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Conservation Laws and Symmetries in Competitive Systems

Lisa Uechi1 and Tatsuya Akutsu2

1,2 Bioinformatics Center, Institute for Chemical Research,
Kyoto University, Uji, Kyoto 611-0011, Japan

Abstract

We investigate a conservation law of a system of symmetric2n-dimensional nonlinear differ-
ential equations. We use Lagrangian approach and Noether’s theorem to analyze Lotka-Volterra
type of competitive system. We observe that the coefficients of the2n-dimensional nonlinear dif-
ferential equations are strictly restricted when the system has a conserved quantity, and the relation
between a conserved system and Lyapunov function is shown in terms of Noether’s theorem. We
find that a system of the2n-dimensional first-order nonlinear differential equations in a symmetric
form should appear in a binary-coupled form (BCF), and a BCF has a conserved quantity if pa-
rameters satisfy certain conditions. The conservation law manifests characteristic properties of a
system of nonlinear differential equations and can be employed to check the accuracy of numerical
solutions in the BCF.

1 Introduction

Nonlinear dynamical systems characterized by self-interactions, self-organizations, spontaneous
emergence of order [1], dissipative structure [2] and nonlinear cooperative phenomena have shown
essential roles in natural sciences, as well as economy, ecology, and environmental sciences [3, 4].
Nonlinear dynamical systems are difficult to handle unlike linear dynamical systems because their
complex interactions and structures make it so hard to understand a response of a system, which
may exhibit no simple laws or orders. However, in terms of natural sciences, conservation laws,
symmetries and orders in nonlinear dynamical systems are expected to exist even in biology [5],
ecology, and economy. The important examples in the field of ecology are those of Malthus (1959)
for a population analysis, Alfred Lotka (1925) [6] and Vito Volterra (1926) [9] for predator-prey
differential equations known as Lotka-Volterra (LV) equation. Also, in the field of economy, a
conserved quantity in the system of business cycle [7] is studied and this business cycle model is
regarded as a predator-prey type competitive system, and also a mathematical model for Lanchester
Strategic Management is known as a predator-prey type competitive system [8]. We employed
the Lagrangian approach to examine a system of2n-dimensional nonlinear differential equations
which contains linear interactions and Lotka-Volterra type of nonlinear interactions.

The research on symmetries and the first integrals of the LV system attracted attention in the
20th century and Lagrangian approach to equations of motion is known as a remarkable method to
analyze conservation laws in nonlinear dynamics [10] and generalized to space-time 4-dimensional
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and multi-dimensional systems [11, 12]. The concept of symmetry provides us with conservation
laws and enables us to find stable solutions of nonlinear differential equations [14]. Several meth-
ods such as the Lie method [15, 16], Painlevé analysis [17], have been used in order to search
conservation laws or symmetries. For instance, José Ferńandez-Ńuñez studied symmetries of two-
dimensional LV system [13]. They discussed a Lagrangian structure in LV system with Lagrangian
linear in velocities. However, we found a conservation law which is velocity-independent, and the
symmetric nonlinear differential equations of2n-dimensional ND system will be derived from
conservation laws by Noether’s theorem [18]. The symmetry and conservation law in the2n-
dimensional first-order differential equations require a binary coupled form, and hence, the system
of the nonlinear differential equations becomes the even dimensions(2, 4, 6, . . . , 2n). We denote
the requirement of the symmetric form as the binary-coupled form (BCF).

In this paper, we discuss the existence of conservation laws in a2n-dimensional competitive
system with general nonlinear interactions. Competitive systems are well known in ecology and
biology, as well as in the fields of engineering and information systems [25]. We discuss that
symmetries, conservation laws of nonlinear interactions are important in nature by analyzing a
general nonlinear dynamical (ND) system using Noether’s theorem.

In section 2, we introduce notations, Euler-Lagrange equation, and Noether’s theorem to define
conservation laws. In section 3, we derive Lagrangian and conservation laws of a general compet-
itive system for the2n-dimensional ND system. Then we discuss that a symmetric and nonlinear
dynamical system should exist in a form of2n-dimensional nonlinear differential equations when
velocity-independent conservation law exists. In section 4, we will illustrate examples of conser-
vation laws in two or three variables in order to explain the results discussed in section 3. In section
5, we shall discuss our results.

2 Noether’s theorem and conserved quantities

The general formulation of necessary condition for extrema in Lagrangian formulation,
L(t, xk(t), ẋk(t)), is given by

δJ = δ

∫
L(t, xk(t), ẋk(t))dt = 0 (k = 1, . . . , n), (2.1)

and all functions,x(t) = (x1(t), . . . , xn(t)), t ∈ [a, b], belong toC2[a, b], which denotes the set
of all continuous functions on the interval[a, b] and the second derivatives of all functions are
continuous. Ifx(t) is a relative minimum of the functionalJ , the condition (2.1) generates,

Ek ≡
∂L
∂xk

− d

dt

(
∂L
∂ẋk

)
= 0. (2.2)

This is the Euler-Lagrange equation which determines equations of motion of a system.
Noether’s theorem describes that the Lagrangian with Euler-Lagrange equation is invariant

under certain space-time transformations, and invariances of Lagrangian generate respective con-
servation laws. For example, the time-translation invariance of Lagrangian corresponds to the
conservation of energy of a system. Let us considerr-parameter transformations in general that
will be regarded as transformations of configuration space,(t, x1, . . . , xn)-space, depending upon
r real, independent parametersε1, . . . , εr. The transformations are defined by

t̄ = t+ τs(t, x)ε
s + o(ε),

x̄k = xk + ξks (t, x)ε
s + o(ε),

(2.3)

2



wheres ranges over1, . . . , r, ando(ε) denotes the terms which go to zero faster than|ε|,
lim|ε|→0 o(ε)/|ε| = 0. The functionsτs(t, x) andξks (t, x) for linear parts of̄t andx̄k with respect
to ε are commonly called the infinitesimal generators of the transformations. Classical theorem of
Emmy Noether on invariant variational problems can be derived under the hypotheses of extrema
(2.1), and transformation (2.3) [19]. The result is ther identities produced by the transformation
(2.3),

−Ek(ξ
k
s − ẋkτs) =

d

dt

((
L − ẋk ∂L

∂ẋk

)
τs +

∂L
∂ẋk

ξks − Φs

)
, (2.4)

wherek = 1, . . . , n is summed, andΦs is an arbitrary function defined as a gauge function of
the transformation. Note that the arbitrary choice of a gauge function will not change equations
of motion of a system, which can be usually used for a convenient expression of conservation
laws. If the fundamental integral (2.1) is divergence-invariant under ther parameter group of
transformation (2.3), and ifEk = 0 for k = 1, . . . , n, then followingr expressions are obtained:

Ψs ≡
(
L − ẋk ∂L

∂ẋk

)
τs +

∂L
∂ẋk

ξks − Φs = constant. (2.5)

This defines the conserved quantities of a system. Since the expressionsΨ defined in (2.5) are
constant with the condition:Ek = 0(k = 1, . . . , n), they are the first integrals of the differential
equations of motion, that is, the conserved quantities. In physical applications, the first integral
(2.5) is interpreted as the energy of the system, whose governing equations areEk = 0. In general,
the expressionsΨ is constant with respect to time and along any extremal solutions of a system. By
employing the formalism, the conservation law and symmetry of nonlinear dynamical differential
equations are discussed in the section 3, and we will show the first integrals, the symmetry ofΨ
and its solutions in an explicit coupled two-variables system in section 4, as an example for the
current approach.

3 Conserved quantities and symmetric BCF in2n-dimensional
nonlinear dynamical (ND) systems

Nonlinear dynamical systems are well known in feed-back systems, such as biology, environ-
mental sciences and computer systems, and they are important to understand many complicated
interactive structures. Consider a nonlinear dynamical system that has2n variables. The sys-
tem has self-interactions, mixing interactions of quadratic forms of all combinations, such as
x2
1, x

2
2, . . . , x1x2, x3x4, . . . . In this section, we will show the following. (1) We begin to examine a

nonlinear dynamical system of2n variables in symmetric form. The variables(x1, x2, x3, . . . , x2n)
are, for example,2n species of competing creatures in LV system [4], or a cell-structured organism
which cooperates together [5]. We will write down a quadratically interacting system as general
as possible and investigate the properties of nonlinear interactions as a whole. (2) We will dis-
cuss the solution of the2n-dimensional ND differential system with respect to the conservation
law and Noether’s theorem by calculatingΨ explicitly. (3) We will show that a coupled non-
linear dynamical system in BCF has a conserved quantity, or Hamiltonian of the BCF, which is
velocity-independent.

The 2n-dimensional ND system in BCF having2n variables(x1, . . . , x2n) is generally de-

3



scribed as,

ẋ2k−1 =
n∑

i=1

(a2k−1,2i−1x2i−1 + a2k−1,2ix2i) +
2n∑
j=1

a2k−1,2n+jxjx2k−1 +
n∑

i=1

′

a2k−1,4n+ix2i−1x2i,

ẋ2k =
n∑

i=1

(a2k,2i−1x2i−1 + a2k,2ix2i) +
2n∑
j=1

a2k,2n+jxjx2k +
n∑

i=1

′

a2k,4n+ix2i−1x2i,

(3.1)

wherek = 1, 2, . . . , n. The first summation expresses the linear part of interaction which contains
all variablesx1, . . . , x2n. The second term is the competitive interaction expressed by coupled two
variables,xkx1, . . . , xkx2n. This term is typical in classical LV equations. The third term with

prime,
n∑

i=1

′

x2i−1x2i, expresses all the mixing interactions other thani = k.

The Lagrangian of (3.1) is given by the following form,

L =
n∑

i=1

(α2i−1ẋ2i−1x2i + α2ix2i−1ẋ2i) +
n∑

i=1

2n∑
j=1

α{2n+2n(i−1)+j}x2i−1xj

+
n∑

i=1

2n∑
j=1

α{2n2+2n+2n(i−1)+j}x2ixj +
n∑

i=1

2n∑
j=1

α{4n2+2n+2n(i−1)+j}x2i−1x2ixj.

(3.2)

Applying Euler-Lagrange equation (2.2) to Eq. (3.2), we can get ordinary differential equations;
the ordinary differential equation foṙx2k−1 is derived as

d2k,2k−1ẋ2k−1 =
n∑

i=1

(α2n+2n(i−1)+2k + α2n2+2n+2n(k−1)+2i−1)x2i−1

+
n∑

i=1

(α2n2+2n+2n(i−1)+2k + α2n2+2n+2n(k−1)+2i)x2i

+
2n∑
j=1

α4n2+2n+2n(k−1)+jxjx2k−1 +
n∑

i=1

α4n2+2n+2n(i−1)+2kx2i−1x2i,

(3.3)

and the ordinary differential equation forẋ2k is derived as

d2k−1,2kẋ2k =
n∑

i=1

(α2n+2n(i−1)+2k−1 + α2n+2n(k−1)+2i−1)x2i−1

+
n∑

i=1

(α2n2+2n+2n(i−1)+2k−1 + α2n+2n(k−1)+2i)x2i

+
2n∑
j=1

α4n2+2n+2n(k−1)+jxjx2k +
n∑

i=1

α4n2+2n+2n(i−1)+2k−1x2i−1x2i,

(3.4)

whered2k,2k−1 = α2k − α2k−1 andd2k,2k−1 = −d2k−1,2k for all k. The conditions of parameters
can be obtained by comparing (3.1) and (3.3) when the coupled ND differential equations have a
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conserved quantity. The conditions of coefficients forẋ2k−1 are given by,

a2k−1,2i−1 =
1

d2k,2k−1

(α2n+2n(i−1)+2k + α2n2+2n+2n(k−1)+2i−1),

a2k−1,2i =
1

d2k,2k−1

(α2n2+2n+2n(i−1)+2k + α2n2+2n+2n(k−1)+2i),

a2k−1,2n+j =


2

d2k,2k−1

α4n2+2n+2n(k−1)+2k (j = 2k),

1

d2k,2k−1

α4n2+2n+2n(k−1)+j (j ̸= 2k),

a2k−1,4n+i =
1

d2k,2k−1

α4n2+2n+2n(i−1)+2k (i ̸= k),

(3.5)

and also by comparing (3.1), (3.4), we get conditions of parameters forẋ2k ND differential equa-
tions,

a2k,2i−1 =
1

d2k−1,2k

(α2n+2n(i−1)+2k−1 + α2n+2n(k−1)+2i−1),

a2k,2i =
1

d2k−1,2k

(α2n2+2n+2n(i−1)+2k−1 + α2n+2n(k−1)+2i),

a2k,2n+j =


2

d2k−1,2k

α4n2+2n+2n(k−1)+2k (j = 2k − 1),

1

d2k−1,2k

α4n2+2n+2n(k−1)+j (j ̸= 2k − 1),

a2k,4n+i =
1

d2k−1,2k

α4n2+2n+2n(i−1)+2k−1 (i ̸= k).

(3.6)

One should note that if the parameters satisfy these conditions, then the ND differential equations
have a conserved quantity. The conserved quantity for time transformation for the coupled ND
equations is given by,

Ψ ≡
n∑

i=1

2n∑
j=1

α{2n+2n(i−1)+j}x2i−1xj +
n∑

i=1

2n∑
j=1

α{2n2+2n+2n(i−1)+j}x2ixj

+
n∑

i=1

2n∑
j=1

α{4n2+2n+2n(i−1)+j}x2i−1x2ixj.

(3.7)

The conserved quantity,Ψ(x1, x2, . . . , x2n), that produces the first order coupled nonlinear differ-
ential equations in BCF is conserved and constant with respect to time.

In this ND system, we define the stable solutions as follows. When one substitutes the so-
lutions (x1, x2, . . . , x2n) into Ψ(x1, x2, . . . , x2n) obtained in certain time range andΨ becomes
strictly constant, we say that the solutions are stable in the time range. IfΨ is not constant, solu-
tions are unstable or may not exist. In addition, one can conclude that the coefficients of the ND
system are strictly constrained by the conservation law. This is also one of the important results
of the conserved ND system. When the coefficients satisfy the relations (3.5) and (3.6), the ND
differential equations have solutions that maintain the conserved quantityΨ(x1, x2, . . . , x2n). If
the ND system does not meet conditions (3.5) and (3.6),Ψ may not be constant with respect to
time. It will be shown explicitly in examples in the section 4.
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However, because nonlinear coefficients can be assumed to take any values although they are
restricted by some conditions, there exist cases that the general nonlinear dynamical system does
not have solutions despite the fact that it has formally the conserved quantityΨ. For this reason,
we mainly concern ourselves to analyze cases in our BCF competitive system which has converged
solutions and a conserved quantityΨ.

The conserved quantityΨ is invariant under exchanges of any variablesxi ↔ xj;

Ψ(x1, . . . , xi, . . . , xj, . . . , x2n) = Ψ′(x1, . . . , xj, . . . , xi, . . . , x2n), (3.8)

whereΨ′(x1, . . . , xj, . . . , xi, . . . , x2n) is obtained fromΨ by renaming of coefficients. Because
of the symmetry, the addition of other BCF, for example,Ψ(x2n+1, x2n+2) assuming the similar
nonlinear interaction to the whole system, changes onlyn → n + 1 in (3.7), which means the
conservation law of the system is unchanged. It indicates that the property of ND system may
be kept unchanged even when the nonlinear differential equations are changed to asn → n + 1;
Ψ(x1, . . . , x2n) = constant can be maintained asΨ(x1, . . . , x2n, x2n+1, x2n+2) = constant, if
the coefficients of nonlinear interactions ofΨ(x2n+1, x2n+2) with others are not extremely differ-
ent. The condition (3.8) could be interpreted in terms of conservation law to maintain stability,
homeostasis of a biological system.

The conserved quantityΨ(x1, . . . , x2n) = constant, can be used to check the accuracy of nu-
merical solutions to the2n differential equations. Let us suppose that solutions to (3.1),x1, . . . , x2n

are obtained. Then, one should substitute all solutions to (3.7) to check ifΨ becomes constant
or not. In the Fig. 3.1 and Fig. 3.2, the solutions to classical LV equation in the example
of the section 4.2 are shown. The parameters of solution 1 and solution 2 areα1 = −0.02,
α2 = −0.02, α3 = 50.0, α4 = 100.0, α5 = 1.0, and initial values of solution 1 and solution
2 arex1 = 10.0, x2 = 10.0 (see (4.12)). The size of interval∆H in Runge-Kutta methods of
solution 1 is∆H = 0.01, and solution 2 is∆H = 0.5.

If Ψ is exactly constant in the assumed intervalt ∈ [a, b], the solutions,x1, . . . , x2n, are ex-
pected to be exact. IfΨ ≈ constant, x1, . . . , x2n are approximate solutions that depend on the
accuracy ofΨ = constant.
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Figure 3.1: Numerical simulations of classical
LV equation. Solution 1 and Solution 2 have dif-
ferent increment.
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4 Examples

The conservation law (3.7) in the BCF is a velocity-independent form. In the work of J. Fernández-
Núñez, some functions are velocity-dependent and coupled with derivative terms such asẋ2ilog x2i−1/x2i

andẋ2i−1log x2i/x2i−1 to obtain the classical LV system, and we also found a velocity-independent
form of the exponential type,exp{f(x1, x2, . . . )}, shown in the example in section 4.2.

4.1 2-variable system

Here, we show an example of2n-dimensional ND system in the case ofn = 1 in (3.1). The ND
system of (3.1) is defined by

ẋ1 = a11x1 + a12x2 + a13x
2
1 + a14x1x2,

ẋ2 = a21x1 + a22x2 + a23x1x2 + a24x
2
2.

(4.1)

The mixing interactions and self-interactions are expressed asx1x2, x2
1 andx2

2. Since this sys-
tem has two variables, we have onlyx1x2 mixing interaction. The Lagrangian of this system is
described from (3.2) as

L = α1ẋ1x2 + α2x1ẋ2 + α3x
2
1 + (α4 + α5)x1x2

+α6x
2
2 + α7x

2
1x2 + α8x1x

2
2.

(4.2)

From (4.2), we get the following nonlinear differential equation,

ẋ1 = 1
d21

{(α4 + α5)x1 + 2α6x2 + 2α8x1x2 + α7x
2
1}, (4.3)

ẋ2 = 1
d12

{2α3x1 + (α4 + α5)x2 + 2α7x1x2 + α8x
2
2}. (4.4)

The parameterd21 is given byd21 = α2 − α1 = −d12. The conserved quantityΨ of this system is
obtained as follows

Ψ ≡ α3x
2
1 + (α4 + α5)x1x2 + α6x

2
2 + α7x

2
1x2 + α8x1x

2
2. (4.5)

We show numerical simulations of 2-variable ND system in figs.4.1, 4.2, 4.3, and 4.4. Note that
2-variable ND 1 in fig.4.1 and 2-variable ND 2 in fig.4.2 with different parameters are periodically
stable and have the same conserved quantityΨ defined as (4.5). The parameters of both 2-variable
ND 1 and ND 2 are given in caption fig.4.1 and fig.4.2. The solutions of 2-variable ND 1 and ND
2 are periodic and steady state in fig.4.3, and the conserved quantity defined in (4.5) is given in
fig.4.4. The conserved quantity of 2-variable ND 1 and ND 2 is strictly constant with respect to
time.

In fig.4.5 and fig.4.6, we show an example in the case that parameters of2n-ND system (3.1)
do not satisfy the condition (3.5) and (3.6). The conserved quantityΨ is not equal to a constant
in time. In the simulation of 2-variable ND 3* in fig.4.5, the coefficient ofx2

1 in (4.3) changed
from α7 to −α7, and the coefficientd12 in (4.4) changed fromd12 to d21 and the coefficientx2

2 in
(4.4) also changed fromα8 to −α8 so that the system of differential equations does not satisfy the
condition (3.5), (3.6) and the conservation law (4.5). The parameters are determined asα1 = 1.0,
α2 = 2.0, α3 = 0.5, α4 = 0.5, α5 = 0.5, α6 = 0.1, α7 = 0.01, α8 = 0.01, and initial values
arex1 = 10.0, x2 = 10.0. In the simulation 4.6, quantityΨ increased exponentially and diverged.
Ψ is not constant with respect to time in this case. It indicates thatΨ is not constant when the

7
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Figure 4.1: Numerical simulation of 2-variable
ND 1. The parameters of 2-variable ND 1:α1 =
1.0, α2 = 2.0, α3 = −0.01, α4 = 0.5, α5 = 0.5,
α6 = −0.01, α7 = −0.01, α8 = −0.01, initial
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values arex1 = 10.0, x2 = 10.0.
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Figure 4.4: Numerical solutions of conserved
quantityΨ of 2-variable ND 1 and ND 2. Note
thatΨ is constant in both cases.

coefficients do not meet the condition (3.5) and (3.6), andΨ diverged when the solutions of the
system diverged with respect to time.

Next, let us assume that the 3-variable system has a similar conservation law as (4.5), and we
obtain the Lagrangian of the following type,

L = α1ẋ1x2 + α2ẋ2x3 + α3ẋ3x1 + α4x1x2 + α5x1x3

+ α6x2x3 + α7x
2
1 + α8x

2
2 + α9x

2
3 + α10x

2
1x2

+ α11x1x
2
2 + α12x

2
1x3 + α13x1x

2
3 + α14x

2
2x3 + α15x2x

2
3

(4.6)

The conserved quantity of (4.6) is given by

Ψ = α4x1x2 + α5x1x3 + α6x2x3 + α7x
2
1 + α8x

2
2 + α9x

2
3

+ α10x
2
1x2 + α11x1x

2
2 + α12x

2
1x3 + α13x1x

2
3 + α14x

2
2x3 + α15x2x

2
3

(4.7)

8



 0

 5000

 10000

 15000

 20000

 25000

 0  5000  10000  15000  20000  25000

x
2

x
1

2-variable ND 3*
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Figure 4.6: Numerical solutions ofΨ of 2-
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The Lagrangian (4.6) produces, the following ordinary differential equations,

α1ẋ2 − α3ẋ3 = 2α7x1 + α4x2 + α5x3 + 2α10x1x2 + α11x
2
2

+2α12x1x3 + α13x
2
3,

α2ẋ3 − α1ẋ1 = α4x1 + 2α8x2 + α6x3 + 2α11x1x2 + 2α14x2x3

+α10x
2
1 + α15x

2
3,

α3ẋ1 − α2ẋ2 = α5x1 + α6x2 + 2α9x3 + α12x
2
1 + 2α13x1x3

+α14x
2
2 + 2α15x2x3.

(4.8)

The type of differential equations is a little different from that of the2n variables. The coupled
linear equation (4.8) can be solved forx3, resulting in

(α2α13 + α3α15)x
2
3 + {(2α1α15 + 2α3α14)x2 + (2α1α13 + 2α2α12)x1

+(2α1α9 + α2α5 + α3α6)}x3 + (α1α5 + 2α2α7 + α3α4)x1

+(α1α6 + α2α4 + 2α3α8)x2 + (α1α12 + α3α10)x
2
1

+(2α3α11 + 2α2α10)x1x2 + (α1α14 + α2α11)x
2
2 = 0.

(4.9)

This is another time-independent relation of the 3-variable ND system. However, the time-independent
relation is obtained from the differential equations, not from the conservation lawΨ. Hence, it in-
dicates that there are two types of time-independent relations: (1) the time-independent relation
that is strictly determined by Lagrangian or Noether’s theorem; (2) the time-independent relation
that is derived from a particular structure of differential equations, but is not necessarily related to
the conservation law. The conserved quantity,Ψ, is strictly constant with respect to time, which is
more general than the relation (4.9).

4.2 Exponential types of 2 variable coupled LV system

We show another type of conserved quantity of 2 variables which is similar to Lyapunov func-
tion.The classical type of LV equation is defined as

ẋ1 = a11x1 + a12x1x2,

ẋ2 = a21x2 + a22x1x2.
(4.10)
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x1 and x2 are interpreted as a prey and a predator, respectively. The Lagrangian of (4.10) is
described as follows

L = exp{α1x1 + α2x2}{α3ẋ1 + α4ẋ2 + α5x1x2}. (4.11)

We can get the conditions of parameter from (4.10) and (4.11),

ẋ1 =
1

d12
α5{α2x1x2 + x1},

ẋ2 =
1

d21
α5{α1x1x2 + x2},

(4.12)

whered12 = α1α4 − α2α3 = −d21 This is the condition for parameters to have a conserved
quantity. The conserved quantityΨ is obtained as

Ψ ≡ α5 exp{α1x1 + α2x2}x1x2. (4.13)

The logarithm of (4.13) is similar to a well known Lyapunov functionV (x1, x2) which has the
propertydV (x1, x2)/dt = 0. It can be directly explained that the time derivative of conserved
quantity should vanish,dΨ/dt = 0, and therefore, Lyapunov function has a strong relation with
Noether’s theorem.

One can see that the conservation law and Lyapunov function are explicitly related to each
other in the case of this simple example. However, it is not clear whether the connections between
the2n-dimensional ND system and Lyapunov function are directly related to each other. Let us
assume 3-variable type of differential equations of exponential type. The Lagrangian of linear
3-variable first-order equation is assumed as

L = exp{α1x1 + α2x2 + α3x3}{α4ẋ1 + α5ẋ2 + α6ẋ3 + α7x1 + α8x2

+α9x3 + α10x1x2 + α11x1x3 + α12x2x3}.
(4.14)

Applying Eq. (2.2) to Eq. (4.16), we get three equations as

(α1α5 − α2α4)ẋ2 + (α1α6 − α3α4)ẋ3 + α1α7x1 + (α1α8 + α10)x2

+ (α1α9 + α11)x3 + α1α10x1x2 + α1α11x1x3 + α1α12x2x3 + α7 = 0,

(α2α4 − α1α5)ẋ1 + (α2α6 − α3α5)ẋ3 + (α2α7 + α10)x1 + α2α8x2

+ (α2α9 + α12)x3 + α2α10x1x2 + α2α11x1x3 + α2α12x2x3 + α8 = 0,

(α3α4 − α1α6)ẋ1 + (α3α5 − α2α6)ẋ2 + (α3α7 + α11)x1 + (α3α8 + α12)x2

+ α3α9x3 + α3α10x1x2 + α3α11x1x3 + α3α12x2x3 + α9 = 0.

(4.15)

The conserved quantity is velocity-independent and given by

Ψ = exp{α1x1 + α2x2 + α3x3}{α7x1 + α8x2 + α9x3 + α10x1x2

+α11x1x3 + α12x2x3}.
(4.16)

The nonlinear equation (4.15) can be solved forx3, resulting in

x3 =
1

σ1 + σ2x1 + σ3x2

[{ϕ3α1α7 + ϕ1(α2α7 + α10) + ϕ2(α3α7 + α11)}x1

+ {ϕ3(α1α8 + α10) + ϕ1α2α8 + α2(α3α8 + α12)}x2

+ {ϕ3α1α10 + ϕ1α2α10 + ϕ2α3α10}x1x2 + ϕ3α7 + ϕ1α8 + ϕ2α9]

(4.17)

whereϕ1 = α3α4 − α1α6, ϕ2 = α1α5 − α2α4, ϕ3 = α2α6 − α3α5, σ1 = −ϕ3(α1α9 + α11) −
ϕ1(α2α9 + α12)− ϕ2α3α9, σ2 = −ϕ3α1α11 − ϕ1α2α11 − ϕ2α3α11, σ3 = −ϕ3α1α12 − ϕ1α2α11 −
ϕ2α3α12. As discussed in the example 4.1, the conserved quantity is strictly constant with respect
to time, which is more general than equation (4.17).
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5 Conclusion

In this paper, we have investigated a system of2n-dimensional, coupled first-order differential
equations which contains self-interactions, and mixing interactions by using Noether’s theorem.
We discussed that the nonlinear differential equations with a conserved quantity,Ψ, calculated by
Noether’s theorem have converged stable solutions, and the coefficients of nonlinear interactions
are strictly confined by the conservation law of the system. The conserving converged solutions are
shown by a closed curve in(x1, x2)-coordinates for2-dimensional case, and in general, it should
be discussed by a closed hyper-surface in(x1, x2, . . . , x2n)-coordinates for2n-dimensional case.

Conventionally, the analysis of conserved quantity of solutions to a system of coupled differ-
ential equations is discussed with Lyapunov function [20]. There are two main types of Lyapunov
functions that are strict Lyapunov and non-strict Lyapunov functions. Our conserved quantity
would correspond to the strict Lyapunov function, due to the global property of Lagrangian ap-
proach. The theorem relates stability and conserved quantity analogous to conservation laws of
energy and momentum in physics, hence it is helpful to understand a system of nonlinear differen-
tial equations in view of scientific or physical terms.

A system of symmetric nonlinear coupled first order differential equations has a conserva-
tion law and exists in the form of the2n-independent variables(x1, x2, . . . , x2n). We termed
the system of symmetric first-order differential equations composed of the2n-dimensional non-
linear interactions as the binary-coupled form (BCF). If a coupled nonlinear system exists in a
form of symmetric first-order differential equations, which has a velocity-independent conserved
quantity as discussed in the paper, the system tends to be composed of the binary-coupled form
(2, 4, 6, . . . , 2n). The predator-prey type system (2-coupled form), food-web system [21, 22], and
gene regulation network system [23, 24] may be typical examples, and also the computer network
seems to be expressed by2n-coupled form [25]. If a competitive system is the odd-variable type,
the system of the first-order differential equations becomes little different as shown in the example
in section 4.2.

When a binary-coupled system with a conservation lawΨ(x1, . . . , x2n) and another system
with Ψ(x2n+1, x2n+2) interact with each other and result in constructing a new binary-coupled sys-
tem, the system should have the conservation law in the form ofΨ(x1, . . . , x2n)+Ψ(x2n+1, x2n+2) →
Ψ(x1, . . . , x2n+2) as in the form (3.7), even if they are nonlinearly interacting as (3.1). This may
indicate an addition law for the same conserving ND systems. The addition law may be interpreted
as the restoration or rehabilitation phenomena known in a large system of neural network or com-
puter network when a small disordered device or part of a large network system is replaced by a
normal device.

The conservation law is also used to check the accuracy of numerical solutions of nonlinear
differential equations. The binary-coupled differential equations have interesting properties as
shown in this paper, and the system of BCF(2, 4, 6, . . . , 2n) seems to be found in social, natural
and biological sciences. If a system of BCF is naturally discovered in nature, the consequences
discussed in BCF system would help understand structures, interactions, evolution mechanism of
biological systems as well as social, economic and environmental systems.

We have investigated and discussed the property of2n-dimensional ND system in general. Al-
though2n-dimensional ND system is discussed as a continuous system by employing differential
equations, it is useful to examine their qualitative character of the classical LV system. However,
most of biological phenomena may be mesoscopic, and a discrete system would fit actual phenom-
ena more than a continuous system. In the future work, we would like to extend our method to
discrete systems [26] and examine the connection between the pattern and time scale of biological
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or mesoscopic phenomena and gene-related data sets. We understand that the conservation law
Ψ depends sensitively on the values of nonlinear coefficients, and we also hope to investigate the
relations between coefficients and stability of solutions of2n-ND systems.

Acknowledgements

We would like to thank Professor Osamu Gotoh and Assistant Professor Natsuhiro Ichinose for
introducing us this area of research during a course they provided us at Kyoto University as well
as for discussions at different stages of this study.

References

[1] S. A. Kauffman, ‘The Origins of Order’, Oxford Univ. Press, New York, (1993).

[2] I. Prigogine et al.,‘Order Out of Chaos’, Bantam, (1984).

[3] R. Fujie et al., Physica A, 389, 1471-1479, (2010).

[4] T. Shimada et al., Artif Life Robotics, 6, 78-81, (2002).

[5] G. Nicolis and I.Prigogine, ‘Self-Organization in Nonequilibrium Systems’, John Wiley &
Sons, New York, (1977).

[6] A. Lotka, Elements of Physical Biology, Williams and Wilkins, Baltimore (1925).

[7] M. Taniguchi et al., J. Phys. Soc. Jpn., (2008).
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