4.12). Theorem 4.13 is proved by
theorem 4.12 and elementary geometric arguments.

In section 5, we prove the property (B) (theorem 5.1). The arguments in this section
heavily rely on the techniques developed in the recent paper [1].

In the appendix, we prove theorem 2.12, which asserts that truncated symplectic ho-
mology of a Liouville domain (X, \) depends only on dA. It seems to the author that
theorem 2.12 is well-known to experts. But we give a proof of the result since the author
is unable to find its proof in the literature.

2. SYMPLECTIC HOMOLOGY

2.1. Liouville domains. First, we recall the notion of Liouville domains. A Liouville
domain is a pair (X, \) where X is a compact manifold with boundary and X is a 1-form
on X, with the following conditions:

(1) (X,dX) is a symplectic manifold.
(2) Z € Z'(X) defined by izd\ = X points strictly outwards on 0X.

(2) implies that (0X, \) is a contact manifold. Let R be the Reeb vector field on (09X, \)
(recall that R is characterized by igrd\ = 0, \(R) = 1).

In the rest of this paper, (X, A) stands for a Liouville domain, and n stands for dim X /2,
unless otherwise stated.

P(0X, ) denotes the set of periodic Reeb orbits on (90X, ), and F,(0X, \) denotes
the set of elements of Z2(0X, \) which is contractible in X. For each z € Z2(0X, \), its
period is denoted by 7(x), and

T(0X,\) = {7(z) | z € 2(0X,\)}.

It is well-known that 7(0X,\) is a closed null set in [0,00). Define 6(0X,\) =
min 7(0X, A). It is clear that 6(0X, A) > 0.

There exists an unique (up to homotopy) almost complex structure on TX, which is
compatible with dA. In the rest of this paper, we only treat the case ¢;(TX) = 0.

Let (X, \) be a Liouville domain. We define ®: 0X x (0,1] — X by
O(2,1) = z, 0, ®(z,r) =r'Z(D(2,1)).
It is easy to check that ®*\ = r7*\, where 7 : X x (0, 1] — 0X is the projection. Define
X and A € Q(X) by

A . A (on X)
X = X U 0X A= '
U@ 8 X (07 OO), {7"7‘(*)\ (on 8X X (07 OO))

We call (X, ) the completion of (X, ).



By definition, there exists a natural embedding I : 9X x (0, 00) — X. We often identify
0X x (0,00) with its image via I. For r € (0,00), X(r) denotes the bounded domain in

X with boundary dX x {r}, i.e.

[xuaxx[Lr] (r=1)
X(T)‘_{X\aXx(r,u (r<1)’

Definition 2.1. Two Liouville domains (X, \), (X', X') are called equivalent if and only
if there exists a diffeomorphism ¢ : X’ — X such that X' = ¢*X. (X, ), (X', \) are
called isotopic if there exists a smooth family of Liouville domains (X, A¢)o<¢<1, such that
Ao = A and (X, ;) is equivalent to (X', \').

2.2. Periodic orbits of Hamiltonian flows. For H € C*(X), we define its Hamil-
tonian vector field Xg by ix,d\ = —dH. For H = (H})er/7z, a family of Hamiltonians

on X parametrized by R/7Z, let us denote by 2, (H) the set of z: R/7Z — X which is
contractible and satisfies 0y = Xp,(x). Z1(H) is often abbreviated by & (H).

For x € &.(H), we define its Conley-Zehnder index. For later purposes, it is necessary
to define the Conley-Zenhder index for degenerate periodic orbits. Hence we have to
define the index for degenerate symplectic paths. We use the definiton given in [5].

First we introduce some notations. Take a coordinate (qi,pi, ..., qn, pn) on R*", and

define

1
A ::§ Z pj N dg; — q; N dp;,

1<j<n

Wy, = dA,,
Sp(2n) == {V € GL(2n,R) | Vi, = wn}.

In the present paper, GL(2n,R) acts on R*" from right, i.e. we denote the action of
GL(2n,R) on R*" by

(T1, -y Tan) - (Vij)i<ij<on = ( Yo oaViges Y IJ'V?”J)‘

1<j<2n 1<j<2n

For 7 > 0, let us denote

P.(2n) == {7 € C°([0,7],Sp(2n)) | ¥(0) = 12, }.

We define the index i : &2, (2n) — 7Z by several axioms. To spell out the axioms, we
introduce more notations.

e For vo,m1 € Z.(2n), 70 ~ 7 if and only if there exists d: [0, 1] x [0, 7] — Sp(2n)
such that §(7,-) = v(-) (i = 0,1), 0(s,0) = 1g,, and rk(d(s,1) — 1g,) is constant
on s.

e For v, € Z.(2n;) (i = 0,1), define v9 091 € P (2n9 + 2n1) by 70 © 1(t) =

(%ét) %(Et)) '



e Forvp,71 € C°([0, 7], Sp(2n)) such that v(7) = 71(0), define y1xy5 € C°([0, 7], Sp(2n))
Yo(2t) (t<7/2)
n@t—7) (t>71/2)

e For 7 > 0 and 0 € R, define p, g € &, (2) by @,4(t) == (Z?r?((zfg;:'; ;2:5%%_?)

by 71 *Y0(t) =

The index i : &;(2n) — Z is defined by the following axioms:

Theorem 2.2 ([5], theorem 6.2.7). For T > 0, there exists an unique map 1 : U Z.:(2n) —
n>1
7. which satisfies the following five axioms:

(1) Foryo,m € Z:(2n), 0 ~n = i(%) =1i(n).

(2) For vy € &:(2n;) (1 =0,1), i(v0 o) = i(70) + 1(n).

(3) For any v € ZP,(2) satisfying y(1) = (é ) (a =0,=£1), there exists 6y > 0 such
that i([v(7)¢r,—e] *v) = i(7) for any 6 € (0,6)].

0,6
(4) For any v € Z.(2) satisfying (1) = ( C{) a = +1), there exists 6y > 0 such

that i ([v(7)ere] *v) =i(y) + 1 for any 6 € (0,6)].

(5) Define vo € P-(2) by Yo(t) := (1 +Ot/7 (1 +S/T)—1)- Then, i(yo) = 0.

In [5], several equivalent definitions are given (definition 5.4.2, definition 6.1.10). In
particular, definition 6.1.10 in [5] implies the following useful lemma:

Lemma 2.3. Let us define the set of non-degenerate symplectic paths by
Pr(2n) = {y € Z.(2n) | I‘k(’)/<7') —1y,) = 2n}.
Then, for any v € Z.(2n), i(y) = sup inf{i(8) | B € UN P:(2n)}, where N(v)

UEN(7)
denotes the set of all open neighborhoods of v in P.(2n).

The following lemma follows at once from the above lemma.

Lemma 2.4. Assume that a sequence (i), in P-(2n) converges to v in &.(2n). Then,
i(y) < li}gn inf i(yg).
—00

Next we define the Conley-Zehnder index pcz(z) for € 2,.(H). Let D* := {z € C|
2| < 1}, and take arbitrary z: D* — X such that (™) = z(76) (such Z exists since

r is contractible). Since D? is contractible, Z*TX is a trivial symplectic vector bundle.
Take the following trivialization of symplectic vector bundle:

F:(R™w,) x D?> = #*TX; (v,2) = (F.(v), 2).

Define 7 : R/7Z — Sp(2n) by
fy(t) = <F€27rit/7')71 o @t o Fl
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where (®;); is the Poincaré map generetaed by (Xpg,):. Finally, we define pcz(z) by

pez(x) = i(7).

Since ¢1(TX) = 0, the above definition is independent of choices of Z. An element
x € P, (H) is called non-degenerate if and only if v € 22*(2n).

2.3. Floer homology on Liouville domains. For rq > 1, let (X, A : rg) be the set of
H = (H;)icr/z, a family of Hamiltonians on X parametrized by R/Z, with the following
property:

There exist a > 0, b € R such that Hi(z,7) = ar + b for any (z,r) €
0X x [rg,00) and t € R/Z. (we denote a,b by ay,by.)

We denote 72(X, \) := U H(X, N ro).
ro>1
H € (X, \) is called admissible if all elements of &?(H) are non-degenerate, and

ag ¢ T(0X,N). Ha(X, ) denotes the set of all admissible H € J#(X, \). Note that
when H is admissible, then §#(H) < oo.

For H € 744(X, \), we define its Floer homology HF,(H). For each k € Z, let & (H)
denote the set of z € Z(H) with pcz(z) = k, and let Cy(H) denote the free Zy-module
over Z(H).

To define the Floer homology, we need to equip X with almost complex structures. For
ro > 1,let _Z(X,\:1g) be the set of J = (J;)icr/z, a family of almost complex structures

on X parametrized by R/Z, such that following properties hold for any ¢t € R/Z (R and
¢ denote the Reeb vector field and the contact distribution on (90X, \)):

e J, is compatible with d\.

o J;(0:(2,7)) =r7'R(z,7) for (z,1) € 0X X [rg, 00).

e There exists j;, an almost complex structure on ¢ such that Jt’ﬁ(zﬂ‘) = j; for
(z,7) € 0X X [rg,00).

We denote 7 (X, \) := U (X, X :rp).

Remark 2.5. Recall that an almost complex structure J on X is compatible with d\ if
and only if the bilinear form on T'X

(v, w); := dA(v, Jw) (v,we TX)

: : : . 1/2
is a Riemannian metric. Let us denote (v, v) J/ by |v].

Let H € 4(X,N), J € Z(X,\). Forx_,z, € Z(H), we consider the Floer equation

~

for u: R x R/Z — X, namely:

Osu — Jy(Ou — Xy, (u)) =0, u(s) = x4 (s — +00).
6



In the second formula, u(s) denotes the map R/Z — X;t — u(s,t). Let us denote the
moduli space of solutions of the above Floer equations by ///(33_, xy: H, J). ///(a:_, Ty
H,J ) admits a natural R action:

So - u(s,t) := u(s — so, ).
//l(x_, ry: H, J) denotes the quotient of ./Z(x_, ry H, J) by the above R action.

For generic J, 4 (:v_,x+ . H, J) is a smooth manifold with dimension pcyz(z_) —
pez(z4) — 1. For such J, we define the differential 0y ; : Cx(H) — Cy—1(H) by

O glr_] = Z bl (v, xy H,J) - [24] (z- € P4(H)).

T4 €Pp_1(H)

Then, (C.(H),0u,s) becomes a chain complex. It follows from the following C° bound
for Floer trajectories (this is a special case of lemma 2.7, which is stated later):

Lemma 2.6. There exists a compact set B C X such that forany x_,x, € P(H) and
ue Mx_,xy: H J), uRxR/Z) C B.

It can be shown that the homology group of the complex (C’*(H ), Om, J) is independent
of choices of J, and we denote it by HF,(H), or HF, (H : (X, \)), when we need to specify
the Liouville domain.

Let H_,H, € J64(X, ) and assume that ay_ < ap,. Then, there exists a canonical
morphism HF,(H_) — HF,.(H,). This is constructed as follows: take ro > 1 and (H;)ser,
a family of elements in J7(X, A : r9) and (J;)ser, a family of elements in ¢ (X, A : r9)
which satisfy the following conditions:

H_ < — st <
e There exists sp > 0 such that Hy = { (s < 50), J, = { o (s< 80).

Hy (s2s0) Jso (82> 50)
e J.apy, > 0.

For x_ € Z(H_) and 2, € P (H,), consider the Floer equation for u: R x R/Z — X:
Osu — J1 (Opu — Xp, ,(u)) =0, u(s) = x4 (s = £00),
where Hs,t = (Hs)t7 JS,t = (Js)t'

We denote the moduli space of solutions of the above Floer equation by M (m_,x+ :

(Hs, JS)S). For generic (Js)s, ,///A(x,,:z,ur : (Hs, Js)s) is a smooth manifold of dimension
pcz(x_) — poz(zy ). Taking such (Js)s, we define a morphism ¢: Cy(H_) — Cy(H,) by

plr_] = Z jj//f(x_,er : (Hy, Jy)s) - [24] (z- € Py(H-)).
T4 €Py(Hy)
Then, ¢ is a chain map from (C’*(H_), 8[—]77{]7) to (C*(H+>76H+7J+). It follows from the
following C° bound for Floer trajectories (it follows from lemma 1.5 in [6]):
Lemma 2.7. There exists a compact set B C X such that forany x_ € P(H_), x4 €
P(Hy) andu € M (x_, x4 : (Hy, Jy)s), u(R x R/Z) C B.
7



Therefore, ¢ defines a morphism ¢, : HF,(H_) — HF,(H,). This morphism does not
depend on choice of (Hy, Js)s.

To sum up, we have constructed the canonical morphism HF,(H_) — HF,(H,) for
H_,H, € 74(X,\) such that ag_ < ap,. This morphism is called monotone morphism.

We also study truncated version of the Floer homology. For any x : R/Z — X, let
oty () ::/ 2\ — H (2(t))dt.
R/Z
For any interval I C [—o00, 00|, let C{(H) be the free Z,-module generated over
{z € Z(H) | Fu(x) €T}
For #_,x, € Z(H) and u € M (x_,x, : H,J), by straightforward calculations we get

—0s (A (u(s))) = / |8Su(s,t)|idt.

R/Z

In particular, if oy (zr) < y(y), then .4 (x,y : H,.J) = 0. Hence for any interval
I C [~o00,00], (C/(H),dp,s) is a chain complex. Then, we denote H.(C!(H),du,s)
(which does not depend on .J) by HF.(H).

For —oo < a < b < ¢ < o0, there exists a short exact sequence
0 — Cl*Y(H) — Cl*9(H) — C")(H) — 0.
Hence we get a long exact sequence

(1) ... = HFY(H) — HF*9(H) — HF"9(H) — HF"")(H) — -

)

2.4. Symplectic homology. Let (X, \) be a Liouville domain. In this subsection, we
define symplectic homology SHL (X, \) for any interval I C R.

First, we define (X, \) C (X, \) by
AN (X, N) = {H € (X, \: 1) | Hy|x <0 for any t € R/Z}.

For H ,H, € H#"™"(X,)\), we denote H_ < H, if and only if (H_); < (H,); for any
t e R/Z.

Let H_,Hy € 57X, \) = Ha(X,\) N #2"(X,\). When H. < H,, we can
construct a morphism HF.(H_) — HF{(H,) for any interval I C R. This is constructed
as follows. First, take (H,)ser, a family of elements of 5#7"(X, \) and (J;).cr, a family
of elements of _# (X, A : 1) which satisfy the following properties:

Hy (s = so) Jso (s 2 s0)
e 9,H,,(x) >0 for any (s,t) e Rx R/Z and z € X.
8
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Forz_e€ #(H_),xzy € Z(H,) and u € //Z(:L;,.mr D (Hs, Jo)s),
=0, (A, (u(s))) = / 0sul?, , + OsHs ¢ (u)dt > 0.
R/Z ’

Hence if &7y (x_) < oy, (x4 ), then //Z(x_,x+ D (Hs, Js)s) = 0.
Therefore the morphism ¢ : (C/(H_),0n_; ) — (CL(H4),0n, ,) defined by
ple-] = Z ﬂ%(x*V%‘F L (Hs, Js)s) [z+] (357 € @k(Hf))
r4 €P(Hy)

is a chain map. Hence we get a morphism HF.(H_) — HF!(H,). This morphism does
not depend on choices of (Hj, J,);. Then, we define SHZ(X, \) by

SHI(X,)\) := ling HF!(H).

HEATSH(X,N)

For —oo < a < b < ¢ < oo, by taking limit of (1), we get a long exact sequence

(2) .- — SHP (X N) — SHI*) (X, A) — SHPO (X, \) — SH"D (X, \) — -+ .

For a € (—o0,00], SH{™ (X, \) is often denoted by SHE%(X, \). SHE®(X, \) is often
abbreviated by SH.(X,\). The following lemma will be useful in later:

Lemma 2.8. For any H € #,4(X, \), there exists a canonical isomorphism SHZ" (X, \) —
HF,(H). When H_, Hy € 564(X, \) satisfyag_ < ap, , the following diagram commutes:

SHE™ (X, \) —= HE,(H_) .

|

SH; " (X, \) — HF.(H.)

Proof. 1t is not hard to check that the following natural morphisms are all isomorphic:

lim HFE(G) - lim HES™ (G) = SHE (X, \),

GeArsst GeArest
ag<apg

iy HFS™(G) > lim HF.(G),

Ge%f“ GG%::;“
ag<amg ag<apg
limy HF.(G) — lim HF.(G),
Genrest GeAyq
ag<apy ag<amg
liy HF.(G) — HF.(H).
GeHq
ag<ag

By composing the above isomorphisms and their inverses, we get an isomorphism SHZ*# (X, \) —
HF,(H). This proves the first assertion. The second assertion follows from the above con-
struction. 0



We recall three well-known results on symplectic homology. All these results were
established in [7]. The first result is the following:

Theorem 2.9. For any 0 < 6§ < §(0X,\), there exists a canonical isomorphism SHZ (X, \) —
Hoin(X,0X).

The second result is the following:
Theorem 2.10. If (X, \) and (Y, ') are isotopic as Liouville domains, then SH, (X, \) =
SH..(Y, \).

As a corollary of the above theorem, we can conclude that SH, (X, A) depends only on
dX. Assume that (X, \), (X, X) are Liouville domains, and d\ = d\'. Then, (X,tA+ (1 —
t)A\ )o<i<1 is a family of Liouville domains, and theorem 2.10 implies that SH.(X,\) =
SH..(X, \'). Hence we often denote SH, (X, \) by SH,(X, d)\).

The third result is the following:
Theorem 2.11. For positive integer n and r > 0, let
B*'(r) := {(g,p) € R*" | |g|* + |p|* < r*}.
Then, (B*(r), \,) is a Liouville domain, and SH,(B**(r),\,) = 0.
For proofs, see proposition 1.4 in [7] for theorem 2.9, theorem 1.7 in [7] for theorem

2.10, and section 4, example 1 in [7] for theorem 2.11.

Note that theorem 2.10 does not hold for truncated symplectic homology. However,
the following result holds:

Theorem 2.12. Let (X, \), (X, )\) be Liowville domains, and assume that d\ = dX.
Then, for any a € (0,00], there exists a canonical isomorphism ¥=* : SHI*(X,\) —
SH-*(X, N). Moreover, for any 0 < a < b < oo,

SHE*(X, \) = SHE*(X, X)

| i

SHZ* (X, \) s SHZ*(X, \)

commautes.

Theorem 2.12 is proved in the appendix.

3. SYMPLECTIC CAPACITY VIA SYMPLECTIC HOMOLOGY

Definition 3.1. Let (X, \) be a Liouville domain. capg(X, \) is defined by
capg(X, \) == inf{a € (0, 00] | SH*@*M (X, \) — SH; (X, ) vanishes}.
Remark 3.2. The above capacity is introduced by C.Viterbo in [7], section 5.3.

Lemma 3.3. Let (X, \) be a Liouville domain.
10



(1) capg(X,al) = a - capg(X,\) for any a € (0,00).
(2) SH.(X,\) =0 = capg(X, ) < o0.
(3) capg(X, ) depends only on dA.

Proof. (1) and (2) are immediate from the definition. (3) follows from theorem 2.12. O

The goal of this section is to prove the following three properties of capg.

Theorem 3.4. Let (X,\) be a Liouville domain, and X, be a submanifold of X of
codimension 0. If (Xin, A) is a Liouville domain, then capg(Xin, A) < capg(X, ).

Theorem 3.5. Let (X, \) be a Liouville domain. If capg(X,\) < oo, there exists x €
Po(0X, \) such that T(x) = capg(X, A), pcz(x) <n+ 1.

Theorem 3.6. Let m: Y — X be a covering map such that degm < oco. If (X, ) is a
Liouville domain, then (Y, 7*)) is a Liouville domain, and capg(Y,7*\) < capg(X, \).

Remark 3.7. Conley-Zehnder index for elements in Z2,(0.X, \), which appears on the
statement of theorem 3.5 have not been defined. It is defined at the beginning of section
3.3.

It seems to the author that various variants of results semilar to theorems 3.4, 3.5 are
known or expected to hold by experts. We give its proof below for the sake of completeness
since the author is unable to find their proofs in the literature. On the other hand, theorem
3.6 is new, though its proof is not very difficult. Theorem 3.6 plays a crucial role in the
proof of theorem 4.13, which is the main result in section 4.

3.1. Proof of theorem 3.4. First we prove the following lemma.

Lemma 3.8. Let (X, \) and X, be as in theorem 3.4, and ¢ € (0,1). Let H ,H, €
Had(X, N), (Hg)ser be a family of elements of 7 (X, \), (Js)ser be a family of elements
of Z(X,\). Assume that they satisfy the following conditions:

H_  (s< —s0)
Hi (s>s0)
(i) O,Hy4(z) >0 for any (s,t) € R x R/Z and x € X.

(iii) There exists a € C(R) such that Hsi(z,7) = a(s)(r —¢) for (z,7) € 0Xin X
[82/3, 61/3].

i) droJ,;=—\on 0X;, x [/, 3.
(iv) , :

(i) There exists so > 0 such that Hy = {

Assume z_ € P(H_) and z,. € P(H,) satisfy v_(R/Z), 2. (R/Z) C Xin(e'/?). Then,
for any uw € M (x_,x; : (Hy, Jy)s), w(R X R/Z) C Xin(e'3).

Proof. First notice that z_(R/Z), z,(R/Z) are contained in Xi,(¢*?), since (Hy),(z,7) =

a(£s0)(r — €) for (z,7) € 0Xin x [e¥3,Y%] and a(£so) ¢ 7(0Xim, \) (this follows from

(i), (iii)) and Hy € J4q4(X, ). We will prove that for any u € //A(x,,aur : (Hy, Jy)s),

u(R x R/Z) C Xin('/?). If this is not true, for any ry € (¥/3,¢Y3), D,, := R x R/Z\

u™ (intXi,(ro)) is non-empty. Note that D,, is compact since z4(R/Z) C Xin(e¥?). For
11



generic 1o, u is transverse to 90Xy, x {ro}, hence we may assume that D, is a compact
surface with boundary.

It is easy to verify that Osu is not constantly 0 on D,,. Hence

/ |Osul?,, dsdt > 0.
5 :

70

Since u satisfies the Floer equation dyu — Ji 4 (Opu — Xy, ,(u)) =0,

L.

_ / A+ H () dt.
ODr,

Since u(0D,,) C 0Xi, x {ro}, we get by (iii)
(s,t) € 0D,y = H,;(u(s,t)) = a(s)(ro—¢e), MNXp,,(u(s,t))) = a(s)ro.

Therefore

|8su|387t + 0sHg 4 (u) dsdt = / dj\(atu, Osu) + dHs 1 (Osu) + OsHg ¢ (u) dsdt

Dy

/ —u' A+ Hy(u)dt = / MNXp,, ®dt — du) — 5/ a(s) dt.
dDry dDy,

dDy,
On the other hand, the Floer equation is equivalent to
Jst 0 (XHs,t ® dt — du) = _<XHS7,5 ® dt — du) o j,
where j is the complex structure on R x R/Z, defined by j(0s) = ;. Therefore by (iv),
/ MNXp,, ®dt—du) :/ M Jspo(Xp,, @dt—du)oj) :/ dr(Xpu,,®dt—du)oj.
8D, dDr, dDnr, ’

dr(Xp,,) = 0 on 0Xj, x {ro}. Moreover, if V' is a vector tangent to dD,,, and positive
with respect to the boundary orientation, then jV points inwards, hence dr (du( J V)) > 0.
Therefore,

/ A Xy, ®dt — du) <0,
8Dy, ’

Finally,

L.

Since 0sH,s+ > 0 and Osa > 0 by (ii), this implies

/ |0,ul3, dsdt < 0.
5 s,

70

This is a contradiction. O

|c9su|3syt + 0sHs 1 (u) dsdt < —5/ a(s)dt = —¢ Osa(s) dsdt.

8Dy, Dy,

We prove theorem 3.4.

Proof. We prove that, if a satisfies a > capg(X,\) and a ¢ 7(0X,\) U T(0Xin, A), then
a > capg(Xin, A). This implies capg(X, A) > capg(Xin, A), since 7(0X, ) and 7(0Xi,, A)
are null sets. In the rest of this proof, we assume that X and Xj, are connected. General
case follows at once from this particular case.

12



Take £ > 0 so that [a(1—¢),a] is disjoint from 7(0X, \) and 7(8Xj,, A). For any ¢ > 0,
define H. : Xin — R and K, : X — R as follows:

H.(x) = {O Ei € Xin(e))

c(r —e) = (2,7) € 0Xin X [£,00))
H.(z) (x € Xin)
K(r)=<c(l—¢) (reX\Xpn)

Take 6 > 0 so small that § < min{é(@X, A), 6(0Xin, )\)} Then, perturbing K,, K5 and
H,, Hs respectively, we can take K, Ky € #,q(X,\) and H,, Hy € #3q(Xin, A) which
satisfy the following properties:

(i) For ¢ € {6,a}, the following holds:
(a) (H!); = H, on 0Xy, x [¢¥/3,00) for any t € R/Z.
(b) (K.)¢ = K.on X X [2,00) for any t € R/Z.
(¢) (K!), = (H.), on Xi,(e'?) for any t € R/Z.
(d) For v € P(K.), ok, (x) > 0 if and only if 2(R/Z) C X;n('/?).
(ii) (Kj); < (K!); and (Hy); < (H.), for any t € R/Z. ) A
(iii) Hs and Kj are time independent. i.e. There exist h € C*®(Xj,) and k € C°(X)
such that (H§); = h, (K§); = k. Moreover, 2(Hj) = Crit(h), Z(Kj) = Crit(k)
and if p € Crit(k) satisfies indp = 0, then p € Xj,,.

Let ¢ € {6,a}. Then, by (i)-(c) and (i)-(d), if z € P (K)) satisfies @k, (x) > 0, z can
be identified with a solution of 9,z = X (i), (). We define . : C7°(K.) — C.(H}) by

(x is contractible in Xj,)

_ )]
Velz] = {O (otherwise)

if” part of (i)-(d) implies that 1. is an epimorphism.

Let J = (J;)ier/z be a family of almost complex structures on Xj,, such that each J; is
compatible with d\ and satisfies dr o J; = — X on Xj, X [62/3, 81/3].

By (i)-(a) and (i)-(c), (K.)/(z,7) = c(r — ¢) for (z,7) € Xin x [¥/3,'/3]. Therefore, by
lemma 3.8, if we extend J to J* € #£(X,\) and JX € #(Xin, A), ¥ defines a chain
map from (C7°(K7), 0y x) to (Cu(HL), Opr yxin)-

It induces a morphism
HF,(K!) — HF?°(K!) — HF.(H.).

We will denote this morphism also by ..
13



It follows from lemma 3.8 and (ii) that

(3) HF. (K}) —~ HF, (H})

| |

HE, (K}) — = HF.(H))
commutes, where vertical morphisms are monotone morphisms.

We complete the proof. We have to show that if SH (X, \) — SH*(X, \) vanishes,
then SH(Xin, A) — SHT(Xj,, \) vanishes.

By (i)-(b), ax; = apg; = c for ¢ € {0,a}. Hence by lemma 2.8, it is enough to prove
that if HF,,(K§) — HF,,(K)) vanishes, then HF,(H;) — HF,,(H.) vanishes.

By (iii), Cx(Hj) = Cr(Kj) = 0 for k > n+ 1, and C,(Kj) is identified with C,,(Hj).
Hence 5 : HF,,(K;) — HF, (Hj) is injective, therefore isomorphic (recall that we have

assumed X and Xj, to be connected). Then, (3) implies that if HF, (K}) — HF,(K))
vanishes, then HF,, (H;) — HF, (H.) vanishes. O

3.2. Proof of theorem 3.5. First we define the Conley-Zehnder index for elements of
P(0X, \). We assume that n > 2. Let x € #,(0X,\). Then, there exists T : D? —» X
such that z(e*™) = x(76). Take a trivialization of Z*TX as symplectic vector bundle,

F:(R*™ w,) x D* = 7*TX; (v,2) = (F.(v), 2),
such that for any 6§ € R/Z, the following holds:
Foomi0(0,...,0,0,1) = 0, (z(76)),
(4) Foomi0(0,...,0,1,0) = R(z(76)),
Fenio (R*"% x (0,0))

Note that such trivialization exists only if n > 2.

Il
I
—~
8
—~
N
)
~—

Define a symplectic path v € &.(2n — 2) by

—1
V(t) = (F627rii/7' |R2"*2X(O,O)) @) (I)t|§ @) F1|R2"*2><(0,0)7
where (®;); is the Poincaré map of the flow generated by R on 0X. Then, define
poz(x) = i(7).
x is called nondegenerate if and only if v € 22(2n — 2). The following lemma will be

useful in later (note that it also implies that the above definition is consistent, i.e. it does
not depend on choices of 7).

Lemma 3.9. Let H € C°(X) such that 8X = H™'(0) and 8,H > 0 on dX. Then, there
exists 1 : 1 correspondence between elements of Py(0X,\) and periodic orbits of Xy on

0X, which are contractible in X. For v € Py(0X, ), denote the corresponding periodic
orbit of Xy by xy. Whenn > 2,

pez () = Slfllp pez(Tm),
where H runs over all Hamiltonians satisfying the conditions as above.

14



Proof. The first assertion is obvious. We prove the second assertion. Let x € Z(0X, \),
and zy be the corresponding periodic orbit of Xy with period 7. Take Z : D* — X such
that z(e?™) = 2y (76), and take a trivialization of Z*T'X as symplectic vector bundle
F: D? x (R*, w,) — #*TX, which satisfies (4).

Define I' € &2.(2n) by
F(t) = (F627rit/7')71 o @t e} F]_

where (®;), is the Poincaré map of the flow generated by Xy. Then, I'(¢) can be written
in the form

Denote the symplectic path ¢ +— ( by «. Then, by theorem 2.2-(2), i(T") =

a(t)
i) +i(7y). By definition, i(vy) = ucz(z).

L )-1 (a(1) <0)
@W=0 (a)>0)"

n the other hand, it is easy to verify that

This proves the second assertion. O

By lemma 3.9, it is possible to define the Conley-Zehnder index for x € Z,(0X, \) in
another way, i.e.

pez(z) = Sup pez(rr),

where H runs over all elements in C°°(X) such that X = H~'(0) and 0,H > 0 on 0X.
Note that this definition makes sense even when n = 1.

Corollary 3.10. Let H € C™(X) such that X = H™'(0) and 8,H > 0 on 8X. Assume
that there exist 0 < ro < 1 and h: [ry,00) — R such that H(z,r) = h(r) and 0*h(1) > 0.
Then, for any = € Po(0X,N), pea(wn) = o ().

Proof. First consider the case n > 2. We use notations in the proof of lemma 3.9. Then,
if H satisfies the condition as the above statement, a(1) > 0. Hence pcz(zy) = pcoz(z).
The case n = 1 is proved by similar arguments. 0

In the rest of this subsection, we prove theorem 3.5. First we consider cases in which
all elements of Z(0X, \) are non-degenerate.

Lemma 3.11. Let (X, \) be as in theorem 3.5. Assume that all elements in FPy(0X, \)
are non-degenerate. Then, there exists x € Py(0X,\) such that T(z) = capg(X, ) and

pcz(z) € {n,n+ 1}.

Proof. We claim that for any € > 0, there exists z. € Z,(9X, A) such that |capg(X,\) —
7(z.)| < € and pcz(a.) € {n,n+1}. Since all elements in Z,(0X, \) are non-degenerate,
7(0X,A) N (0,7 is a finite set for any T" > 0. Therefore, for sufficiently small ¢ > 0,
T(x.) = capg(X, A).

15



We prove the above claim. It is enough to show the claim for sufficiently small ¢ > 0.
In particular, we may assume that £/2 < capg(X, A). The proof consists of 3 steps.

Step 1. First, take (G");, a sequence of time-independent Hamiltonians on X which
satisfies the following properties:

e (GY); is a cofinal sequence in #"'(X, \), i.e. for any G € (X, )\), G, < G*
for any t € R/Z when i is sufficiently large.

o G x(1/2) is sufficiently small in C? norm.

e There exists ¢’ : [1/2,00) — R such that G*(z,7) = ¢*(r) on 90X x [1/2,00) and
d2g" > 0 on (1/2,1).

Then, Z(G") consists of constant maps to Crit(G*) and S'-family of degenerate pe-
riodic orbits. There exists a 1:1 correspondence between S'-family of periodic orbits
and elements of Z)(0X, \) with periods less than agi. Let x € Z,(0X,\) such that
7(z) < agi, and let 7y, be an element of a S*-family of periodic orbits which corresponds
to z. Then, it follows from corollary 3.10 and 92¢" > 0 on (1/2, 1) that pcz(7.) = poz().
Moreover, by replacing G if necessary, we may assume that ’ﬂfgi (V) — T(.CE)’ < e/2.

Step 2. Perturbing each (G");, we can construct (H");, a sequence in 5% (X, \) with
the following properties:

(i) (H"); is a cofinal sequence in S5 (X, \). i.e. for any H € J5(X,\), H, < H}
for any ¢ € R/Z for sufficiently large i.
(i) H'|x(1/2) is time-independent, i.e. there exists h’ € C*(X(1/2)) such that H|x1/2) =
h' for any t € R/Z.
(iii) For each x € Z2y(0X, \) such that 7(x) < ays:, there exists 2= € Z(H") such that
pez(*) = pez(r) + (L £ 1) (a%) — ()] < /2.
(iv) Z(H’) consists of constant maps to Crit(h’) and {z* | € Po(X, ), 7(x) <

CLH«L}.

Precise arguments on perturbations are carried out as in [4], proposition 2.2.

Step 3. Abbreviate caps (X, \) by ¢. By definition of capg, SHZ*™*/2(X, \) — SH"/2(X, \)

is not injective. Then San +f/ 2ere/2) (X, A) # 0, for the long exact sequence

- SHIS/PED (X N) — SHE*/2(X, \) — SHET/2(X, \) —
Therofore, by (i), HFE +1‘E/ Zete/2) (H") # 0 for sufficiently large 4. This implies that there
exists 7; € P(H') such that i (v;) € [c —¢/2,¢c+ ¢/2) and pcz(z;) = n+ 1. Since
(H"); is cofinal in e (X, ), we may assume that inf A" > /2 — c¢. Hence x; is not a
constant map to Crit(h’), and by (iv), there exists x € Z,(0X, )\) such that z; = 2 or
x; = x~. By (iii), 7(z) € [c —e,c+¢) and pcz(z) € {n,n + 1}. Hence we have proved
the claim. O

We prove theorem 3.5.
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Proof. Let (X , 5\) be the completion of (X, \). For any positive smooth function f on
09X, let ; be the hypersurface in X defined by {(z, f(2)) | z € 8X}, and D; be the
bounded domain in X with boundary X;. Then (Dy, \) is a Liouville domain.

If |log fl|eoax) < ¢, X(e7¢) € Dy € X(e°). Hence by theorem 3.4,
caps(Dy.N) _ .

~ capg(X,A) T

In particular, if |log f|cosx) is sufficiently small, then capg(Dy, 5\) is sufficiently close to

capg(X, A).

—C

Let (fm)m be a sequence of C*(8X), such that all periodic Reeb orbits on (X, , \) are
non-degenerate, and |1og fm|c2@x) — 0 as m — oco. By lemma 3.11, for each integer m

there exists z,, € (2., \) such that 7(z,,) = capg(Dy,., ) and pcz(zm) € {n,n +1}.
Since [log f|c2ox) —+ 0, fmA converges to A in C?. Hence, setting R,, to be the Reeb
vector field on (0X, f,,A), R,, converges to R in C*. On the other hand, 7(z,,) converges
to capg(X,A) > 0. Hence, up to a subsequence, (x,,), converges to o, € P(0X,\)

such that 7(zs) = capg(X, ). Moreover,
MCZ(IOO) < lim inf MCZ(xm) <n-+1,
m—0o0

where the first inequality follows from lemma 2.4. ([l

Theorem 3.5, together with lemma 3.9 implies the following corollary:

Corollary 3.12. Let (X, \) be a Liouville domain, and capg(X,\) < oco. Then, for any
H € C*(X) such that X = H *(0) and 0,H > 0 on 0X, there exists v : R/7Z — 0X

such that Ox = Xy (x), / T\ = capg(X, A) and pez(z) <n+1.
R/TZ

3.3. Proof of theorem 3.6. We prove the first assertion. Since degm < oo, Y is com-
pact. Define Z € Z°(X) by izd\ = A. Then, i «zdr*\ = 7"\, and 7*Z points out-
wards on Y. Hence (Y, 7)) is a Liouville domain. Now we prove the second assertion:
capg(Y, m*\) < capg(X, \). Define 7 : Y — X by

oy ) (yeY)
() {(77(,2),1”) (y = (z,r) € Y x [1,00)).

Then, #:Y — X is a covering map and deg 7 = deg .

For H € #(X,\), denote H o by H. Since Z(H) and Z(H) consist of contractible
solutions, Z(H) — Z(H) : y — woy is deg(m) : 1. We denote this map also by 7.

Denote the Poincaré map generated by Xy (resp. Xz) by (/") , (resp. (@f ),)- Clearly,
dir o d® = d®¥ o dir. Hence y € P (H) is non-degenerate if and only if #(y) € 2 (H) is
non-degenerate. Moreover, since 7(9Y,7*\) C 7(0X,\) and ag = ag, if ag ¢ 7(0X,A)
then ag ¢ 7(9Y,7*\). Therefore, if H € 54(X, ) then H € H#4(Y, 7*)).

Let H € s64(X, ) and J = (J)erjz € F (X, A). Recall that J is said to satisfy
the transversality condition with respect to H if and only if for any x, 2’ € Z(H) and

17



we M2 H,J),
Dy : LW TX) = LP(wTX); €0 Vil — T V& — (Vedi - Ou+ Ve(VH))

is onto (p is an arbitrary real number satisfying p > 2). Let #y(X, ) be the set of
elements of _# (X, \) which satisfy the transversality condition with respect to H.

Define J € #(Y,7*\) by J; := 7*J,. Then, for any x € Z(H) and y € P (H), the
following map is bijective:
|_| //i(y’,y:]:],j)—>///A(J;,7Ar(y):H,J); U T ou.
y'er—1(2)
Clearly, di o D, = Dyoy o d7t for any u. Hence, J € _#Zy(X,\) if and only if J €
Ia(Y,mN).
Let H € H4(X,\) and J € Zy(X,\). Then, we claim that
Vit (Co(H),0my) = (C.(H),0p.5); ] = > [y
yer—1(z)

is a chain map. Let k be an integer and x € ;(H). Then, by definition

”le(aH”][w]) = ”le< Z ﬂ%(:ﬂ,x/ : H, J) . [q;/]>

' €Pp_1(H)

- Z g (x,7(y') - H,J) - [y],

Y €EPy1(H)

O ;(Yulal) = D Ousll= D ( > ﬁ///<y,y’:H,J))~[y’1.

yer—1(x) Y €P_1(H) \yer—*(z)
Hence it is enough to prove that
s (v, 7(y)  H )= Y 4 (yy  HT)
yer—1(z)

for any x € Z(H), v € P_1(H). But it is clear since
|_| ///(y,y’ : H,j) — ///(a:,fr(y’) : H,J); [u] = [7r o ul
yer—1(z)
is a bijection. Therefore we have proved that ¢y is a chain map. Hence we can define a
morphism
HF,(H : X,\) — HF.(H : Y, 7*)\).
We denote this morphism also by g. Let H, H € 764(X,\). If ag < agr,

vy

(5) HF,(H) HF. (H)
HF.(H') — HF. (H')

commutes, where vertical morphisms are monotone morphisms.
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To prove capg(Y, 7*\) < capg(X, A), it is enough to show that if a ¢ 7(0X, \) satisfies
a > capg(X,\), then a > capg(Y,7*)\). a > capg(X,\) implies that SHZ’(X,\) —
SH>%(X, \) vanishes for any 0 < § < §(0X, \). Take Hy € #4(X, \) such that ay_ =9,
ag, = a. Then, by lemma 2.8, HF,,(H_) — HF,(H,) vanishes.

In the rest of this proof, we assume that X and Y are connected (general case follows
at once from this case). Take H_ so that it satisfies following conditions:

e H_ is time independent.
e H (z,r) = dr+ const for (z,r) € 0X x [1,00).
e H_|x is sufficiently small in C*.

Then, Z(H_) and P (H_) consist only of constant maps to Crit(H_), Crit(H_). In
particular, Cy(H_) = Cx(H-) = 0 for k > n+ 1. Hence vy : HF,,(H_) — HF,(H_) is
injective, therefore isomorphism (since X and Y are connected).

Hence, the commutative diagram (5) implies that HF,(H_) — HF,(H,) vanishes.
Again by lemma 2.8, SH°(Y, 7*\) — SH=%(Y,7*\) vanishes. Hence a > capg(Y,7*\).
This completes the proof of theorem 3.6. 0J

4. CAPACITY OF RIEMANNIAN MANIFOLDS

In this section, we introduce the notion of capacity for Riemannian manifolds without
boundaries, which is denoted by capp. The main result in this section is theorem 4.13,
which includes property (A) which we have stated in the introduction. In 4.1, we give the
definition of capp, and prove its basic properties. In particular, proposition 4.6, which
is an easy consequence of theorem 3.6, is important. In 4.2, we prove that when N is a
compact connected Riemannian manifold with non-empty boundary, then capg(intN) <
oo (theorem 4.7). In 4.3, first we prove that R™ \ Z" with the flat metric has a finite
capacity (theorem 4.12). This is proved by combining proposition 4.6 and theorem 4.7.
Theorem 4.13 is obtained by theorem 4.12 and elementary geometric arguments.

4.1. The definition and basic properties. First we introduce some notations. Let N
be a n-dimensional Riemannian manifold. Let us denote the natural projection TN —
N; (q,p) = q by my. We define Ay € Q'(T*N) by

Av(v) :=p(drn(v)) (q€ N,peT;N,v € Ty (T*N)).
Then, wy = dAy is a symplectic form on T*N. Define vy € Z(T*N) by i,,wn = An.
For V€ C*(N), define Hy € C*(T*N) by
Hy(q,p) = V(q) +pl*/2,
and denote {Hy <0} C TN by Dy.

¥ (N) denotes the set of V€ C°°(N) such that 0 is a regular value of V, and {V <
0} C N is compact.

_For & € Z/(N), define Fy € C*°(T"N) and § € Z(T*N) by Fe(q,p) == p(&) and
é_ = XFg‘ Then, ngN - 0 and 5(%0) = gq'
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Lemma 4.1. Let N be a Riemannian manifold without boundary. Then, for any V €
¥ (N), there exists A\ € Q' (T*N) such that d\ = wy and (Dy,\) is a Liouville domain.
If V,V' € ¥(N) satisfy V > V', then capg(Dy,wn) < capg(Dyr, wy).

Remark 4.2. For any Liouville domain (X, ), cap(X,A) depends only on dXA (lemma
3.3, (3)). Hence formulas capg(Dy,wy) and capg(Dy+,wy) make sense.

Proof. We prove the first assertion. Take § € 27(N) such that dV/(£§) > 0 on {V = 0}.
For § > 0, define Zs € Z(IT"N) by Zs := vy + 6§. Then, Lywy = wy for any .
Moreover, dHy(Z;) > 0 on Hy'(0) for sufficiently small § > 0. Hence \s := izwy

satisfies d\s = wy and (Dy, As) is a Liouville domain for sufficiently small 6 > 0.

We prove the second assertion. If V> V' {V =0} N{V' =0} = (). Hence there exists
¢ € Z(N) such that dV(£) > 0 on {V = 0} and dV'(£) > 0 on {V' = 0}. Then, for
sufficiently small 6 > 0, (Dy, A\s) and (Dy~, As) are both Liouville domains. On the other
hand, Dy C Dy/. Hence by theorem 3.4, capg(Dy,wy) < capg(Dys,wy). O

We define the notion of capacity for Riemannian manifolds without boundary.

Definition 4.3. Let N be a Riemannian manifold without boundary. Then, capacity of
N is defined by

capr(N) := sup{capg(Dy,wy) | V € ¥(N),V > —1/2}.

Remark 4.4. As is clear from the above definition, when N is a compact Riemannian
manifold without boundary capz(N) = capg(DT*N,wy), where DT*N = {(q,p) €
T*N | |p| <1}

In the following, we sometimes denote N by (XN, g), where g is the Riemannian metric
on N. We also sometimes denote Hy and Dy by Hy,4, Dy,.

Lemma 4.5. Let (N, g) be a Riemannian manifold without boundary.

(1) For any open set Q@ C N, capgp(€2, g) < capg(N,g). B
(2) capgr(N, g) = sup{capr(Q,g) | Q@ C N is a open set such that Q is compact}.
(3) Let a be a positive number. Then capr(N,ag) = a-capgr(N,g), where ag is defined

by (ag)(v) == a-g(v) (v € TN).
(4) Let ¢' be a Riemannian metric on N, and assume that g < g (which means that
9(v) < ¢'(v) for any v € TN). Then capg(N, g) < capp(N, ).

Proof. (1) and (2) are clear from the definition. (3) follows from Dy., = {(q,ap) |
(¢,p) € Dv,g}. (4) follows from g < ¢ => Dy, C Dy,y. O
Proposition 4.6. Let (N, g) be a Riemannian manifold without boundary, and m: M —
N be a covering map such that degm < co. Then, capr(M, 7" g) < capg(N,g).

Proof. For any V' € ¥ (M) such that V' > —1/2; there exists W € ¥ (NN) such that
W > —1/2 and V > W ox. Hence

capg(Dy,wnr) < capg(Dwor, wir) < capg(Dw,wn) < capg(N, g).
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The first inequality follows from lemma 4.1, the second inequality follows from theorem
3.6, and the last inequality is clear from the definition of capg. Therefore capp (M, 7*g) <
capg(N, g). O

4.2. Capacity of interiors of compact Riemannian manifolds with boundaries.
The goal of this subsection is to prove the following theorem:

Theorem 4.7. Let N be a compact connected Riemannian manifold with non-empty
boundary. Then, capp(intN) < oo.

At first, notice the following consequence of theorem 2.10:

Lemma 4.8. Let N be a Riemannian manifold without boundary, and V€ ¥ (N). Then,
SH.(Dv,wn) depends only on diffeomorphism type of {V < 0}.

We prove the following lemma:

Lemma 4.9. Let N be a Riemannian manifold without boundary, and V € ¥ (N). As-
sume that {V < 0} is connected and {V = 0} # (0. Then, SH,(Dy,wy) = 0. In particular,
capg(Dy,wy) < 00.

Proof. First note that the second assertion follows from the first assertion by lemma
3.3-(2). We prove the first assertion. By lemma 4.8, for any W € ¥/ (N) such that
{W <0} = {V < 0}, SH.(Dy,wy) = SH.(Dw,wy). Since {V < 0} is a compact
connected manifold with non-empty boundary, we can take W so that it is a Morse
function and {Py,..., P, } = Crit(W) N {W < 0} satisfies the following:

e minW =W(P) <W(PR)<--<W(P,) <O0.
e indP; <n-—1forall<j<m.
e indP; = 0 if and only if j = 1.

To complete the proof, we extend the definition of symplectic homology. Let (X, A) be

a Liouville domain and H be a Hamiltonian on its completion. Then, let HF?'(H) be

the homology of (C"(H),d), where C2'(H) is a Zy-graded free Z; module generated by

all (not only contractible) periodic orbits of X;;. We define SH(X, \) := @HF?“(H ).
H

Obviously, SH™(X,\) =0 = SH,(X,\) =0.
In the following, we prove that SH*(Dy,wy) = 0. For a € R, abbreviate {Hy < a} C
T*N by D<,. Then, for any a € (W (P,), W(P)),
SH*(DSQ,(JJN) = SH* (an(1>7wn) = 0.

The first isomorphism follows from lemma 4.8, and the second equality follows from
theorem 2.11. Since D<, is simply connected, SHi“(DSa,wN) =0.

Hence it is enough to show that for any j € {2,...,m}, a € (W(P;_1), W(P;)) and
b € (W(P;),W(Pj41)), the isomorphism SH2'(D<,,wy) = SH*(D<y,wy) holds. By
lemma 4.8, it is enough to show that there exists ¢ > 0 such that SHiH(Dgw(Pj)_g, wy) =
SHiH(D§W(Pj)+s:WN)'
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Let j € {2,...,m} and set k := indP;. Take a local coordinate (g1, ..., ¢,) around P;
such that P; corresponds to (0,...,0) and

Wiga) =WR) = S ¢+ > o

1<i<k k+1<i<n

Take ¢ > 0 sufficiently small, and let
PINEE {(ql,...,qk,O,...,O) eN | q%+~~~+q£:5}.

For § > 0, let Zs := vy +5ﬁ/, and A5 1= igwy. Then, (D<w(p))+e, As) are Liouville do-
mains for sufficiently small 6 > 0, and 3. is an isotropic submanifold of (0D<y Py)—e; As)-
Moreover, (D<yw (p,)+e, As) is isotopic as Liouville domain (see definition 2.1) to the Liou-
ville domain obtained by attaching k-handle to (D<w(p,)—, As) along X, in the sense of
[9]. Hence by theorem 1.11 (1) in [3],

SH (D<w (py)—e, wn) = SH (Daw(py)+e, wi).-
This completes the proof. 0

Remark 4.10. The above proof shows that (Dy,wy) carries a structure of so called
"subcritical Weinstein domain”.

Finally, we prove theorem 4.7.

Proof. For any Riemannian metrics g and ¢’ on N, there exists a > 0 such that g < ag’
since N is compact. Then, capg(intN, g) < a - capg(intN, ¢'). Therefore it is enough to
show that there exists a Riemannian metric g on N such that capg(intN, g) < oc.

Take a Riemannian manifold (N’, ¢’) without boundary, and an embedding i : N < N'.
We show that capg(intN,i*g") < oc.

Since N is a compact connected manifold with non-empty boundary, there exists V &€
¥ (N') such that V oi < —1/2 and {V < 0} is connected, {V = 0} # 0. For any W €
¥ (intN) such that W > —1/2, capg(Dw,wn) < capg(Dy,wy/). Hence capg(intN) <
capg(Dy,wnr). On the other hand, capg(Dy,wys) < oo by lemma 4.9. This completes
the proof. 0

The following corollary of theorem 4.7 plays an important role in the next subsection.

Corollary 4.11. Let N be a compact connected Riemannian manifold (possibly with
boundary), and x € intN. Then, capp(intN \ {z}) < cc.

Proof. Let n := dim N. When n = 1, the assertion is easily confirmed. Hence in the
following, we consider the case n > 2. It is enough to show that there exists a Riemannian
metric g on N such that capg(intN \ {z},g) < oc.

Let U be a coordinate neighborhood containing x, and (¢, .. ., ¢,) be a local coodinate
on U, such that z corresponds to (0,...,0). We may assume that B(z,1) C U and

dg = Z dqf- on U.

1<j<n
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Set S :=0B(x,1) C U, and gs := g|s. Take arbitrary smooth function p : [0,1] — R+,
such that = 1/2 on [0,1/3] and u(r) =r on [2/3,1], and p(r) > r. Consider a cylinder
C = S x [0,1] equipped with a metric h defined by

v+ ad,(z,7)|, = (Jv(z)2.n(r)® + a2)1/2 (veTS,aeR).
Then,
I:(Sx(2/3,1,h) = (B(z,1)\ B(z,2/3),9); (2,7) 2r

is an isometry.

Let (N, §) be a Riemannian manifold which is obtained by pasting (N\ B(z,2/3),9)
with (C,h) via I. Then, N is a compact manifold with non-empty boundary (since
S x {0} € ON), and connected (since N is connected and n > 2). Hence theorem 4.7
implies that capp(intN, §) < oc.

Define a diffeomorphism J : int N — intN \ {z} by

y (y€ N\B(z,2/3))
J(y) = :
rz (y=(zr)eC=5x(01])

Then, since u(r) > r, J*g < g. Hence
capp (intN \ {z},9) = capp(intN, J*g) < capp(intN, §) < oco.

4.3. Capacity of domains in R".
Theorem 4.12. Let g, denote the flat metric on R". Then, capy(R™ \ Z", g,) < oc.

Proof. When n =1, capp(R\Z,g;) = capR((O, 1)791) < 00. In the following, we assume
that n > 2.

By lemma 4.5-(2), it is enough to show that, for any bounded open set 2 in R" \ Z",
capp(92) is bounded from above by some constant which depends only on n.

Let © be a bounded open set in R"™ \ Z". Then, for sufficiently large integer I, Q C
(—1,1)". Hence Q2 can be considered as an open set in (R"\ Z")/2IZ".

Consider the natural covering map of degree (20)": (R"\ Z")/21Z" — (R" \ Z")/Z".
Then
capr(Q) < capp((R™\ Z")/2l1Z") < capr((R™\ Z")/Z").
The first inequality follows from lemma 4.5-(1), and the second inequality follows from
proposition 4.6. On the other hand, (R" \ Z")/Z" is R"/Z" minus a point. Hence, by
corollary 4.11, cap ((R™ \ Z")/Z") < co. This completes the proof. O

Theorem 4.13. For each integer n, there exists co(n),ci(n) > 0 such that for any non-
empty open set € in R,
capp(§2, gn)
< - =7
“ =)
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Proof. If r < r(£2), then there exists x € R" such that B(z,r) C Q. Hence, by lemma
4.5-(1) and (3),
capp(§2) = CapR(B(l’vT)) =r CapR(B(xv 1))
Q
Hence capg(B"(1)) < caps($Y) for any € # 0.
r(€)
capp(§2)

r
r > r(Q). Then, for any x € R", B(z,r)\ Q # 0. For any j = (j1,...,Jn) € Z", take
an arbitrary point p; on B(47"j, r) \ Q, where 4rj = (4rj1,...,4rj,). Then, capgr(Q) <
capg (R™ \ {p;}jezn).

Take sufficiently large a,, > 0 so that for any x € B"(1), there exists a diffeomorphism
¢ on B"(2) with compact support such that ¢(z) = (0,...,0), and ¢, < ay - @ gn.
Then, since B(4ri,2r) N B(4rj,2r) = () when ¢ # j, there exists a diffeomorphism ) :
R"\ {p;j}jez» — R" \ 4rZ" such that g, < a,, - ¢*g,. Then,

capp(R"\ {p;}jezr: gn) < o - capr(R™ \ {p;}jezn, ¥ gn)
= q, - capr(R™" \ 4rZ", g,) = 4,1 - capr(R™ \ Z", g,,).

Next we bound from above. Take an arbitrary positive number r so that

To sum up,
r>r(Q2) = capp() <4day,r-capr(R"\ Z").
Q
Hence % < day, - capr(R™ \ Z") < 0. O
r

5. SHORT PERIODIC BILLIARD TRAJECTORY

The goal of this section is to prove the following theorem.

Theorem 5.1. Let 2 be a bounded domain in R™ with smooth boundary. Then, there
exists a periodic billiard trajectory on ) with at most n+ 1 bounce times and length equal
to capp(Q).

Theorem 5.1 is exactly the same as property (B) of capy which we have introduced in
the introduction. Hence, as we have explained in the introduction, it completes the proof
of our main theorem 1.1.

We start to prove theorem 5.1. The proof heavily relies on the arguments in [1]. First we
recall the settings in [1]. Fix dy € (0,1/2) so small that distgq : g — min{|q—q'| ‘ q € 89}
is smooth on {distagg < 2dp}. Let k : [0,00) — [0,2dy] be a smooth function such that
0<Fk <1, k(z) = if x < dy and k is constant on [2dp, 00). Then, we define a function
h € C™(Q) by h(q) := k(diston(q)), and define U € C™(Q) by U(q) := h™*(¢). Then,
U is a positive function on  which grows like (distsn) ™ near 92 and is constant on the
region {distag > 2d0}.

For each € > 0, consider the modified Lagrangian

L.:TQ = R; (q,v) = |[v]*/2 — cU(q).
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For each energy value F € R the free-time action functional £Z* : L**(R/7Z, Q) xR — R
is given by

LET, 1) = T/Ol ng(F(t),T_lﬁtF(t)) + E|dt.

For (I,7) € L'*(R/Z,Q) x Ry, let v be the corresponding 7-periodic curve, i.e. 7 :
R/77Z — Q; t — T'(t/7). Then, straightforward calculations show that (I, 7) is a critical
point of Z¥ if and only if ~y satisfies

Gy +V(eU)(7) =0
with energy
E.(v) = 0n*/2+eU(7) = E.
When (T, 7) is a critical point of .27, pnorse (I 1 L7 |112(r/z)x {r}) denotes the number of

negative eigenvalues of the Hessian of % L2w/z)x{y at (I, 7).

For ¢ > 0, define H, : T*Q — R by H.(q,p) := €U(q) + |p|*/2, and D, := {H. <
1/2} c T*Q.

Lemma 5.2. For any € > 0, there exists (I'c,7.), a critical point of .;2’;1/2, which satisfies
the following properties:

(1) / |8t75|2dt = capg(De, wq).
R/7Z

(2) HMorse (FE;D%EI/2|L112(R/Z)X{TE}) <n+1.

Proof. Take arbitrary A € Q'(T*Q) such that d\ = wq and (D,, \) is a Liouville domain.
By corollary 3.12, there exists z. : R/7.Z — H_'(1/2), which is a periodic orbit of Xp_
and satisfies

/ i\ = capg(D.,wq), pez(ze) <n+ 1.
R/7eZ

Define v, : R/7.Z — Q and I'. : R/Z — Q by . := mq o &, ['.(t) := 7.(7:t). Then, it is
obvious that (T';,7.) is a critical point of ,,5,”61/ 2. Moreover,

[ vk [ aa= [ aih= (Do)
R/TEZ R/TEZ R/TSZ

In the second equality, we use that z. is contractible in 72 and d\ = d\q.

Finally,
MUMorse (Fs; 9%1/2’L172(R/Z)><{75}> = Hcz (xs>
This identity follows from theorem 7.3.1 in [5]. (2) follows immdiately from this identity
and pcoz(zr:) <n+1. O

Lemma 5.3. For each € > 0, take (I'c, 7.), a critical point of 92”81/2 which satisfies prop-
erties in lemma 5.2. Then,

0 < liminf 7, < limsup 7, < 00.
e—0 e—0
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Proof. First we show that lim iglf 7. > 0. Assume that lim iglf 7. = 0, i.e. there exists a
E— e—>

sequence (&), such that i, 7., — 0 as k — oo. Then, there exists a sequence of integers
(Ng)r such that 1 < 7., N, < 2. Set O, € L"*(R/Z,Q) by O(t) := I'.,(Nit). Then,
(O, 7, Ni) is a critical point of ,j,’fk/ 2. By proposition 2.1 in [1], a certain subsequence of
(©1)x converges in L*(R/Z,Q). On the other hand, by lemma 5.2-(1),

2
|at@k|%2(R/Z) = N]?/ }atrsk (t)‘ dt = N,fTskcapS(Dek,wQ).
R/Z

Since capg(De,,wq) — capg(2) as k — oo and N,7,, > 1, the last term goes to oo as
k — oo, contradicting that a certain subsequence of (Oy), converges in L'*(R/Z, Q).

Next we show that limsup7. < oo. For each ¢ > 0, define z. : R/7.Z — T*Q by

e—0

7. = (7,0¢7.). Then, z. is an integral curve of Xy on H_'(1/2). On the other hand,
by proposition 3.2 in [1], when ¢ > 0 is sufficiently small, there exists . € Q'(T*Q) such
that d\. = wq and the following inequality holds on H:'(1/2):

(1/2—-0)° _ !
Ae(Xn) 2 2[(1/2-0)2 +48(1/2—0)2] ~ 196°

Notice that (D., \.) is a Liouville domain, since setting Z. € 2 (T*Q) by iz wq = .,
then dH.(Z.) = wo(Z., Xn.) = \e(Xpg.) > 0 on HZ'(1/2).

Since
/ A (X g (zc(t)))dt = / rIA: = capg(D.,wq),
R/7:Z R/TeZ
7. <196 - capg(D., wq) < 196 - capy(Q2) for sufficiently small € > 0. This completes the
proof. 0

Finally, we prove theorem 5.1.

Proof. For each € > 0, take (I';, 7.), a critical point of .,?;1/ 2 which satisfies properties
in lemma 5.2. Then by lemma 5.3, we can apply proposition 2.1 in [1] to the sequence
(T'., 7o)es0. i.e. a certain subsequence of (I, 7.).sq converges to (I',7) in L"*(R/Z, Q) x
R.g, and v : R/7Z — Q;t — I'(t/7) is a periodic billiard trajectory on , such that
E(V) = ll_rfé EE(’}/E) = 1/2'

Since pinorse (Te; L2 | 112z« fr.y) < n+1 for each e > 0, proposition 2.2 in [1] implies
that I" has at most n 4+ 1 bounce times.

Finally we prove that 7 = capy(Q2). For each € > 0, by lemma 5.2-(1),
CapS(De7WQ) = / |at’7€|2dt = 75_1/ |atre|2dt'
R/7.Z. R/Z
Since liné 7. = 7 and liH(l) I. — I'in L'*(R/Z, ), by taking limit of the above identity we
e— e—
get
capp(Q) = lim capg(D., wo) = 7! / O, 2.
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On the other hand, since E(vy) = 1/2, |0yy| = 1 for almost every t € R/7Z. Hence
|0,T'| = 7 for almost every t € R/Z. Therefore capr(Q) =77"- 72 = 7. O
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APPENDIX: PROOF OF THEOREM 2.12

Assume that (X, \), (X, ') are Liouville domains such that d\ = dX'.

Take arbitrary smooth function p: R — [0, 1] such that for sufficiently large sq > 0

<
p(s) = 0 (s< SO), Let As := (1 — p(s))A + p(s)X'. Then, (X, \,)ser is a smooth
1 (s> sp)

family of Liouville domains. Denote the completion of (X, A,) by (X, A,).

Our aim is to define a morphism from the Floer chain complex on (X, A) to the Floer
chain complex on (X, )\’). To define a morphism, we study the Floer equation on a fiber
bundle over R, which is constructed as follows. First, consider trivial bundles

Fx: X xR =R, Epx : (0X x (0,00)) x R = R.
Define an embedding
I:(0X x(0,1]) xR — X xR;  ((2,7),5) = (L(z,7),s)
by (Zs denotes the vector field on X characterized by iz dA\s = As):
I(21) = 2 (2 € 0X),
O Is(z, 1) = 17" Zs(Is(2, 7)) (z € 0X,r € (0,1]).

R Let F := Ex Uy Eyx. E is a fiber bundle over R, and each fiber E; is identified with
X,. Note that there exist natural bundle maps over R:

jl : EX — E,

ja: (0X x [1,00)) x R — E.

To study the Floer equation on E, we equip E with a connection V, and denote the
horizontal lift of 05 to ' by W. We take V so that W satisfies

e ji(W) =(0,0,),
e j;(W) = (0,0,) outside (0X x [1,2]) x [—so, so).

Let H € 05X, \), Hy € 25(X,\) and (H,).er be a family of Hamiltonians
with the following properties:

o H, € (X, \,) for any s € R.
o O,H,,(x) >0 for any (s,t) e RxR/Z and = € X.

H_ (s<—s1)

e There exists s; > s¢ such that H, =
Hy (s =s1)
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e Jsap, > 0.

~

Let (J5)s be a family of (time-dependent) almost complex structures on E; = X, such
that J, € _#Z(X,\s: 1) for any s, and

J. = ‘]—SO (S < _SD)
t JS() (S Z 80) .
We denote Jyg, by Ji.

Then, for z_ € P(H_), v, € P(H,), we study the following Floer equation for
u:RxR/Z — E:

o u(s,t) € E,
o Vou— Jo (0w — Xy, , ou) =0,
o u(s) —» x4 as s — too.

We denote the moduli space of solutions of the above Floer equation by //Z(m, y: (Hs, JS)S).

In the following, we abbreviate ag, by a(s). The key step in the proof of theorem 2.12
is to prove the following lemma:

Lemma 5.4. There exist co,cy > 0, which depend only on (Js)s and p, such that: if
a satisfies Osa > coa + ¢ on [—So, So|, then for any x_ € P(H_), xy € P(H;) and
uwe Mz, xy: (Hy, Jy)s), u(R x R/Z) C ji(X x R).

Proof. Step 1. First note that for any x € Z(H_)U L (H,), x(R/Z) C X. This is
because Hy € 45 (X, \). Our aim is to show that u(R x R/Z) is contained in j; (X x R).
If this is not true, for some ry > 1

D,, = u_1<j2(8X X [rg,00)) X R)

is a non-empty surface with boundary. Note that D,, must be compact, since both
z_(R/Z) and x,(R/Z) are contained in X. Define v : D,, — 0X x [1,00) by

u(s,t) = jz2(v(s, 1), 5),
and define z : D, = 0X and r: D,, — [1,00) by v(s,t) = (z(s,t),7(s,1)).

We will prove that there exist ¢g, ¢; > 0, which depend only on (J)s and p, such that
if a satisfies Osa > coa + ¢ on [—sg, So], then Ar > 0. Since r = ry on dD,,, this implies
r < rog on D,. On the other hand, by definition » > ry on intD,,, hence we get a
contradiction.

Step 2. We calculate Ar(s,t) for (s,t) € D,,. Recall that u satisfies the Floer equation
Vou— Jgu (8tu - Xu,, (u)) = 0.
Since H,(z,7r) = a(s)r + b(s) on 0X X [1,00),
JsiXn,, = —VsHsy = —aro,.

V,H, denotes the gradient of H,, with respect to (, ), ,.
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Moreover, by definition of W,
Osu = Vu + W(u).
Hence, the Floer equation can be written as:
(6) Osu — W(u) — Js1Opu — ard, = 0.
It is convinient to define A € Q'(E) by

B, = 5\5 for any s € R.
(W) =0.

.
o )\
Then, by applying dr and X to (6) respectively, we get
dsr + Nyu) — ar — dr(W(u)) =0,
AMOsu) — Byr = 0.
Then,
Ar = 0,(M05u)) — 8, (A(0w)) + s (ar) + 9, (dr (W (u)))
— d\(Dyu, Dgu) + Os(ar) + O, (dr (W (u)))
= |Vaul3,, + dAOw, W(u)) + O v+ a - dr(W(w)) + 0, (dr(W(u))).
In the following, we abbreviate | - |, , by |- |5

Step 3. We prove that Ar(s,t) > 0 when s ¢ [—so, So]. Assume that s & [—so, So].
Then, since j3W = (0,9;) on (90X x [1,00)) x (R \ [=s0, s0]),
dr(W (u(s,t))) = 0.
Moreover, since d;As = 0 for s & [—so, So],
i (u(s.))dA = 0.

Hence
Ar(s,t) = [Vou(s, t)|2, + dsals) - r(s,t) > 0.

Step 4. Next we prove the following: there exist ¢o,c3 > 0 which depend only on
(Js)s and p, such that if a satisfies Jsa > coa + ¢3 on [—sq, So|, then r(s,t) < 2 for any
(s,t) € R x R/Z.

Assume that r(s,t) > 2 for some (s,t) € R x R/Z. Then, since j; W = (0,0;s) on
(0X x [2,00)) x R,
dr (W (u(s,t))) = 0.
Hence .
Ar(s,t) = |Vsu|§7t + dX(Opu, W (u)) + Osa - 1.
Since A = 1),
i, (3dN) = dg, (dr A N +1(dNs + ds A B\,)) = 1D\
Hence R A
—dA(Oyu, W (u)) = i, (j3dN)(00) = 1O\ (Ov) = rdsAs(9;2).
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Therefore, there exists ¢4 > 0 which depends only on (Js)s and p such that
|d5\(8tu, W(u))‘ =r- |85)\5(8tz)| < c4r1/2|8tu|s,t.
Moreover, since u satisfies the Floer equation V,u — J,:0u — ard, = 0,
0| < |Viulss + |ardy|s, = |Vuls, + ar'/?.
Therefore
Ar > |Vaul?, +0sa-r—cy TI/Q(\VSU|S¢ + arl/Q)
> |VaulZ, + 0sa-r— (|Voul?, + cir) /2 — caar
> (0sa — cya — 3 /2)r.
Hence setting ¢, := ¢4, c3 := ¢;/2, the following holds:

Assume 0sa > caa + c3 on [—sg, So]. Then, Ar(s,t) > 0if s € [—sp, so] and
r(s,t) > 2.

On the other hand, by Step 3, Ar(s,t) > 0if s ¢ [—so, So]. Hence if dsa > cpa + ¢3 on
[—s0, 0], Ar(s,t) > 0 on {r > 2} C R x R/Z. This implies that {r > 2} = ), by same
arguments as step 1.

Step 5. Finally we prove that there exist cg,¢; > 0, which depend only on (Js), and
p, such that if a satisfies Osa > cpa + ¢1 on [—s, So|, then Ar > 0.

It is convinient to equip E with a Riemannian metric (, ); such that

hd <> >t Es is equal to <> >s,t~
e For any ¢ € Ey, T,Es and W, is orthogonal with respect to (, );.

e Forany g € E, |W,|, = 1.

By step 4, r(s,t) < 2 for any (s,t) € R x R/Z. Therefore there exist cs, ¢, c; > 0 such
that

|d5\(8tu, W(u))’ < c5|0vuly,
|dr (W (u))| < c,
‘@s(dr(W(U)))’ < ¢7|0suly

on [—sg, so] X R/Z. On the other hand,
0yul, < |Vl + |ard,|, = |Vl + ar'/? < | V|, + aV/?2,
|Osuly < |W(u)|e + |Vsule = 14 |Vsul,.
Hence,
Ar > |Vaul? + 0ya -1 — c5(|Vsule + av2) — csa — er (1 + [Vul)
= |Veul? + 9sa -7 — (V2¢5 + c6)a — (cs + ¢7)|Vuls — .

Therefore, setting ¢y := V25 + cg, ¢1 = o7 + (cs + c7)?/2, Ar > Oa — coa — ¢; (we use
Osa > 0 and r > 1). Hence setting ¢y and ¢; as above, the following holds:

If Osa > cpa + ¢1 on [—sg, So|, then Ar > 0 on [—sg, so] X R/Z.
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On the other hand, Ar(s,t) > 0 when s ¢ [—sg, So], as we have proved in step 3. This
completes the proof of step 5. U

Corollary 5.5. Let cg,c; > 0 satisfy the condition in lemma 5.4, and assume that dsa >
coa + ¢ on [—sg,50]. Then, for any x_ € P(H_), x4 € P(Hy) and v € M (x_,xy :
(Hs7 Js)s);

05y, (u(s) - X, )\s) <0.

In particular, if oy, (xy) > oy (x_), then //Z(x_,x+ : (Hs, Jy)s) = 0.

Proof. By lemma 5.4, u(R x R/Z) C ji1(X x R). Since j;W = (0, 0s),

Os iy, (u(s) : X, Ay) :/ u(8) OsAs — /]R/Z{]VSU(S,t)]2 + 0, Hyy (u(s, 1)) }dt.

R/Z

Since u(s) : R/Z — X is contractible, one can extend u(s) to u(s) : D* — X so that
u(s)(e*™) = u(s)(#). Then,

/R/Z u(s) 0sAs = /D2 @*as(d)\s) o

0., (u(s) s X 0) == [ AT, 0+ 2.1 s, )Y < 0

Hence

where the last inequality follows from 0;Hs; > 0 on X. O

Finally we prove theorem 2.12. Define a morphism ¢ : C, (H_, aH_7J_) — C, (H+, 8H+7L]+)
by

w([ﬂf,]) = Z ﬁ‘ﬂA(x*aer : (Hs; Js)s) : [er] ("137 € r@k(]"[,))

1 €P(Hy)
Then, by lemma 5.4, ¢ is a chain map. Moreover, by corllary 5.5, ¢ defines a chain map
Y OS5 (Ho, 0p_y_) — C5*(Hy, Op, s, ) for any a € (0,00]. This defines a morphism
HF:*(H_) — HF:%(H, ), and we denote this morphism also by ¢<%. It is clear from the
construction that

<a
HESY(H_ : X, \) ——= HF<(H, : X, \)

| l

HFZ°(H_ : X, \) s HFS(H, - X, \)
commutes for any a < b.

By taking a limit, we get a morphism SHI(X,\) — SHI%(X,\') (still denoted by
1<), and the following diagram commutes:

SHE(X, \) V"% SHE9(X, \) .

|

SHZP (X, \) s SHZ (X, )
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It is easy to check that ¥/<* does not depend on choices of p and (J%),, <% : SHS*(X, \) —
SH<*(X, \) is the identity, and the following diagram commutes:

¢<a

SH=*(X, \) SH=*(X, )

w<a ,L/}<a
SH=*(X, \")

Then, it follows that ©<* is isomorphic. Hence this completes the proof of theorem 2.12.
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