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Abstract

We study a conjectured connection between AdS/CFT and a real-space quantum renor-

malization group scheme, the multi-scale entanglement renormalization ansatz (MERA). By

making a close contact with the holographic formula of the entanglement entropy, we propose

a general definition of the metric in the MERA in the extra holographic direction. The metric

is formulated purely in terms of quantum field theoretical data. Using the continuum version

of the MERA (cMERA), we calculate this emergent holographic metric explicitly for free scalar

boson and free fermions theories, and check that the metric so computed has the properties ex-

pected from AdS/CFT. We also discuss the cMERA in a time-dependent background induced

by quantum quench and estimate its corresponding metric.
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1 Introduction

The holographic principle [1] is a significant idea that relates gravitational theories to those without

gravity such as quantum field theories. The AdS/CFT correspondence is the most well-understood

example of the holography [2, 3]. On the one hand, it allows us to study strongly coupled quantum

systems by using general relativity. At the same, the holographic dictionary, in principle, allows

us to analyze quantum aspects of gravity, which have been remaining as one of major challenges

in theoretical physics. Our understanding on the basic principle and mechanism of the holography

is, however, still limited. To address fundamental issues in quantum gravity, such as the creation

of the universe or cosmology, it is highly desirable to develop a more general framework for the

holography, which allows us to go beyond the anti de-Sitter spacetime and explore non-trivial

generalizations of AdS/CFT.

Recently, an interesting connection between AdS/CFT and a real-space renormalization group

scheme in quantum many-body systems, called the multi-scale entanglement renormalization ansatz

(MERA) [4, 5], has been pointed out by Swingle [6]. Refer also to [7, 8, 9, 10, 11, 12, 13, 14, 15]

for related recent works.

The MERA is originally proposed as an efficient (numerical) method to find a ground state for

a given quantum many-body system. A very brute-brash illustration of the basic construction of

the MERA may be given as follows. (See the main text for more details.) Suppose we want to

find a ground state for an interacting spin system on a one-dimensional lattice with 2m sites. To

deal with the exponentially large Hilbert space, we develop an iterative procedure; starting from

the true ground state with 2m spins, at each step of iteration, we look for a description in terms of

fewer effective, degrees of freedom, by coarse-graining the original spins. In order for this “naive”

application of the real space renormalization group idea to work for quantum systems, however,

quantum correlation between different spins need to be taken care of. In the MERA the coarse-

grain procedure is accompanied with an unitary transformation, called “disentangler”, which is

designed to remove quantum entanglement at a given scale. In the MERA, a quantum ground

state is thus described by a hierarchical structure that consists of coarse-graining and disentanglers

acting at different scales. Ref. [6] proposed to relate the above iterative steps of the MERA to the

extra dimension of the AdS.

(Alternatively, one can run the above procedure “backward” to develop an “IR-to-UV” picture;

In this picture, we start from a uncorrelated IR state to describe the our target (ground) state

at UV by using the coarse graining transformations iteratively. Along these steps, we use the

“disentangler” to generate entanglements between spins, in such a way that the UV state correctly

mimics the true ground state as closely as possible. See the main text for more details.)
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An important hint for the connection between AdS/CFT and the MERA is obtained by compar-

ing how the entanglement entropy is estimated in both cases [16]. (For reviews of the entanglement

entropy in quantum many-body systems, see, e.g., [17, 18, 19, 20]). In the classical gravity limit

of AdS/CFT, we can calculate the entanglement entropy SA for a subregion A from the minimal

area surface [21] (for reviews see [22]):

SA =
Area(γA)

4GN
, (1)

where GN is the Newton constant of the AdS gravity; γA is the minimal area surface which ends

on the boundary of A at the AdS boundary. The holographic formula (1) has passed many tests:

the analytical agreements in AdS3/CFT2 [21]; the strong subadditivity [23]; the phase transition

when the subsystem A is disconnected [24]; the agreements of the coefficient of logarithmic terms

[21, 25, 26]; moreover, the proof of (1) has been given in [26] when the subregion A is a round

sphere. Strictly speaking, this prescription can be applied only to static systems. However, in

general time-dependent backgrounds we can employ the covariant formulation in [27].

The holographic formula (1) already suggests a possibility of reconstructing the bulk spacetime

in gravity from the quantum field theoretic data [27]. If we know the ground state of a given

quantum field theory or quantum many body system, then we can in principle calculate the entan-

glement entropy SA for any choice of subsystem A. Since SA is related to the area of a minimal

surface in its gravity dual (such as the AdS), it is natural to expect that we can reconstruct the

metric of this gravitational spacetime by considering all possible choices of the subsystem A. Refer

to [28, 29] for several developments in this direction.

The structure of the entanglement included in the (candidate) ground state in the MERA is

set by its coarse-graining structure and the disentanglers. We can thus estimate the entanglement

entropy SA essentially by counting how many disentanglers, which may be operative at different

iterative steps, are relevant for a given region A. Such counting gives us a bound for the entangle-

ment entropy, which looks quite similar to the holographic formula (1) as pointed out in [6]. (See

the main text for more details.)

Though traditionally the extra dimension of a AdS has often been identified with the energy

scale of the Wilsonian renormalization group flow in momentum space [30, 31, 32], the calculation

of the entanglement entropy suggests that AdS/CFT fits nicely with the real space renormalization

group scheme, especially with the MERA. This is simply because the AdS metric is defined in

the real space and it is not straightforward to see the structures in momentum space of its dual

conformal field theories geometrically.

The purpose of this paper is to make the interpretation of AdS/CFT as the entanglement

renormalization more concrete by looking closely at the holographic geometry of a given quantum
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field theory. In order to match with AdS/CFT we need to take the continuum limit of the MERA.

This is recently studied in [33] and is called the cMERA (continuous MERA). We will use this

formalism and relate it to AdS/CFT. In particular, we propose a proper definition of metric in the

extra dimension purely in terms of data of quantum field theories for translational invariant states.

This will be a first step to understand an emergence of gravitational spacetime from quantum field

theories based on the idea of holography. For earlier works on emergent gravity via holography

refer to, e.g., [34, 7].

This paper is organized as follows: In section two, we introduce the idea of the MERA and

cMERA. In section three, we formulate the cMERA for a free scalar field theory so that it includes

a series of excited states. In section four, we study the connection between AdS/CFT and the

(c)MERA; we introduce a holographic metric in the extra direction. In section five, we give anal-

ogous results for a free fermion theory in two dimension. In section six, we summarize our results

discuss future problems.

2 Entanglement Renormalization: MERA and cMERA

In this section, we introduce and review the MERA (the multi-scale entanglement renormalization

ansatz) [4], and its continuum counter part, the cMERA (the continuous multi-scale entanglement

renormalization ansatz) [33]. They were proposed as an efficient (numerical) method to find a

ground state of quantum many-body systems by the variational principle, and can be considered

as an implementation of the real space renormalization group. Since the MERA can be thought of

as an example of more general framework, called the tensor network algorithms or tensor network

methods, let us start by describing tensor network algorithms in general, and in particular, one of

their simplest examples; the matrix product states (MPS) and the density matrix renormalization

group (DMRG).

2.1 Tensor Network Algorithms

A major challenge in quantum many-body problems is their exponentially-large Hilbert space. A

successful (numerical) algorithm for quantum many-body systems should provide an efficient way to

explore/access the physically relevant subspace of the total Hilbert space. (For example, Quantum

Monte Carlo attempts to achieve this by importance sampling.) Different phases in the quantum

many-body systems may be classified/categorized in terms of their computational complexity, or,

equivalently, the scaling of the entanglement entropy as a function of the size of a spatial region of

interest. The strategy of Tensor Network Algorithms (Tensor Network Methods) to attack quantum
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many-body problems is to (i) target a given class of computational complexity and to (ii) find,

within the given computational class, an optimal quantum state which most faithfully describes

the true ground state. In this way, Tensor Network Methods avoid the exponential blow-up of the

Hilbert space dimension as a function of the system size.

In the tensor network methods, a quantum state |Ψ〉 is described in terms of a set of tensors.

Each tensor can be of arbitrary rank and can carry multiple indices. Some of the indices represent

physical degrees of freedom (such as quantum spin degrees of freedom defined at each site of a

give lattice system), while the others represent unphysical, auxiliary degrees of freedom that are

introduced for the purpose of efficiently writing down a ground state – see below for more details.

A physical wavefunction (quantum state) is represented as a product of tensors with properly

contracted indices in the auxiliary spaces.

Tensor network representations of a quantum state can roughly be described in terms of their

“structure” and “variational parameters”. The former includes the rank of tensors involved and

how these tensors are contracted. This can often be described in terms of a network diagram, as

in Figs. 1, 2, 3. This structural aspect largely sets the computational class of possible quantum

states that the tensor network can describe. On the other hand, the latter includes the dimensions

of auxiliary spaces and actual numerical values of tensor elements. They can be optimized, within

a given structure of the tensor network, to find a best tensor network state which best describes

the target quantum state.

The matrix product state (MPS) [35] or the density matrix renormalization group (DMRG)

[36] is a canonical example of Tensor Network Algorithms in one spatial dimension, and one of the

most successful algorithms for many-body quantum systems. Consider, as an example, a quantum

spin chain with n S = 1/2 degrees of freedom. A quantum state |Ψ〉 is described by specifying the

coefficients (wavefunction) c(σ1, σ2, . . . , σn):

|Ψ〉 =
∑

σ1,σ2,...,σn

c(σ1, σ2, . . . , σn) |σ1, σ2, . . . , σn〉, (2)

where σi = 0, 1 (spin up and down). In the MPS in one spatial dimension, we construct the

coefficient c(σ1, σ2, . . . , σn) as a product of tensors (tensor network) constructed from, as a building

block, a tensor Mαβ(σ) with three indices. Each tensor M can pictorially be represented as a

“junction” or “tripod” as in the upper right part of Fig. 1. The tensor Mαβ(σ) has one physical

or spin index, and two auxiliary or “internal” indices α, β that take values 1, 2, . . . , J ; J is one of

(variational) parameters of the tensor network. The coefficients c(σ1, σ2, . . . , σn) in the MPS are

given by considering n such “tripods”, which are, in simplest cases, all identical, and contracting

indices for the auxiliary spaces for a given set of physical indices. Thus, c(σ1, σ2, . . . , σn) in this
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Figure 1: The matrix product state (MPS) for a quantum spin chain. The upper left diagram

represents a tensor network for the MPS, which consists of “tripods” shown in the upper left

diagram. The corresponding quantum state is shown below.

construction is given by a product of J × J matrices Mαβ(σ) as

c(σ1, σ2, . . . , σn) = Tr[M(σ1)M(σ2) · · · M(σn)]. (3)

This is pictorially represented as in the upper left part of Fig. 1; When two legs of junctions (= M)

are connected in the diagram, we contract the indices between them. In DMRG, a candidate for the

ground state of the system is represented as a MPS, parameterized by a set of matrices Mαβ(σ),

and then it is variationally optimized. The candidate state can be systematically improved by

increasing the dimension J of the auxiliary space.

By introducing higher rank tensors and considering tensors connected (contracted) via more

complex network, the MPS can be extended to higher dimensions. Such an generalized framework

is called projected entangled-pair states (PEPS) [37, 38].

Let us now ask, focusing again on systems in one spatial dimension, what kinds of quantum

states can be represented as a MPS; what is the computational class of wavefunctions represented

by the MPS? To answer this question, let us estimate the entanglement entropy SA for MPS

wavefunctions when bipartitioning the system into two subsystems A and B and taking a partial

trace over B. One finds it is bounded as

SA ≤ 2 log J. (4)

This can be understood as follows. Upon bipartitioning, the only parts of the tensor network (MPS)

that contribute to the entanglement entropy are the “bonds” which are “cut” by bipartitioning.

These bonds are not a coupling in the physical Hamiltonian, but one of the legs of a tripod M

which is connecting two auxiliary indices. The maximal contribution to the entanglement entropy

from each bond is given by log J . In this way we obtain the bound (4). The factor of two comes
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Figure 2: The tensor network diagrams and the estimation of the entanglement entropy SA for

the matrix product state (MPS) (left) and for the tree tensor network (TTN) (right).

from the two ends of the region A. For later purposes, we introduce a curve γA to specify this

partitioning; it has its ends on the interface of the subregions A and B, and it intersects with the

two bonds in the tensor network; See the left panel in Fig. 2.

The entanglement entropy SA can thus be made arbitrary large if we increase the dimension

J of the auxiliary space. However, it does not scale with the size of the subregion A. On the

other hand, it is well-known that the entanglement entropy in a one dimensional critical system

(relativistic CFT) is proportional to log L, where L is the size of the subsystem A [39, 40]. Therefore

the bound (4) shows that MPS ansatz cannot realize the large amount of entanglement required to

simulate quantum critical systems. (On the other hand, it is known that, the ground state of any

one-dimensional gapped system can faithfully represented by the MPS if J is sufficiently large.)

2.2 MERA

In order to look for an alternative to the MPS, which would work better for quantum critical

systems, we need to modify the structure of the tensor network. The tensor network for the MERA

is different from the MPS and has a layered structure as pictorially represented in Fig. 3. We

label layers by an integer u according to their depth or generation. We take u = 0,−1,−2, ...,−∞

for later convenience. The original spin chain is located on the 0-th layer (u = 0), which is at

the bottom of the tensor network in Fig. 3. The second layer (u = −1) is obtained by combining

two spins into a single one by a linear map (isometry), which is regarded as a coarse graining

procedure or equally the scale transformation; the layered structure is motivated by the real space

renormalization group idea. We can repeatedly apply this procedure as many as one wishes. If the

original system has n spins, there are n · 2u spins on the layer u.

The coarse graining is, however, not the only ingredient of the MERA. In fact, if it were so,

the tensor network would look like the right panel of Fig. 2; This tensor network construction is
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called the tree tensor network (TTN). The entanglement entropy of the TTN is, again, bounded

by a formula like (4), and does not scale as the function of the size of the subregion A. This

can easily be understood pictorially from the right panel in Fig. 2. To remedy this situation, we

are lead to add extra bonds called “disentanglers”, as explained in Fig. 3. Physically, this means

that we perform an appropriate unitary transformation on each of the Hilbert spaces of two spins.

To summarize, the coarse graining procedure together with the disentangler defines the tensor

network of the MERA [4]. The tensor network consists of tripods representing the coarse graining

transformation (called “isometries”) and tetrapods which represent “disentanglers”. As before, in

order to obtain the ground state (numerically), we minimize the total energy by optimizing the

parameters in isometries and disentanglers. (See Fig. 3.)

In order to better understand the effects of disentanglers, let us now estimate the entanglement

entropy in the MERA for a subsystem A with L spins. For a general tensor network state, the

entanglement entropy SA is bounded as

SA ≤ #Bonds(γA) · log J, (5)

where #Bonds(γA) is the number of bonds intersected by γA in the tensor network. Notice that in

general there are various choices for γA and #Bonds(γA) depends on the choice. Therefore we need

to minimize this to obtain the most strict bound which can be saturated by the tensor network as

SA ≤ MinγA [#Bonds(γA)] · log J. (6)

In the MERA for a spin chain, it is easy to estimate the curve γA which leads to the minimum

entropy and we obtain the following bound as explained in Fig. 3:

SA ≤ c · log L, (7)

where c is a numerical constant of order one. In this way, the entanglement structure of the MERA

is consistent with that of quantum critical systems.

It is also worth while mentioning that it is straightforward to find higher dimensional versions

of the MERA for e.g. spin systems in two and three spacial dimensions by changing the structure

of the coarse-graining and the disentanglers accordingly.

2.3 cMERA

For applications to quantum field theories, it is desirable to consider a continuum formulation of

the MERA. One such formulation is recently explored in [33] and is called the cMERA (continuous

MERA). This formulation is also useful in order to make clearer the connection between AdS/CFT

and entanglement renormalization as we will explain in a later part of this paper.
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Figure 3: (Left) The tensor network for the MERA and the estimation of the entanglement entropy.

The brown trees describes the coarse-graining of the original spin chain. The red horizontal bonds

describe the disentanglers, which is an unitary transformation acting on each pair of two spins. It

is clear from this picture that we can estimate the entanglement entropy as MinγA [#Bonds(γA)] ∼

log L. (Right) The MERA tensor network consists of disentanglers (“tetrapods”) and isometries

implementing coarse-graining (“tripod”).

Assume that a QFT with a Hamiltonian is given. We need to impose a UV cut off Λ = 1
ε ,

where ε can be identified as the lattice constant. We denote the Hilbert space defined by the fields

with the UV cut off Λ as HΛ. As in the MERA [4, 5], we will perform coarse graining procedures.

We thus consider a one-parameter family of wave functions (or states)

|Ψ(u)〉 ∈ HΛ, (8)

where u represents the length scale of interest. We take u such that the momentum k is effectively

cut off as |k| ≤ Λeu. We can regard u as the continuum analogue of u introduced in the MERA

to specify the layers. It is important that we always work with the same microscopic Hilbert space

HΛ. The UV limit and the IR limit are defined to be u = uUV = 0 and u = uIR → −∞.

We define the states in the IR and UV limit as follows:

|Ψ(uIR)〉 ≡ |Ω〉, (9)

|Ψ(uUV)〉 ≡ |Ψ〉. (10)

The UV state |Ψ〉 is what describes the system we are studying, typically the ground state for a

given Hamiltonian. In this paper we always assume that the system is described by a pure state.

On the other hand, the IR state |Ω〉 is a trivial state in that there is no quantum entanglement

between any spacial regions in that system and the entanglement entropy vanishes SA = 0 for any

subsystem A defined in a real space. We can relate |Ψ(u)〉 and |Ω〉 by a unitary transformation:

|Ψ(u)〉 = U(u, uIR)|Ω〉. (11)
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Equivalently we can represent |Ψ(u)〉 in terms of the UV state:

|Ψ〉 = U(0, u)|Ψ(u)〉. (12)

Now we express the unitary transformation as

U(u1, u2) = P exp
[
−i

∫ u1

u2

(K(u) + L)du

]
, (13)

where K(u) and L are the continuum analogue of the disentangler and the scale transformation

(coarse graining) in the cMERA, respectively [33]. The symbol P means a path-ordering which

puts all operators with smaller u to the right. For later convenience we also define P̃ as the one

with the opposite order.

We require that the IR state |Ω〉 is invariant under the scale transformation L:

L|Ω〉 = 0. (14)

This is because the IR state does not have any quantum entanglement and each spacial point

behaves independently. On the other hand, following the discrete MERA, the operator K(u) is

designed to generate the entanglement for the modes with wave vectors |k| ≤ Λeu, as becomes

clearer from the later arguments. Therefore, (11) shows that the UV state |Ψ〉 is constructed from

the non-entangled state |Ω〉 by repeating the addition of the quantum entanglement and the scale

transformation as u varies from −∞ to 0. If we view this in an opposite way from the UV to IR

limit, at each step we disentangle the system by K(u) and then do a coarse-graining by L.

At first sight, the construction of quantum states by the cMERA looks quite different from the

MERA. In particular, in the MERA the dimension of the Hilbert space (the number of spins) is

reduced by half in each step of coarse graining, while in the cMERA the dimension of the Hilbert

space is preserved. It is, however, possible to formulate the MERA in terms of a unitary evolution

as in the cMERA. This can be done by simply adding a fixed dummy spin state |0〉 in each step

of coarse graining in the MERA so that it keeps of the size of Hilbert space. The coarse-graining

procedure in the cMERA can be more properly understood as the continuum limit of this latter

definition of the MERA.

By moving to the ’Heisenberg picture’, we can define an operator O at scale u as

O(u) = U(0, u)−1 · O · U(0, u), (15)

where O is the operator in the UV limit. This satisfies

〈Ψ|O|Ψ〉 = 〈Ψ(u)|O(u)|Ψ(u)〉. (16)
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Finally it is useful to rewrite U in the ‘interaction picture’:

U(u1, u2) = e−iu1LPe
−i

R u1
u2

K̂(u)du · eiu2L, (17)

where we defined

K̂(u) = eiuL · K(u) · e−iuL. (18)

In this way we find for the UV state:

|Ψ〉 = Pe
−i

R 0
uIR

K̂(u)du|Ω〉. (19)

In general, the operator K(u) is chosen so that it creates the quantum entanglement for the

scale below the UV cut off, i.e., |k| ≤ Λ. The effective operator K̂(u) when we factor out the scale

transformation is defined by (18) and thus K̂(u) generates the entanglement for the scale |k| ≤ Λeu

in the expression (19) as advertised.

For a finite u, we get:

|Ψ(u)〉 = e−iuL · Pe
−i

R u
uIR

K̂(s)ds|Ω〉. (20)

For later purpose, it is also useful to define

|Φ(u)〉 = eiuL|Ψ(u)〉 = Pe
−i

R u
uIR

K̂(s)ds|Ω〉. (21)

The physical meaning of the state |Φ(u)〉 is as follows: as u varies from −∞ to u, we add the entan-

glement by the operator K(u). For the scale higher than u, we just perform the scale transformation

L until it reaches the UV limit. This defines the state |Φ(u)〉.

3 Analysis of cMERA in Free Scalar Field Theory

Here we analyze the cMERA in a free scalar field theory, which is the main example in this

paper. We will closely follow the formulation in [33] (the appendix of version 1) and generalize this

construction so that it can describe a class of excited states with a generic dispersion relation.

3.1 Formulation of cMERA in Free Scalar Field Theory

Consider the (d + 1)-dimensional free scalar field with the general dispersion relation εk. In mo-

mentum space, the Hamiltonian is given by

H =
1
2

∫
ddk [π(k)π(−k) + ε2k · φ(k)φ(−k)]. (22)
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The results for a standard massive relativistic scalar field is obtained by setting εk =
√

k2 + m2.

We can express φ(k) and π(k) in terms of creation and annihilation operators

φ(k) =
ak + a†−k√

2εk
, π(k) =

√
2εk

(
ak − a†−k

2i

)
. (23)

The commutation relation between ak and a†k is given by

[ak, a
†
p] = δd(k − p), (24)

which is equivalent to

[φ(k), π(p)] = iδd(k + p). (25)

First, we define the IR state |Ω〉 by(√
Mφ(x) +

i√
M

π(x)
)
|Ω〉 = 0, (26)

where M is a constant, which is taken to be order of the UV cut off Λ as we will confirm later.

Note that for this state |Ω〉, the entanglement entropy SA is indeed vanishing for any subsystem A

because all modes for any x are decoupled from each other. It satisfies

〈Ω|φ(k)φ(k′)|Ω〉 =
1

2M
δd(k + k′), 〈Ω|π(k)π(k′)|Ω〉 =

M

2
δd(k + k′). (27)

In the oscillator expression, |Ω〉 is defined by the property

(αkak + βka
†
−k)|Ω〉 = 0, (28)

where

αk =
1
2

(√
M

εk
+

√
εk

M

)
, βk =

1
2

(√
M

εk
−

√
εk

M

)
. (29)

The IR state |Ω〉 is invariant under the (non-relativistic) scale transformation L:

e−iuLφ(x)eiuL = e
d
2
uφ(eux), e−iuLφ(k)eiuL = e−

d
2
uφ(e−uk),

e−iuLπ(x)eiuL = e
d
2
uπ(eux), e−iuLπ(k)eiuL = e−

d
2
uπ(e−uk). (30)

Note that L differs from the standard (relativistic) scale transformation L′ which is given by

e−iuL′
φ(x)eiuL′

= e
d−1
2

uφ(eux), e−iuL′
φ(k)eiuL′

= e−
d+1
2

uφ(e−uk),

e−iuL′
π(x)eiuL′

= e
d+1
2

uπ(eux), e−iuL′
π(k)eiuL′

= e−
d−1
2

uπ(e−uk). (31)

Now, we introduce the disentangler as follows [33]

K(u) =
1
2

∫
ddk [g(k, u)(φ(k)π(−k) + π(k)φ(−k))] . (32)

12



We assume4 that the k dependence of the real valued function g(k, u) is s-wave i.e. only depends

on |k|. The function g(k, u) is assumed to have the following form

g(k, u) = χ(u) · Γ (|k|/Λ) , (33)

where Γ(x) = θ(1 − |x|) is the cut off function (θ(x) is the step function); χ(u) is a real valued

function. Although at this point (32) is an ansatz to find a ground state, we will show later that

it produces the exact ground state. Then the transformation U(0, u) defined by (13) acts as

U(0, u)−1φ(k)U(0, u) = e−f(k,u)e−
u
2
dφ(e−uk),

U(0, u)−1π(k)U(0, u) = ef(k,u)e−
u
2
dπ(e−uk). (34)

Notice that in the interaction picture (19) we find

K̂(u) =
1
2

∫
ddk edu [g(k, u)φ(keu)π(−keu) + g(k, u)π(keu)φ(−keu)]

=
1
2

∫
ddk

[
g(ke−u, u)φ(k)π(−k) + g(ke−u, u)π(k)φ(−k)

]
. (35)

The function f(k, u) satisfies
∂f(k, u)

∂u
= g(ke−u, u), (36)

which is solved as

f(k, u) =
∫ u

0
ds g(ke−s, s). (37)

Note that the final expression in (35) shows that the momentum integral in K̂(u) has the cut off

|k| ≤ Λes.

Finally we apply the variational principle and minimize the energy [33]. The total energy E is

given by

E = 〈Ψ|H|Ψ〉 = 〈Ω|H(uIR)|Ω〉

= 〈Ω|
∫

ddk
1
2

[
e2f(k,uIR)e−uIRdπ(ke−uIR)π(−ke−uIR)

+ ε2k · e−2f(k,uIR)e−uIRdφ(ke−uIR)φ(−ke−uIR)
]
|Ω〉

=
∫

ddx

∫
ddk

1
4

[
e2f(k,uIR)M +

ε2k
M

e−2f(k,uIR)

]
. (38)

4More generally we can consider a disentangler which is not s-wave, where g(k, u) depends not only |k| but also on

the vector k as g(k, u) = ai1i2···il(|k|, u) · ki1ki2 · · · kil . The free fermion theory corresponds to l = 1 example in this

sense as we will seen in section 5. In the light of holography, such a generalization will correspond to the excitations

of higher spin fields in the dual higher spin gravity theory as we will comment in the final section.
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We require the variation of E with respect to χ(u) for any u is vanishing:

δE

δχ(u)
=

∫
ddx

∫
ddk

(
e2f(k,uIR)M −

ε2k
M

e−2f(k,uIR)

)
Γ(|k|e−u/Λ) = 0. (39)

Thus we find

f(k, uIR) =
1
2

log
εk

M
, (|k| < Λ). (40)

By using

f(k, uIR) =
∫ uIR

0
g(ke−s, s)ds =

∫ − log Λ/|k|

0
χ(s)ds, (41)

we obtain

χ(u) =
1
2
·
( |k|∂|k|εk

εk

)∣∣∣∣∣
|k|=Λeu

. (42)

This characterizes the ground state |Φ〉 of the free scalar field theory given by the Hamiltonian

(22).

In particular, for the free scalar field theory with a mass m [33] we obtain

χ(u) =
1
2
· e2u

e2u + m2/Λ2
, M =

√
Λ2 + m2. (43)

The function f(k, u) is given by

f(k, u) =


1
4

log
m2 + e2uΛ2

m2 + Λ2
, (|k| < Λeu)

1
4

log
k2 + m2

m2 + Λ2
. (|k| > Λeu)

Some comments are in order here. In the CFT (massless limit), we always have χ(u) = 1
2 .

Thus one can show that the total operation K +L at each scale coincides with the relativistic scale

transformation (dilatation) L′ of the CFT. In the massive case, we have χ(u) ' 1
2 in the UV region,

i.e., eu À m
Λ . On the other hand, in the IR region eu ¿ m

Λ , we have χ(u) ' 0 and the unitary

transformation acts trivially, corresponding to the absence of mass gap.

It is also intriguing to consider non-standard scalar fields. If we assume the dispersion relation

εk ∝ kν , which corresponds to a Lifshitz theory (anisotropic scale invariant theory) with the

dynamical exponent ν, we again find that χ(u) takes a constant value

χ(u) =
ν

2
. (44)

3.2 Excited States in cMERA

Here we would like to describe a class of excited states in the cMERA given by the coherent states:

(Akak + Bka
†
−k)|Ψex〉 = 0, (45)
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where we normalize

|Ak|2 − |Bk|2 = 1. (46)

Notice that the definition of (Ak, Bk) still has the ambiguity of phase factor. The ground state

corresponds to the choice Bk = 0.

We want to relate the UV state |Ψex〉 to the unentangled IR state |Ω〉 via the unitary transfor-

mation

|Ψex〉 = Pe
−i

R 0
uIR

K̂ψ(u)du|Ω〉, (47)

as in (19). In terms of oscillators, we assume the form

K̂ψ(u) =
i

2

∫
ddk

(
gk(u)a†ka

†
−k − g∗k(u)aka−k

)
, (48)

where the function gk is taken to be the form

gk(u) = g(u)Γ(|k|e−u/Λ). (49)

For example, K̂(u) in (35) can be written in this form with the identification gk(u) = Γ(|k|e−u/Λ)χ(u).

In general gk(u) takes complex values and K̂ψ(u) cannot be cast into the form (35).

To proceed, it is useful to look at how the unitary transformation in (47) acts on the creation

and annihilation operators. It is given by a linear transformation of the following form:

Pe
−i

R u
uIR

K̂ψ(u)du ·

 ak

a†−k

 · P̃ e
i

R u
uIR

K̂ψ(u)du =

 pk(u) qk(u)

q∗k(u) p∗k(u)

 ·

 ak

a†−k

 . (50)

Here pk(u) and qk(u) are given in terms of gk(u) in the following way:

Mk(u) ≡

 pk(u) qk(u)

q∗k(u) p∗k(u)

 = P̃ exp
(
−

∫ u

uIR

duGk(u)
)

, (51)

where the matrix Gk(u) is defined by

Gk(u) =

 0 gk(u)

g∗k(u) 0

 = Γ(|k|e−u/Λ)

 0 g(u)

g∗(u) 0

 . (52)

The matrix Mk(u) defined by (51) satisfies

dMk(u)
du

= −Mk(u)Gk(u). (53)

Mk(u) clearly satisfies |pk(u)|2 − |qk(u)|2 = 1 and preserves the commutation relations between ak

and a†k.
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Eventually, for the UV state |Ψex〉, we find that (Ak, Bk) in the definition (45) is related to the

IR values (αk, βk) by

(Ak, Bk) = (αk, βk) · Mk(0). (54)

As is clear from (52) in general we can decompose Gk(s) into two pieces

Gk(u) = G̃(u)Γ(|k|e−u/Λ). (55)

This allows us to rewrite Mk(0)

Mk(0) = P̃ · exp

(
−

∫ 0

log
|k|
Λ

du G̃(u)

)
. (56)

Notice the relation

G̃11(u) = G̃∗
22(u) = −G̃∗

11(u), G̃12(u) = G̃∗
21(u). (57)

It is also useful to extend the previous construction to the state at scale u

|Ψex(u)〉 = e−iuL · Pe
−i

R u
uIR

K̂ψ(s)ds|Ω〉 = e−iuL|Φex(u)〉, (58)

as we did in (20). Since |Ψex(u)〉 is obtained from the scale transformation of |Φex(u)〉, we need

only to consider the relation between |Φex(u)〉 and |Ω〉. This can be found from (50) as follows:

(Ak(u), Bk(u)) = (αk, βk) · Mk(u), (59)

where we assumed that |Φex(u)〉 satisfies (Ak(u)ak + Bk(u)a†−k)|Φex(u)〉 = 0.

Before we go on we have a few remarks. Notice that Mk(u) satisfies

Mk(u)†σ3Mk(u) = σ3, det Mk(u) = 1, (60)

which says that Mk(u) belongs to SU(1, 1).

The parametrization (52) covers only two out of three generators of SU(1, 1). The remaining

one is found to be the form

eiδk(u)σ3 ∈ SU(1, 1). (61)

If we fix (αk, βk) and ask if we can find Mk(u) for an arbitrarily given pair (Ak, Bk), Mk(u) should

have three parameters. However, if we remember that (Ak, Bk) is defined up to a phase factor,

Mk(u) only needs to have two parameters. Therefore, the ansatz (52) is enough and we can ignore

the one (61).
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3.2.1 Ground State

The ground state of the cMERA corresponds to Ak = 1 and Bk = 0 and thus we find from (59)

Mk(0) =

 αk −βk

−βk αk

 . (62)

If we assume that gk(u) takes only real values i.e. gk = (gk)∗, then we find from (52)

Mk(u) =

 cosh
∫ u
uIR

du gk(u) − sinh
∫ u
uIR

du gk(u)

− sinh
∫ u
uIR

du gk(u) cosh
∫ u
uIR

du gk(u)

 . (63)

By comparing between these in the UV limit u = 0, we need to require

e
R 0

uIR
dugk(u) =

√
M

εk
. (64)

This is equivalent to (40) and therefore indeed it agrees with the result in the previous section.

The explicit form of gk is given by

gk(u) = χ(u)Γ(|k|e−u/Λ), (65)

where χ(u) is defined in (42). In this example of the ground state, the matrix Gk(s) (52) explicitly

reads

Gk(s) = χ(u)Γ(|k|e−u/Λ)

 0 1

1 0

 . (66)

3.3 Time-dependent Excited State

We can find pk(0) and qk(0) (or equivalently Mk(0)) from Ak and Bk as follows:

pk(0) = αkAk − βkB
∗
k,

qk(0) = −βkA
∗
k + αkBk. (67)

By taking the derivative with respect to the momentum k, we obtain from (56)

G̃

(
log

|k|
Λ

)
= |k|dM(0)

d|k|
· M−1(0)

=

 |k|(∂|k|p)p∗ − |k|(∂|k|q)q∗ |k|p(∂|k|q) − |k|q(∂|k|p)

−|k|(∂|k|p∗)q∗ + |k|p∗(∂|k|q∗) −|k|q(∂|k|q∗) + |k|p(∂|k|p∗)

 , (68)

where we omit, for simplicity, the arguments of pk(0) and qk(0) as p and q. After we calculate G̃(u)

from (68), we can eventually compute Mk(s) following (51) in principle.
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We would like to analyze a class of excited states given by (45). In particular, we assume that

at time t = 0, the ratio Ak/Bk is real. This includes the important examples of quantum quenches

discussed later. By taking into its time evolution, Ak and Bk are given by the following form:

Ak =
√

1 + a2
k · eiεkt+iθk ,

Bk = ak · e−iεkt+iθk , (69)

where ak is taken to be an arbitrary real valued function of k. The phase θk is a redundant parameter

on which the UV state |Ψex〉 does not depend. We choose θk such that G̃11 = 0. Considering the

limit M ∼ Λ À εk, we obtain

∂|k|θk = t

(
2ak

√
1 + a2

k cos 2θk − 1 − 2a2
k

)
∂|k|εk −

∂|k|ak · sin 2θk√
1 + a2

k

, (70)

G̃12 = g

(
log

|k|
Λ

)
=

|k|∂|k|εk

2εk

(
1 + 4takεk

√
1 + a2

k sin 2θk

)
+

|k|∂|k|ak · cos 2θk√
1 + a2

k

. (71)

Note that this shows that the function g(u) in this final expression (71) is real valued in the low

energy region −u À 1. This property is no longer true in the high energy region u ∼ 0, where

similar calculations lead to a slightly complicated expression. Below we focus on the former region

as that is enough to find the essential property we want. Since g(u) is real, we can find the

expression of Mk(s) and it is given by (63) with χ(u) replaced with g(u).

One important property which we can find from (71) is that at late time g(u) increases linearly

in general as long as ak 6= 0. This agrees with the fact that the entanglement entropy generally

grows linearly under a time evolution after a strong excitation (or called quantum quench) [41] as

we explain in the next section.

One may notice that the choice of θk has an ambiguity which corresponds to an integration

constant when we solve (70). In other words, G̃12 or equally g(u) depend on the choice of θk. This

is because even though the UV state |Ψex〉 defined in (45) is independent from the choice of θk,

the middle energy state |Ψex(u)〉 (or equally |Φex(u)〉) does depend on θk. There does not seem

to exist any uniquely preferable choice of θk. This means that the definition of the cMERA for a

given excited state is not unique at least within the current approach. We will later discuss the

holographic interpretation of this ambiguity and argue that it corresponds to the choice of time

slices extended into the extra dimension.

3.4 Global Quantum Quenches

One convenient physical process to create an strongly excited state is the global quantum quench

where the system uniformly gets excited by a sudden shift of some parameters such as mass or
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Figure 4: The time-evolution of G̃12 = g(u) after a quantum quench, computed for m = 0.1 and

m0 = 1 using the same approximation in (73). We fixed the phase ambiguity as θ0(t) = 0. The

horizontal and vertical coordinate correspond to 1/|k| = εe−u and t, respectively. The former,

1/|k|, can be interpreted as the z coordinate in the AdS as we explain in section 4. With this

interpretation, we can observe, qualitatively, that the excitations induced by the quantum quench

are within the light-cone: z < t in the AdS.

coupling constants [41, 18]. Here we consider the global quench triggered by the shift of mass of

the free scalar. Especially, we choose it such that the mass is m0 for t < 0 and it suddenly goes to

m at t = 0 and later.

By requiring that the field and its momentum are continuous at t = 0, we find the system for

t > 0 coincides with the excited state (45) defined by (71) with the specific choice of ak

ak =
1
2

[(
k2 + m2

0

k2 + m2

) 1
4

−
(

k2 + m2

k2 + m2
0

) 1
4

]
. (72)

Let us consider the case where m = 0 i.e. εk = |k| so that we obtain a CFT after the quench.

The differential equations (70) and (71) get simpler in the region m0 ¿ |k| ¿ Λ and we can solve

as

θk ' −|k|t + θ0(t),

G̃12 = g

(
log

|k|
Λ

)
' 1

2
− m2

0

2|k|
t sin(2|k|t − θ0(t)) −

m2
0

2k2
cos(2|k|t − θ0(t)), (73)

where θ0(t) is an undetermined integration constant as discussed in the previous subsection. We

plotted the form of G̃12 = g(u) as a function of 1/|k| and t by choosing θ0(t) = 0 in Fig. 4, where

introduced the IR cut off by turning on m slightly so that the divergence of ak (72) in the IR limit

|k| → 0 is regularized.
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4 AdS/CFT and Entanglement Renormalization

As we have explained, the MERA and the cMERA are a useful tool in quantum many-body

problems and quantum field theories, and can be viewed as an efficient implementation of the

real space renormalization group idea. As conjectured in [6] (see also [42, 33] for later related

arguments), it is natural to expect some relation between the MERA/cMERA and the AdS/CFT

correspondence, where in the latter the extra direction in a AdS is interpreted as the energy scale

of the renormalization group flow. The purpose of this section is to materialize this interpretation

by introducing a proper metric structure for the tensor networks in the MERA/cMERA.

4.1 MERA and AdS/CFT Correspondence

The holographic formula (1) provides us with a way to compute the entanglement entropy in a QFT

from the bulk geometry. Since AdS/CFT is a duality, it would be possible to “read backward” the

holographic dictionary, and infer the bulk geometry from entanglement in the QFT. This strategy

could be extended to a generic class of QFTs, and in particular to QFTs for which we can find a

ground state by the MERA. Therefore, let us start by remembering how the entanglement entropy

can be estimated for a wavefunction represented in terms of a MERA network; it was discussed

in Sec. 2.2. The entanglement entropy in the MERA network is bounded as (7) (and (6) for the

case of one-dimensional critical systems). In particular, if each bond is maximally entangled the

equality in (7) should holds. This bound shows that the entanglement entropy can be estimated by

the minimum of the number of bonds cut among choices of divisions γA for a given tensor network

(see the left picture in Fig. 5). This estimation of the entanglement entropy in MERA is very

analogous to that of the holographic entanglement entropy [6].

This identification between the surface γA in the MERA and γA in the holographic formula

suggests the relation

#Bonds ' Area(γA)
GN

, (74)

assuming that the bonds are maximally entangled. Note that the minimization of both sides agree

with each other consistently. Here ' means the equality up to a numerical factor of order one.

This relation (74) suggests, at least, a strong correlation between the entanglement in a QFT and

the bulk geometry (if it exits). The relation (74) can also be thought of as a natural generalization

of the standard microscopic interpretation of black hole entropy, in that it says that the area of a

minimal surface (measured in the unit of Planck length) corresponds to the number of entangling

bonds.

The comparison between the holographic formula and the entanglement entropy bound in the
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Figure 5: The parallelism between the calculations of the entanglement entropy SA in the MERA

(left) and AdS/CFT (right). The green surface represents γA in both pictures. The red bonds in

the left denote the disentanglers.

MERA further suggests the extra direction in the AdS is identified with the u in the MERA which

counts the layers of each coarse-grained spin system (Fig. 5). To be more precise, let us write the

(d + 2)-dimensional AdS metric in the form

ds2
AdS = du2 +

e2u

ε2
(d~x2 − dt2) =

dz2 − dt2 + d~x2

z2
, (75)

where ~x describes the coordinate of Rd; ε is the lattice spacing of the spin system. We normalize the

radius of the AdS to be unity for simplicity; z = ε ·e−u is the standard radial coordinate of Poincare

AdS. The extra direction u in the AdS is identified with u in the MERA when it is representing a

ground state of a conformal invariant system (they are equal up to a proportionality constant as

we explain below).

In the above example of a conformal invariant system, the component of the metric guu is

constant. This is in line with the fact that in the scale invariant the MERA, the structure of the

tensor network, including the disentanglers, do not change as we go deeper into the IR region (by

increasing the layer index u). For quantum field theories which are not conformally invariant, the

MERA network would evolve in a more complex way. To describe such situations, we denote, by

n(u), the typical strength of the bonds (or the number of bonds) at the layer specified by the

non-positive integer u. For the MERA for CFTs, n(u) does not depend on u. The MERAs for

non-CFTs are expected to correspond to the gravity dual with the metric

ds2 = guudu2 +
e2u

ε2
d~x2 + gttdt2. (76)

The metric for ~x is fixed because we employ the same coarse-graining procedure. The metric guu

in the extra dimension is related to the density of disentanglers, i.e., n(u) as we explain soon later.

The temporal component of the metric gtt cannot be determined from the information of en-

tanglement entropy SA. If we generalize the definition of the entanglement entropy so that the
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subsystem A is defined on a Lorentz boosted time slice, in principle, we can read off gtt, although

we will not discuss this issue in detail in this paper.

To relate the MERA to the geometry (76), let us calculate the entanglement entropy SA when

A is the half of the space (i.e., we consider the equal bipartition of the total space). The calculation

in the MERA when the system is a one-dimensional spin chain is depicted in Fig. 6. In the MERA

for a (d + 1)-dimensional quantum system, following the previous discussion, we can estimate the

entanglement entropy as

SA ∝ Ld−1
0∑

u=−∞
n(u) · 2(d−1)u, (77)

where Ld−1 is the number of lattice points on the boundary of A. On the other hand, the holographic

formula in AdS/CFT (1) leads to

SA =
1

4GN
· Vd−1

εd−1

∫ uUV(=0)

uIR(=−∞)
du

√
guue(d−1)u, (78)

where Vd−1 is the area of the boundary of A. In the continuum limit ε → 0, using the obvious

relation Vd−1 = Ld−1εd−1, we find that (77) and (78) have the similar structure; The comparison

between the two calculations suggest that the layer index u in the MERA and the radial coordinate

u AdS/CFT are related as uAdS/CFT = log 2 · uMERA, and moreover,

n(u) ∝
√

guu

GN
. (79)

This implies that we can interpret the MERA in the general setups as the holography.

The arguments so far are based on the MERA for discrete quantum systems. In order to make

the connection to AdS/CFT more precise, it would be desirable to take the continuum limit from

the beginning by employing the idea of the cMERA [33] and this will be the main purpose in

coming subsections. Especially we would like to give an interpretation of the cMERA in terms of

holography by defining an appropriate metric guu from the cMERA for any given quantum field

theory. Before we go on to the construction of metric in the cMERA, we would like to introduce a

natural metric in quantum mechanics.

We close this subsection with one important comment. In AdS/CFT, we need to take the large

N and strong coupling limit of gauge theories in order to realize the classical gravity limit (or equally

Einstein gravity limit) where the holographic formula (1) can be applied. If we abandon the strong

coupling limit, we expect higher derivative corrections to the Einstein gravity and the holographic

entanglement entropy also includes higher derivative terms [43, 44]. If we do not take the large N

limit, the gravity theory receives substantial quantum gravity corrections and the effective gravity

action will become highly non-local, for which the holographic entanglement entropy has not been
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Figure 6: The calculation of the entanglement entropy SA in the MERA for a one dimensional

system, when the subsystem A is the half of the total space.

calculated at present. Therefore, one may wonder how these two limits can be seen in the MERA.

Though we are not going to address a definite answer to this question, we can suggest a related

important idea. In order to justify the identification (74), we need to assume that the all relevant

bonds are (almost) maximally entangled. If this is not the case, the precise estimation of the

entanglement entropy gets quite complicated, and we need the information of entanglement of

bonds which is far from the minimal surface γA. Therefore, in such situations, calculations are

expected to be “non-local” in the sense of tensor network geometry, which is identified with a

AdS space. This may correspond to the fact that the bulk gravity becomes non-local if we do not

take the large N limit. At the same time, it is natural to expect that the description in terms of

maximally entangled bonds can be valid in this limit. We would like to leave more understandings

for an important future problem5.

4.2 Quantum Distance

Suppose we are given two quantum states in the Hilbert space. They can be pure or mixed states.

For our discussion below, we only need pure states. However, let us be general for a moment, and

consider two mixed states, characterized by a density matrix ρ1 and ρ2, respectively. To measure

how different these states are, we can introduce a proper distance. The Bures distance is given by

DB(ρ1, ρ2) := 2
(

1 − Tr
√

ρ
1/2
1 ρ2ρ

1/2
1

)
. (80)

Alternatively, one can consider the Hilbert-Schmidt distance defined by

DHS(ρ1, ρ2) :=
1
2
Tr (ρ1 − ρ2)

2 . (81)

5 After the preprint of this paper appeared on the arXiv, we noticed the preprint [45], where interesting behaviors

in the large N limit of MERA were discussed.
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When ρ1 and ρ2 are pure, and given by ρ1 = |ψ1〉〈ψ1| and ρ2 = |ψ2〉〈ψ2|, respectively, these

definitions reduce to

DB(ρ1, ρ2) = DB(ψ1, ψ2) = 2 (1 − |〈ψ1|ψ2〉|) ,

DHS(ρ1, ρ2) = DHS(ψ1, ψ2) = 1 − |〈ψ1|ψ2〉|2. (82)

Similarly, for a set of quantum states {ρ(ξ)} parameterized by finite numbers of real pa-

rameters ξ = (ξ1, ξ2, . . .), we can define the distance between them by DB[ρ(ξ), ρ(ξ + dξ)] or

DHS[ρ(ξ), ρ(ξ + dξ)]. Assuming the quantum state ρ(ξ) changes smoothly as a function of ξ,

we can expand DB/HS[ρ(ξ), ρ(ξ + dξ)] for infinitesimal dξ. Specializing to the case of pure states,

ρ(ξ) = |ψ(ξ)〉〈ψ(ξ)|,

DB[ψ(ξ), ψ(ξ + dξ)] = DHS[ψ(ξ), ψ(ξ + dξ)] = gij(ξ)dξidξj , (83)

where we have introduced the quantum metric tensor (or equally Fisher information metric) by

gij(ξ) = Re 〈∂iψ(ξ)|∂jψ(ξ)〉 − 〈∂iψ(ξ)|ψ〉〈ψ|∂jψ(ξ)〉. (84)

gij(ξ) transforms in a covariant fashion under reparameterization, ξ → ξ′(ξ), gij(ξ) = (∂ξ′k/∂ξi)(∂ξ′l/∂ξj)

gkl(ξ′).

As an example, let us consider a system with two bosonic oscillators defined by creation and

annihilation operators (a, b) and (a†, b†). They satisfy the commutation relations [a, a†] = [b, b†] = 1.

(By identifying a = ak and b = a−k, we can directly apply calculations here to those for the free

scalar field for a fixed k sector.) Then we can explicitly write the state defined (45) as

|ψλ〉 =
√

1 − |λ|2 · e−λa+b+ |0〉, (85)

where λ is related Ak and Bk via λ = Bk/Ak. Then the inner product is found to be

〈ψλ′ |ψλ〉 =

√
(1 − |λ|2)(1 − |λ′|2)

1 − λ′∗λ
. (86)

By taking the limit dλ = λ′ − λ → 0, the quantum metric is computed as

ds2
k =

dλdλ∗

(1 − |λ|2)2
= (AkdBk − BkdAk)(A∗

kdB∗
k − B∗

kdA∗
k), (87)

where we used the relation |Ak|2 − |Bk|2 = 1. This metric (87) coincides with that of the two

dimensional hyperbolic space or Euclidean AdS2.
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4.3 Emergent Metric from cMERA

Now we consider the construction of the metric in the cMERA. Again we assume the translational

symmetry in the x direction and would like to construct guu from the data in the cMERA. We argue

that a natural definition of the metric component guu for static states in the cMERA is obtained

by applying the quantum metric (83) in an appropriate way as described below. Since the Hilbert

space of scalar field theory consists of the direct product of each sectors with fixed momentum k,

finally we need to integrate over k. We define the metric guu in the cMERA as follows:

guu(u)du2 = N−1

(
1 −

∣∣∣〈Ψ(u)|eiL·du|Ψ(u + du)〉
∣∣∣2) = N−1

(
1 − |〈Φ(u)|Φ(u + du)〉|2

)
, (88)

where we employed the relation (21). The normalization factor N is given by the volume of the

effective phase space at length scale u:

N = Vol ·
∫
|k|≤Λeu

dkd, (89)

where Vol is the (infinite) volume of d dimensional space Rd.

Notice that this measures the density of strength of the unitary transformations induced by

disentanglers. To extract only the effect of disentanglers we need to get rid of the scale transfor-

mation (or coarse-graining) by putting the operator eiL·du in (88). Comparing with (82), we have

normalized the metric by the volume of the phase space at the scale u in the denominator so that

the metric measures the density of the strength of disentanglers. Note that it is still possible to

multiply any finite constant with the definition (88). This normalization turns out to be convenient

when comparing the quantum metric in the MERA with the bulk background metric in AdS/CFT.

Observe that (88) can be rewritten as6

guu(u) = 〈Φ(u)|K̂(u)2|Φ(u)〉 − 〈Φ(u)|K̂(u)|Φ(u)〉2. (90)

The reasoning to identify the quantum metric (88) as a bulk (or holographic) metric is based

on their relation to the entanglement entropy, as we discussed for the discrete MERA (see around

(77)-(78)); when we choose the subsystem A to be the half of the total space, the disentanglers

“cut” by the division γA of the MERA network, which is induced by the bipartitioning in defining

the entanglement entropy, contribute to the entanglement entropy. The strength of the disentangler

is a function of u. The quantum metric
√

guu measures the density of the strength of disentanglers.

On the other hand, in the classical gravity limit of AdS/CFT, the holographic formula (1) relates

6It would also be possible to introduce the metric as guu(u)du2 = N−1
“

1 − |〈Ψ̃(u)|Ψ̃(u + du)〉|2
”

with |Ψ̃(u)〉 :=

U(0, u)|Ω〉. This definition of the metric leads to qualitatively similar results.
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the area of the minimal surface (γA) and the entanglement entropy. These considerations support

the identification (88) as the bulk metric.

In time-dependent states such as the ones obtained from the quantum quenches, we need to be

careful to apply the formula (88) due to the ambiguity of the phase factor θk defined in (69) noted

in previous section. More details of this will be discussed in the next subsection.7

Also we need to remember that the use of (1) is restricted to the case where we take the

strongly coupling and large N limit of the CFT. In the free scalar field theory model where we

perform detailed calculations, the dual gravity is expected to be highly quantum and the metric
√

guu cannot be regarded as that of the classical Einstein gravity. Nevertheless, we can still propose

that (88) always provides a metric which describes the dual geometry in a qualitative way. Indeed,

as the calculations of the entanglement entropy in the 4D N = 4 super Yang-Mills theory suggest

[21], in some cases, the behavior of the entanglement entropy does not qualitatively change when

we dial the coupling constant from zero to infinity. It would be an very interesting future problem

to somehow explore the metric
√

guu in strongly coupled large N gauge theories to see a direct

connection to the Einstein gravity.

4.4 Coordinate Transformations and Time-Dependent Backgrounds

A very important question on the interpretation of AdS/CFT in terms of the cMERA is how

the diffeomorphism invariance in the gravity is encoded in the cMERA. Even though we leave

comprehensive understandings of this issue for future works, here we would like to try to present

a schematic explanation. As we assumed in the formula (88), we impose the translation symmetry

in ~x direction for the states we consider.

First of all, we notice that the change of the cut off function Γ(|k|e−u/Λ) can be understood as

a part of the diffeomorphism. This is because if we change Γ(|k|e−u/Λ) into Γ(|k|η(e−u)/Λ), then

this corresponds to the coordinate transformation e−u → η(e−u) in the extra dimension.

Next, remember that there is an ambiguity of choices of the phase factor θk (69) in excited

states as we noted in the previous section. Though the UV state |Ψ〉 is clearly independent of θk,

the states |Ψ(u)〉 at intermediate energy scale depend on θk in general. Note that θk can be an

arbitrary function of time t. It is tempting to argue that this ambiguity corresponds to the choices

of time slices in the bulk gravity. The time slice t = t0 in a quantum field theory just corresponds

to the one at the boundary of the gravity dual (e.g., z = 0 in the AdS metric (75)), following the

standard idea of holography. In the gravity dual, we need to extend the time slice at the boundary

7We present another definition of metric in appendix A. This is free from this ambiguity even though it can only

be applicable to coherent states. This metric coincides with (88) if the function g(u) is real.
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into the bulk in order to find the gravity dual of a series of states |Ψ(u)〉. It is clear that there are

infinitely different ways to do this extension. In a translationally invariant background, this bulk

time slice at time t0 is specified by F (t, z) = t0 in terms of the bulk time t and radial coordinate

z(= εe−u), for a certain function F . The phase ambiguity θk(t) indeed has the same degree of

freedom as F (t, z) by roughly identifying z = 1/k. It is curious to notice that the ambiguity θk

originally comes from the fundamental fact that the state or wave function in quantum mechanics

is only defined up to a phase factor.

Now we would like to consider how we can apply the metric (88) to time-dependent states in

the cMERA. For this, it is useful to remember the holographic calculations of the entanglement

entropy in time-dependent backgrounds [27], where SA is given by the area of extremal surface

in the full Lorentzian spacetime instead of a minimal surface on a time-slice. By considering the

case where A is a half space and the holographic calculation (78) as before, we can argue that the

metric (88) leads to the correct metric in the gravity dual if we choose the phase θk(t) such that

the extremal surface γA is on the corresponding time slice.

As a consistency check of the above argument, we can explicitly confirm that only for the ground

states in free scalar field theories, the metric component (88) does not depend on the choice of θk.

In this static case, the metric corresponds to the the most natural time slice t = t0 in the coordinate

(76).

4.5 Calculation of Metric in Free Scalar Field Theory

To calculate the metric guu(u) explicitly, we focus on the free scalar field theory with a mass m.

Let us consider a class of states which are given by the coherent states

(Ak(u)ak + Bk(u)a†−k)|Φ(u)〉 = 0, (91)

where Ak(u) and Bk(u) are related to Mk(u) via (59). By using (87), (59), (52) and (53), the

metric is computed as

guu(u) = N−1

∫
|k|≤Λeu

ddk [Ak(u)∂uBk(u) − Bk(u)∂uAk(u)] [A∗
k(u)∂uB∗

k(u) − B∗
k(u)∂uA∗

k(u)]

= N−1

∫
|k|≤Λeu

ddk
[
Ak(u)2g(u) − Bk(u)2g∗(u)

] [
A∗

k(u)2g∗(u) − B∗
k(u)2g(u)

]
, (92)

where N was the normalization factor defined in (89).

Let us focus on the special case where g(u) defined in (52) is real. Then (51) and (59) tell us

that Mk(u), Ak(u) and Bk(u) are also real valued. Under this assumption, the expression (92) is

simplified as

guu(u) = g(u)2. (93)
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4.5.1 Ground states

If we consider the ground state in the free scalar field theory, we find (93) leads to

guu(u) = χ(u)2 =
e4u

4(e2u + m2/Λ2)2
. (94)

We introduce a new coordinate z by

e2u =
1

Λ2z2
− m2

Λ2
, (95)

where 0 < z < 1/m. Then the metric looks like

ds2 =
dz2

4z2
+

(
1

Λ2z2
− m2

Λ2

)
dx2 + gttdt2. (96)

This metric is capped off (vanishes) at z = 1/m and this is consistent with the mass gap in the

scalar field theory.

In the massless case m = 0, the spacial part of the metric (96) coincides with that of the pure

AdS. Also for the Lifshitz-like critical theory, we can show that the metric guu is a constant as

follows from (44). This is consistent with the proposed metric dual to Lifshitz-like fixed points [46].

4.5.2 Quantum Quenches

Now we would like to consider the time-dependent metric which corresponds to the excited state

after a global quantum quench. The calculations get highly complicated as we need to specify

the phase θk so that the time-slice coincides with the extremal surface γA as we explained. Here

we would like to do a shortcut by fixing θk artificially. This is still enough to obtain qualitative

behavior of the time-dependence of the metric. The metric can be obtained from the formula (93)

by substituting (71) and (72).

First of all, it is clear from (71), the square root of the metric
√

guu = g(u) in (88) grows linearly

in time t. This agrees with the fact that the entanglement entropy increases linearly in time t after

quantum quenches, which has been shown first for two dimensional CFTs in [41], and has been

later obtained holographically in any dimensions in [47]. This offers a non-trivial evidence for our

proposed metric (88).

Next let us look at Fig. 4 again. This is now interpreted as the plot of
√

guu as a function of the

radial coordinate z(= 1/|k|) and t in the gravity dual. We can observe that the quantum quench

induces the gravitational waves approximately within the light-cone z < t, which agrees with the

causality in the bulk.
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4.5.3 Towards Flat Space Holography

Let us assume the behavior

guu(u) = g(u)2 ∝ e2wu, (97)

where w is a constant. For a generic form of the dispersion relation ε = εk, we find the relation

(42) between g(u) and εk. Therefore the metric (97) corresponds to the dispersion relation

εk ∝ eA·kw
, (98)

where A is a certain positive constant. This dispersion relation is unusual and is highly non-local.

Indeed, the corresponding Hamiltonian looks like

H =
∫

ddxφ(x)eA(−∂2)w/2
φ(x). (99)

The metric (76) with (97) becomes almost flat on a time slice if we choose w = 1. This

corresponds to the Hamiltonian

H =
∫

ddxφ(x)eA
√
−∂2

φ(x). (100)

Notice that a very similar non-local field theory appears in [48] where a possible dual to gravity in

flat space has been explored. A lesson we obtained here is that when we consider the holographic

dual of the metric (97) with w non-vanishing, the dual theory is expected to be highly non-local.

5 Another example: Free Fermion in Two Dimensions

So far we have considered the free scalar field theory as an example. Here we would like to briefly

show that similar calculations can be done for free fermions. The cMERA for the free fermion has

been worked out in the version 1 of [33] and we follow almost the same convention. Readers who

are interested in general discussions may skip this section and move on to the final section.

For simplicity, we focus on the free Dirac fermion ψ in (1+1) dimensions, defined by the action

SF =
∫

dtdx
[
iψ̄(γt∂t + γx∂x)ψ − mψ̄ψ

]
, (101)

where ψ = (ψ1, ψ2)T is the two-component complex fermion and γ matrices are defined by γt = σ3

and γx = iσ2 in terms of the Pauli matrices. Also we define ψ̄ = ψ†γt as usual. The Hamiltonian

of this theory is given by

H =
∫

dx
[
−iψ̄γx∂xψ + mψ̄ψ

]
=

∫
dk

[
kψ†

1(k)ψ2(k) + kψ†
2(k)ψ1(k) + mψ†

1(k)ψ1(k) − mψ†
2(k)ψ2(k)

]
, (102)
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where we performed the Fourier transformation. The canonical quantization leads to the following

anti-commutation relation

{ψ1(k), ψ†
1(k

′)} = {ψ2(k), ψ†
2(k

′)} = δ(k − k′). (103)

5.1 cMERA for Free Fermion

The unentangled IR state can be defined by

ψ1(k) |Ω〉 = 0, ψ†
2(k) |Ω〉 = 0. (104)

On the other hand, the true ground state |Ψ〉 of this free fermion theory is given by

ψ̃1(k) |Ψ〉 = 0, ψ̃†
2(k) |Ψ〉 = 0, (105)

where ψ̃1,2 is defined by

ψ̃1(k) = A
(0)
k ψ1(k) + B

(0)
k ψ2(k)

ψ̃2(k) = −B
(0)
k ψ1(k) + A

(0)
k ψ2(k),

(106)

with

A
(0)
k =

−k√
k2 + (

√
k2 + m2 − m)2

, B
(0)
k =

m −
√

m2 + k2√
k2 + (

√
k2 + m2 − m)2

. (107)

These fermion operators satisfy the following commutation relations:[
H, ψ̃†

1(k)
]

=
√

k2 + m2ψ̃†
1(k),[

H, ψ̃†
2(k)

]
= −

√
k2 + m2ψ̃†

2(k).
(108)

More generally we can consider the excited states defined by

(Akψ1(k) + Bkψ2(k)) |Ψ〉 = 0,(
−Bkψ

†
1(k) + Akψ

†
2(k)

)
|Ψ〉 = 0.

(109)

We can normalize

|Ak|2 + |Bk|2 = 1. (110)

Notice that the state |Ψ〉 does not change if we multiply a common phase factor to (Ak, Bk) as in

the previous scalar field example. The choice (Ak, Bk) = (A(0)
k , B

(0)
k ) corresponds to the ground

state.

As before, we aim to relate the UV state |Ψ〉 to the common IR state via the unitary transfor-

mation (19). We assume the following form for the disentanglers

K̂(u) = i

∫
dk

[
gk (u) ψ†

1(k)ψ2(k) + g∗k (u) ψ1(k)ψ†
2(k)

]
, (111)
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where the function gk(u) is chosen to be the form

gk(u) = g(u)Γ(|k|e−u/Λ)
ke−u

Λ
. (112)

where g(u) is complex-valued in general. The presence of the factor k, which is missing in the scalar

field theory, is now required to reproduce the correct ground state (107) as noted in [33].

In terms of the particle annihilation and anti-particle creation operators, we obtain

Pe
−i

R u
uIR

K̂(u′)du′

ψ1(k)

ψ2(k)

 P̃ e
i

R u
uIR

K̂(u′)du′
= Mk(u)

ψ1(k)

ψ2(k)

 ,

Pe
−i

R u
uIR

K̂(u′)du′

ψ†
1(k)

ψ†
2(k)

 P̃ e
i

R u
uIR

K̂(u′)du′
= Nk(u)

ψ†
1(k)

ψ†
2(k)

 , (113)

where we introduced rank 2 matrices Mk(u) and Nk(u) as

Mk(u) ≡

 Pk(u) Qk(u)

−Q∗
k(u) P ∗

k (u)

 = P̃ exp
(∫ u

uIR

du′Gk(u′)
)

,

Nk(u) ≡

 P ∗
k (u) Q∗

k(u)

−Qk(u) Pk(u)

 = P̃ exp
(∫ u

uIR

du′Hk(u′)
)

, (114)

with G(u) and H(u) defined by

Gk(u) =

 0 −gk(u)

g∗k(u) 0

 , Hk(u) =

 0 −g∗k(u)

gk(u) 0

 . (115)

Equivalently,we can show that

dMk(u)
du

= Mk(u)Gk(u),
dNk(u)

du
= Nk(u)Hk(u). (116)

The matrices Mk(u) and Nk(u) clearly satisfy |Pk(u)|2 + |Qk(u)|2 = 1 and preserve both the

commutation relation of ψ1(k) and ψ†
1(k) and the one of ψ2(k) and ψ†

2(k). By comparing the IR

and UV states, we obtain the relation

Pk(0) = Ak(0), Qk(0) = Bk(0). (117)

Notice that Mk(u) and Nk(u) satisfy

Mk(u)†Mk(u) = 1, det Mk(u) = 1,

Nk(u)†Nk(u) = 1, det Nk(u) = 1, (118)

which says these belong to SU(2). Also the parametrization (115) covers only two out of three

generators of SU(2). Though the remaining one is found to be

eiδkσ3 ∈ SU(2), (119)

we can ignore this by using the phase ambiguity of (109) as in the free scalar field theory case.
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5.2 Ground State

If we assume that gk(u) takes only real values i.e. gk = (gk)∗, then we find from (115)

Mk(u) = Nk(u) =

cos
(∫ u

uIR
du′gk(u′)

)
− sin

(∫ u
uIR

du′gk(u′)
)

sin
(∫ u

uIR
du′gk(u′)

)
cos

(∫ u
uIR

du′gk(u′)
)

 . (120)

By comparing between these at the UV point u = 0, we find

sin 2ϕk =
−k√

k2 + m2
, (121)

where we defined

ϕk =
∫ 0

log|k|/Λ
dug(u)

ke−u

Λ
. (122)

The function g(u) is found from (122) as follows

g(u) = −k |k|
Λ

∂

∂k

[
Λ
k

ϕk

] ∣∣∣∣∣
|k|=Λeu

=
1
2

[
− arcsin

Λeu

√
Λ2e2u + m2

+
mΛeu

m2 + Λ2e2u

]
. (123)

In particular, in the massless case m = 0 we find that g(u) becomes a constant

g(u) = ϕk = −π

4
. (124)

5.3 Metric from cMERA

Now we would like to move on to a holographic interpretation of the cMERA in this free fermion

theory. We can apply the general formula (88) for the metric in the extra dimension. The state

defined by (109) is written as the coherent state

|ψλ〉 =

[
1 − λψ†

1(k)ψ2(k)
]

√
1 + |λ|2

|Ω〉 , (125)

where λ = Bk
Ak

. We can show

〈
ψλ′

∣∣ψλ

〉
=

1 + λλ′∗√
(1 + |λ|2)(1 + |λ′|2)

. (126)

By considering an infinitesimal Bures distance (or equally Hilbert-Schmidt distance), we find the

corresponding metric. If we take the limit λ′ → λ,

DB (ψλ′ , ψλ) = lim
λ′→λ

2 (1 − |〈ψλ′ |ψλ〉|) =
dλ∗ dλ

(1 + |λ|2)(1 + |λ′|2)

= (A∗
kdB∗

k − B∗
kdA∗

k)(AkdBk − BkdAk)
(127)
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Finally the holographic metric (88) is found to be

guu(u) =
1
N

∫
|k|≤Λeu

dk [Ak(u)∗∂uBk(u)∗ − Bk(u)∗∂uAk(u)∗] [Ak(u)∂uBk(u) − Bk(u)∂uAk(u)]

=
1
N

∫
|k|≤Λeu

dk

(
k2e−2u

Λ2

) [
A2

k(u)g(u) + Bk(u)2g(u)∗
]
·
[
A∗

k(u)2g(u)∗ + B∗
k(u)2g(u)

]
,

where N is defined in (89). When g(u) is a real valued function, we find

guu(u) =
g(u)2

3
. (128)

For the ground state (124) of massless fermion theory, we can find that guu is a constant and the

gravity dual becomes a AdS space as expected from the conformal symmetry.

6 Conclusions and Discussions

By making use of the holographic formula for the entanglement entropy as a hint, we have intro-

duced a proper metric to the MERA tensor networks and in particular to their continuum counter

parts in the cMERA. The metric captures how quantum degrees of freedom are entangled with

each other at different length scales. We computed the metric explicitly for the cMERA for free

boson and free fermion quantum field theories. We have checked that the computed metric has

properties expected from the holography; that it coincides with the AdS metric when these field

theories are conformal field theories; that it is capped off when there is a mass gap; that its square

root grows linearly in time after quantum quench, etc.

Our formulation based on the cMERA can be applied to holography for wide classes of space-

times which are far more general than the AdSs. For example, we found that if we consider

holographic duals of generic spacetimes such as a flat spacetime, they should be highly non-local

theories including infinitely many derivatives in their Hamiltonians. It might be an interesting fu-

ture problem to understand the physics of black holes in a flat spacetime by using this formulation.

For example, they have the intriguing properties such as the negative specific heat. Interestingly, it

has been known that the negative specific heat can happen in highly non-local theories [49]. Also

it is another important future problem to extend our formulation to the finite temperature theories

dual to AdS black holes (refer to the recent paper [13] for a construction of black hole states in

MERA based on the thermofield dynamics).

In the interpretation of the cMERA as AdS/CFT, the key identification is that each of entan-

gling bonds (disentanglers) in an appropriate time slice can be regarded as a unit surface area. It

is very exciting to note that this correspondence seems to be naturally generalized to spacetimes

which have no space-like boundaries and which do not follow the standard rule of holography. This
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Figure 7: A conceptual sketch of a possible formulation of quantum gravity in terms of entangle-

ment.

might offer us a hint to formulate quantum gravity in general spacetimes (see Fig. 7). Notice

that in this correspondence, both sides are manifestly dynamical because the time coordinate is

already built in and cannot be emergent. Refer to [7, 42] for closely related ideas which connect

the quantum entanglement to the emergence of gravity dynamics.

A precise connection between the MERA and AdS/CFT is still missing, though. Firstly, in our

current approach, we could not determine the time component of the holographic metric. In other

words, our metric is the one on a fixed time slice and this depends on the choice of the time slice.

In principle we can boost the system and calculate the entanglement entropy so that we can read

off the time component of metric. This certainly deserves future studies. Secondly, the role of the

large N limit in the MERA is not clear yet (although we gave a speculation on this point). On the

other hand, the non-necessity of the large N limit in formulating the MERA can be thought of as

an advantage; our metric can, in principle, be defined for arbitrary quantum many-body systems

once their (ground) states are expressed in terms of the MERA tensor networks. Assuming that

the MERA (and its suitable modification) can be applied to a wide class of quantum many-body

problems, we can define a sort of bulk geometry averaged by quantum fluctuations for a wide class

of systems. It is also useful to note that the gravity dual of O(N) scalar field theory is given by

the higher spin gravity [50] as has been recently studied actively [51, 52, 53, 54, 55]. We will be

able to employ this correspondence to study the relation between the cMERA and AdS/CFT more

closely. The excitations of higher spin fields will correspond to the addition of non s-wave terms to

the disentanglers K̂ in (32).

This mysterious connection between the MERA and AdS/CFT opens up a possibility to classify

various phases and states in quantum many-body systems in terms of their bulk geometry. This

may be a good news, since there is growing evidence that quantum phases and quantum phase

transitions cannot fully classified in terms of the conventional tools in classical statistical physics,
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such as the Landau-Ginzburg type theories of phase transitions [56]. In the latter, classical phases

can be characterized by a pattern of symmetry breaking, i.e., in terms of group theory. On the

other hands, there are known examples that do not fall into this category; Most notably, topological

phases of matter such as the fractional quantum Hall effect. AdS/CFT and the MERA offer an

emerging holographic view for quantum phases, which is complementary to the Landau-Ginzburg

paradigm, viz, quantum phases are to be classified by their emergent geometry.

In order to offer further evidence for the connection between AdS/CFT and the MERA (“AdS/MERA”

in short), it is worth while mentioning and comparing how topological phases are represented in the

MERA and AdS/CFT. (Fig. 8.) In [57], the MERA for a topologically ordered phase in two spatial

dimensions is constructed for a particular lattice model, the Kitaev’s toric code model. One of the

salient feature of the MERA tensor network for the toric code model is the existence of its “top

tensor”, which is located at the most IR region (“top”) of the tensor network. The top tensor stores

information on the topological degrees of freedom (or topological order). In particular, it captures

one of the defining properties of the topological phases, the topological ground state degeneracy

when the system is put on the Riemann surface of genus g ≥ 1 (the ground state degeneracy is four

in the toric code model on the torus). The tensor networks for the four ground states of the toric

code are largely identical except in their top tensor.

On the other hand, in [58], the gravity dual of a three dimensional gauge theory which flows in

the IR to the pure SU(N) Chern-Simons theory is constructed. The geometry is capped off at IR

since the theory is gapped. In addition, D7-branes are located at IR. This setup is gapped even

without the D7-branes, but their presence is necessary to realize a topological phase; the D7-branes

give rise to the Chern-Simons term, and contributes to the topological entanglement entropy. The

holographic views of topological phases offered from the MERA and AdS/CFT are surprisingly

similar, and it is tempting to identity the top tensor and the D7-branes.
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A Another Definition of Metric for Coherent States

Here we discuss an intuitive measure of entanglement and based on this we would like to define

another metric for the coherent states in the free scalar field theory. We consider the relative

distance between the IR vector (αk, βk) defined in (28) and UV one (Ak, Bk) defined in (45).

By performing the SU(1, 1) transformation, this is equivalent to the distance between (1, 0) and

(Akαk − Bkβk, αkBk − βkAk). Notice that in the UV limit k = M , the distance is vanishing. If

the distance is small for finite k, then the UV state |Ψ〉 is closer to the unentangled IR state |Ω〉.

Therefore this distance presents the measure of entanglement.
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Now we parameterize

Akαk − Bkβk = cosh ak · eibk ,

αkBk − βkAk = sinh ak · eick . (129)

The natural metric of this parameter space which preserves SU(1, 1) structure is defined by

ds2 = da2 − cosh2 adb2 + sinh2 adc2, (130)

which coincides with the AdS3 as is expected from the SU(1, 1) symmetry. Moreover, we need to

take a quotient by the identification (b, c) ∼ (b, c) + (θ, θ) for any θ, which is the phase ambiguity

of the definition (45). In the end, we obtain the following AdS2 metric

ds2 = da2 + cosh2 a sinh2 a(db − dc)2, (131)

and indeed it coincides with the quantum distance (87).

The vector (ak, bk, ck) for 0 < k < M makes a trajectory ΓΨ in this AdS2 space. For simplicity

we start with a scalar field theory in 1 + 1 dimension. The entanglement entropy SA for a given

subsystem A should be a functional of ΓΨ. A simplest choice will be just the length of ΓΨ.

The length Lk of this trajectory is defined by

Lk =
∫ k

0
dk

√
(∂kak)2 + cosh2 ak sinh2 ak(∂kb − ∂kc)2. (132)

Lk describes how the entanglement is added as we increase the energy scale k. Therefore we are

lead to identify √
gE
uu = k

dLk

dk
= k

√
(∂kak)2 + cosh2 ak sinh2 ak(∂kb − ∂kc)2, (133)

assuming the relation k = Λeu. This defined a natural metric component gE
uu in the extra dimension

u.

Below we study the property of this metric in the massless free scalar theory m = 0. For the

vacuum state |Ψ〉 i.e. (Ak, Bk) = (1, 0), we simply find gE
uu = 1

4 . Moreover, if g(u) defined in (52)

is real, we can show after some algebras

gE
uu = g(u)2 = guu. (134)

Thus it agrees with the emergent metric defined in (88). However, in general excited states this

equivalence is no longer true.

It is also interesting to note that for the ground state |Ψ〉 i.e. (Ak, Bk) = (1, 0) we find

Ltot ≡ Lk=M =
1
2

∫ M

εIR

dk

k
=

1
2

log
(

M

εIR

)
, (135)
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Figure 9: Plots of
√

gE
uu as a function of t. In the left graph we assume z = 1, while the right one

z(= 1/k) = 10. We assumed that m0 = 10 and m = 0 for this quantum quench.

where εIR is the IR cut off. This is proportional to the entanglement entropy SA in two dimensions

(i.e. d = 1) when A is the half of the total space Rd.

In general, we can express such a functional of ΓΨ which is invariant under SU(1, 1) symmetry

as

SA =
∫

ΓΨ

dkf(k)
√

GAdS2, (136)

for any function f(k), where GAdS2 is the metric (131). If we assume that A is given by a half

space of Rd, then the calculation should not depend on the energy scale i.e. k. Thus we can set

f(k) is a constant. This indeed agrees with the observation (135). On the other hand, when A is a

strip with a finite width l, we will need to choose f(k) is some function of the form f(k) = F (kl).

To extend this argument to higher dimensions d, we just need to multiply the degeneracy factor

e(d−1)u in front of (136).

Also we would like to analyze the global quantum quench where the mass of the free scalar

changes from m0 to m = 0. We plotted the time evolution of
√

gE
uu for fixed values of z in Fig.9.

This behavior is clearly consistent with the linear growth of the entanglement entropy. We can also

confirm that the plot
√

gE
uu as a function z = 1/k and t looks very similar to Fig.4. We can again

qualitatively confirm that the excitations are propagating within the light-cone z < t.

Finally notice that this definition of metric does not have any ambiguity due to the phase

factor as opposed to the one (88) we proposed in the main text. However, gE
uu cannot be defined

for general states as we employed the special property of coherent state that the state is written as

the direct product of different momenta.

References

[1] G. ’t Hooft, “Dimensional reduction in quantum gravity,” [arXiv:gr-qc/9310026]; L. Susskind,
“The World as a hologram,” J. Math. Phys. 36, 6377 (1995) [arXiv:hep-th/9409089]; D. Bigatti

38



and L. Susskind, “TASI lectures on the holographic principle,” [arXiv:hep-th/0002044].

[2] J. M. Maldacena, “The large N limit of superconformal field theories and supergravity,” Adv.
Theor. Math. Phys. 2 (1998) 231 [Int. J. Theor. Phys. 38 (1999) 1113] [arXiv:hep-th/9711200];

[3] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, “Gauge theory correlators from non-critical
string theory,” Phys. Lett. B 428, 105 (1998); E. Witten, “Anti-de Sitter space and hologra-
phy,” Adv. Theor. Math. Phys. 2, 253 (1998).

[4] G. Vidal,“Entanglement renormalization,” Phys. Rev. Lett. 99, 220405 (2007) , arXiv:cond-
mat/0512165.

[5] G. Vidal, “Entanglement renormalization: an introduction,” arXiv:0912.1651; G. Evenbly and
G. Vidal, “Quantum Criticality with the Multi-scale Entanglement Renormalization Ansatz,”
arXiv:1109.5334.

[6] B. Swingle, “Entanglement Renormalization and Holography,” arXiv:0905.1317 [cond-mat.str-
el]. (This paper will be published in PRD soon.)

[7] M. Van Raamsdonk, “Comments on quantum gravity and entanglement,” arXiv:0907.2939
[hep-th]; “Building up spacetime with quantum entanglement,” Gen. Rel. Grav. 42 (2010)
2323 [Int. J. Mod. Phys. D 19 (2010) 2429] [arXiv:1005.3035 [hep-th]].

[8] B. Swingle, “Mutual information and the structure of entanglement in quantum field theory,”
arXiv:1010.4038 [quant-pj].

[9] J. Molina-Vilaplana and P. Sodano, “Holographic View on Quantum Correlations and Mutual
Information between Disjoint Blocks of a Quantum Critical System,” JHEP 1110 (2011) 011
[arXiv:1108.1277 [quant-ph]]; J. Molina-Vilaplana, “Connecting Entanglement Renormaliza-
tion and Gauge/Gravity dualities,” arXiv:1109.5592 [quant-ph].

[10] V. Balasubramanian, M. B. McDermott and M. Van Raamsdonk, “Momentum-space entan-
glement and renormalization in quantum field theory,” arXiv:1108.3568 [hep-th].

[11] H. Matsueda,“Scaling of entanglement entropy and hyperbolic geometry,” arXiv:1112.5566
[cond-mat.stat-mech].

[12] M. Ishihara, F. -L. Lin and B. Ning, “Refined Holographic Entanglement Entropy for the AdS
Solitons and AdS black Holes,” arXiv:1203.6153 [hep-th].

[13] H. Matsueda, M. Ishihara and Y. Hashizume, “Tensor Network and Black Hole,”
arXiv:1208.0206 [hep-th].

[14] K. Okunishi, “Wilson’s numerical renormalization group and AdS3 geometry,” arXiv:1208.1645
[hep-th].

[15] H. Matsueda, “Multiscale Entanglement Renormalization Ansatz for Kondo Problem,”
arXiv:1208.2872 [cond-mat.stat-mech].

[16] L. Bombelli, R. K. Koul, J. Lee and R. D. Sorkin, “A Quantum Source of Entropy for Black
Holes,” Phys. Rev. D 34 (1986) 373; M. Srednicki, “Entropy and area,” Phys. Rev. Lett. 71
(1993) 666 [hep-th/9303048].

[17] J. Eisert, M. Cramer and M. B. Plenio, “Area laws for the entanglement entropy - a review,”
Rev. Mod. Phys. 82 (2010) 277 [arXiv:0808.3773 [quant-ph]].

[18] P. Calabrese and J. Cardy, “Entanglement entropy and conformal field theory,” J. Phys. A A
42 (2009) 504005 [arXiv:0905.4013 [cond-mat.stat-mech]].

39



[19] H. Casini and M. Huerta, “Entanglement entropy in free quantum field theory,” J. Phys. A A
42 (2009) 504007 [arXiv:0905.2562 [hep-th]].

[20] J. I. Latorre, A. Riera, “A short review on entanglement in quantum spin systems,” J. Phys.
A 42 (2009) 504002 [arXiv:0906.1499 [hep-th]].

[21] S. Ryu and T. Takayanagi, “Holographic derivation of entanglement entropy from AdS/CFT,”
Phys. Rev. Lett. 96 (2006) 181602; “Aspects of holographic entanglement entropy,” JHEP
0608 (2006) 045.

[22] T. Nishioka, S. Ryu and T. Takayanagi, “Holographic Entanglement Entropy: An Overview,”
J. Phys. A 42 (2009) 504008; T. Takayanagi, “Entanglement Entropy from a Holographic
Viewpoint,” Class. Quant. Grav. 29 (2012) 153001 [arXiv:1204.2450 [gr-qc]].

[23] M. Headrick and T. Takayanagi, “A Holographic proof of the strong subadditivity of entan-
glement entropy,” Phys. Rev. D 76 (2007) 106013 [arXiv:0704.3719 [hep-th]].

[24] M. Headrick, “Entanglement Renyi entropies in holographic theories,” Phys. Rev. D 82 (2010)
126010 [arXiv:1006.0047 [hep-th]].

[25] S. N. Solodukhin, “Entanglement entropy, conformal invariance and extrinsic geometry,” Phys.
Lett. B 665 (2008) 305 [arXiv:0802.3117 [hep-th]].

[26] H. Casini, M. Huerta and R. C. Myers, “Towards a derivation of holographic entanglement
entropy,” JHEP 1105 (2011) 036 [arXiv:1102.0440 [hep-th]]; R. C. Myers and A. Sinha, “Holo-
graphic c-theorems in arbitrary dimensions,” JHEP 1101 (2011) 125 [arXiv:1011.5819 [hep-
th]].

[27] V. E. Hubeny, M. Rangamani and T. Takayanagi, “A Covariant holographic entanglement
entropy proposal,” JHEP 0707 (2007) 062 [arXiv:0705.0016 [hep-th]].

[28] J. Hammersley, “Extracting the bulk metric from boundary information in asymptotically
AdS spacetimes,” JHEP 0612 (2006) 047 [hep-th/0609202]; “Numerical metric extraction in
AdS/CFT,” Gen. Rel. Grav. 40 (2008) 1619 [arXiv:0705.0159 [hep-th]].

[29] V. E. Hubeny, “Extremal surfaces as bulk probes in AdS/CFT,” JHEP 1207 (2012) 093
[arXiv:1203.1044 [hep-th]].

[30] J. de Boer, E. P. Verlinde and H. L. Verlinde, “On the holographic renormalization group,”
JHEP 0008 (2000) 003 [hep-th/9912012].

[31] I. Heemskerk and J. Polchinski, “Holographic and Wilsonian Renormalization Groups,” JHEP
1106 (2011) 031 [arXiv:1010.1264 [hep-th]].

[32] T. Faulkner, H. Liu and M. Rangamani, “Integrating out geometry: Holographic Wilsonian
RG and the membrane paradigm,” JHEP 1108 (2011) 051 [arXiv:1010.4036 [hep-th]].

[33] J. Haegeman, T. J. Osborne, H. Verschelde and F. Verstraete, “Entanglement renormalization
for quantum fields,” arXiv:1102.5524 [hep-th].

[34] S. -S. Lee, “Holographic description of quantum field theory,” Nucl. Phys. B 832 (2010) 567
[arXiv:0912.5223 [hep-th]]; “Holographic description of large N gauge theory,” Nucl. Phys. B
851 (2011) 143 [arXiv:1011.1474 [hep-th]]; “Background independent holographic description
: From matrix field theory to quantum gravity,” arXiv:1204.1780 [hep-th].

[35] See, for example, J. Ignacio Cirac and Frank Verstraete, “Renormalization and tensor product
states in spin chains and lattices,” J. Phys. A 42 504004, (2009).

[36] S. R. White,“Density matrix formulation for quantum renormalization groups,”
Phys.Rev.Lett.69 (1992)2863.

40



[37] F. Verstraete, J. I. Cirac,”Renormalization algorithms for Quantum-Many Body Systems in
two and higher dimensions,” arXiv:cond-mat/0407066.

[38] T. Nishino and K. Okunishi,“A Density Matrix Algorithm for 3D Classical Models,” J. Phys.
Soc. Jpn 67 (1998) 3066 [cond-mat/9804134].

[39] C. Holzhey, F. Larsen and F. Wilczek, “Geometric and renormalized entropy in conformal field
theory,” Nucl. Phys. B 424, 443 (1994) [arXiv:hep-th/9403108].

[40] P. Calabrese and J. Cardy, “Entanglement entropy and quantum field theory,” J. Stat. Mech.
0406, P002 (2004) [arXiv:hep-th/0405152].

[41] P. Calabrese and J. Cardy, “Evolution of entanglement entropy in one-dimensional systems,”
J. Stat. Mech. 0504, P04010 (2005) [arXiv:cond-mat/0503393].

[42] G. Evenbly and G. Vidal,“Tensor network states and geometry,” arXiv:1106.1082.

[43] L. -Y. Hung, R. C. Myers and M. Smolkin, “On Holographic Entanglement Entropy and Higher
Curvature Gravity,” JHEP 1104 (2011) 025 [arXiv:1101.5813 [hep-th]].

[44] J. de Boer, M. Kulaxizi and A. Parnachev, “Holographic Entanglement Entropy in Lovelock
Gravities,” JHEP 1107 (2011) 109 [arXiv:1101.5781 [hep-th]].

[45] B. Swingle, “Constructing holographic spacetimes using entanglement renormalization,”
arXiv:1209.3304 [hep-th].

[46] S. Kachru, X. Liu and M. Mulligan, “Gravity Duals of Lifshitz-like Fixed Points,” Phys. Rev.
D 78 (2008) 106005 [arXiv:0808.1725 [hep-th]].

[47] J. Abajo-Arrastia, J. Aparicio and E. Lopez, “Holographic Evolution of Entanglement En-
tropy,” JHEP 1011 (2010) 149 [arXiv:1006.4090 [hep-th]]; T. Albash and C. V. Johnson, “Evo-
lution of Holographic Entanglement Entropy after Thermal and Electromagnetic Quenches,”
New J. Phys. 13 (2011) 045017 [arXiv:1008.3027 [hep-th]]; V. Balasubramanian, A. Berna-
monti, J. de Boer, N. Copland, B. Craps, E. Keski-Vakkuri, B. Muller and A. Schafer et al.,
“Thermalization of Strongly Coupled Field Theories,” Phys. Rev. Lett. 106 (2011) 191601
[arXiv:1012.4753 [hep-th]].

[48] W. Li and T. Takayanagi, “Holography and Entanglement in Flat Spacetime,” Phys. Rev.
Lett. 106 (2011) 141301 [arXiv:1010.3700 [hep-th]].

[49] D. Lynden-Bell,“Negative Specific Heat in Astronomy, Physics and Chemistry,” arXiv:cond-
mat/9812172; F. Bouchet, S. Gupta and D. Mukamel,“Thermodynamics and dynamics of
systems with long-range interactions”, Physica A 389, 4389 (2010) [arXiv:1001.1479 [cond-
mat.stat-mech]].

[50] M. A. Vasiliev, “Higher spin gauge theories: Star product and AdS space,” In *Shifman, M.A.
(ed.): The many faces of the superworld* 533-610 [hep-th/9910096]; “Holography, Unfolding
and Higher-Spin Theory,” arXiv:1203.5554 [hep-th].

[51] I. R. Klebanov and A. M. Polyakov, “AdS dual of the critical O(N) vector model,” Phys. Lett.
B 550 (2002) 213 [hep-th/0210114].

[52] S. Giombi and X. Yin, “Higher Spin Gauge Theory and Holography: The Three-Point Func-
tions,” JHEP 1009 (2010) 115 [arXiv:0912.3462 [hep-th]].

[53] R. d. M. Koch, A. Jevicki, K. Jin and J. P. Rodrigues, “AdS4/CFT3 Construction from
Collective Fields,” Phys. Rev. D 83 (2011) 025006 [arXiv:1008.0633 [hep-th]].

[54] M. R. Douglas, L. Mazzucato and S. S. Razamat, “Holographic dual of free field theory,” Phys.
Rev. D 83 (2011) 071701 [arXiv:1011.4926 [hep-th]].

41



[55] J. Maldacena and A. Zhiboedov, “Constraining Conformal Field Theories with A Higher Spin
Symmetry,” arXiv:1112.1016 [hep-th]; “Constraining conformal field theories with a slightly
broken higher spin symmetry,” arXiv:1204.3882 [hep-th].

[56] X-G. Wen, “Quantum Field Theory of Many-Body Systems,” Oxford University Press (2004).

[57] Miguel Aguado and Guifre Vidal, “Entanglement renormalization and topological order,”,
Phys. Rev. Lett. 100, 070404 (2008); [arXiv:0712.0348 [cond-mat]].

[58] Mitsutoshi Fujita, Wei Li, Shinsei Ryu, Tadashi Takayanagi, “Fractional Quantum Hall
Effect via Holography: Chern-Simons, Edge States, and Hierarchy,” JHEP 0906:066,2009;
[arXiv:0901.0924 [hep-th]].

42


