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Conservation Laws and Symmetries in Competitive Systems

Lisa Uecht and Tatsuya Akutsu

L2 Bioinformatics Center, Institute for Chemical Research,
Kyoto University, Uji, Kyoto 611-0011, Japan

Abstract

We investigate a conservation law of a system of symmetridimensional nonlinear differ-
ential equations. We use Lagrangian approach and Noether’s theorem to analyze Lotka-Volterra
type of competitive system. We observe that the coefficients di/thdimensional nonlinear dif-
ferential equations are strictly restricted when the system has a conserved quantity, and the relation
between a conserved system and Lyapunov function is shown in terms of Noether’s theorem. We
find that a system of th&n-dimensional first-order nonlinear differential equations in a symmetric
form should appear in a binary-coupled form (BCF), and a BCF has a conserved quantity if pa-
rameters satisfy certain conditions. The conservation law manifests characteristic properties of a
system of nonlinear differential equations and can be employed to check the accuracy of numerical
solutions in the BCF.

1 Introduction

Nonlinear dynamical systems characterized by self-interactions, self-organizations, spontaneous
emergence of order [1], dissipative structure [2] and nonlinear cooperative phenomena have shown
essential roles in natural sciences, as well as economy, ecology, and environmental sciences [3, 4].
Nonlinear dynamical systems are difficult to handle unlike linear dynamical systems because their
complex interactions and structures make it so hard to understand a response of a system, which
may exhibit no simple laws or orders. However, in terms of natural sciences, conservation laws,
symmetries and orders in nonlinear dynamical systems are expected to exist even in biology [5],
ecology, and economy. The important examples in the field of ecology are those of Malthus (1959)
for a population analysis, Alfred Lotka (1925) [6] and Vito Volterra (1926) [9] for predator-prey
differential equations known as Lotka-Volterra (LV) equation. Also, in the field of economy, a
conserved quantity in the system of business cycle [7] is studied and this business cycle model is
regarded as a predator-prey type competitive system, and also a mathematical model for Lanchester
Strategic Management is known as a predator-prey type competitive system [8]. We employed
the Lagrangian approach to examine a systertneflimensional nonlinear differential equations
which contains linear interactions and Lotka-Volterra type of nonlinear interactions.

The research on symmetries and the first integrals of the LV system attracted attention in the
20th century and Lagrangian approach to equations of motion is known as a remarkable method to
analyze conservation laws in nonlinear dynamics [10] and generalized to space-time 4-dimensional
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and multi-dimensional systems [11, 12]. The concept of symmetry provides us with conservation
laws and enables us to find stable solutions of nonlinear differential equations [14]. Several meth-
ods such as the Lie method [15, 16], Pai@enalysis [17], have been used in order to search
conservation laws or symmetries. For instanceé Jaesrandez-Nifiez studied symmetries of two-
dimensional LV system [13]. They discussed a Lagrangian structure in LV system with Lagrangian
linear in velocities. However, we found a conservation law which is velocity-independent, and the
symmetric nonlinear differential equations ®t-dimensional ND system will be derived from
conservation laws by Noether’s theorem [18]. The symmetry and conservation law 2n-the
dimensional first-order differential equations require a binary coupled form, and hence, the system
of the nonlinear differential equations becomes the even dimengioass, . . ., 2n). We denote

the requirement of the symmetric form as the binary-coupled form (BCF).

In this paper, we discuss the existence of conservation law2irdimensional competitive
system with general nonlinear interactions. Competitive systems are well known in ecology and
biology, as well as in the fields of engineering and information systems [25]. We discuss that
symmetries, conservation laws of nonlinear interactions are important in nature by analyzing a
general nonlinear dynamical (ND) system using Noether’s theorem.

In section 2, we introduce notations, Euler-Lagrange equation, and Noether’s theorem to define
conservation laws. In section 3, we derive Lagrangian and conservation laws of a general compet-
itive system for then-dimensional ND system. Then we discuss that a symmetric and nonlinear
dynamical system should exist in a form@if-dimensional nonlinear differential equations when
velocity-independent conservation law exists. In section 4, we will illustrate examples of conser-
vation laws in two or three variables in order to explain the results discussed in section 3. In section
5, we shall discuss our results.

2 Noether’s theorem and conserved quantities

The general formulation of necessary condition for extrema in Lagrangian formulation,
L(t, z*(t),2%(t)), is given by

§J = 5/£(t,wk(t),i’k(t))dt =0 (k=1,...,n), (2.1)

and all functionsx(t) = (z'(¢),...,z"(t)),t € [a,b], belong toC?[a, b], which denotes the set
of all continuous functions on the intervgl, b] and the second derivatives of all functions are
continuous. Ifx(t) is a relative minimum of the functional, the condition (2.1) generates,

oL d (oL

This is the Euler-Lagrange equation which determines equations of motion of a system.

Noether’s theorem describes that the Lagrangian with Euler-Lagrange equation is invariant
under certain space-time transformations, and invariances of Lagrangian generate respective con-
servation laws. For example, the time-translation invariance of Lagrangian corresponds to the
conservation of energy of a system. Let us considparameter transformations in general that
will be regarded as transformations of configuration spéce;, . .., 2")-space, depending upon
r real, independent parametets. .., <. The transformations are defined by

t =t+ 75(t,x)e* + o(e),

% = oF + €5 (t, )’ + o(e), (2:3)
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wheres ranges ovet, . .., r, ando(¢) denotes the terms which go to zero faster tja@n

lim¢|0 0(€)/|e| = 0. The functionsr,(¢, z) and£” (¢, ) for linear parts of andz* with respect

to ¢ are commonly called the infinitesimal generators of the transformations. Classical theorem of
Emmy Noether on invariant variational problems can be derived under the hypotheses of extrema
(2.1), and transformation (2.3) [19]. The result is thielentities produced by the transformation

(2.3),
d oL oL
_ kE_ sk _ Y dad Y~ ik
Er(&F — i%7y) o <(£ T 8j:k> Ts + 5k o @S) : (2.4)
wherek = 1,...,n is summed, and, is an arbitrary function defined as a gauge function of

the transformation. Note that the arbitrary choice of a gauge function will not change equations
of motion of a system, which can be usually used for a convenient expression of conservation
laws. If the fundamental integral (2.1) is divergence-invariant under-tharameter group of
transformation (2.3), and i, = 0 for k = 1, ..., n, then followingr expressions are obtained:

U, = (ﬁ - xk%> Ts + %ﬁf — &, = constant. (2.5)

This defines the conserved quantities of a system. Since the expre¥$sgfed in (2.5) are
constant with the condition, = 0(k = 1,...,n), they are the first integrals of the differential
equations of motion, that is, the conserved quantities. In physical applications, the first integral
(2.5) is interpreted as the energy of the system, whose governing equatidns-are In general,

the expression® is constant with respect to time and along any extremal solutions of a system. By
employing the formalism, the conservation law and symmetry of nonlinear dynamical differential
equations are discussed in the section 3, and we will show the first integrals, the symmgtry of
and its solutions in an explicit coupled two-variables system in section 4, as an example for the
current approach.

3 Conserved quantities and symmetric BCF i2n-dimensional
nonlinear dynamical (ND) systems

Nonlinear dynamical systems are well known in feed-back systems, such as biology, environ-
mental sciences and computer systems, and they are important to understand many complicated
interactive structures. Consider a nonlinear dynamical system thatrhaariables. The sys-
tem has self-interactions, mixing interactions of quadratic forms of all combinations, such as
22,22, ... 2139, 2374, . ... IN this section, we will show the following. (1) We begin to examine a
nonlinear dynamical system of variables in symmetric form. The variables , xo, z3, . . ., z2,)
are, for example2n species of competing creatures in LV system [4], or a cell-structured organism
which cooperates together [5]. We will write down a quadratically interacting system as general
as possible and investigate the properties of nonlinear interactions as a whole. (2) We will dis-
cuss the solution of then-dimensional ND differential system with respect to the conservation
law and Noether’s theorem by calculatidg explicitly. (3) We will show that a coupled non-
linear dynamical system in BCF has a conserved quantity, or Hamiltonian of the BCF, which is
velocity-independent.

The 2n-dimensional ND system in BCF havirp variables(zy, ..., zs,) is generally de-



scribed as,

n 2n n !
Top—1 = Z(a%—1,2i—1$2i—1 + aok—1,2i%2;) + Z A2k —1,2n+5T;Tok—1 + Z A2k —1,4n+iT2i—1T2;,
i=1 j=1 i=1
n 2n n !/ (31)
Top = Z(@zk,m‘fﬂmq + ok 2iT2;) + Z A2k 2n+;T T2k + Z A2k, dn+iT2i—1L2i,
i=1 j=1 i=1
wherek = 1,2, ...,n. The first summation expresses the linear part of interaction which contains

all variablesr, . . ., z9,. The second term is the competitive interaction expressed by coupled two
variables,xyx1, ..., xpro,. This term is typical in classical LV equations. The third term with

n !

prime, ) a5 _12;, expresses all the mixing interactions other thant.

=1
The Lagrangian of (3.1) is given by the following form,

n n 2n
L= E (Qgi—1®2i—1T2; + Qu2iToi—182;) + E E O {2n+2n(i—1)+5}1L2i—1L;
i=1 i=1 j=1
2
n  2n n 2n (3 )
+ E E Of2n2 4 2n+2n(i—1)+5} L2iTj + E E O dn242n+2n(i—1)+5} L2i—122 T -

i=1 j=1 i=1 j=1

Applying Euler-Lagrange equation (2.2) to Eqg. (3.2), we can get ordinary differential equations;
the ordinary differential equation far,_, is derived as

n

dok ok —1T2k—1 = E <052n+2n(i71)+2k: + a2n2+2n+2n(k—1)+2i—1)x2i71

i=1
n
+ E (Q2n2 4 2nt2n(i—1)+2k T C2n2 y2nton(k—1)+2i) T2 (3.3)
i=1
2n n
+ g Oyn2 +2n+2n(k—1)+;TjT2k—1 T E Oyn2 4 on+42n(i—1)+2kL2i—1L24,
j=1 i=1

and the ordinary differential equation fos; is derived as

n

d2k71,2km2kz = E (042n+2n(i71)+2k71 + a2n+2n(k71)+2i71)x2i71

i=1
n
+ Z(a2n2+2n+2n(i—1)+2k—1 + Qonson(k—1)+2i) T2i (3.4)

=1

2n n

+ Z Oyn2+2n+2n(k—1)+;Tj T2k + Z Ogn2 4 2n+2n(i—1)+2k—1L2i—1T2i s
j=1 i=1
whereday, op—1 = o, — o1 andday op—1 = —dag—1.9¢ fOr all k. The conditions of parameters

can be obtained by comparing (3.1) and (3.3) when the coupled ND differential equations have a



conserved quantity. The conditions of coefficientsifgr ; are given by,

1
A2k—1,2i—1 = d (a2n+2n(i—1)+2k + O‘2n2+2n+2n(k71)+2i71>7
2k,2k—1
1
A2k—1,2i = d (a2n2+2n+2n(i—1)+2k + a2n2+2n+2n(k—1)+2i)a
2k,2k—1
2 .
d—a4n2+2n+2n(kfl)+2k (] = 2k>> (3.5)
a o 2k,2k—1
2k—1,2n+j 1 '
d Agn242n+42n(k—1)+5 (] 7& 2k>7
2k,2k—1
1 .
A2k—1,4n+i = d Ayn2 4 on+42n(i—1)+2k (l A k),
2k,2k—1

and also by comparing (3.1), (3.4), we get conditions of parametetisfd¥D differential equa-
tions,

1
A2k, 2i—1 = d (a27z+2n(i—1)+2k—1 + a2n+2n(k—1)+2i—1)7
2k—1,2k
1
A2k 2i = —(a2n2+2n+2n(i—1)+2k—1 + a2n+2n(k—1)+2i)u
dok—1,2k
2 .
d O4n24on42n(k—1)+2k (] =2k — 1)7 (3.6)
I 2ki1,2k
b n ‘7 -
y Un2 ponton(k—1)+5 (J 7# 2k —1),
2k—1,2k
1 .
A2k dn+i = d Qan2? 4 on+2n(i—1)4+2k—1 (Z # k)
2k—1,2k

One should note that if the parameters satisfy these conditions, then the ND differential equations
have a conserved quantity. The conserved quantity for time transformation for the coupled ND
equations is given by,

n 2n n

2n
V= Z Z Q2n+2n(i-1)+5} X2i-125 + Z Z Qfon242n+2n(i—1)+451 L2 T

i=1 j=1 i=1 j=1 3.7)

n 2n

+E E O 4n242n+2n(i—1)+5} L2i—1T2i T

i=1 j=1

The conserved quantityy (x4, zs, . . ., 22, ), that produces the first order coupled nonlinear differ-
ential equations in BCF is conserved and constant with respect to time.

In this ND system, we define the stable solutions as follows. When one substitutes the so-
lutions (x1, za, . .., x9,) INt0 W(x,xs, ..., xs,) Obtained in certain time range and becomes
strictly constant, we say that the solutions are stable in the time rangeislhot constant, solu-
tions are unstable or may not exist. In addition, one can conclude that the coefficients of the ND
system are strictly constrained by the conservation law. This is also one of the important results
of the conserved ND system. When the coefficients satisfy the relations (3.5) and (3.6), the ND
differential equations have solutions that maintain the conserved quarttity «», . . ., zo,). If
the ND system does not meet conditions (3.5) and (36nay not be constant with respect to
time. It will be shown explicitly in examples in the section 4.
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However, because nonlinear coefficients can be assumed to take any values although they are
restricted by some conditions, there exist cases that the general nonlinear dynamical system does
not have solutions despite the fact that it has formally the conserved quéntigr this reason,
we mainly concern ourselves to analyze cases in our BCF competitive system which has converged
solutions and a conserved quantity

The conserved quantity is invariant under exchanges of any variables- z;;

\II<ZL’1,...,.Ti,...,l'j,...,l'gn) :\I]/<£L'1,...,$j,...,.’L‘Z’,...,.’IZ'Qn), (38)

whereW'(zy,..., x5, ..., 2, ...,22,) iS Obtained from¥ by renaming of coefficients. Because
of the symmetry, the addition of other BCF, for examplé s, .1, x2,12) assuming the similar
nonlinear interaction to the whole system, changes anly n + 1 in (3.7), which means the
conservation law of the system is unchanged. It indicates that the property of ND system may
be kept unchanged even when the nonlinear differential equations are changed-+te as+ 1;
U(zy,...,29,) = constant can be maintained a8 (1, ..., ZTon, Toni1, Tanto) = constant, if
the coefficients of nonlinear interactions wfx,,,. 1, 2, 2) With others are not extremely differ-
ent. The condition (3.8) could be interpreted in terms of conservation law to maintain stability,
homeostasis of a biological system.

The conserved quantity (z4, ..., z2,) = constant, can be used to check the accuracy of nu-
merical solutions to then differential equations. Let us suppose that solutions to (3;1), ., 2,
are obtained. Then, one should substitute all solutions to (3.7) to chdcl#&comes constant
or not. In the Fig. 3.1 and Fig. 3.2, the solutions to classical LV equation in the example
of the section 4.2 are shown. The parameters of solution 1 and solution @& are —0.02,
oy = —0.02, g = 50.0, oy = 100.0, o5 = 1.0, and initial values of solution 1 and solution
2 arex; = 10.0, x5 = 10.0 (see (4.12)). The size of interv&l H in Runge-Kutta methods of
solution 1 isAH = 0.01, and solution 2 isAH = 0.5.

If W is exactly constant in the assumed intervat [a,b], the solutionsyy, . .., xs,, are ex-
pected to be exact. W ~ constant, x4, ..., s, are approximate solutions that depend on the
accuracy ofll = constant.
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Figure 3.1: Numerical simulations of classical Figure 3.2: Numerical simulation of conserved
LV equation. Solution 1 and Solution 2 have dif- quantity . Solution 1 are constant but Solution
ferent increment. 2 oscillate and increase with respect to time.



4 Examples

The conservation law (3.7) in the BCF is a velocity-independent form. In the work of Jakaen-
Ndiez, some functions are velocity-dependent and coupled with derivative terms sugh@s,; | /x»;
andiq;_1log x9; /2,1 to Obtain the classical LV system, and we also found a velocity-independent
form of the exponential typexp{ f(x1, z2,...)}, shown in the example in section 4.2.

4.1 2-variable system

Here, we show an example pfi-dimensional ND system in the caserof= 1 in (3.1). The ND
system of (3.1) is defined by

. 2
T1 = a11T1 + G12%2 + G13%] + G147 22, 4.1)

. 2
To = 4211 + 29T + 231X + A24To.

The mixing interactions and self-interactions are expressedas »? andx3. Since this sys-
tem has two variables, we have onlyz, mixing interaction. The Lagrangian of this system is
described from (3.2) as

. . 2
L = a1@1x9 + 1@ + azx] + (g + ag)r129

4.2
—1—046563 + 047:1:?:132 + agxlxg. (4.2)
From (4.2), we get the following nonlinear differential equation,
T = d—;{(a4 + a5)Ty + 20679 + 208719 + 7Tl (4.3)
Ty = ${2a3x1 + (o4 + a5)xe + 2007129 + Oésxg}- (4.4)

The parametetl,, is given bydy; = as — oy = —dq2. The conserved quantity of this system is
obtained as follows

U = a32® + (g + a5)T129 + s + arrizy + agr T, (4.5)

We show numerical simulations of 2-variable ND system in figs.4.1, 4.2, 4.3, and 4.4. Note that
2-variable ND 1 in fig.4.1 and 2-variable ND 2 in fig.4.2 with different parameters are periodically
stable and have the same conserved quartitefined as (4.5). The parameters of both 2-variable
ND 1 and ND 2 are given in caption fig.4.1 and fig.4.2. The solutions of 2-variable ND 1 and ND
2 are periodic and steady state in fig.4.3, and the conserved quantity defined in (4.5) is given in
fig.4.4. The conserved quantity of 2-variable ND 1 and ND 2 is strictly constant with respect to
time.

In fig.4.5 and fig.4.6, we show an example in the case that parametersNiD system (3.1)
do not satisfy the condition (3.5) and (3.6). The conserved qua#tig/not equal to a constant
in time. In the simulation of 2-variable ND 3* in fig.4.5, the coefficientagfin (4.3) changed
from a7 to —a7, and the coefficient;, in (4.4) changed frond,, to dy; and the coefficient3 in
(4.4) also changed froms to —ag so that the system of differential equations does not satisfy the
condition (3.5), (3.6) and the conservation law (4.5). The parameters are determineéd ds0,
oy = 2.0, a3 = 0.5, a4 = 0.5, a5 = 0.5, ag = 0.1, oy = 0.01, g = 0.01, and initial values
arer; = 10.0, x5 = 10.0. In the simulation 4.6, quantity increased exponentially and diverged.
¥ is not constant with respect to time in this case. It indicates$hat not constant when the
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Figure 4.3: Numerical solutions of 2-variable Figure 4.4: Numerical solutions of conserved
ND 1 and ND 2. qguantity @ of 2-variable ND 1 and ND 2. Note
thatW is constant in both cases.

coefficients do not meet the condition (3.5) and (3.6), @ndiverged when the solutions of the
system diverged with respect to time.

Next, let us assume that the 3-variable system has a similar conservation law as (4.5), and we
obtain the Lagrangian of the following type,

L= ozlx'le + Oégi’gl’g + Oégj?gxl + Q4T 1T + 5T 1 T3
2 2 2 2
+ QXT3 + Q7T] + QgTy + QX3 + Qx| To (4.6)

+ a11$1$% + 04125L‘%$3 + 0413$15U§ + 0114$§$3 + 0415!E2$§
The conserved quantity of (4.6) is given by

2 2 2
V = 2179 + 57103 + Q203 + apx] + agTy + 0xs 4.7)

2 2 2 2 2 2
+ QT T2 + 1120175 + 12T T3 + Q13X1T3 + Q1453 + Q5T25
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The Lagrangian (4.6) produces, the following ordinary differential equations,

. . 2

Q19 — Q33 = 20(7(L’1 + 0y + 53 + 206101’1132 + 11T

2

—|—20412£E1373 + 1373,

Oégj73 — Ozlj,’l = our + 20[81‘2 + agxrs + 2(1/111’11‘2 + 20(14[E2.Z’3
) 5 (4.8)
—0—0[10])1 + 1573,

. . 2

Q3T — QaTo = Q5T1 + QT + 2009x3 + 19T] + 200137123

2
+a475 + 2005T973.

The type of differential equations is a little different from that of thevariables. The coupled
linear equation (4.8) can be solved fay, resulting in

(052(113 + 0530115)I§ -+ {(2@10{15 -+ 20[30&14)1’2 + (20[10&13 + 20520[12)]31

+(2a1a9 + agas + azag) s + (a1 + 20007 + azay) T 4.9)
) )

—I—(Oll(]!@ + a0y —I— 20&30[8)$2 —|— (0410[12 —|— (]{30(10)1‘1

—|—(20é30[11 + 20(20510)%‘11’2 + (0510514 + 0420611>ZL’§ =0.

This is another time-independent relation of the 3-variable ND system. However, the time-independen
relation is obtained from the differential equations, not from the conservatio laience, it in-

dicates that there are two types of time-independent relations: (1) the time-independent relation
that is strictly determined by Lagrangian or Noether’s theorem; (2) the time-independent relation
that is derived from a particular structure of differential equations, but is not necessarily related to
the conservation law. The conserved quantityjs strictly constant with respect to time, which is

more general than the relation (4.9).

4.2 Exponential types of 2 variable coupled LV system

We show another type of conserved quantity of 2 variables which is similar to Lyapunov func-
tion.The classical type of LV equation is defined as

T1 = a1 + a1271 22, (4.10)

Tg = A21T2 + G22T1X2.

9



x1 and z, are interpreted as a prey and a predator, respectively. The Lagrangian of (4.10) is
described as follows

L = exp{onz + agro H{as®y + gy + a5z} (4.11)

We can get the conditions of parameter from (4.10) and (4.11),

. 1
1 = —as{agrire + 21},
di2

, 1
Zp = o~ as{a1x1T2 + T2},
21

whered,, = ajay — asas = —do; This is the condition for parameters to have a conserved
guantity. The conserved quantilyis obtained as

(4.12)

U = agexp{agry + asxs }x1ms. (4.13)

The logarithm of (4.13) is similar to a well known Lyapunov functibiiz;, z2) which has the
propertydV (xz1,z5)/dt = 0. It can be directly explained that the time derivative of conserved
quantity should vanishj¥ /dt = 0, and therefore, Lyapunov function has a strong relation with
Noether’s theorem.

One can see that the conservation law and Lyapunov function are explicitly related to each
other in the case of this simple example. However, it is not clear whether the connections between
the 2n-dimensional ND system and Lyapunov function are directly related to each other. Let us
assume 3-variable type of differential equations of exponential type. The Lagrangian of linear
3-variable first-order equation is assumed as

L = exp{onr + anrs + azxs}{oyty + a5ty + agis + azxry + agry

(4.14)
+Qgr3 + Q19Tr1To + 112123 + 04121‘2953}.

Applying Eg. (2.2) to Eq. (4.16), we get three equations as
(nas — agay) iy + (o — agay)is + ajaqey + (agag + aqg) s
+ (nag + aq1)T3 + 01012 + Q11T + QT3 + o = 0,
(g — aqag) iy + (g — agas)is + (o + aqg)xy + QeagTs (4.15)
+ (g + 12) T3 + Q00T X9 + Qo111 T3 + Qo923 + g = 0,
(gay — aro)t1 + (azas — @) te + (azar + aq1)xy + (azas + ag2)xs
+ a3 + aza0T1T2 + 311 T1T3 + Q3019Tox3 + g = 0.

The conserved quantity is velocity-independent and given by

U = exp{a121 + aaxs + azrsH{arx; + agrs + aors + aqox1xs (4.16)

+0611I1.733 + 01121321133}.
The nonlinear equation (4.15) can be solveddgrresulting in
1
T3 = oy + Qo + ) + 307 + o T
3 01+02x1+03x2 [{¢3 17 ¢1( 207 10) ¢2( 3&r 11)} 1
+ {p3(aras + a1g) + drasas + as(asas + ara) b
+ {pza1010 + Pranaig + a3} 17 + 3y + dras + Pay)
Whel’egbl = 30y — (10, Qﬁg = (15 — a0y, ¢3 = Qg — A3Ql5, 01 = —(bg(OélOég + 0411) —
¢1(a2a9 + 0412) — Pa3(rg, 09 = —P3a101 — P10 — Pa311, O3 = — P30 Q12 — Q100 —
Poazaya. As discussed in the example 4.1, the conserved quantity is strictly constant with respect
to time, which is more general than equation (4.17).

(4.17)
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5 Conclusion

In this paper, we have investigated a systen2mefdimensional, coupled first-order differential
equations which contains self-interactions, and mixing interactions by using Noether’s theorem.
We discussed that the nonlinear differential equations with a conserved quéntglculated by
Noether’s theorem have converged stable solutions, and the coefficients of nonlinear interactions
are strictly confined by the conservation law of the system. The conserving converged solutions are
shown by a closed curve ifx, z5)-coordinates foR-dimensional case, and in general, it should

be discussed by a closed hyper-surfacerin x, . . . , x2,)-coordinates fokn-dimensional case.

Conventionally, the analysis of conserved quantity of solutions to a system of coupled differ-
ential equations is discussed with Lyapunov function [20]. There are two main types of Lyapunov
functions that are strict Lyapunov and non-strict Lyapunov functions. Our conserved quantity
would correspond to the strict Lyapunov function, due to the global property of Lagrangian ap-
proach. The theorem relates stability and conserved quantity analogous to conservation laws of
energy and momentum in physics, hence it is helpful to understand a system of nonlinear differen-
tial equations in view of scientific or physical terms.

A system of symmetric nonlinear coupled first order differential equations has a conserva-
tion law and exists in the form of then-independent variablege,, o, ..., x2,). We termed
the system of symmetric first-order differential equations composed afrifeBmensional non-
linear interactions as the binary-coupled form (BCF). If a coupled nonlinear system exists in a
form of symmetric first-order differential equations, which has a velocity-independent conserved
guantity as discussed in the paper, the system tends to be composed of the binary-coupled form
(2,4,6,...,2n). The predator-prey type systefr¢oupled form), food-web system [21, 22], and
gene regulation network system [23, 24] may be typical examples, and also the computer network
seems to be expressed by-coupled form [25]. If a competitive system is the odd-variable type,
the system of the first-order differential equations becomes little different as shown in the example
in section 4.2.

When a binary-coupled system with a conservation . .., z2,) and another system
with U (z9,11, Te,12) iNteract with each other and result in constructing a new binary-coupled sys-
tem, the system should have the conservation law in the forrof, . . ., z2,)+V (zon11, Tont2) —
U(zy,...,29,42) as in the form (3.7), even if they are nonlinearly interacting as (3.1). This may
indicate an addition law for the same conserving ND systems. The addition law may be interpreted
as the restoration or rehabilitation phenomena known in a large system of neural network or com-
puter network when a small disordered device or part of a large network system is replaced by a
normal device.

The conservation law is also used to check the accuracy of numerical solutions of nonlinear
differential equations. The binary-coupled differential equations have interesting properties as
shown in this paper, and the system of BC¥F4, 6, ..., 2n) seems to be found in social, natural
and biological sciences. If a system of BCF is naturally discovered in nature, the consequences
discussed in BCF system would help understand structures, interactions, evolution mechanism of
biological systems as well as social, economic and environmental systems.

We have investigated and discussed the propergy.afimensional ND system in general. Al-
though2n-dimensional ND system is discussed as a continuous system by employing differential
equations, it is useful to examine their qualitative character of the classical LV system. However,
most of biological phenomena may be mesoscopic, and a discrete system would fit actual phenom-
ena more than a continuous system. In the future work, we would like to extend our method to
discrete systems [26] and examine the connection between the pattern and time scale of biological
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or mesoscopic phenomena and gene-related data sets. We understand that the conservation law
U depends sensitively on the values of nonlinear coefficients, and we also hope to investigate the
relations between coefficients and stability of solutiong:6ND systems.
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