-

View metadata, citation and similar papers at core.ac.uk brought to you byﬁ CORE

provided by Kyoto University Research Information Repository

Bl
oo o e/,
&

Kyoto University Research Information Repository > KYOTO UNIVERSITY

Title Cohomology and L-values

Author(s) | Yoshida, Hiroyuki

Citation Kyoto Journal of Mathematics (2012), 52(2): 369-432

Issue Date | 2012

URL http://hdl.handle.net/2433/160399

Right 2012 © Kyoto University

Type Journal Article

Textversion | author

Kyoto University


https://core.ac.uk/display/39287196?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

Cohomology and L-values

By Hiroyuki Yoshida*

Abstract

In a paper published in 1959, Shimura presented an elegant calcu-
lation of the critical values of L-functions attached to elliptic modular
forms using the first cohomology group. We will show that a similar
calculation is possible for Hilbert modular forms over real quadratic
fields using the second cohomology group. We present explicit numer-
ical examples calculated by this method.

In a celebrated paper [Sh1] published in 1959, Shimura showed that ratios
of critical values of the L-function attached to an elliptic modular form can
be calculated explicitly using the cohomology group. This method was de-
veloped into the theory of modular symbols by Manin [Man]. Though there
have been great advances during the next half century in understanding the
relationship of automorphic forms and group cohomologies, it seems that no
explicit calculations of L-values using cohomology groups were performed
beyond the one dimensional case. The purpose of this paper is to show that
we can use cohomology groups effectively for calculations of L-values even in
higher dimensional cases.

To explain our ideas and results, it is best to review first the calculation
in [Sh1]. Let $ be the complex upper half plane. Let " be a Fuchsian group
and let Q be a cusp form of weight &k > 2 with respect to I'. Put l =k — 2
and let p; be the symmetric tensor representation of GL(2, C) of degree [ on
a vector space V. We regard V' as a ['-module. Put p = p;. We consider a
V-valued differential form on $:

Q) = Q(2) m | dz.

2010 Mathematics Subject Classification. 11F41, 11F75.
*The author was supported by Grant-in-Aid for Scientific Research (C) (No. 21540014),
Japan Society for Promotion of Science.
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Here {ﬂ denotes the column vector of dimension [ + 1 whose components

are z', 2!71 ... /1. We have 2(Q2) o v = p(7)0(2) for every v € I'. Here
9(§2) o v denotes the transform of 9(£2) by 7. Take a point of the complex
upper half plane or a cusp of I and denote it by zy. For v € ', we consider
the integral

YZ0

(1) )= [ o,
20

Then f satisfies the 1-cocycle condition:

F(nv2) = f(m) + p(n) f ().

The cohomology class of f in H*(T', V') does not depend on the choice of z.
Let p € I be a parabolic element and z be the cusp fixed by p. Then we
have

20
f0) = (olp) - 1) [ " 0(@)
20
Thus f(p) looks like a coboundary, which is the parabolic condition on f.
Now let I' = SL(2,Z) and 2, = ico. Put

(0 1 (11
=\t 0)0 T7\o 1)
Then we find

(2)  floT)=— (/ Q(z)ztdz) =— <it“R(t + 1, Q)) :
0 0<t<l 0<t<l
where R(s,Q) = (2m)*I'(s)L(s, Q) with the L-function L(s, ) of Q. Since

(07)® =1 and % = 1, the 1-cocycle condition gives

[+ plo7) + p((07)*)]f(oT) =0,
(14 p(o)]f(0) = [L+ p(a)]f(o7) = 0.

In other words, f(o7) is annihilated by the elements 1+07+ (07)* and 1+ ¢
of the group ring Z[SL(2,Z)]. This gives constraints on the critical values of
L(s,9). For k=12 and 2 = A, Shimura obtained that
5 12
R(8,A) = 1 (6,A), R(10,A) = ER(&A)’ etc.
In this paper, we will treat the case of Hilbert modular forms over a real
quadratic field F'. Let O be the ring of integers of F' and I' be a congruence

(3)
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subgroup of SL(2,0p). Let Q be a Hilbert modular cusp form of weight
(k1, k2) with respect to I'. We assume 2 < ko < ky and put [; = k; — 2, i =1,
2. The first step is to attach an explicitly given 2-cocycle of I" to €2. This is
given in the author’s book [Y3] as follows. Let p = p;, ® p, and V' be the
representation space of p. We consider a V-valued differential form on $?:

I s
2(Q) = Q(2) [211] ® [Zf] dz1dz, z=(21,22) € H°.

We have
(4) 0(Q)oy=p(HoEQ), ~yeTl.
Take a point w = (wy, ws) on H2 For 1, 7o € ', we consider the integral

5) ﬂ%mﬁzlwm/fwﬂm-

172wW1 YW

Here ~; denotes the conjugate of v; by Gal(F/Q). Then f is a 2-cocycle of T’
taking values in V. The cohomology class of f € H*(T', V) does not depend
on the choice of w. Let p € T" be a parabolic element and let (w},w3) be the
cusp fixed by p. Since €2 is a cusp form, we may replace wy by wj. By this
procedure, we find the parabolic condition satisfied by f.

Next let I' = SL(2,0p) and let € be the fundamental unit of F. We
assume that l; = [y mod 2 and replace I' by PSL(2, OF). Put

(0 1 (e 0
07—10’ ’ui()efl'

We choose w; = i€ !, wy = i00. Then we have

flo =i =- [ [T

For 0 <s <1, 0<t<Iy we put

P&t:/ / Q(2)25 25 dz dzs.
=1 JO

The (I3 +1)(I2 + 1) components of f(o, 1) are given by —P;;. We have

(6) Pm,mf(klfkg)/Z _ (—1)m+1i_(k1_k2)/2(QW)(kl_kQ)/QR(m + 1’ Q)



where R(s,Q) = (2m) 2T (s)I'(s — (k1 — k2)/2)L(s,Q) with the L-function
L(s,Q) of Q. The formula (6) gives a generalization of (2); (5) and (6) were
known to the author nine years ago.

The L-value L(m,€)), m € Z is a critical value if and only if

ll—l2 l1+12

+1<m< + 1.

Since all of them appear as components of f(o, ), we expect that we can
deduce information on critical values once we know the second cohomology
group H?(T', V) well. Before to materialize this hope, we need to answer
the following conceptual question: Can we annihilate the effect of adding a
coboundary to f? We can give an affirmative answer to this question by
using the parabolic condition. Put

{6 )

Then we have

ueOp, ve (’)F} /{£1,} CT.

(7) flpn,72) =pf(n,72)  forevery p€ P, y,7 €l

This is the parabolic condition on f when I' = PSL(2,0p). A 2-cocycle
which satisfies (7) is called a parabolic 2-cocycle. In section 3, we will prove:

Theorem. Let:=1 or2. Then

1 if Iy =1y and N(e)' = 1.

Now suppose that we add a coboundary to f keeping the parabolic condition
(7). In section 4, using this theorem for the case i = 1, we will show:
If [y # ly, the components of f(o,u) related to the critical values do not
change. If [ = Iy, the same assertion holds except for the critical values on
the edges: L(1,92) and L(l; + 1,€2). Therefore we can deduce information on
critical values L(m, ) once we know a parabolic 2-cocycle corresponding to
Q.

The final step is to find constraints on f(o, u) which generalize (3). This
is technically the most difficult step. Let O = Z + Zw and put

=) =)

It is known ([V]) that T is generated by o, i, 7 and 1. Let F be the free group
on four letters o, g1, 7, 1. Define a surjective homomorphism 7 : 7 — I by
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(o) =0, m(in) = p, 7(7) = 7, 71(n) = n and let R be the kernel of 7. Then
we have I' = F/R and (cf. §1.4)

(8) H*(T, V)= HY(R, V) /Im(H(F,V)).

Here we have
H'(R,V)' = {90 € Hom(R,V) | ¢(grg™") = go(r), ge F,re R}.

We write
e = A+ Buw, w=C+ Duw.

We have relations: (i) 0? = 1. (ii) (o7)® = 1. (iii) (op)? = 1. (iv) ™ = n7.
(v) prp=t = 149P. (vi) ppu=t = 79nP. For t € OF, we have

(vid) o (é i) o= (é _§1> o (‘Ot _tl_l> .

The relation (ii) follows from (vii) by taking ¢t = 1. We call the relation group
R minimal if it is generated by the elements corresponding to (i) ~ (vii) and
their conjugates. We see that u, 7 and 7 generate P and (iv) ~ (vi) are their
fundamental relations.

Now let ¢ € HY(R,V)I be a corresponding element to f. Adding an
element of Im(H'(F,V)), we may assume that ¢(%) = 0. Then we find (cf.

(5.3))
flo, 1) = —p((@ER)*).
Our problem is reduced to find constraints on ¢((a1)?). We have an obvious
constraint oup((a1)?) = p((a)?) but of course it is not enough.
To proceed further, we assume that [; and [y are even and change p to
p = p}, @ pj, where pj(g) = pi(g) det(g)""/* and regard V as a PGL(2, Op)-
module. The I'-module structure does not change. We put

=(69) =G 1)

These two elements act on I' as outer automorphisms and induce automor-
phisms of H*(T', V) of order 2. Hence H?*(T', V') decomposes into four pieces
under their actions. Let I'* be the subgroup of PGL(2, Or) generated by I'
and v. The transfer map gives an isomorphism of the plus part of H*(T', V)
under the action of v onto H?(I'*, V). For simplicity suppose that we can
take w = €. Then o, v and 7 generate I'*. Let F* be the free group on
three letters o, v, 7. Define a surjective homomorphism 7* : F* — I'* by

5



7(c) = o, 7(V) = v, 7°(T) = 7 and let R* be the kernel of 7*. Then we
have I'* = F*/R* and

(8%) H*(I*, V) = HY (R, V)T /Im(H" (F*, V).

Let f* be the transfer of f to I'* and let f* be the restriction of f* to I'.
Then f7 is the projection of f to the plus part. (We perform this procedure
on the cocycle level.) We have

flo,p) = fHou) =1 +v)f(o,p).

In T*, o, v and 7 satisfy the relations (i), (ii) and (iii*): (ov)* = 1, (iv*):
rvrv™t = vrvTir, (v): V2rv? = 7 (v B Let P* be the subgroup
of I'* generated by P and v. We see that P* is generated by v and 7 and
(iv*) and (v*) are the fundamental relations between generators v and 7.
Let ¢* € HY(R*,V)'" be a corresponding element to f*. By the parabolic
condition on f, we may assume that ¢* vanishes on the elements of R*
corresponding to (iv*) and (v*). Adding an element of Im(H'(F*,V)), we
may also assume that ¢*(5%) = 0. Then we have (cf. (6.6))

frlo.p) ==L+ v e ((60)%)
and two quantities
A=¢"((ED)%),  B=((57)°)
remain to be determined. The Hecke operators act on H(T'*, V). We can
analyze its action on the right-hand side of (8*) and will give a simple formula
for it. The quantity A is related to the critical values of L(s,2). We may

assume that the class of f* is in the plus space of H?(I'*, V') under the action
of §. Then A must satisfy the constraints

(9) (ov —1)A =0, (0—1)A=0.

We will execute the determination of A for F = Q(v/5) and F' = Q(+/13).
First assume F' = Q(v/5). In this case, we can show that R is minimal
and that R* is generated by the elements corresponding to the relations (i),
(i), (iii*), (iv*), (v*) and their conjugates. Calculating the action of the
Hecke operator 7'(2) on the right hand side of (8*), we find a certain element
r € F* such that 7*(z)> = 1. We can give an explicit formula expressing
©*(23) in terms of A and B. In every case examined, we find by numerical

computations that we may assume that B = 0 by adding an element of
Im(H'(F*,V)). Therefore

(10) (z = " (2%) =0
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gives a new constraint on A. Let Z1 be the subspace of V' consisting of all A
which satisfy (9) and (10) and let B be the subspace of Z which represents
the contribution from Im(H'(F*,V)). Again in every case examined, we find
by numerical computations that dim S}, 12,42(I') = dim Z}/B}. If this is
one dimensional, we can deduce information on L-values by calculating Z7 .
In general, calculating the action of T'(2) on Z /B and taking eigenvectors,
we can obtain many examples on L-values. Actually by considering f*, we
are losing half of the information on critical values (cf. §5.6). To treat all
critical values, we need to consider f~, the projection of f to the minus
part of H*(T', V) under the action of v. To handle f~ is a somewhat more
complicated task and we leave the explanation of it to the text. Next let
F = Q(v/13). The procedure is almost the same. Let p be the prime ideal
generated by 4 — v/13. Calculating the action of the Hecke operator T'(p),
we obtain a certain element x € F* such that 7*(x) is of order 3. Then the
constraint (z — 1)¢*(23) = 0 obtained from z is sufficient. Here remarkably
we can perform rigorous calculations without proving that R is minimal.
(This is actually true also for the case F = Q(+/5).) We have used Pari
[PARI] for the numerical calculations in sections 6 and 7.

To calculate the ratios of critical values of L-functions, there is another
method initiated by Shimura [Sh3] which employs the Rankin-Selberg con-
volution and differential operators. A comparison of this method and the
cohomological method will be discussed in section 8.

Now let us explain the organization of this paper briefly. In section 1, we
will review several facts on cohomology of a group which will be repeatedly
used in later sections. In section 2, we will review Hilbert modular forms.
We will prove (5) and (6). In section 3, we will study cohomology groups of
P and will prove the theorem stated above. In section 4, we will examine
the parabolic condition on a cocycle applying results in section 3. We will
prove the non-vanishing of the cohomology class of f under mild conditions.
In section 5, we will study the decomposition of H?(T', V') under the action of
outer automorphisms of I'. It decomposes into four pieces under this action.
In section 6, we will study the case F' = Q(+/5) in detail and will give many
examples. In section 7, we will study the case F = Q(v/13). We devote
section 8 to the comparison of two methods mentioned above. In section 9,
we will show that it is possible to deduce some information on the components
of the cocycle f(€2) which are not related to critical values in certain cases.

A more detailed version of this paper (except for section 9) is available
at Math. Arxiv [Y4].

Notation. For an associative ring A with identity element, A* denotes
the group of all invertible elements of A. Let R be a commutative ring with

7



identity element. We denote by M (n, R) the ring of all n x n matrices with
entries in R. We define GL(n, R) = M(n, R)*, SL(n,R) = {g € GL(n, R) |
det g = 1}. The quotient group of GL(n, R) (resp. SL(n, R)) by its center is
denoted by PGL(n, R) (resp. PSL(n, R)). Let G be a group. The subgroup
of G generated by ¢i,...,9, € G is denoted by (gi,...,9,). When G acts
on a module M, M denotes the submodule of M consisting of all elements
fixed by G. For an algebraic number field F'; Op denotes the ring of integers
of F. For a € Op, the ideal aOp generated by a is denoted by (a). We
denote by Er the group of units of F, i.e., Ep = O. When F is totally real
and a € F', a > 0 means that « is totally positive. We denote by $ the
complex upper half plane. The set of all positive real numbers is denoted by
R,.

§1. Preparations on cohomology groups

In this section, we will review group cohomology. Most of the results,
except for the results presented in subsection 1.5, can be found in standard
text books such as Cartan—Eilenberg [CE], Serre [Sel], Suzuki [Su].

1.1. Let G be a group, M be a left G-module. We set C°(G, M) = M, and
for 0 < n € Z, let C"(G, M) be the abelian group consisting of all mappings
of G" into M. We define the coboundary operator d,, : C*"(G,M) —
C"1(G, M) by the usual formula

(dnf)( g1y sGnt1) = 91F (920 oy Gnrr) + (1) (g1, -+, Gn)

(1.1) - i
+Z(_1) f(glv ey 9iGit1, - - - 7gn+1)'
=1

We set
Z"(G, M) = Ker(d,), B"(G, M) =1Im(d,_1).

Here we understand B°(G, M) = {0}. An element of C"(G, M) (resp.
Z"(G, M), resp. B"(G,M)) is called an n-cochain (resp. n-cocycle, resp.
n-coboundary). The cohomology group H"(G, M) is that of the complex
{C"(G,M),d,}, ie., H' (G, M) =Z"(G,M)/B"(G,M).

Let G' be a group and M’ be a left G'-module. Let ¢ : G — G’ be
a group homomorphism and ¢ : M’ — M be a homomorphism of abelian
groups. We assume that ¢ and v are compatible, that is

ble(g)m') = g((m')),  m'eM', geG.
For f € C"(G', M"), define w,, f € C™"(G, M) by the formula

(1.2) (Wnf)(g1,92, -, 9n) = L(f(0(91), 0(g2), - - ©(gn))-

8



Then w, sends Z"(G', M’) (resp. B*(G', M")) into Z™(G, M) (resp. B"(G, M))
and induces a homomorphism H"(G', M') — H™(G, M).
Now let N be a subgroup of G. Let g € G. We define

p(n)=gng™", neg'Ng, ¢(m)=g'm, meM
Then ¢ is an isomorphism of g~ Ng onto N; ¢ and v are compatible. Hence

we obtain an isomorphism of HP(N, M) onto H?(g~*Ng, M), which is in-
duced by sending f € ZP(N, M) to f' € ZP(g"'Ng, M):

(1.3) fl(ni,ma, .o ony) =g f(gnig ™t gnag™t, . gnug ).

1.2. Let H be a subgroup of G of finite index. An explicit form of the
transfer map 7' : H"(H, M) — H"(G, M) is given as follows (cf. Eckmann
[E], [Y4]).

Proposition 1.1. Let G be a group, H be a subgroup of finite index
and M be a left G-module. Let G = U]_,x;H be a coset decomposition.
Let f € Z"(H, M) be an n-cocycle representing ¢ € H"(H,M). Then an
n-cocycle f € Z"(G, M) which represents T'(c) € H"(G, M) is given by

f(91:92, -, 9n) = Zxif(leglxpi(l),:U;il)ggxpi(g), e Jﬁn_ngn%i(n))‘
i=1

Here x,,(;y is chosen so that
:c;lglxpi(l) € H, a:;il_l)glxpi(l) eH 2<Il<n.

Let Res : H"(G,M) — H"(H, M) be the restriction homomorphism.
Then we have the well-known result:

(1.4) T o Res(c) =[G : H]e, ce H"(G,M).

1.3. We are going to consider the action of Hecke operators on cohomol-
ogy groups. Let G be a group and G be a subgroup. Let M be a G-module.
We assume that G and tGt~! are commensurable for every ¢ € G. For t € G,
we put

G, =GNt Gt

Let
conj : H"(G, M) — H"(t'Gt, M)

be the isomorphism induced by (1.3). Let Res be the restriction map from
H"(t7'Gt, M) to H"(Gy, M) and let T : H" (G, M) — H"(G, M) be the
transfer map. Then we define

(1.5) [GtG] = T o Res o conj.

9



(It is not difficult to check that the right-hand side of (1.5) depends only on
the double coset GtG and that (1.5) defines a homomorphism of the Hecke
ring H(G, @) ! into End(H™(G, M)).) An explicit form of this operator when
n = 2 is given as follow (cf. [Y4]).

Proposition 1.2. Let ¢ € H*(G,M) and let f € Z*(G, M) be a 2-
cocycle representing c. Let GtG = UL, G3; be a coset decomposition. Then
a 2-cocycle h € Z?(G, M) representing [GtG](c) is given by

d
hg1, 92) = Zﬁi_lf(ﬁiglﬁj_(g)a Bi@ 9285 0y))-
i=1
Here, for 1 <i < d, we choose j(i) and k(i) so that
/Biglﬂj_(il) € G, ﬂiQZﬁk_é) eG.

1.4. Let G be a group and M be a left G-module. Let N be a normal
subgroup of G. Then we have the Hochschild-Serre spectral sequence

(1.6) EY" = HP(G/N,HY(N,M)) = H"(G, M).
In low dimensions, this gives an exact sequence

0 — HYG/N,MY) —— HY(G,M) —— H'(N, M)/~

(17) L HXGN, MY) —— HX(G,M).

Now we are going to describe a method to calculate H?(G, M), which is
originally due to MacLane (cf. [K], §50). Taking a free group F, we write
G = F/R. Let m : F — G be the canonical homomorphism such that
Ker(m) = R. We regard M as an F-module by gm = 7(g)m, g € F, m € M.
Since

(1.8) H'(F, M) =0, i>2,

(1.7) yields an exact sequence

0 — HYG,M) — HYF,M) —— HYR,M)¢ —— H?*(G,M) —— 0.
Therefore we have

(1.9) H*(G, M) = HY (R, M)® /Im(H*(F, M)).

'For the definition of the Hecke ring, see [Sh2], 3.1.
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Since R acts on M trivially, we have BY(R,M) = 0 and H'(R,M) =
Hom(R, M). Therefore we have

HY(R,M)¢ = {p € Hom(R, M) | p(grg™") = gp(r), g€ F,r € R}.

The isomorphism (1.9) is explicitly given as follows. For g € F, we
put 7(g) = g. Take a 2-cocycle f € Z*(G, M). The mapping (g1, g2) —
f(g1, g2) is an M-valued 2-cocycle of F. By (1.8), there exists a 1-cochain
a € CY(F, M) such that

(1.10) f(91,92) = gra(g2) + alg1) — a(g192), 91,92 € F.

Let ¢ = a|R, the restriction of a to R. We may assume that f is normalized,
ie.,

f(1,9)=f(g,1)=0 for all g € G.
If 1, 7o € R, then, by (1.10), we have

a(ry) + a(ry) — a(rir) = 0.
Therefore we get ¢ € Z'(R, M) = Hom(R, M). By (1.10), we have
(1.11) a(gr) = ga(r) +alg), geF, rekl

Again by (1.10), we have

for g € F, r € R. Using (1.10) with ¢; = g, g2 = ¢~* and noting a(1) = 0,
we obtain

(1.12) elgrg™") =go(r), g€ F,reR.

This formula shows that ¢ belongs to H*(R, M)®. Suppose that a’ is another
1-cochain satisfying (1.12). Put ¢’ = d’|R, @’ = a+b. Then b € Z'(F, M).
Hence the classes of ¢ and ¢’ in HY(R, M) /Im(H(F, M)) are the same.
Suppose that we add the coboundary of a 1-cochain ¢ to f. Then (1.10)
holds when we replace a(g) by a(g) +¢(g). Then a|R does not change. Thus
we have defined a homomorphism

w: H*(G,M) — H (R, M)¢/Im(H"(F, M)).
We can verify without difficulty that w is a surjective isomorphism.

11



1.5. Let f € Z*(G, M) be a normalized cocycle. Take a € C*(F, M)
which satisfies (1.10) and put ¢ = a|R € H'(R, M)“. For every g € G, we
choose g € F such that 7(g) = g. The formula (1.10) can be written as

flg1,92) = g1a(g2) + a(g1) — a(g192), 91,92 € G.
By (1.11), we have

a(9192(9192) "'9192) = 91920((9192) " G12) + a(g1g2)-

Then, using (1.12), we have

a(9192) = a(g192) + £(9:192(9192) 7).

Therefore we obtain

(1.13) f(g1,92) = gra(g2)+a(g1) —a(g192) —(G192(9192) ), g1,92 € G.

This formula shows that, adding a coboundary to f, we may assume that

(1.14) flg1,92) = —0(0192(9192) ")

Conversely we note the following Lemma.

Lemma 1.3. Let ¢ € H'(R,M)®. For g, go € G, define f(g1,92) by
(1.14). Then f € Z*(G,M). If 1 =1, f is normalized.

Proof. The cocycle condition is
91f(92,93) — f(9192, 93) + f(91,9293) — f(g1,92) = 0.
We have

—_—

91%0@253(9/2\9/3)_1) - @(@53(%)_1) + 90(51%(919293)_1)

— 0(9192(g192)")

= 0(019203(9295) "1 ") + ©(919295(919293) ") + (91929595 ' (9192) ")
+ (91929, 91 ")

= 0(919293(9293) "' G1 ") + (1920395 (9192) ") + (919295 ' ")
=0(0192(9192) ") + (919295 97 ") = 0.

Hence the cocycle condition holds. The latter assertion is obvious. This
completes the proof.

We are going to write the action of Hecke operators on the right-hand
side of (1.9) explicitly. Let the notation be the same as in subsections 1.3 and

12



1.4. Let f € Z*(G, M) be a normalized 2-cocycle of the cohomology class c.
Let h be the 2-cocycle given by Proposition 1.2 which represents the class
[GtG](c). Clearly h is normalized. There exists a 1-cochain b € CY(F, M)
such that

h(G1,G2) = 91b(g2) + b(91) — b(g192), 91,92 € F.

Proposition 1.4. Let p € H' (R, M)“ and let a normalized 2-cocycle
f € Z*(G, M) be given by (1.14). Suppose g; € G are given for 1 < j < m.
For every j, we define a permutation on d letters p; € Sq by

51‘93‘@,_]%1.) €q, 1<i<d.

We define q; € Sy inductively by

¢ = Pp1, QG = PrGr—1, 2<k<m.
We assume that b(g;) = 0 for 1 < j < m. Then we have
(1.15)
b(9192 -+~ Gm)

—_——

d — N —_— N —_— N
= Z ﬁflw(ﬁiglﬁ;b)ﬁql(z‘)925q_2b) E 'ﬂqm,l(i)gmﬁ,;j(i) (Big1g2 - - 'gmﬁ;j(i))_l).
i=1

Proof. If m = 1, the left-hand side of (1.15) is 0 and the right-hand side
is 0 since (1) = 0. We assume that m > 2 and the formula is valid for
m — 1. Then, by Proposition 1.2 and (1.14), we have

b(9192 "+ * Gm—19m)
=0192"** Gm-1b(Gm) + 0(9192 * ** Gmn—1) — (91" Gm—1, Gm)

—_— —_—

d —_ —
= Z ﬁ{lw(@gﬁﬁi) " '6qm72(i)gmflﬂ;;71(i) (Big192 - 'gmflﬁ(;jfl(i))fl)
i=1

—~—— —~—— e~

d
+ Z ﬁi_lsa(ﬁigng s 'gm—lﬁq_"}_l(i)ﬁqm_l(i)gmﬁ;j(i) (ﬁi9192 o 'gmﬁq:j(i))_g
=1

—_— e/~

d —_ —
= Z ﬂ;lcp(ﬁiglﬁ;%i) " '5qm,1(z‘)gmﬁ;j(i) (Big1g2 - 'gmﬁ;j(i))_l)
i=1
since b(g,,) = 0. This completes the proof.
We have
b(g9192) = g1b(g2) + b(g1) — (g1, G2), 91,92 € F.
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We may take b(g) = 0 for a fixed set of generators of F and we can apply
the above formula to determine the value of b(g) according to the length of
g € F. But Proposition 1.5 is useful beyond this case as will be seen after
section 5.

§2. Hilbert modular forms

2.1. In this subsection, we follow the exposition given in Shimura [Sh4].
Let F' be a totally real algebraic number field of degree n. Let dp denote the
different of F' over Q and let {o1,09,...,0,} be the set of all isomorphisms
of F into R. For &£ € F, we put ¢ = ¢, For z = (21, 2, ..., 2,) € H", We
put

er(§z) = exp(2mi Y £W)z,).
v=1

Let k = (ki,ks,..., k,) € Z". For g = 2 € GL(2,R); and z € 9,

we put gz = (az +b)/(cz + d), j(g,2) = cz + d, where GL(2,R); = {g €
GL(2,R) | detg > 0}; GL(2,R)" acts on $". For a function 2 on §",
g=1(91,---,9,) € GL(2,R)} and z = (21, ...,2,) € H", we define a function
Qx g on H" by the formula

(Qr9)(z Hdet 25(gu, 2,) " Qg2).

We embed GL(2, F') into GL(2, R)™ by
a b a® M o™  pm .

Let T" be a congruence subgroup of SL(2,Or). A holomorphic function
Q2 on H" is called a Hilbert modular form of weight k with respect to I' if

Qley =0

holds for every v € I', and usual conditions at cusps when F' = Q. For
every g € SL(2, F), Q| ¢g has a Fourier expansion of the form (9|, g)(z) =
> eer ag(€)er(€z), where L is a lattice in F. We have ay(§) = 0if § # 0 is not
totally positive. We call 2 a cusp form if the constant term a,4(0) vanishes
for every g € SL(2, F'). We denote the space of Hilbert modular forms (resp.
cusp forms) of weight k with respect to I' by My(I") = My, k,.. 1, (L) (resp.
Sk(l) = Sk ko, (1))

14



Hereafter until the end of this subsection, we assume that I' = SL(2, Or)
and 0 # Q € Si(I'). The Fourier expansion of € takes the form

(2.1) Qz)= D a@)er(é2).

0<éed,t

Since (g u(zl) eI for u € Ep, we have

WY a@er(Sutz) = > alb)er(r),

0<éedy 0<éed,t

where we put u* = []_,(u®))*. Therefore we have

(2.2) a(u?é) = uFa(€), u € Ep.
In particular, taking u = —1, we have
(2.3) » k=0 mod2.

v=1
For the sake of simplicity, we assume that
(A) ub >0 for every u € Ep.
Put

ko = max(kq, ko, ..., kn), k= ko —k,, K = (K, Ky ... k).
We define the L-function of €2 by

n

(24)  L(s,Q) =Y a©"PNE©) ™, &P =T

fE% v=1

Here the summation extends over all cosets { E% with & satisfying 0 < £ €
0" By (2.2) and (A), we see that the sum is well defined. The series (2.4)
converges when R(s) is sufficiently large. We put

n

(2.5) R(s,Q) = 2m) ™ [[T'(s

v=1

k,/

)L (s, ).

By the standard calculation, we obtain the integral representation

(2.6) / iy, iya, . iya) [ Jws ™/ dy, = (2m)==1%2R(s, Q)
R% /B

v=1
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when R(s) is sufficiently large. By a suitable transformation of this integral,
we can show that R(s, () is an entire function of s and satisfies the functional
equation

(2.7) R(s,Q) = (=1)Zi=1 52 R(ky — 5,Q).

2.2. In [Y3], Chapter V, §5, we gave an explicit method to attach a coho-
mology class to a Hilbert modular form. We will review it in this subsection.

For 0 <l € Z and [ﬂ c C2, put

Define a representation p; : GL(2,C) — GL(l 4+ 1,C) by

p(9) ml = (g m )\

Let I" be a congruence subgroup of SL(2,OF). Let [y, ls, ..., [, be nonnega-
tive integers. Let V' be the representation space of p;, ® p;, ® --- ® py,,. Let
,,,,, 1,+2(I") be a Hilbert modular form of weight (I; + 2,15 +
2,...,1l, +2). Define a holomorphic V-valued n-form 9(2) on H" by

(2.8)  2(Q) =Q(2) m ) ® m ’ ® - ® ['ﬂ ’ dz1dzs - - dzn,.

We put p = p, @ pi, ® -+~ & py,.
Let g = (91,...,9,) € GL(2,R)%. Under the action of g on $", 2(Q2)
transforms to 9(2) o g, where

2(2) 0 g = Qg(2) {gﬂ RPN {gnlzn} " oo a) - (don o ).

By an easy calculation, we obtain

(2.9.) 2(Q)og =[] (detg,)?p(9)0(Qig), g€ GLE2,R)} NGL(2,F).

v=1

In particular, we have
(2.9) 0(Q)oy=p(Hr0EQ), ~yeT.
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We are going to discuss the case n = 2 in detail. Take w = (wy, wy) € H2.
For z = (21, 20) € $%, we put

(2.10) F(z) = /w /w 2Q),

a period integral of Eichler—Shimura type. Let H denote the vector space of
all V-valued holomorphic functions on $2. For ¢ € ‘H and v € T, we define
a function ¢ on $? by

(2.11) (o) (2) = p(Ve(y ' 2).
Then H becomes a left -module. Since
0 0
~vF — F
821 82’2( ) 07

we can write
YE — F = g(7v; 21) + h(7; 22),

where g(7; 21) € H (resp. h(v; 22) € H) is a function which depends only on
2 (resp. z3) (cf. [Y3], p. 208, Lemma 5.1). We regard g and h as 1-cochains
in CY(T",’H). Then clearly we have (d; in §1.1 is abbreviated to d)

dg(v1,72; 21) + dh(71, 725 22) = 0.

Put
F(Q)(71,72) = dg(y1, 725 21)-

We abbreviate f(Q2) to f. We see that f(v1,72) € V' is a constant. Further-
more, in H, f is a coboundary. Hence f satisfies the cocycle condition

(2.12) S (2, 78) = f(72,78) + f(1,7273) — f(1,72) = 0.
The 2-cocycle f determines a cohomology class in H(T', V).

Let us give an explicit formula for f. For x € F, let 2’/ denote the
/ /

conjugate of x over Q. For v = (CCL 2) el let v/ = (CCL, d’)' We regard
v, 7 € SL(2,R). Then, for v € ', we have

F(1(2)) = F(121,7'2) / /
[ e [ o L [ e
=(p1, (7) @ pr, (V') F +/m /w:w +/; w:Z2 ),
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Substituting z by v~ 'z in this formula, we get

(2.13)

(1, (V) @ pry (7)) F (7™ "2) /Wl /V h /W /m ().
We may take
(214) sz =- [ f 2(9).

yw1 22
(2.15) h(7y; z2) / / 0(Q2

For 1, 7o € I', we have

(2.16) f(r,72) = (m9) (25 21) — 9(nv2; 21) + 9(n1; 1),

(2.17) Fr,72) = —{(1h) (725 22) — h(1172; 22) + h(71; 22) }-
By (2.14) and (2.16), we have

Frv2) =(on (1) @ pi (1)) 9(v25 71 ' 21) — 9(r2: 21) + 9(n5 21)

’71 zl '72“’2
— (pu(1) ® pu(1}) / /
Yawi
21 71"/271]2 'Ylw2
oL e / o)
Y172W1 Yiwy J w2
71721112 21 V1YW 21 Yiw2
o L e [ e e
T1y2w1 Jyjwa y1y2wr Jwsa mwy Jwa
/ /71“72 / /“{1“’2
Y1v2w1 y1wi
Y1wi 71w2
/71'72101/
using (2.9). Thus we obtain an explicit formula

Yiwi ’Ylw2
(2.18) f(,72) = / /
Y1Y2W1

By (2.9;), (2.18) can be written as

(2.19) f(v,72) = (o1, (1) @ pu, ’71/ /
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Suppose that w; is replaced by w7}, ws remaining the same. Then g(v; z1)
changes to g(, z1) + a(7), where

/

= [

Hence f(71,72) changes to f(y1,72) + ma(y2) — a(n72) + a(y1). Suppose
that wy is replaced by wj, wy remaining the same. Then h(7; z3) changes to

h(7, z2) + b(7y), where I
= [ [ e

By (2.17), f(71,72) changes to f(v1,72) —71b(72) +b(7172) —b(71). Therefore
the cohomology class of f does not depend on the choice of the “base points”

Wi, Way.

Put I' = I'/({£12} NT). By (2.18), we see that f can be regarded as a
2-cocycle of I' taking values in V. Depending on the context, we consider f
as a 2-cocycle on I". We see that the cocycle f is normalized, i.e.,

(2.20) f,v) = f(1,1)=0 for every ~ €T.

Now assume that 2 is a cusp form. Then the cocycle f = f(£2) satisfies
the “parabolic condition”. Namely let ¢ € T' be a parabolic element and

*

w* = (wf,w}) be the fixed point of ¢’. Since f is a cusp form, we may
replace wq by wj. 2 Let f* be the cocycle obtained from (wy,w3). We have

[ (v,72) = f(v1,72) — mb(y2) + b(7172) — b(71)

with a 1-cochain b and f*(g,7) = 0. Therefore

f(@,7) = ab(v) —b(gy) +blq), ~v€T,

i.e., f(q,7) is of the form of coboundary whenever ¢ is parabolic. Similar
argument applies to f(7, q).

2.3. We are going to investigate closely the relation between the critical
values of L-function L(s,) and the cocycle f(€2). Until the end of this

2For every g € SL(2,F), we have the Fourier expansion (Qxg)(2)
> o<cer @g(§)er(§z) where L is a lattice in F. We have the estimate |ag()]
MgRV/2¢%2/2 with a positive constant M depending on Q and g (cf. [Sh7], p. 280, Propo-
sition A6.4). Using this estimate, it is not difficult to check the absolute convergence of
the integral (2.10) defining F'(z) when ws is replaced by wj.

IA I
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subsection, we assume I' = SL(2,Or). Let € be the fundamental unit of F'.

We put
(0 1 (e O
7= -1 0/’ p= 0 ¢t/

We regard o and p as elements of I'. Taking v, = 75 = 43 = ¢ in (2.12), we
obtain

(2.21) of(o,0) = f(o,0)

in view of (2.20). As the base points, we choose

By (2.18), we get

222 flow =i =— [ [T

Put
U v
P={(s )

By (2.18), we get

uEEF,UGOF}CF.

(2.23) f(p,7) =0 for every pe P, y €T
since we have pwy = wy for p € P. Taking 73 = p € P in (2.12), we obtain

(2.24) f(py11,7%2) =pf(n,72)  forevery pe P, yi,p2 €l

This is the parabolic condition for I' = SL(2, Or) and will play a crucial role
in the succeeding sections.
For 0 <s <1, 0<t<lIy, we put

(2.25) PM:/ / Q(2)z5 25 d 2 d2s.
ie=1Jo

The components of f(o,0) are given by —P,;. The condition of(c,0) =
f(o,0) is equivalent to

(2.26) P,y = (=1)htle=s=tp .
Put ky =14 + 2, ks =I5 + 2. By (2.3), we have

(2.27) [y =10, mod 2.
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We assume that {; > ls. Then we have
ko = kq, ki =0, ky = k1 — k.

Since E% = (¢?), a fundamental domain of R2 /E% is given by [e™!, ¢] x Ry.
By (2.6), we obtain

(2.28) / / (iyr, iy)y; s~ P iy dyy = (27) MR R(s, Q)
€ 1

when R(s) is sufficiently large. We can verify that the integral converges
locally uniformly for s € C. Take m € Z and put s = m, t = m— (k1 —k2)/2.
Then 0 < s <1y, 0 <t <l hold if and only if

kl—k2<m<k1+kz2

(2.29) —2.

For an integer m in this range, we have

i€ 100
P (k1 —k2) /2 =/ / Q(2)2]" 2" m-ki=k2) 2 dz,
ie=1 JO

— j2m—(k1—k2)/2+2 /:1 /OOO Q(iyhZ'yz)y{ny;nf(kl*k?)hdyldyg.
Therefore we obtain
(2.30) P (ks k)2 = (=)™ Hi= Bk 2oy (i=k)2 By 41 Q)
by (2.28). By the functional equation (2.7), this is equal to
(= 1)+ (—ka)/2 () n—ka)/2(_ )itk 2 Rk 1, Q).
Since k1 —m — 2 satisfies (2.29), we obtain
(2.31) Prvim—(h1—ka)y2 = (=1)FR2P L G ka)2eme

using (2.30). We see that (2.31) is consistent with (2.26). Note that (2.29)
is the condition for L(m + 1,) to be a critical value (cf. [Sh4], (4.14)).

2.4. Let Q € M, (T) and f = f(Q) € Z*(T', V) be the 2-cocycle attached
to Q defined by (2.18). In this subsection, we will write the action of Hecke
operators on the cohomology class of f(€) explicitly. We denote f(2) also

by fa.
Let F be a totally real number field of degree n and I' be a congruence
subgroup of SL(2, Or). Let w be a totally positive element of F' and let

(2.32) r (é ;) I =ul, I
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be a coset decomposition. Let Q € My (T'). We define the Hecke operator
T(w) by

(2.33) Q| T(w) = N(w)ho/>1 Z Qi Bi.

Clearly T'(w) does not depend on the choice of the coset decomposition
(2.32). We have Q|T(w) € My(I'); it is a cusp form if Q is. By (2.9,), we
have

n

d
(2.34) Q| T(w)) = H(w(l/)(ko+ku)/2—2 Zp(ﬁi)_l(a(ﬁ) o ).

v=1 =

Put

(2.35) ¢ = [[(@®)tkorsir2=2,

v=1
Until the end of this subsection, we assume that n = 2. We define (cf. (2.10))
z1 z2
(2.36) Fore) (2) = / / Q| T(w)), z = (21, 22).

By the procedure given in §2.2, we can calculate the 2-cocycle attached to
Q| T(w). We omit the details (cf. [Y4]). The result is as follows. For v,
v € I', we put

(2.37) Bim = 51'(1)53'(1'), 59 el, Biv= 51(2)51«(2'), 5 e L, 1< <d.

7

Then, modulo coboundary, we have

d
(2.38) for) (1, 72) = CZ 6;1][9(61'71&;(2)7 6]’(@')726];(;'(7;)))'
i=1

This formula is consistent with Proposition 1.2.

2.5. Assume that the class number of I’ in the narrow sense is 1. Suppose
that € is a Hecke eigenform. Then the L-function L(s,€2) defined by (2.4)
essentially coincides with the Euler product given in [Sh4]| or in Jacquet-
Langlands [JL] but there is a subtle difference; we are going to explain it
briefly for the reader’s convenience.
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We write 0p = () with 6 > 0. Let Q € Sk, x,(I'), I' = SL(2, Op) and let

Q=)= Y c(a)ep(%z)

0<<0¢€OF

be the Fourier expansion. We have a(a/d) = ¢(a) (cf. (2.1)). We set
A={ae M(2,0p)|deta > 0}.

Let m be an integral ideal of F' and take m > 0 so that m = (m). Then we

define
T(m)= Y  Tal,
a€A,det a=m
which is an element of the abstract Hecke ring H(I', A) (cf. [Sh2], p. 54).

Let T'(m) = US_,I'5; be a coset decomposition. Assume that ky > ky. We
define the action of T'(m) on 2 by

Q| T(m) = N(m)k/>1 imk@.
=1

Then Q|T(m) € S(I'); we can verify easily that it does not depend on the
choices of m and g;.
Assume that € is a nonzero common eigenfunction for all Hecke operators
T'(m). We put
Q| T(m) = A(m)Q.
We assume that €2 is normalized so that ¢(1) = 1. Then, calculating similarly
to [Sh2], p. 79-80, we have 3

Then we obtain

(2.39)  L(s,Q) = (@)1= D5 TT(1 = AMp)N(p) ™ + N(p)~172) 7",
p

Here p extends over all prime ideals of F' and Dr = N(§) is the discriminant
of F.

When 0 < w € Op generates a prime ideal p, we denote T'(w) defined
by (2.33) also by T'(p).

§3. Cohomology of P
3Correction to [Y4]: In (2.46), (m®)*1=F2) should read (m())k1—Fk2)/2,
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In this section, we will study cohomology groups of P. Main results are
Theorems 3.7 and 3.9 which give the vanishing of H'(P,V) and H*(P,V)
when [y # l. Hereafter in this paper, we assume that [F: Q] = 2. We also
assume [ =l mod 2 and [, <.

3.1. Put I' = PSL(2,OF). In this section, we define subgroups P and U

of I' by
p— {(fb tﬂ) ' te Ep uc OF} /{15,

U— {(il fl) we (’)F} J{+1,).

We write Op = Z + Zw. Let € be the fundamental unit of F' and let

e = A+ Buw, Ew=C+ Duw.

A B A B
2 . .
Then we see that € is an eigenvalue of ( C D> and that < C D) €
SL(2,Z). We put

10 1 0 el 0
U1:<1 1), ng(w 1>€U7 t:(o 6).

We have

(3.1) tugt ™t = uiul, tugt ™! = ubul.

We put

(3.2) Z={U,U3) e VxV|(u— 1)Uy = (ug — 1)Uy }.

It is easy to see that by the mapping

ZNUV) 3 f — (f(w), fu)) € Z,
we have an isomorphism Z'(U,V) = Z. Put
(3.3) B={((u1 — 1)b,(ug — 1)b) | b € V}.

Then we have BY(U, V)~ B C Z.

We have V =V} @ V,, V) = Chtl V, = CFL Let {eg, ey, ..., €41}
(resp. {e},e),... e}, }) be the standard basis of V; (resp. V3). The follow-
ing four lemmas deal with linear algebra. The proofs are not difficult and
can be found in [Y4]. We omit them.
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Lemma 3.1. We have dim VY =1 and V'V is spanned by e, 11 ®€]__;.

Lemma 3.2. Letg:(c1 (1) , Cl (1)
1 2

that c¢; # 0, co # 0. Then the dimension of the subspace of V' consisting of
all vectors fixed by g is ly + 1. (Note that we have assumed l; > l5.)

)) € SL(2,C)% We assume

10

Lemma 3.3. Let u = (c 1), 0 # c € F. Then we have

ei®e;€Im(u—1), for 1 <j<Ilp+1ifi>Il+3—7].

Here Im(u — 1) denotes the image of the linear mapping V' 3 v — (p(u) —
p(1))veV.

Lemma 3.4. We have
Im(uy — 1) +Im(u, — 1) = (875 Cle; @ €))) @ (075! @7 Cle; @ ¢€))).
In particular, dim(Im(u; — 1) + Im(ug — 1)) = dimV — 1.
By Lemma 3.1, we have
(3.4) dimB =dimV — 1.
Consider the surjective linear mapping
Z 3 (Uy,Up) — (uz — 1)Uy € Im(uy — 1) N Im(ug — 1).

The kernel of this mapping consists of (Uy, Us) such that U; € Ker(uy — 1),
U, € Ker(u; — 1). Hence by Lemma 3.2, we have

(3.5) dim Z = dim(Im(u; — 1) N Im(ug — 1)) 4 2l + 2.
By (3.4) and (3.5), we obtain
(3.6) dim HY(U,V) = dim(Im(u; — 1) N Im(uy — 1)) + 205 +3 — dim V.
Lemma 3.5. We have dim H'(U,V) = 2.
Proof. We have
dim(Im(u; — 1) N Im(ug — 1))
= dim(Im(u; — 1)) + dim(Im(uy — 1)) — dim(Im(u; — 1) + Im(uy — 1)).

By Lemma 3.2, we have dim(Im(u; — 1)) =dimV — (I3 + 1), ¢ = 1, 2. Then
by Lemma 3.4, we get

dim(Im(u; — 1) NIm(uy — 1)) = dimV — 2[5 — 1.
The assertion follows from (3.6).

3.2. In this subsection, we will prove the following two theorems.
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Theorem 3.6. The eigenvalues of the action of t on HY(U,V) are
€l1+2(6/)—12 and 6—[1—2<€/)l2' In particu]ar, Hl(U, V)P/U =0.

Theorem 3.7.

0 if ll 7é lg or N(E)ll = —1,

dim H'(P, V) =
m H(P.V) {1 it I =1l and N()1 = 1.

Here N(¢€) denotes the norm of e.

Taking G = P, N =U, M =V in (1.7), we obtain the exact sequence
0 —— HY(P/UVY) —— HYP,V) —— H U V)V —— 0,

since P/U = Z. Therefore Theorem 3.7 follows immediately from Theorem
3.6, since dim H'(P/U,VY) is easily seen to be equal to 0 (resp. 1) if I; # I
or N(e)* = —1 (resp. if [; = Iy and N(¢)" = 1), in view of Lemma 3.1.

Proof of Theorem 3.6. First we recall the following fact on the action
of t on HY(U,V) (cf. (1.3)). Let f € Z9U,V) and let f € HY(U,V') be the
cohomology class represented by f. Put

g(ni,na, ... ng) =t f(tnt ™ tngt ™ L tngt Y, n,elU, 1<i<gq.

Then g € Z9(U,V) and f + g is the action of .
As in Lemma 3.4, let

W =Im(u; — 1)+ Im(uz — 1) = (825 Cle1 ® €})) @ (Bl @2 Cle; @ €))).

We have
V:C(el®e/1)@w

We may assume that [; > 0 since our assertion is clearly true if [y = I, = 0.
Put t; = e; ®e), ;. Let us show that for

I1+1

to =w(er e, ;) + Z vi(e; ® e, .)
i=2
with suitably chosen z; € C, we have
(37) (Ug - 1)131 = (Ul — 1>t2

To this end, for ¢ > 1, put
W, = &4 Cley 0 fy11).
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We have

(up — 1)(e1 ® €] ;) = (wer +wes + -+ ) @€,
. 1+ 1
(11 = e @ €)= (e + (57 Jorsa b ) el

We see that
(UQ — ].)tl = (Ul — 1)t2 mod W3.

2

For o = (w* — w)/2, we have

(ug — 1)t; = (ug — 1)t mod Wy.

In this way, we can determine x; successively so that (3.7) holds. Let f; €
ZY(U, V) be the 1-cocycle which corresponds to the point (ti,ts) € Z.
Put t; = e, 411 ® e]. Similarly to the above, we can show that for

lo+1
ts =w'(er, 1 @€)) + Y yilenn @),
j=2
the relation
(38) (UQ — 1>t3 = (Ul — 1)t4

holds when y; are suitably chosen. Let fy € Z'(U, V) be the 1-cocycle which
corresponds to the point (t3,t,) € Z.

Let f; be the class of f; in HY(U,V), i = 1, 2. Let us show that {fi, fo}
gives a basis of H'(U,V). To this end, assume that af; + 3f, € BY(U,V)
for o, § € C. Then there exists b € V' such that

(1) at1 + ﬁtg = (Ul — 1)b,
(11) Oétg + Bt4 = ('LL2 — 1)b
hold. Put
l14+1 1241
b= Z inj(ei (029 e;)
i=1 j=1

On the left-hand side of (i), the coefficient of the tensor e; ® e, is  and
the coefficients of e; ® e; are 0 for 1 < 5 <l,. We have

lo+1
(ur —1)(e; ®@€)) = jler @e€), ;) + Z zi(e1 ®@e)) + A,
I=j+2

27



where 2, € Z and A is a term which does not contain e; ® ej. Therefore
we have 17 = -+ = 15,1 = 0. By comparing the coefficients of the tensor
e; ®ej, ., on the both sides of (i), we obtain

a = lgl‘llQ.

By comparing the coefficients of the tensor e; ® e ,; on the both sides of
(i), we get
aw = lw'zy,.

Hence we obtain xy;, = 0, @ = 0. Similarly by comparing the coefficients of
the tensor e;, 11 ® €] for the both sides of (i) and (ii), we obtain § = 0.

Let f{ be the image of f; under the action of ¢t and let (Uj,U)) € Z be
the point corresponding to f{. Then we have

U{ = fi(uy) =t fultunt ™) =t fu(uiug) = ¢ ud fi(ug)) + fu(ugd)],
= fi(ug) =t~ fl(tu?t_l)_t fl(u1u2) [ fl(uz>+f1(u1 )]-
For 1 =1, 2, we have fi(u;) = t; and

(3.9) fiut) =1 +u;+--+u N, if n>0.

(3.10) filu;™) = —(u "+ +u ™) if n>0.

From these formulas, we see easily that the coefficient of e;®e] , in tU7 is A+
Bw. Hence the coefficient of e;®e]_, | in U] is €' (¢') 2 (A+Bw) = e 2(¢/) .
Similarly we see that the coefficient of e; ® €], in U} is we +2(¢') 2.
Now let
fi=~vfi+df, mod BY(U,V)

with v, 0 € C. Then there exists ¢ € V' such that

(IV) ’7132 + 5t4 — Ué = (u2 — 1)C

Put ¢ = leﬂ Zzﬁll yij(e; @ €}). Comparing the coefficients of e; @ ej, ,; on
the both sides of (iii), we obtain

Y= ell+2<€/)712 = l2y112’

Comparing the coefficients of e; ® €], ; on the both sides of (iv), we obtain
(v = ") )w = Ly,
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From these two formulas, we obtain yy, = 0, v = €12(¢)~2. Similarly
comparing the coefficients of e;, 1 ® €] on the both sides of (iii) and (iv), we
obtain § = 0. Thus we have shown

(3.11) fi =€) f, mod BY (U, V).

Next let f; be the image of f, under the action of ¢ and let (U}, Uj) be
the point of Z corresponding to fi. Here Uj = fi(uy), Uy = f5(uz). Then we
have

Us = fy(ur) =t foltunt ™) =t folui'ug)) = t 7' ui fa(ud)) + fo(uf)],

Uy = fiuz) =t foltust ™) = t74 fo(ui'uy) = ¢ fuf fo(ug)) + fo(uf)].

The coefficient of e, ® €] in tU} is A+ Bw' = ¢ 2 The coefficient of
e, 11 ®e)in tU] is C + Dw' = € 2. By a similar argument to the above,
we obtain

(3.12) fy=e " 2()2f, mod BYU,V).

This completes the proof of Theorem 3.6.

3.3. In this subsection, we will prove the following two theorems.

Theorem 3.8. We have dim H*(U,V) = 1 and t acts on it as the
multiplication by € (¢')%.

Theorem 3.9. We have H?(P,V) = 0 except for the case l; = ly and
N(e)t =1. Ifl; =l and N(e)"* =1, then we have dim H*(P,V) = 1.

First we will prove the part of Theorem 3.8 concerning the dimension.

Lemma 3.10. We have dim H*(U,V) = 1.

Proof. Let U; be the subgroup of U generated by u;. We have the exact
sequence

(3.13) 0 U, U Up —— 0

and the associated spectral sequence (cf. (1.6))

(3.14) EY? = HP(Uy, HY(U,,V)) = H™(U,V).

Let E" = H"(U,V) and {F'} denote the filtration on E™ induced by (3.14).

We have FP(E™)/Fr+Y(E™) = EB"P. Since Uy = Z, we have Ey? = E29 =
0. Since F3(E?) = 0, we get F2(E?) = 0. Since U; = Z, we have EP? =
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EP? = 0. Hence we get E?/F'(E?) = 0. We have F'(E?)/F?(E?) = ELL.
Therefore it is sufficient to show that dim EL! = 1.
We consider

Eyt = HY(Uy, H(U,, V).
The map Z*(Uy,V) > f — f(u1) € V induces the isomorphism

(3.15) HY (U, V) 2 V/Im(u; — 1).
The action of u € U, on the right-hand side of (3.15) is given by
V/Im(u; —1) 3 v mod Im(u; —1) — v 'v mod Im(u; —1) € V/Im(u; —1).
Since uy = ups mod U is a generator of Us, we have
HY(Uy, HY(Uy, V) =2 (V/Im(u;—1)) /Im(tig—1) = V/(Im(u;—1)+Im(uy—1)).
By Lemma 3.4, we obtain

dim H (U, H'(Uy,V)) = dim By = 1.

Since Ei” = 0, we have EL' = Ey'. This completes the proof.

Proof of Theorem 3.8. We set 7 = uy, n = us. Let F be the free
group on two free generators 7 and 7 and let 7 : F — U be the surjective
homomorphism such that

©(T) =T, () =n.

Let R be the kernel of 7. For a, b € F, let [a,b] = aba™'b~! be the commu-
tator of a and b. We see easily that

R=(z[f,7la" |2 €F), R=I[F,F.
We have the isomorphism (cf. (1.9))
(3.16) H*(U, V)= H (R, V)Y /Im(H'(F,V)).
We have
(3.17) H'(R, V)" = {p € Hom(R,V) | p(grg™") = gp(r), g€ F, r € R}.

Hence p € H*(R, V)Y is completely determined by o([7,7]). Forb e H'(F,V),
we have
b([7,7]) = (1 =n)b(7) + (7 — 1)b(7).

30



Let W be the subspace Im(u; — 1) + Im(ug — 1) of V' (cf. Lemma 3.4).
For ¢ € Im(H'(F,V)), the formula above shows that ¢([7,7]) can take an
arbitrary vector in . In particular, it follows that dim H%(U, V) < 1. Since
dim H*(U,V) = 1 by Lemma 3.10, we see that there exists ¢, € H'(R, V)Y
such that ¢ ([7, 7]) = e;®e}. This ¢; corresponds to a generator of H(U, V).

Let f € Z*(U,V). For g € F, we put g = n(g). There exists a € C*(F,V)
such that (cf. (1.10))

(3.18) f(91,92) = gra(ge) + alg1) — a(g192), 91,92 € F.

The corresponding element ¢ € H'(R, V)V to f is obtained as the restriction
of a to R. Now let § be an automorphism of . Since ¢ stabilizes R = [F, F],
¢ induces an automorphism of U = F /R, which we denote by £. We have

£9)=E&g), geF.

From (3.18), we obtain

(3.19) f(£(91),€(92)) = &(g1)al€(g2)) +a(€(91) —a(€(91)E(92)), 91,92 € F.

Z) € SL(2,Z), let £(y) be the automor-

phism of U defined by &(v)(1) = 7%, £(7)(n) = 7°n¢. Then there exists an

Lemma 3.11. For v = (Z

automorphism &(y) of F such that £() = &(y). Moreover £(7y) can be taken
so that

(3.20) ©(€(7)(9)) = w(g) mod W

holds for every ¢ € H' (R, V)V and every g € | F, F].

Proof. For 71, 72 € SL(2,Z), we have {(7172) = &(71)§(72). For two
automorphisms &1, & of F, we have £& = &&. Therefore to show the

D . o 11
first assertion, it is sufficient to verify it for generators v; = <O 1>, Yo =

<_01 (1)) of SL(2,Z). Clearly the formulas &(v)(F) = 7, £(n)@) = 77,

E()(T) = 7Y €() (M) = T define automorphisms £(vy;) and £(7ys) of F
satisfying the requirements.
To show the latter assertion, we first note that

(3.21) uv=v mod W forevery u € U and every v € V.
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Let o € HY(R,V)V. Since £(7) can be taken from the subgroup of Aut(F)
generated by (1) and £(v»), it is sufficient to show (3.20) for these gener-
ators. Moreover since ¢(z[T, n]x™!) = xo([7,7]) for x € F, it is enough to
verify (3.20) for g = [7,7]] in view of (3.21). For (1), we have

PE)([F 1) = o7 (7M7) = 7o([7. ) = ¢([7,7])  mod W

by (3.21). For £(72), we can check (3.20) similarly since &(72)([7,7]) =
7' [7,7]n. This completes the proof of Lemma 3.11.
A

Applying Lemma 3.11 to v = C g), we see that there exists an au-

tomorphism & of F such that (cf. (3.1))
&(u) = tut™, ueU.
Under the action of ¢, f is transformed to the 2-cocycle f' € Z%(U, V) where
f'(hy, hy) =t f(thot ™t thot ™), hy, hy € U.
By (3.19), we obtain
T f(tgut ™ tgat )

=gt a(&(g2)) + 1t a(&(9r) — t al&(91)€(92)), G1,92 € F.

This formula shows that a 1-cochain @’ € C'(F, V) which splits f is given
by

(3.22)

d(g) =t'a(&(g), ge€F.

Now suppose that f (resp. f') € Z?(U,V) corresponds to ¢ (resp. ¢’)
€ H'(R,V)Y. We have

(3.23) o' ([F,m) =t (&7, 7)-

We may assume that ¢ = ¢, ie., ¢([7,7]) = e; ® €]. Then by (3.20), we
obtain

P ([7.0) =t e([7,7) = € ()2 ([7.7])  mod W.
This completes the proof of Theorem 3.8.

Proof of Theorem 3.9. Set T' = P/U. Then T is generated by t
mod U. We consider the spectral sequence

(3.24) EPY = HP(T, HY(U,V)) = H"(P, V).

Let E" = H"(P,V) and {F'} denote the filtration induced by (3.24). Since
T = Z, we have EY? = 0 for p > 2, ¢ > 0. Hence F?(E?)/F3(E?) = E%" =

32



0. Since F3(E?) = 0, we obtain F?(E?) = 0. By Theorem 3.6, we have
Ey' = HY(T,H'(U,V)) = 0. Hence we have F'(E?)/F?(E?) = EL' = 0.

Therefore we obtain
(3.25) dim H?*(P,V) = dim E*/F'(E?) = dim E%?.

Now assume [; # l; or N () # 1. By Theorem 3.8, we have H2(U, V)T =
0. Hence we get Ey” = E%? = 0. Next assume that [; = I, and N(e)!' = 1.
By Theorem 3.8, we have dim Ey? = dim H*>(U, V)" = 1. We clearly have
Ey? = E%2 This completes the proof.

§4. On the parabolic condition

In this section (in particular subsection 4.1), we will show that it is pos-
sible to deduce information on critical values of L-functions, once we know
a corresponding 2-cocycle which satisfies the parabolic condition.

From this section until the end of the paper, we define subgroups of I' by

u v
1)
+1 v
=105 4)
restoring the notation to that of §2. We see that Theorems 3.7, 3.9 and
the fact H'(P, V)"V = 0 stated in Theorem 3.6 are valid, considering the

isomorphism P 3 p — ‘p~! € P and noting that g — p(g) and g — p(tg™")
are equivalent as representations of SL(2, C)2.

u€e Ep, ve (’)F} J{£12},

ve OF} J{+1,)

4.1. Let Vj (resp. Va) be the representation space of p;, (resp. pi,).

We take a basis {e;,e,...,€,.11} of Vi so that ph((% (1) Je; = alttl e
Similarly we take a basis {e],e),... e} } of V5 so that pl2((8 ?))e; =

a2t1-el. We assume that I} > Iy, [} = I, mod 2. We put k; = I} + 2,
ky = o+ 2, k = (k1,ko). Let Q € Sip(I'). We assume that [; is even if
N(e) = —1. (This assumption is (A) in §1.)

We recall the formulas:

y1w1 Vw2
(4.1) f(y,72) = / / 0(Q), wy = i€ L wy = ioo,
¥

172wW1 J w2

(42) fom=- " [oe)
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The formula (2.30) shows that the coefficients of ; ® € ;) In f(o, p),
(l1—=13)/241 <i < (l1+13)/2+1 are related to the critical values of L(s, ().
The parabolic condition on the cocycle f is

(4.3) fon,v2) =pf(n,y2)  forevery pe P, y,72 €.

Now suppose that we add the coboundary of b € C'(T', V)

b(1172) — 1b(12) — b(n)

to f. We assume that the resulting 2-cocycle is normalized and still satis-
fies the parabolic condition (4.3). Then b(1) = 0 and using the parabolic
condition, we obtain

Pp1b(72) + b(py1) — b(pY172) = P11b(12) + pb(71) — Pb(7172)

for p € P. Taking 75 = ;' and writing v, as -y, we find that b must satisfy
the condition

(4.4) b(py) =pb(y) +b(p), peEP veL

Put A = f(o, ). After adding the coboundary of b, A changes to A+b(ou)—
ob(u) — b(o). By (4.4), we have

blop) =b(u~ro) = p~'b(o) +b(u™),  b(pt) = —p b(w).

Therefore A changes to

A+ (=t = 1)b(o) = (o + pH)b(p).

By (4.4), we have b|P € Z'(P,V). Suppose that l; # ly. By Theorem 3.7,
we have

b(p)=(p—1b, belV.
Since (0 + p ') (p—1) = (u=! = 1)(0 — 1), we see that A changes to
A+ (u ' =1)b(o) + (1 — o)b].

This formula shows that the components of A related to the critical values do
not change by adding a coboundary, since ;! (e; ® €1 1,)/2) = N(e)(e;®
e;*(l1712)/2)' Next suppose that [; = l3. By Theorem 3.7 and by the exact
sequence below it, we have

b(p) = (. — 1)b + by, beV, byecVY.
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Hence A changes to
A+ (™t =1Dbe) + (1 —a)b] — (o + pu)bg.

Since by € VU, this formula shows that the components of A related to
the critical values do not change except for two critical values L(1,$2) and
L(l; + 1,9Q) at the edges.

4.2. Let Z*(T, V) be the subgroup of Z*(T', V) consisting of normalized
2-cocycles. Put

B*T,V)={f=db|bec CYT,V), b(1) = 0}.

Then we have B B
ZZ(F, Vin BZ(F, V)= BQ(F, V)

and therefore
Z3(T,V)/B*(T,V) C Z*(I,V)/B*(, V).
Since every 2-cocycle can be normalized by adding a coboundary, we have
H*(L,V) = Z*(T,V)/B*L,V).

Put
(4.5) )
Z3(T,V) = {f € Z*(T',V) | f satisfies the parabolic condition (4.3)},

BA(L,V)={f e B*I',V)| f =db,bc C*T,V),
b(py) = pb(y) +b(p), pe P,yeTl}.

An element of Z3(T', V) is called a normalized parabolic 2-cocycle. The next
lemma can easily be verified.

(4.6)

Lemma 4.1. We have
Z5(T, VYN B*(I',V) = BE(T', V).
By Lemma 4.1, we have
Z3(T,V)/B3(L, V) Cc Z*(T,V)/B*T',V) = H*(T, V).
We define the parabolic part HZ(I', V') of H*(T', V) by
(4.7) HA(T,V) = Z3(T,V)/Ba(T, V).

4.3. As another application of Theorem 3.7, we are going to show the
non-vanishing of the cohomology class attached to a Hecke eigenform.
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Lemma 4.2. Assume [, is even if N(¢) = —1. Let f € Z%(T,V) be
a normalized parabolic 2-cocycle. For (Iy —13)/2+1 <i < (I + 15)/2 + 1,
let ¢; be the coefficient of e; ® e;_(ll_lQ)/Q in f(o,pn). Assume that ¢; # 0 for
some 1 if [y # ly and that ¢; # 0 for some i # 1,1y + 1 if [y = ly. Then the
cohomology class of f is non-trivial.

Proof. Suppose that the cohomology class of f is trivial. Then there
exists b € C*(T', V) such that

F(r1,72) = 11b(72) + b(11) — b(1172), 7,72 €T

By a similar computation to that given in §4.1, we obtain

(4.8) flo.p) = (1= p™Hb(o) + (o + p~H)b(p).

First we consider the case [} # l,. Since b|P € Z'(P,V)and H'(P,V) =0
(Theorem 3.7), there exists b € V' such that b(u) = (1 — 1)b. Then we have

flo.m) = (1= p"H)blo) + (1 - 0)b].

We have p~1(e; ® eé*(llflz)/Q) = N(e)h(e; ® eéf(llflz)/2)‘ Hence ¢; vanishes
for all 7. This is a contradiction and the proof is complete in this case.

Next we consider the case [y = [;. By Theorem 3.7, there exist b € V'
and by € VY such that

b(p) = (1 —1)b + by.
Then we have
flo,p) = (1= p~Y)[b(o) + (1 = o)b] + (0 + p~')by.

Since by € VY, this formula shows that ¢; = 0 if 7 # 1,1; + 1. This is a
contradiction and completes the proof.

Proposition 4.3. Let k = (ky, ko), k1 > ko, k1 = ko =0 mod 2. Let
Qe Si(I') and let f = f(2) be the normalized parabolic 2-cocycle attached
to Q (cf. (4.1)). We assume that the class number of F' in the narrow sense
is 1 and that €2 is a nonzero Hecke eigenform. If ki # ko, we assume ko > 4.
If ky = ky, we assume ky > 6. Then the cohomology class of f in H*(T', V)
is non-trivial.

Proof. Let ky =11+ 2, ks =I5 +2. By (2.30), we see that the coefficient
c; of e, ® e;—(ll—l2)/2 in f(o,pn) is L(l; + 2 —4,9) times a nonzero constant
for (I; —12)/2+1<i<(lh+13)/2+ 1. It is well known that L(s,Q) # 0
for R(s) > (k1 +1)/2 (cf. [Sh4], Proposition 4.16). For i = (I; — l5)/2 + 1,
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¢; is nonzero times L((k1 + k2)/2 — 1,Q). Since (k1 + k2)/2 —1> (k1 +1)/2
if ko > 3, our assertion follows from Lemma 4.2 if k; # ko. Assume ki = ko.
For i = 2, ¢; is nonzero times L(k; —2,€2). Since k; —2 > (k;+1)/2if ky > 5,
our assertion in this case also follows from Lemma 4.2.

4.4. With a free group F, we write I' = F/R. Let m : F — T be the
canonical homomorphism with Ker(7) = R. For g € F, we put 7(g) = g.
We regard V' as an F-module by gv = gv, g € F, v € V. By (1.9), we have

(4.9) H*(T, V)= HY(R, V)" /Im(H"(F,V)).

We are going to examine the part of the right-hand side of (4.9) which
corresponds to HA(I',V). Put P = # }(P). Let f € Z&(,V). Take a
1-cochain a € C'(F, V) which satisfies (1.10). Then we have

f(091,92) = pgra(g2) + alpgr) — alpgrg2),  pEP, g1,92 € F.
By the parabolic condition on f, this is equal to

p(gra(g2) + a(g1) — a(g192))-

Hence we have

a(pg192) — a(pgi) = pa(g192) — pa(g1), pPEP, g1,92€ F.
Taking g1 = g, ' = g, we obtain

(4.10) a(pg) = pa(g) +alp), peP, geF.

Conversely if a satisfies (4.10), then f satisfies the parabolic condition.

Let ¢ = a|R. We note that a satisfies (1.11) and ¢ € H'(R,V)'. For
every s € P, we take an element 5 € P such that 7(s) = s. We fix the choice
of 5. Then we write a(5s) as a(s). By (1.11), we have

(4.11) a(sr) = sp(r) +a(s), se P, reR.
Now for sy, so € P and rq, 3 € R, we have
a(317139m2) = a((5152)(5152) 151525, 'T1379)
= 51500((5152) 181825, '715075) + a(5152)
= 5152[(35 '7152) + (1) + 9((5152) 7' 5152)] + A(s152)
=510(7r1) + 51500(12) + p(3152(5152) 1) + a(s182),
using (1.11), (1.12) and (4.11). On the other hand, by (4.10), we have
a(§1r1§2r2) = Sla(gzrg) + G(ng'l)
= s1(s200(r2) +a(s2)) + s1(r1) + als1).
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Comparing two results, we obtain
(4.12) p(5152(5152) ") = s1a(sz) + @(s1) — a(s1s2)-
The condition (4.12) can be interpreted as follows. The group extension

1 R P P 0.

defines the factor set

(413) (81, SQ) — §1§2<8152)71

of P taking values in R. Mapping this factor set by ¢, we obtain a 2-cocycle
of P taking values in V' (cf. Lemma 1.3). Then (4.12) means that this
2-cocycle splits. The converse holds (cf. [Y4] for a proof) and we have:

Proposition 4.4. On the right-hand side of (4.9), the subgroup which
corresponds to H3(T', V') consists of the class of p € H'(R,V)' for which the
2-cocycle (s1, 82) — ¢(3152(5152) 1) of P taking values in V splits.

By Theorem 3.9, we have H?(P,V) = 0 if I # l,. Hence the next
proposition follows.

Proposition 4.5. Ifl; # ly, then we have H*(I',V) = H3(T, V).

It is known that there are no holomorphic Eisenstein series of weight
(k1, ko) if k1 # ko ([Sh6], Proposition 2.1). We can interpret this proposition
as the cohomological counter part of this fact.

Remark 4.6. In view of the results of Matsushima-Shimura [MS], Hida
[Hil], [Hi2] and Harder [Ha|, we should be able to prove that dim H%(T', V) =
4dim S}, 424,42(I).  The author does not work out the details yet. The
parabolic cohomology group is also discussed in [Hi2].

§5. Decompositions of H?(T', V)

5.1. Let F be a real quadratic field and let I' = PSL(2, Op). We define
elements o, pu, 7 and n of I' by

_()1 _eO _11 _lw
=\=10) P \o et) TT\0 1) "7\ 1)

Here we choose an w so that Op = Z + Zw. Let F be the free group on four
letters o, p, 7, . Let m : F — I" be the homomorphism such that

7)) =0, 7(@)=p, =(H=7 =@ =n



By Vaserstein [V], 7 is surjective. Let R be the kernel of 7. For v € T, we
choose a7y € F so that w(7) = ~. For v = o, u, 7 and 7, we choose 7 so that
the notation to be consistent. We choose 1 = 1. For other v, we will specify
the choice of 7 later (cf. (5.2) and §6.2).

Let f € Z*(T,V) be a normalized 2-cocycle. There exists a € C'(F,V)
which satisfies

fr:72) = ma(2) + a(h) — a(M2).

A corresponding element p € HY(R,V)!' to f is given by ¢ = a|R. As was
shown in §1.5, adding a coboundary to f, we may assume that f € Z*(T',V)
is given by

(5.1) fr,72) = —90(%%(7’172)’1), Y,72 € T

Let Fp be the subgroup of F generated by g, 7 and 1. Let mp be the
restriction of m to Fp and let Rp be the kernel of mp. We see that Rp
is generated by the elements corresponding to the relations (iv), (v), (vi)
given in the introduction and their conjugates. Suppose that f satisfies the
parabolic condition (4.3). Then, by (4.12), we see that we may assume that
¢|Rp = 0 in addition to (5.1), adding a coboundary to f if necessary.

Conversely assume that ¢|Rp = 0. Take a complete set of representatives

A for P\I' and fix it. We have

[’ = Usea PO.
For v =pd, pe P, § € A, we define
(5.2) 3 = po.

In (51), write Y1 = p1(51, p1 € P, (51 € A, Y172 = p2(52, P2 € P, (52 € A. Let
p € P. Then we have

Py = ppidy = ppi(DpL) " PA1, P = PPaPy e
Hence, by (5.1), we have
For,ve) = =01 (B51) P {pD2 (BD2) ~ P12} )
= —p(PNP(172) D) = —pe(A(7172) 1) = pf (11, 72)-

Therefore f satisfies the parabolic condition (4.3).
The value f(o, ) of the cocycle is related to the critical values of the
L-function. By (5.1), we have

—_~—

flo,p) = —p(@En(on)™) = —p(@n(u=ta)™").
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We assume that o € A. Then we have

flo,u) = —p(@Eaa (1)),

since pu~lo = ;/L:/l?r. As Fﬁ € Rp, we have
[(0, 1) = — (5 i) = —p(F52571) = — (&7 2(57) " FHiai)
= —oup(a?) — p(Gho).
Therefore we obtain
(5.3) flo,n) = —p((GR)*) + opp().

5.2. Let us consider the action of Hecke operators. Let w be a totally
positive element of F. Let
10 d
r <O w) I'=ue,I'5

be a coset decomposition. We put (cf. (2.35))

2
c= H(w(v))(kwku)/?f?'

r=1

Let f € Z*(T',V) and put g = ¢T'(w)f. The explicit form of g is given as
follows (cf. Proposition 1.2 and (2.38)). Let

Bin =880, 0V €T, B =38Py, 6 €T,
for 1 <i < d. Here j and k are permutations on d letters. Then

d
(5-4) 9(717 72) =cC Z Bi_lf(ﬁi’ylﬂj_(r})a ﬁj(i)fhﬁk_é(i)))-
=1

We assume that f € ZZ(T',V) and that it is given by (5.1) with ¢ €
HY(R, V) satisfying ¢|Rp = 0. Then we have

d —_ N — —_ N — —_ N —
(5.5) 91, 72) = —CZﬁi_l90(51'71@_(11)5;‘(1‘)’}’25,;(}(1))(@71725;2&@)))_1)-
=1

Let v € HY(R,V)' be a corresponding element to g. We are going to give
an explicit form of 1. There exists b € C'(F, V) such that

9(Z1,T2) = 1b(x9) + b(x1) — b(x129), 1,09 € F
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and ) is given as the restriction of b to R. Here z = w(x), z € F. We assume
that (w) is a prime ideal. Then d = N(w) + 1 and {f;} can be taken as

{(é ;) ,u mod w, (75 (1))}
Take p € P and let ﬁipﬁj_(g) €I for 1 <1v < d. Then we see easily that
(5.6) BB € P, 1<i<d.
By (5.5), (5.6) and ¢|Rp = 0, we find
(5.7) 9(p1,p2) =0, pup2 € P,
We have
b(z129) = x1b(x2) + b(x1) — g(Z1, T2), r1,x9 € F

and we can use this formula to determine the value b(z), x € F by the
induction on the length of the element z. As the initial conditions, we may
assume that

b(r) =0, b(7)=0, b(n) =0, bo)=0.
Then, by (5.7), we see that
(5.8) b|Fp = 0.

The next Proposition is a special case of Proposition 1.4.

Proposition 5.1. Suppose v; € I' are given for 1 < j < m. For every
J, we define p; € Sq by

@%ﬂp_j}i) el, 1<q<d.
We define q; € Sy inductively by
Q1 = P, Gk = Prr-1, 2 <k <m.

We assume that y; € P or y; = o for every j. Then we have
(5.9)

—_

d —_ T —— —_——
= CZ ﬂ[l90<ﬁi715;%i)5q1(i)72ﬁqji) e 'ﬁqu(inﬁq::(i) (ﬁi’yl% o 'Wmﬁ;j(i))*l)-
i=1
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5.3. For the practical computation, it is convenient to decompose H?(T', V)
into a direct sum of subspaces under the action of the automorphisms of I'.

We put
u 0
z{(o u) ueEF},

which is the center of GL(2,Or). Then we have

10

Z-SL(2,0p)/Z = SL(2,0r)/{£ (0 1

)} — PSL(2,0p) = T.

By this isomorphism, we regard I" as a subgroup of PGL(2, Or) = GL(2,0F)/Z.
Hereafter we assume that [; and [, are even. When [ is even, we define a
representation p; of GL(2, C) by

pi(9) = pi(g) det(9)™"?, g € GL(2,C).

Then pj is trivial on the center. We put p' = p; ® p,. By gv = p'(g)v,
g € GL(2,0F), v € V, we regard V as a left GL(2,Op)-module. Since
p'(z) =1id, z € Z, we can regard V as a PGL(2, Op)-module. Since p/|I' =
p|I', the I'-module structure of V' is the same as before.

We have

PGL(2,0r)/PSL(2,0r) = Er/Er = 727 ® 7./2Z.

By conjugation, PGL(2, OF) acts on H*(T", V') and it decomposes into a direct
sum of four subspaces. We put

=(y) o= ()

We see that PGL(2, Op) is generated by v and § over PSL(2, Op). We first
examine the action of v. For f € Z*(T',V), define ef € Z*(T',V) by (cf.

(1.3))
(5.10) ef(rye) =v  flomv ™), m,1e el

Then ¢ induces an automorphism e of H?(T', V). Since v* = p, € is obtained
from the inner automorphism by p. Hence e? = 1. By (5.10), we see that
ef is a parabolic cocycle if f is parabolic. Therefore, by the action of e, we
have the decompositions

HA(L,V) = HX(D,V)* @ HAT, V)", HA(D,V) = HA(T,V)* & H3(I,V)".
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Here we put
H*(D, V)= ={c€ H*I,V) | ec = £c}, HAp(T',V)* = {c € HA(T,V) | ec = %c}.

Explicitly the decomposition is given by

f=sla+arva-af,  fezwv)

Proposition 5.2. Let k = (ky,ks), k1 > ko, k1 and ko are even. Let
Qe Si(I') and let f = f(Q2) be the normalized parabolic 2-cocycle attached
to Q2 by (4.1). We assume that the class number of F' in the narrow sense is
1 and that () is a nonzero Hecke eigenform.

(1) If k1 # ko, we assume ky > 6. If ky = ko, we assume ky > 8. Then
the cohomology class of (1 +¢)f in H?*(T', V) is non-trivial.

(2) If ky # ko, we assume ky > 4. If ky = ko, we assume ko > 6. Then
the cohomology class of (1 —¢)f in H*(T, V) is non-trivial.

Proof. We apply Lemma 4.2 in a similar way to the proof of Proposition
4.3. We use the same notation as there. By (5.10), we have

@f)o,p) = v flvor™ vt = v f(po, p) = v uf (o, 1) = vf (o, p).
We have
v(€ei®e] 1, 1,)/2) = N(€)"V* 1 (ei@e]_, 1)/2) = N(€)"* 7 (ei®€]_y, 1))

By the assumption, we have N (¢) = —1. The range of 7 is %—% <1< %%—%
We see that L(l; +2—1,€) is non-vanishing if i # k1 /2. To conclude the non-
vanishing of the cohomology class of (1+¢€) f, it suffices to find an even integer
j such that 0 < j < 15/2if ky # ky and 0 < j < ly/2 — 1 if ky = ko. Such
a j exists under the condition stated in (1). To conclude the non-vanishing
of the cohomology class of (1 — €)f, it suffices to find an odd integer j such
that 0 < j <Ily/2if ky # ko and 0 < j < [y/2 — 1 if k; = ko. Such a j exists
under the condition stated in (2). This completes the proof.

We put
I ={yeGL(2,0p) |det(y) =€, neZ}, TI*=2zT/Z
Then I'* is generated by v over I and we have [['™* : I'| = 2. Let
Res: H*(T*,V) — H*(T,V), T :H*,V)— H*T*V)
be the restriction map and the transfer map respectively.
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Proposition 5.3. We have

(1) Res(H*(T™*,V)) = H*(T, V)™ .
(2) T(HXT,V)*) = H2(T*, V).
(3) Ker(T) = H*(I, V).

We omit the proof since it is easy.

5.4. We have
H*(T, V)= HY(R, V)" /Im(H(F,V)).

Let us consider the action of e on the right-hand side under this isomorphism.
We use the same notation as in §5.1. Let £ be the automorphism of I" defined
by £(y) = vy, v € T. Put

¢ = A+ Buw, ew =C+ Duw.

Then we have (é g) € GL(2,Z). We have

vov ' = a,u_l, V,uu_l = U, vt = TAnB, V7]V_1 = TCT]D.

Using Lemma 3.11, we can check that there exists an automorphism 5 of F
which satisfies

(5.11) m(€(9)) =&(n(9)), g F.
Now let f € Z2(T', V) and take a € C*(F,V) so that

f(ﬂ'(gl); 77(92)) = 91(1(92) + a(g1) — Cl(g1g2), 91,92 € F.

Then we have

(@) (91),7(92)) = v f(E(m(9n)). E(m(g2))) = v f (7 (E(91)) (€ (g2)
=g a€(g2)) + v alé(g1)) — v alE9192)

for g1, go € F. Put

a(g) =v'a(g), geF.

Then we have

(€f)(m(g1), m(g92)) = g1d'(g2) + d'(91) — d'(9192), 91,92 € F.

Thus we obtain the following proposition.

44



Proposition 5.4. Let f € Z*T,V) and let ¢ € H'(R,V)' be a
corresponding element. Then a corresponding element ¢ of H*(R, V) to ef
is given by _

() =vleE(r), reR

We can check easily that the map ¢ — 1 induces a map from

HYR, V)Y /Im(HY(F,V)) to itself and gives an automorphism of order 2.

5.5. For the actual computation, the cohomology group H?(I'*,V) is
easier to handle than H?(I", V). By the action of §, we can further decompose
H?*(T*,V) so that

H*(T*, V)= H*T*, V)"t @ H*(T*, V).

Let d (resp. d) denote the action of § on Z2(I'*, V) (resp. H2(I'*,V)).

Proposition 5.5. Let k = (ky,ks), k1 > ko, k1 and ko are even. Let
Qe Sk(I') and let f = f(Q2) be the normalized parabolic 2-cocycle attached
to Q by (4.1). We assume that the class number of F' in the narrow sense
is 1 and that Q is a nonzero Hecke eigenform. Take f* € Z*(I'*,V) so that
I = (1 +e)f. * If ky # ko, we assume ky > 6. If ky = ko, we assume

ky > 8. Then the cohomology class of (1 + d)f* in H*(T'*, V') is non-trivial.

We omit the proof since it is similar to that of Proposition 5.2.

Until the end of this subsection, we assume that o, v and 7 generate I'*.
(This assumption is satisfied if Op = Z + Ze.) Let F* be the free group on
three letters o, v and 7. We define a surjective homomorphism 7* of F* onto
™ by

(o) = o, ™ (V) = v, m™(T) =71
and let R* be the kernel of 7*. We see that 6 commutes with ¢ and v and
6761 = 771, We can define an automorphism z — x5 of F* by (¢)5 = 0,
(v)s =7, (T)s = 7 L. Then we have

7 (xs) = om*(2)0 1, reF".

The following proposition can be shown in a similar way to Proposition 5.4.
Proposition 5.6. Let f € Z*(T*,V) and let ¢ € H'(R*,V)I" be a
corresponding element. Then a corresponding element 1 of H'(R*, V)" to
df is given by
V(r) =6 o(rs), re R

4+ = T(f) satisfies this condition.
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Let o € HY(R*,V)I". We define p5 € H'(R*, V)" by the formula

(5.12) ps(r) = 6 p(rs).

Then we can check easily that (¢5)s = ¢ and H'(R*,V)!" decomposes into
a direct sum of +1 eigenspaces under the action of 9:

(5.13) HY (R V)Y = HY (R V)" @ HY(R, V)T,

5.6. Let [, and Iy be nonnegative even integers. We assume that [; >
lo, Let Q € Sj194,42(I"). Define L(s,2) and R(s,€2) by (2.4) and (2.5)
respectively. The functional equation is (cf. (2.7))

R(s5,Q) = (—1)WH22R(1, 42 — 5, Q).
For an integer m, L(m, Q) is a critical value if and only if

ll—lg+1§m§l1+l2

(5.14) +1.

The central critical value is L(l;/2+ 1, $2) which vanishes if (I; +13)/2 is odd.
By (2.30), we have

(5.15) R(m,Q) = (—1)m =2 (o) m)2p Ly e

Here P;; denotes the period integral given by (2.25). Let f = f(Q) €
Z%(T, V) be the parabolic 2-cocycle defined by (4.1). Then we have

fo == [ [Tow

and — P, 1 m—1-(1,—15)/2 1s equal to the coefficient of e;, 4o, ® €1, 1) /242—m

in f(o, p).
Using the operator ¢ (cf. (5.10)), we define

fr=Q0+ef fr=0-9f

We have f* € Z%(I',V). As was shown in the proof of Proposition 5.2, we
have

(516) f+<0-7lub) :(1+V)f(0-7:u)7 f_(J,/L>:(1—V>f<O,M).
We have

)m—l—l1/2

(5.17)  v(ent2-m ® €y 41,)/242-m) = N(e €l +2-m @ €{,415)/242-m-
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Assume N(e¢) = —1. Suppose that [;/2 is even. By (5.17), we see that
f*(o, 1) contains information on R(m, <) for odd m and f~ (o, u) contains
information on R(m, ) for even m. If [1/2 is odd, then f*(o, ) contains
information on R(m, () for even m and f~(o,u) contains information on
R(m, ) for odd m.

To treat [~ efficiently, we will need more techniques which will be ex-
plained in the next section.

§6. Numerical examples I

6.1. In this section, we assume that F' = Q(v/5). (The formulas (6.1) ~
(6.6) and those given in §6.5 are valid for any real quadratic field.) We use
the notation of §5. The elements o, p, 7 and 7 generate I' = PSL(2, Op) (cf.
Vaserstein [V]). We take w = €. Then they satisfy the relations (i) 0% = 1,
(ii) (o7)* = 1, (iii) (op)* =1, (iv) T =7, (v) prp~" =m0, (vi) ppu=" =
™?, (vii) ono = ™ ton .

Theorem 6.1. Let F = Q(v/5) and I' = PSL(2, Or). We take w = e.
The fundamental relations satisfied by the generators o, ju, T and n are (i) ~
(vii).

A proof is given in the appendix of [Y4]. This theorem is not necessary
for the calculations in this section but it clarifies the exposition.

Now the elements o, v and 7 of I'* satisfy the relations

i) o? = 1.
(ii') (o7)* =1.
(iii’) (ov)? = 1.
(iv') vty = vl
(V) Vvt =rurvh

Theorem 6.2. The fundamental relations satisfied by the generators
o,v,Tof I'" are () ~ (V).
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This theorem follows from Theorem 6.1. We sketch a proof. We have
= v? n=uvrv~!. Then we can check easily that the relations (i) ~ (vii)
in Theorem 6.1 follow from (i) ~ (v’). Suppose that

(%) UiUg Uy = 1

1

is a relation. Here u; is one of o, v, v=1, 7, 771, In (%), we substitute v~ by

p~tv. Then we obtain a relation
(%) Vg Uy = 1L

Here v; is one of o, v, u~ !, 7, 7=1. The number of v; such that v; = v is even.
If this number is 0, then (%) is the relation among the elements o, u and 7.
If this number is positive, then in (xx), a term of the form v Xwv is contained,
where X is an expression which contains only o, 7 and p. We may replace
vXv by vXv~!u. By the relations

vov ' =ov7% = a,u_l, vrv !t = n,

vXv~! is transformed to an expression which contains only o, u, 7, n and
their inverses. Repeating this procedure, (#*) can be reduced to a relation
among the elements o, u, 7 and 7. By Theorem 6.1, this relation follows
from the fundamental relations (i) ~ (vii). Since (i) ~ (vii) follow from (i')
~ (v'), our assertion is proved.

Let F* be the free group on three letters o, v, 7. We define a surjective
homomorphism 7* : F* — I'* by 7*(¢) = o, 7*(V) = v, 7*(7) = 7. Let R*
be the kernel of 7*. We have I'* = F*/R*. By Theorem 6.2, R* is generated
by the elements

(i) 7,

(i) @,

(') @)

(iv*) W Z ANV

(v*) D G
and their conjugates.
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Let P* be the subgroup of I'* consisting of elements which can be repre-
sented by upper triangular matrices. Let Fp« be the subgroup of F* gener-
ated by v and 7. Then 7*|Fp+ : Fp« — P* is surjective. Let Rp« be the
kernel of this homomorphism. We see that Rp« is generated by (iv*) and
(v*) and their conjugates.

We have [F* : (7*)~(T")] = 2. The following lemma can be proved easily
by applying the method of Reidemeister—Schreier (cf. Schreier [Sc], Suzuki
[Sul, §6).

Lemma 6.3. The group (7*)~!(T') is the free group on five elements &,
2, 7, vov—! and v7v L
We put 72 = i, v7v~ ' = 7). Let F be the free group on four elements
o, it, T and 77. Then our notation becomes consistent with that given in the

beginning of section 5. We have FR* = (7*)~}(T).

6.2. For every v € I'*, we choose 7 € F* so that 7*(¥) = 7. For explicit
calculations, it is necessary to specify the choice of 7. First let p € P. We
can write p = p%7°n¢ and this expression is unique. We put p = 1%7°5°¢. Next
let p € P*. We have p € P or p = vp; with p; € P. In the latter case, we
put p = vp;.

Let A be a complete set of representatives for P\I" as in §5.1. Then A is
also a complete set of representatives for P*\I'*. For v € I'*| we write v = pd
with p € P*, § € A and put 7 = ﬁg Our task is to specify the choice of
A and define § for 6 € A. To specify A is equivalent to choose one element

from every coset Py, vy € I'. Let v = (CCL Z)

(1) The case where Py = P. We take 1 as the representative. We take
the identity element of F as 1.

(2) The case where ¢ € Er. We can take an element of the form ((1) _dl)

as the representative. We define

—_

(%)= )

(3) ® The case where ¢ # 0 and ¢ ¢ Er. We note that O is a Euclidean
ring with respect to the absolute value of the norm (cf. [HW], Theorem 247,
p. 213): For every z, y € Of, x # 0, there exist ¢, r € O such that

y=qe+r, N[ <|N(@)|.

5In this paper, this step will be used for the actual calculations only in the case a € Ep.
Since it will become necessary in future calculations, we write one (tentative) algorithm
explicitly.

49



We have

u 0 a b\ [ ua ub 1 ¢ a b\ [a+tc b+td
0 v/ \e d) \ule w'td)’ 01 c d) c d '

u

First multiplying v on the left by ( 0

0 .
u‘l)’ u € Er, we normalize ¢ so that
>0, 1<d/e<é.

Next multiplying v on the left by ((1) i

|N(a)| < |N(c)| by the Euclidean algorithm. However to specify the choice
of t is not necessarily easy. In other words, there can be many choices of
such a’s. We make the preference order of the choice of a as follows. Put
a=a+ Pe, a, €L

1. |a|+|B| is minimum. 2. |«|is minimum. 3. |§] is minimum. 4. « > 0.

5.3 >0.
We define § for § € A as follows. We put 6 = Z) and proceed by

induction on |N(c)|. The case |[N(c)| = 0 or 1 is settled by (1) and (2). By
our choice of A, we have |N(a)| < |[N(c)|. Put 07§ = p1dy, p1 € P, 6; € A,

5 — <a1 bl). We have |N(c1)| = [N(a)| < [N(c)]. We define § = 55,9;.

), t € O, we may assume that

C1 dl
6.3. Let f € Z4(T',V) be a normalized parabolic 2-cocycle. We first
consider f* (cf. §5.6). We put f* = T(f). Then f* € Z*T*, V) and
FHT = f* (cf. §5.3). We can verify easily the parabolic condition

(6.1) (o, v2) =pf (n,72), pEP, M, el™
We have
(6.2) H*(T* V) = HY (R, V)" /Im(H' (F*, V).

Let ¢ € HY(R*,V)I" be a corresponding element to f*. We recall that ¢ is
obtained in the following way. There exists a € C'(F*, V) such that

(6.3)  alg192) = qralge) +alg1) — (7" (q1), 7" (92)),  g1,92 € F".

Then ¢ = a|R*. We may regard (6.3) as a rule for determining the value
a(g) according to the length of a word g € F*. We can take a(c) = a(v) =
a(T) = 0. Then we have a|Fp- = 0, since (6.1) yields f*(p,v) =0, p € P*,
~v € I'*. In particular, we have

(6.4) o|Rp+ = 0.
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As shown in §1.5, we may assume that

(6.5) F(rn72) = (P2 (772) )

adding a coboundary to f*. By (6.4), we can check that f* satisfies (6.1) in
the same way as in §5.1. We have (cf. (5.3))

foon) = —p((GR)?) + opp(d?).
We have

o((5n)*) = p(6v%61%) = p(ovavr'c 'wor?)

— p(5T5D) + (I 152D) + (I 5567) = (1 + v )p((39)%) — v "0 ().

Therefore we obtain
(6.6) flon) = =1+ v He((@P)?) + (op +v71)e(@?).

Clearly ¢ is determined by its values on the elements (i*) ~ (v*). By (6.4),
¢ takes the value 0 on the elements (iv*) and (v*). We have op(5?) = p(c?).
Take h € HY(F*, V) so that h(d) = —¢(6?)/2, h(v) = 0, h(T) = 0. Adding
h|R* to ¢, we may assume that ©(52) = 0;  still satisfies (6.4).

We analyze the process of adding h|R* to ¢ in more detail. For S, T,
U eV, wecan find h € H'(F*, V) such that

hE) =S,  h(F) =T, K@) =U

We find easily that the conditions that A vanishes on the elements (iv*) and
(v*) are

(6.7) A+mv—v—vrv )T+ (r—1)(1 —vrv U =0,

(6.8) VP =1-m)T+A+v—1*rv ' —7)U=0
respectively. We have
(6.9) h(c®) = (1 +0)S.

We put
A=op((ov)?),  B=((07)%.
We note that

(6.10) ovA = A, oTB = B.
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Our objective is to determine A explicitly.

6.4. Let us consider the Hecke operators. We put ¢* = T'(w)f* where
g* is defined by (5.4) with T'* in place of I'. Let v € HY(R*,V)'" be a
corresponding element to g*. We see that Proposition 5.1 remains valid with
[* and P* in place of I and P. In particular we may assume that 1 is given
by the formula
(6.11)
V(Y2 Tm)

P

d —_ — —_ —_ N —
= CZ ﬁi_1%0<5i’715q_1b)5q1(z’)”Yzﬁq;%i) " '5qm71(z‘)’7mﬁ_ml(i) (Bimvyz - 'Vmﬁgﬂi(i))_l).
i—1

Here 7; = o or v; € P* and y17y2 -+ ¥ = 1.
Example 6.4. Let us consider 7'(2). We may take

10 11 1 €
ﬁlz(o 2)7 62:(0 2)7 63:(0 2)7
1 € 2 0

By (6.11), we find
W(G7)°) = e85 Zs + By Zu),

where

012 z=e((5 L) a=a(y )0

We have



6.5. In general, every element r of R* can be written as (by using (i*),
(iv*), (v*) and taking conjugation by & if necessary)

T = 0p10P2 - 0P

with p; € P*, 1 < ¢ < m such that opiops---0op,, = 1. We call such
an element an m terms relation. Theorem 6.2 assures us that ¢(r) can be
expressed by A and B. The following formulas can be proved easily.

(6.13a) o((ev™)?*) = (1+v 4+ +vITMA, n>1,

(6.13D) o(GT ™) = —(w+ 124+ VA, n>1,

For t € Ep, we put

—~

wo-sa(§ o5 G DG 2

Then we have B(1) = B,

o1 seo=-o(y L) so- () Yee(y 90
B(et) =v ' B(t)

(6.15) . {1 Y <(1) 61t> - (é elltl) _p (é 6{) a} A,

(6.16) B(t) =0 ([1) i) B(t™) + (@ (é tol)f).

By these formulas, we can express B(t) in terms of A and B explicitly. Using
B(t), we have an explicit formula for ¢(r) for a three terms relation r:

oy 1) T 2)

10 (" V) pureo e (y 9)

—_—

(5 T e ()0
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U; T;

0 1)’
u; € Ep, x; € Op, 1 <i <m. We see that ¢(r) reduces to an (m — 2) terms
relation if x; = 0 for some i. If x; € EF for some i, ¢(r) reduces to an (m—1)
terms relation. For example, if x1 € Er and m > 4, we have

For an m terms relation » € R*, m > 4, we may write p; =

e~ e~~~

(5 U1 fL‘la_,UQ ZEQa_,Ug T3 5...5 U, l‘m)
%0 1)%\o 1)%\0 1 0 1

—_

(el GG
(e )
(U Y) e ()

Here u = u; 'z;. For a general m terms relation r, the explicit reduction of
©(r) to A and B is a highly non-trivial problem. The author has an idea
on a heuristic algorithm to solve this problem, but it will not be discussed
in this paper. For our present purposes, the formulas (6.13a) ~ (6.18) are
sufficient.

(6.18)

6.6. For actual computations, it is convenient to use the decomposition
(5.13). Proposition 5.5 shows that we will lose little information by assuming
o € HY(R*,V)I"* so we do assume this. Then we have

— p((37)") = p(F T 1F) = 1))
= (7)) = 7 06((57)°).
Hence
(0r+1)B =0.

Similarly we obtain
(0—1)A=0.
Now we are ready to state explicit numerical examples. First by numerical

computations, we have verified:

Fact 6.1. Suppose 0 < I, <y < 20. Then adding h|R*, h € H(F*,V)
to ¢ (keeping ¢ in the plus space under the action of § and the condition
(6.4)), we may assume B = 0.

o4



Therefore our task is to find constraints on A = ¢((67)?). Note that

2
(ov —1)A =0. We put = = (; _ZQ> 7 and

(6.19) Zh={veV]|(ov-—1v=0, (06 —1)v=0, 223 = Z3}.

Here some explanation is called for on the meaning of xZ5 = Z3. First note
that Z3 is defined by (6.12); clearly we must have xZ3 = Z3. Using the
formulas (6.13a) ~ (6.18), we see that Z can be expressed by A. Therefore
xZ3 = Z3 gives a constraint on A. We define a linear mapping

(6.20) ¢tz — ClH!

as follows. Let v € ZX. We let the coefficient of e, 19, ® e’(ll+12)/2+2_m in
(1 4+ v~')v be equal to the (I; + l3)/2 + 2 — m-th coefficient of (*(v), for
(L =10)/24+41<m< (lh +1)/24+ 1 (cf. (6.6)).

Suppose that ¢ as above corresponds to a (nonzero) Hecke eigenform
Q€ S}, 420,+2("). Suppose that [; and Iy are in the range of Fact 6.1. Then
CT(A) £ 0if Il > 4 in the case l; # lo, if I > 6 in the case [y = Il by
Proposition 5.5.

Example 6.5. We take [; = 8, Iy = 4. Then dim S1o6(I") = 1. We find
(T(Z}) is one dimensional and consists of scalar multiples of *(4,0,1,0,4).
Hence we obtain

R(T,Q)/R(5,Q) =4, Q& Sie(T).

My computer calculates this example in six seconds.

Example 6.6. In the same way as in Example 6.5, we obtain the follow-
ing numerical values.

R(g, Q)/R(?, Q) =0, Qe 514,6(F)-

R(6,9)/R(4,Q) = % Qe Sss(I).

R(8, Q)/R(G, Q) =7, Qe 81278(F).
720
R(lO,Q)/R(S,Q) = T? Qe 512,10(F)'
The spaces of cusp forms appearing in this example are all one dimensional.
6.7. To deal with the case where dim Sj, y2,42(I") > 1, it is necessary to
use the action of Hecke operators. To this end, we consider the contribution

of HY(F*,V) to Z}. Take h € H'(F*,V) and put
h(c) =S, h(v) =U, h(T)=T.
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We require that h|R* vanishes on the elements (i*), (ii*), (iv*), (v*). These
conditions are equivalent to

(6.21) (0+1)S =0,

(6.22) {(o7)* +or+1}eT +5) =0
and (6.7), (6.8). We have

h((57)%) = (ov + 1)(oU + S).
We also require that
(6.23) (6 —1)(ov+1)(eU + 8) = 0.

Let B be the subspace of V' generated by (ov + 1)(cU + S) when S, T, U
extend over vectors of V satisfying the relations (6.7), (6.8), (6.21), (6.22)
and (6.23). We have B} C Z1. As shown in §4.1, we have

By Proposition 5.5, we have
dim ZX/BZ Z dim Sll+2_l2+2(r) if l2 Z 4, ll 7é lg or if ll = lg, l2 Z 6.

Now by numerical computations, we have verified:
Fact 6.2. Suppose 0 < ly < ; < 20. Thendim S), 195,11(I') = dim Z} /B}.
This fact means that the constraints posed on A = ¢((c7)?) is enough.

Example 6.7. We take l; = 12, I, = 8. We have dim S1410(I') = 2.
Moreover we have (*(Z}) = 2 in this case. Hence ¢ gives an isomorphism
of Z}/B} into C2*1. Calculating the action of T'(2) on Z 1 /B using (6.11),
we find that the eigenvalues are —2560 4 9601/106. Take an eigenvector in
7% /B} and map it by ¢*. Then we find

RO1,Q)/R(7,Q) — 1616 — T6v/T06,  R(9,9)/R(T,Q) % - g 106

if 0 # Q € Si410() satisfies Q|T(2) = (—2560 + 960/106)2. If 0 # Q €
S1410(I") satisfies Q|T'(2) = (—2560 — 960+/106)€2, then we have

R(11,9Q)/R(7,9) = 1616 + 76v/106,  R(9,Q)/R(7,Q) = % + g\/106.
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Remark 6.8. The relation dim (" (Z}) = dim Sy, ,2,+2(T) is rather acci-
dental in the above example. It holds in many cases but we have dim S, 42 j,42(I") >
dim ¢*(Z}) in general. Even in the general case, we can obtain ratios of L-

values by finding an eigenvector of Hecke operators in Z} /B} and mapping
it by ¢*.

6.8. We next consider the 2-cocycle f~ (cf. §5.6). The technique of
calculation is basically same as for fT, but this case is somewhat more com-
plicated. Put
(6.25)

H'Y(R*, V)" = {p € Hom(R*,V) | p(grg™") = gp(r), g € F,r € R*}.

Let ¢ € H'(R*,V)'. We put
(ep)(r) = v tp(rr 1), re R
Then we can verify easily that
ep € HY(R*,V)F, 2o = o.
Therefore H'(R*, V)" decomposes as
(6.26) HY (R V) = HY(R* V)" @ HY(R*, V)T,
where, for € = £1,
HYR*, V)" = {p € Hom(R*, V)" | p(orv ) = evo(r),r € R*}.

First we take an arbitrary normalized 2-cocycle f € Z?(T', V). Since F R*
is a free group, there exists a € C'(FR*, V) such that

(6.27) f(7m*(91), 7 (92)) = qra(g2) + a(g1) — a(g1g2), g1,92 € FR".
As shown in §1.4, we have
a(gr) = ga(r) +a(g),  algrg™') =gal(r), g€ FR' reR"

Put ¢ = a|R*. Then the above formulas imply ¢ € H'(R*,V)'. From the
isomorphism I' 2 FR*/R*(=2 F/F N R* = F/R), we obtain

(6.28) H*(D, V)= HYR* V)" /Im(H (FR*,V))

and the procedure f — ¢ described above gives an explicit form of the
isomorphism (6.28). We consider the decomposition of H?(I', V) under the
action of v (cf. the formula below (5.10)). Then we have

(6.29)  H*T,V)* = HY(R", V)"*/(Im(H (FR*,V)) N H (R*,V)"'*)).
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6.9. Now we consider the 2-cocycle f~. Let ¢ € HY(R*,V)!'"™ be a
corresponding element. As for f*, we may assume that

(6.30) o|Rp« =0,

(6.31) f=(nm2) = =@ (7172) )
adding a coboundary to f~. We put
A=p((@0)),  B=e(([@7)°).
The formulas (6.13a) ~ (6.18) hold with the following modifications.

(6.13a7) o((@0")) =1 —v  +v 2+ + (=DM A4, n>1,

(6.13b7)  ((6v ™) = (v -2+ — -+ (=)' A4, n>1.

We define B(t), t € Ep by the same formula as before. In (6.15), the term
v~ B(t) should be replaced by —v~'B(t); (6.14) and (6.16) hold without any
change. For u = £€" € Er, we define ¢y(u) = (—1)". On the right-hand side
of (6.17), the first term should be multiplied by €p(u;) and the third term
should be multiplied by €y(u3). On the right-hand side of (6.18), both of the
first and the second term should be multiplied by €y(u;).

We may and do assume that f~ belongs to the plus subspace of H*(T', V')~
under the action of §. Then we have

(6—1)A=0, (57+1)B=0.

By numerical computations, we have verified

Fact 6.3. Suppose 0 < I, < [; < 20. Then adding h|R* for h €
HY(FR*,V) such that h|R* € H'(R*,V)""~ to ¢ (keeping ¢ in the plus
space under the action of 4 and the condition (6.30)), we may assume B = 0.

Therefore our task is to find constraints on A = ¢((67)?). Note that

2
(ov+1)A=0. We put z = (; _22) 7 and
(6.32) Zy={veV]|(ov+1)v=0, (0—1)v=0, xZ5 = Z3}.

Here the meaning of the constraint 73 = Z3 is the same as for Z:{. We

define a linear mapping
(" Zy; — CRH!
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as follows. Let v € Z,. We let the coefficient of e;, 15, ® e’(ll+12)/2+2_m in
(1 — v~ Y)v be equal to the (I; + l3)/2 + 2 — m-th coefficient of ¢~ (v), for

Example 6.9. We take [; = 8, Iy = 6. Then dim Syos(I") = 1. We find
¢~ (Zy) is one dimensional and consists of scalar multiples of
%(2,0,7/90,0,—7/90,0, —2). Hence we obtain

180
R(8,€2)/R(6,9) = A Q € Sis(l).

Example 6.10. In the same way as in Example 6.9, we obtain the
following numerical values.

70
R(g, Q)/R(?, Q) — ?’ Q € SIZ,S(F)'
R(g, Q)/R(?, Q) =42, Qe 512’10<F).
The spaces of cusp forms appearing in this example are all one dimensional.

6.10. To treat the case where dimS;, 124,42(I') > 1, it is necessary to
consider Hecke operators.

First let us write down Im(H*(FR*,V)) N H'Y(R*,V)"* which appears
on the right-hand side of (6.29), explicitly. Take h € Z'(FR*, V). We put

(6.33) (eoh)(z) = v h(vav™t), r e FR".
We can check easily that egh € Z'(FR*,V) and that
(e2n)(x) = h(z) + (v 2 — 2v ?)h(D?), x e FR".

If we restrict h to R*, then the action eg coincides with the action of e defined

in §6.8. We have (e2h)|R* = h|R*. We put
h* = h £ egh.

A general element of Im(H*(FR*,V)) N HY(R*,V)'* can be obtained as
h*|R* from a general element h € Z*(FR*,V).

Let ZY(FR*,V)* be the subgroup of Zl(}" , V) consisting of all ele-
ments whose restrictions to R* belong to H*(R*,V)I'*. Take ¢, = £1 and
put h* = h + €,egh. For the free generators o, 7, 02, vov— !, vt~ ! of FR*,
we put

h(e)=S1, W7 =T, h(@*)=U h@wor )=V, h@E7 ") =W.
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Then we find
hi(g) =5+ 611/_1‘/1,

hE(T) =T) + e W,

=) = (1+ v MU,
hE(or ™) = Vi + evS) + ev (1 — vio)U,
WETr ) =W + ey + e (v — v AU

Fix ¢, = £1 and put
(6.34) hEG) =95, hE(F) =T

Then V; and W; are eliminated and we obtain

(6.35) RE@?) = (1+ e MU,
(6.36) hE(wort) = evS + e 11 — vio)U,
(6.37) (7)) = ewT + (v — v 2)U.

Clearly S, T  and U can take arbitrary three vectors of V. The formulas
(6.34) ~ (6.37) describe a general element of Z'(FR* V)*. The conditions
for h* to vanish on the elements (iv*) and (v*) are

6.38) {vrvt—1+ea(l-10WT+ea(l—-7)v ' —v 7 U =0,

(6.39) (1+earv—1)TH{ar(v ' —vrv ) —(1-*rv ) (1 +earv HIU =0
respectively. For h* € Z1(FR*,V)* as above, we have
(6.40) hE((670)%) = (1 4+ eov)S + (v 2 + eov 1)U,

Now we consider the case e = —1. Let B, be the subspace of V' generated by
(1—ov)S+ (v ?—ov 1)U when S, T, U extend over vectors of V satisfying
the relations (6.21), (6.22), (6.38), (6.39) and

(6.41) (6 —1D{(1—0ov)S+ (w2 —0ov HU} =0.
We have B, C Z,. As shown in §4.1, we have
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Using Proposition 5.2, (2), we can show that
dim ZX/BE Z dim Sll+2.l2+2(F) if l2 Z 2, ll 7é l2 or if ll = lQ, l2 Z 4.

Now by numerical computations, we have verified:
Fact 6.4. Suppose 0 < Iy <[; < 20. Then dim Sy, 424,41(I") = dim Z /B
The formula (6.11) can be generalized in the following way. We put
g~ = T(w)f~ where g~ is defined by (5.4). Let p € HY(R*, V)"~ be a
corresponding element to f~. We may assume that (6.31) holds. There
exists a 1-cochain b € C*(FR*, V) such that

(6.42) [~ (7" (x1), 7" (x2)) = 21b(x2) + b(x1) — b(x122), x1, 9 € FR".
As the intial conditions, we may assume that
b(g) =0, b(P*) =0, b(F)=0, brov')=0, bE7r ') =0

for the free generators of FR*. Then the formula (5.9) holds when b(7¥;) = 0,
1 < j < 'm. This condition holds if 7, is equal to one of the five free generators
as above or their inverses. In particular, ¢» = b|R* is given by

Y(MY2 e Tm)

d —_— —_— —_— —_—
=c Z Bi_lgp(ﬁlfylﬁq_lb)ﬁq1(i)fYQﬁq_Q%i) o 'ﬁqmq(i)'Ymﬁq_W}(i) (ﬁi%% e "Ymﬁq_n}(i))_l)

i=1
provided 7; is equal to one of the five free generators of 7 R* or their inverses
and v172 -+ ¥m = 1. The above formula is the same as (6.11) but there is
one important point about which we must be careful. This v belongs to
H'(R*,V)!' and gives a corresponding element to g~ but it does not neces-
sarily belong to H'(R*,V)"~. We obtain ¢~ € H*(R*, V)"~ corresponding
to g~ by ¢~ = (1 —e) (cf. §6.8).

Example 6.11. We take [; = 12, [, = 8. We have dim Si419(I") = 2.
Moreover we have (~(Z,) = 2 in this case. Hence {~ gives an isomorphism
of Z, /B into C2*1. Take an eigenvector of T'(2) in Z, /B, and map it by
(. Then we find

R(10,9Q)/R(8,) = 50 — /106,

i 0 £ Q € Siu(l) satisfies QT(2) = (—2560 + 960v/I06)Q I 0 £ Q €
S1410(1") satisfies Q|T'(2) = (—2560 — 960+/106)<2, then we have

R(10,9)/R(8,9) = 50 + v/106.
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Let © be a Hecke eigenform of S1419(I"). Then L(m,$?) is a critical value for
integers in the range 3 < m < 11 (cf. (5.14)). We have L(s,2) = L(14—s,Q)
(cf. (2.7)). By Examples 6.7 and 6.11, we have treated all critical values on
the right of the critical line.

Example 6.12. We take [; = Iy = 18. We have dim Sy (') = 7.
Calculating the action of T'(2) on Z§/B} using (6.11), we find that the
characteristic polynomial of 7'(2) is (we can use Z, /B, which gives the
same result)

(X — 97280)%(X + 840640)(X* — 1286780X* + 190064832002
+ 27181090390835200.X — 22979876427231395840000).

The irreducible factor of degree four corresponds to the base change part
from Sy (I'0(5), (5)); X + 840640 corresponds to the base change part from
S90(SLy(Z)); the factor (X — 97280)? corresponds to the non base change
part. Let Q € dim Sy 99(I") be a Hecke eigenform in the non base change
part. A calculation for the plus part yields the result

R(18,9)/R(10,Q) = 39355680000,  R(16,€)/R(10,9) = 33163650,

1266460 26075
R(14,9Q)/R(10,9Q) = , R(12,9Q)/R(10,Q) = ——.
27 216
A calculation for the minus part yields the result
111006792000 54618434
17,Q 11,0) = —— 15,0 11,Q) = ——
RO7,9)/R(11,9) = =050 R(15,9)/R(11,9) = = 2
453159
13,Q 11,Q) = .

We note that though there are two Hecke eigenforms in the non base change
part, these ratios are the same for them. ©

§7. Numerical examples II

7.1. In this section, we treat the case F' = Q(v/13). We use the same
notation as in the previous section. Many results there remain valid in the
present case so we will be brief.

5We can show that the L-functions (2.39) are the same for two Hecke eigenforms in the
non base change part. In fact, let 2 # 0 be a Hecke eigenform in the non base change part
and let A(m) be the eigenvalue of T'(m) for 2. For the nontrivial automorphism o of F,
there exists a Hecke eigenform 2, # 0 such that Q,|T(m) = A(m?)Q, (cf. [Y2], p. 1035,
Remark). Since (2 is not a base change, we have A(m) # A(m?) for some m. Hence 2, is
not a constant multiple of 2. On the other hand, L(s,2,) is equal to L(s, ).
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3+v13
2

The fundamental unit of F is € = . The elements o, v and 7 of I'*

satisfy the relations (i) ~ (iv’) in §6.1 and

(v') Vvt =1(vry

1)3'
Though we do not know that (i') ~ (v') are the fundamental relations, we
will show that it is possible to calculate ratios of critical values of L-functions
rigorously.

Let F* be the free group on three letters o, v, 7. We define a surjective
homomorphism 7* : F* — I'* by 7*(¢) = o, 7*(V) = v, 7*(T) = 7. Let R*
be the kernel of 7*. Then R* contains the elements (i*) ~ (iv*) in §6.1 and

(v¥) a7 C 72 7R R

For every v € I'*, we choose ¥ € F* so that 7*(7) = 7. We use the same
algorithm as in the previous section. B

We consider f* (cf. §5.6). We put f* =T(f). Then f* € Z*(T'*,V) and
¥ = f+ (cf. §5.3). Let o € HY(R*, V)" be a corresponding element to
f*. We may assume that (6.4) and (6.5) hold. We may also assume that
©(0?) = 0. We need to analyze the process of adding h|R* to ¢. For S, T,
U € V, there exists h € H'(F*,V) such that

hE) =S, hFH =T, §h©) =U

We find that the conditions for A to vanish on the elements (iv*) and (v*)
are (6.7) and
(7.1)
V2 —r{1+vrv ' + (v ) — 1T
+H(A =) +v) = {1l +vrv + (v D)1 —vrr YU =0
respectively. We put
A=p(@D)*),  B=o((@7)).
Then (6.10) holds. As in the previous section, our objective is to determine
A explicitly.

7.2. Let us consider the Hecke operators. We put ¢* = T'(w)f* where
g* is defined by (5.4) with T'* in place of I'. Let ¢ € HY(R*,V)I" be a
corresponding element to g*. We may assume that v is given by (6.11).

We have 3 = (4 ++/13)(4 —V/13) in F. Put w =4 — 13 = —2¢ + 7,
p = (w) and we consider the Hecke operator T'(p) = T'(ww). We may take

10 11 1 0
61:(0 w), ﬁQ:(O w), 63:<0 ;>, 64:(§ 1).
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Using (6.11), we can compute (32), 1 ((c7)?) and ¢ ((67)3). Remarkably
it turns out that these quantities can be expressed by A and B. Since this
is technically the essential part of calculation, we are going to explain the
computation of ¥ ((67)?) in some detail. By (6.11), we have

V(7)) = cBy " Zs,

where

(7.2) Zs = (7 (601/56/6_ 7>5<é/\_15€) )%).

For x € Op and u € EF such that x divides u — 1, we put

{Q?, u}4
—_ — —_ — —_ — —_ —

(0 P s e e )

Then {z,u}, € R*. As a quantitative version of Lemma A.6, (3) of the
appendix of [Y4], we can show that

e({z,u}s) = p({z, u}t4)
+0 (uOl w1~ ue)/x> o (é uel%) o({—ut2z, u"}y)

73 (uc; | u_eH(lu_ ue)/x> op((@ (“10:\;0_1))2)

v () e@(ty )
AV EGEIE

for e € Z. (This formula holds for any real quadratic field F'.) By (7.3) and
using the formulas given in §6.5, we can express ¥ ((67)%) in terms of A and
B.

7.3. We assume ¢ € H*(R*,V)I"* (cf. §5.5). Then, as in §6.6, we have

0r+1)B=0, (6—1)A=0.

Fact 7.1. Suppose 0 < Iy < Iy < 20. Then adding h|R*, h € H(F*,V)
to ¢ (keeping ¢ in the plus space under the action of § and the condition
¢|Rp+ = 0), we may assume B = 0.
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Therefore our task is to find constraints on A = p((57)?). We put = =

el 27 1 —2¢
U(O . )a(o 1)and1et
(7.4) Zh={veV]|(ov—1)v=0, (0 —1)v=0, 223 = Z3}.

Here Z3 is defined by (7.2) and the meaning of ©Z3 = Z3 is the same as in
§6.6. Namely, 273 = Z3 must hold because 2% = 1; since Z3 can be expressed
by A, xZ3 = Z3 gives a constraint on A.
We consider the contribution of H'(F*,V) to Z. Take h € H'(F*, V)
and put
h(c) =S, h(v) =U, h(7)=T.

We require that h|R* vanishes on the elements (i*), (ii*), (iv*), (v*). These
conditions are equivalent to (6.21), (6.22), (6.7) and and (7.1). We have

h((6D)%) = (ov + 1)(aU + 9).

We also require that (6.23) holds. Let B} be the subspace of V' generated
by (ov +1)(cU + S) when S, T, U extend over vectors of V' satifying the
relations (6.7), (6.21), (6.22), (6.23) and (7.1). We have B} C Z. As shown
in §4.1, (6.24) holds. By Proposition 5.5, we have

dim ZX/BX > dim Sll+2.12+2(11) if l2 > 4, ll 7é l2 or if ll = lg, l2 > 6.
Now by numerical computations, we have verified:
Fact 7.2. Suppose 0 < ly < ; < 20. Then dim S), 195,11(I') = dim Z; /B}.

This fact means that the constraints posed on A = ¢((67)?) is enough.

Example 7.1. We take [; = [, = 6. We have dim Sg¢(I") = 5. Calculat-
ing the action of T'(p) on Z} /B using (6.11), we find that the characteristic
polynomial of T'(p) is

(X2 — 40X —3957)(X® + 28X% — 2601X — 71748).

The quadratic factor corresponds to the non base change part; the irre-
ducible factor of degree three corresponds to the base change part from
Ss(I'o(13), (13))- Let Q € Sgg(I') be the Hecke eigenform such that Q|T'(p) =

(20 + v/4357)Q2. Then we find
R(6,8)/R(4,) =170/3.

Example 7.2. We take l; = [ = 8. We have dim S10,10(I") = 7. We find
that the characteristic polynomial of T'(p) is

(X2—16X —42789) (X +X*—66033X°+1260423 X >+530326440.X +14266185264).
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The quadratic factor corresponds to the non base change part. Let 2 €
S10.10(I") be the Hecke eigenform such that Q|T'(p) = (8 + v/42853)Q2. Then
we find

R(7,Q)/R(5,8) = 50.

Example 7.3. We take [; = Iy = 10. We have dim Sj515(I") = 11. We
find that the characteristic polynomial of T'(p) is

(X — 252)(X* + 252X° — 496198 X2 — 116604684 X + 25202349477)
(X° 4 244 X5 — 665334X* — 129598956 X * 4 109163403621 X 2
+ 14522233287672X — 255121008509808).

The irreducible factor of degree four corresponds to the non base change
part; X — 252 corresponds to the base change part from Si2(SLy(Z)) and
the irreducible factor of degree six corresponds to the base change part from

Slz(ro(13), (1—3)) Put
f(X) = X*+252X3 — 496198 X% — 116604684X + 25202349477.

Let 6 be a root of f(X) and put K = Q(¢). We find that K contains a
quadratic subfield F' = Q(v/7 - 5167). Put d = 7-5167. Then a root of f(X)
is given by

W= —(63+Vd) + \/ 223837 — 360V/d.

We have
N(223837 — 360\/3) = 13-563 - 6205151.

This number and the quadratic fields in Examples 7.1 and 7.2 are consistent
with the table given in Doi-Hida-Ishii [DHI].
For the Hecke eigenform €2 € S1212(I") such that Q|T(w) = ¢£2, we find

3732099 + 18663v/d

R(10,9Q)/R(6,9) = - ,

24367 + 121/d

R(8,Q2)/R(6,Q) = 50

§8. A comparison of two methods

In [Sh3], Shimura gave a method to calculate critical values of D(s, f,g)
for two elliptic modular forms f and g. Here D(s, f, g) is the Rankin-Selberg
convolution of f and g. Shortly later he gave a generalization to the case
of Hilbert modular forms ([Sh4]). Taking one argument in the convoluted
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L-function as a suitable Eisenstein series, this method enables us to calculate
the ratios of critical values of L(s,(2) for a Hilbert modular form Q. We call
this technique method A. We call the cohomological technique method B,
which was initiated in [Sh1] and studied in this paper when [F': Q] = 2. It
is interesting to compare A and B.

(0) Method A is more general and conceptually simpler. It has the ad-
vantage to give the relation of the product of the plus and minus periods to
the Petersson norm. It is applicable also to modular forms of half integral
weights.

(1) If n = [F : Q] > 2, the method B has to calculate H™(I', V'), which is
beyond the reach at present. Therefore when [F': Q] > 2, A is definitively
superior than B.

(2) Suppose that [F' : Q] = 2. The method B is still incomplete. But
in the cases well worked out, F' = Q(+/5) for example, B has the advantage
that we can write a program which calculates everything by machine. It can
also be used to calculate the characteristic polynomials of Hecke operators.
(In this respect, it is desirable to solve the problem mentioned at the end of
subsection 6.5.) We employed essentially a single program to obtain examples
in section 7. Therefore in some cases at least, B will have the advantage over
A. But in general the method A is conceptually simpler.

In Doi-Goto [DG] and Doi-Ishii [DI], the authors gave interesting exam-
ples of critical values of D(s, f, g) for Hilbert modular forms f and g. Their
interest was the relation of this value to the congruences between Hilbert
modular forms. However they did not give examples of critical values of
L(s,82). Recently Dr. K. Okada calculated the ratios of critical values of
L(s, ) and confirmed the numerical value of Example 7.1 by method A. He
obtained one more example for F' = Q(+/17).

(3) Suppose that F' = Q. The method B is developed into the theory of
modular symbols which is presently used to calculate characteristic polyno-
mials of Hecke operators. For the L-values, the author does not know which
is faster. But the calculation of [Shl] reviewed in the introduction suggests
that B would not be more complex than A.

§9. A remark on periods unrelated to critical values

In this section, we will show that we can deduce some information on the
components of the cocycle f(£2) which are not related to critical values in
certain cases. We use the notation of section 6 assuming F' = Q(v/5). For
simplicity, we consider the plus space assuming l; # ls.

To explain our ideas, let us recall that

(9.1) H*(I™, V)" = Z}/B},
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which is verified for 4 <y < [; < 20 (cf. Facts 6.1, 6.2 and Proposition 5.5).
We assume that (9.1) always holds. Let (T be the linear mapping of Z1
into C2™! ((6.20)) which picks up information on critical values. A crucial
point of our calculation of L-values is the fact that (*(B}) = 0. By the
functional equation of L(s, ) (or by (2.21)) and by §5.6, we see easily that
the components of (* consists of (at most) [l3/4] + 1 linearly independent
linear forms on ZJ. We have

Zi D Ker(¢) D BY, dim ¢*(Z}) = dim Z} /Ker(¢).

Put g™ = dim Ker(¢*)/B} and L = Hom(Z}/B}, C). We regard an element
of L as a linear form on Z which is trivial on Bf. Let Ly be the subspace
of L spanned by the components of (*.

Now our idea is very simple: By the dimensionality reason, we have
g" > 0 when [y is sufficiently large for a fixed l,. (For example, g* =
when (I1,1y) = (12,6), (18,6), (18,8).) Hence there exists [ € L which does
not belong to Ly. In view of (9.1), [ defines the linear form of Z2(I'*,V)*
which is trivial on the coboundary space. Considering the image under [ of
the cocycle obtained from 2, we can deduce information on periods which
are not related to critical values.

More concretely, let x be the system of eigenvalues of Hecke operators at-
tached to Q. Let (Z}/B})(x) be the x-isotypic component of Z} /B} and let
Z}(x) be its pull back under the canonical homomorphism Z} — Z /B}.
By the method of section 6, we can calculate (Z} /B )(x) algebraically. Take
¢ € Z1(x) whose components are in Q. On the other hand, we can calculate
the corresponding element 1) € Z} () from values of the cocycle f(£2). We
have ) = c¢p mod B} with ¢ € C* and therefore

(9.2) () = cl(p).

The equation (9.2) contains information on the values of f(£2) unrelated to
the critical values.
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