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Abstract

Ornstein-Zernike (OZ)-type theory is a powerful tool to obtain 3-dimensional solvent

distribution around solute molecule. Recently, we proposed multi-center molecular

OZ method, which is suitable for parallel computing of 3D solvation structure. The

distribution function in this method consists of two components, namely reference

and residue parts. Several types of the function were examined as the reference

part to investigate the numerical robustness of the method. As the benchmark, the

method is applied to water, benzene in aqueous solution and single-walled carbon

nanotube in chloroform solution. The results indicate that fully-parallelization is

achieved by utilizing the newly proposed reference functions.
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1 Introduction

The integral equation theory for molecular liquids [1,2] is a powerful tool to

obtain liquid and solvation structures. In the three-dimensional (3D) formal-

ism, solvent distribution in the vicinity of the intended molecule is provided by

Ornstein-Zernike (OZ)-type equations. The 3D reference interaction site model

(3D-RISM) [3] is one of the representatives of the approach. The accuracy and

validity of the method are demonstrated in a variety of applications including

simple atomic ion and biological systems like protein in solution phase [4–7].

3D-RISM is capable of adequately computing the solvation structure not only

around a protein but also inside.

Recently, an alternative approach called multi-center molecular OZ (MC-

MOZ) method is proposed [8–10]. In MC-MOZ, a solvation structure is ex-

pressed as the sum of two terms, namely reference and residue terms. After

obtaining the former term by solving the standard RISM equation for radial

distribution, the latter residue term representing the angular distribution is

computed. Because the residue term is described as a set of distribution func-

tions, which are localized in the vicinity of each atom (site) in the solute

molecule such as protein, the total parallel efficiency was in practice lowered

as the number of processors was increased.

In the present study, several other functions were examined as the reference

term to investigate the numerical robustness of the method. Although one

can arbitrarily set the reference term, the computed 3D distribution function

should in principle be obtained uniquely. More specifically, the residue term is

∗ Hirofumi Sato
Email address: hirofumi@moleng.kyoto-u.ac.jp (Hirofumi Sato).

2



expected to complement the difference caused by the reference. Another aim

of the present study is to achieve the full-parallelization of the computation.

The solvation structures of water (TIP3P-like), benzene in aqueous solution

and single-walled carbon nanotube (SW-CNT, 1024 atoms) in chloroform so-

lution are calculated using the new reference, and the obtained 3D solvent

distributions are compared with the original MC-MOZ procedure.

2 Method

The detail of MC-MOZ has been described in Ref. [8]. It is our intent to assume

the readers’ familiarity of MC-MOZ as well as the statistical mechanics of

molecular liquids; otherwise, textbooks such as [11–13] and other references

[1–3,14] are available. Here, only the reference terms are focused on because

the corresponding residue terms are computed through the same procedure

in Ref. [8]. On the computations, two types of functions are prepared as the

reference term.

href
s (r) =

solute∑
α

solvent∑
s′

cmethod
αs′ ∗ (wV

s′s + ρsh
V
s′s)(rαs) (1)

cref
s (r) =

solute∑
α

cmethod
αs (rαs) (2)

where href
s (r) and cref

s (r) are the reference terms of total and direct correlation

functions for solvent site s, respectively. wV
ss′ and hV

ss′ denote the solvent-solvent

intramolecular and total correlation functions, respectively. ρs is the number

density of solvent and the asterisk represents a convolution integral.

In the original MC-MOZ procedure, standard 1-dimensional (1D) RISM is

employed to prepare the reference term. c1D-RISM
αs (rαs) is obtained by solving
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the corresponding solute-solvent 1D-RISM equation [14] coupled with an ad-

equate closure. Then this function is plugged into the right hand side of Eqs.

(1) and (2) to evaluate the residue term.

cmethod
αs (rαs) = c1D-RISM

αs (rαs). (3)

As mentioned above, the procedure can not be independently performed for

each solute site because c1D-RISM
αs (rαs) depend on the information of other solute

sites. This is the cause for the low parallel efficiency. In the present study,

following four functions are examined for cmethod
αs to prepare the reference term.

The first one is just zero;

cI
αs(rαs) = 0. (4)

href
s (r) is generated using Eq. (1), hence both of cref

s (r) and href
s (r) are zero value

functions. The second one is based on the analytical solution of OZ/Percus-

Yevick (PY) equations for hard spheres [15–17].

cII
αs(rαs) =


−λ0 + 6ηλ2

(
rαs

σαs

)
− 1

2
ηλ1

(
rαs

σαs

)3

(rαs < σαs)

0 (rαs ≥ σαs)

(5)

λ0 = 6ηλ2 −
1

2
ηλ1, λ1 =

(1 + 2η)

(1 − η)4
, λ2 =

(1 + 1/2η)

(1 − η)4

where σαs = (σα + σs)/2 (σ is the Lennard-Jones (LJ) radius) and η denotes

a packing fraction that is set to 0.30 in this study. In a similar manner, cref
s (r)

and href
s (r) are obtained using Eqs. (1) and (2). The third one is generated by

mean spherical approximation (MSA) with the LJ potential
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cIII
αs(rαs) =


0 (rαs < σαs)

− 1

kBT
uLJ(rαs) (rαs ≥ σαs)

(6)

where kB and T represent Boltzmann constant and temperature. uLJ(rαs) de-

notes the LJ potential between site α and s. Here, it should be emphasized

that these new reference terms no longer depends on the information of other

solute sites; namely, these computations can be site-independently performed.

Furthermore, they can be prepared in non-iterative manner whereas it is nec-

essary to iteratively solve 1D-RISM equation in the original procedure.

The last one is an iterative but independent of other solute sites. A 1D-RISM-

like equation is considered.

hαs(rαs) =
solute∑

γ

solvent∑
s′

wαγ ∗ cIV
αs′ ∗

(
wV

s′s + ρsh
V
s′s

)
(rαs), (7)

where hαs(rαs) and wαγ represent solute-solvent total and solute-solute in-

tramolecular correlation functions, respectively. By numerically solving this

equation coupled with an adequate closure, cIV
αs(rαs) is obtained. Then href

s (r)

is calculated using Eq. (1). Note that the index of cIV
αs′ in this equation is not

γs′, corresponding to the standard 1D-RISM equation. Although there is no

physical meaning of this description, it enables us to compute cIV
αs′ in a site-

independent manner. Being different from above three methods (I, II and III),

cIV
αs(rαs) implicitly involves the contribution of solute geometry through the

matrix wαγ and that of solute-solvent interaction.

The potential parameters used in the present study for water (TIP3P[22,23]-

like), benzene [24] and SW-CNT [25,26] are summarized in Table 1. In SW-

CNT (the CNT index = (16,0)), the C-C distance and the CCC angle are
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1.418Å and 120.0 deg, respectively. The diameter and the cylindrical length are

12.52Å and 68.00Å, respectively. For all calculations, the solution temperature

is set to 298.15K. The number densities of water and chloroform are 1.000

g/cm3(= 0.033426 molecule/Å3) and 1.479 g/cm3(= 0.007460 molecule/Å3)

[35], respectively.

3 Results and discussion

3.1 Water and benzene

Three-dimensional hydration structures around water (Figure 1) and benzene

(Figure 2) molecules are obtained by MC-MOZ theory coupled with HNC

closure. The degree, l, is set to 14 for the real spherical harmonics. 512 (loga-

rithm) and 302 (Lebedev) grid points are used as the radial and angular grids,

respectively.

The final results, total correlation functions, were obtained as the sum of the

reference and residue terms (h1D-RISM
s (rk), hI

s(rk), hII
s (rk), hIII

s (rk) and hIV
s (rk))

after the computation. Figure 1 shows the hydration structures near water

molecule computed by all the reference terms: the original (panel A), method I

(panel B), II (panel C), III (panel D) and IV (panel E). They look quite similar

to each other. In order to quantify the deviation, mean absolute deviation

(MAD) on all the grid points is introduced,

MAD =
Nv∑
s

Ng∑
k

∣∣∣hi
s(rk) − h1D-RISM

s (rk)
∣∣∣

NvNg

(i = I, II, III and IV), (8)

where Nv and Ng denote the numbers of solvent site and total grid points
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(radial part × angular part), respectively. Note that MAD is the averaged dif-

ference of hi
s(r) with respect to h1D-RISM

s (r) on all over the grid points used in

the computation. These values of the method I, II, III and IV are 2.12× 10−3,

2.54 × 10−3, 2.19 × 10−3 and 3.03 × 10−3, respectively. They are sufficiently

small, hence all the new reference terms provide essentially the same result

to the original procedure. In fact, the excess chemical potentials of hydra-

tion (hydration free energies, HFEs) and partial molar volumes (PMVs) com-

puted by integration of total and direct correlation functions [18–20], are virtu-

ally identical; HFEs are −2.29 kcal/mol (original), −2.29 kcal/mol (I), −2.30

kcal/mol (II), −2.29 kcal/mol (III) and −2.29 kcal/mol (IV). And PMVs are

14.6 cm3/mol (original), 14.6 cm3/mol (I), 14.6 cm3/mol (II), 14.6 cm3/mol

(III) and 14.6 cm3/mol (IV). The experimental values of HFE and PMV are

-6.3 kcal/mol [27,28] and 18.0 cm3/mol [29], respectively. Since molecular simu-

lation study using essentially the same potential parameters provides accurate

HFE [30], these errors are probably caused by the HNC closure, which does

not accurately describe an exclusive volume of solvent molecule [31–34]. We

have checked the effect of the tolerance to solve 1D-RISM equation for judging

the convergence and l on MAD. The former (10−10 for all calculations in the

present study) does not affect MAD at all, and the latter shows slight depen-

dency. For example, the MAD by method I with respect to h1D-RISM
s (l = 14) is

gradually improved by increasing l: 3.69× 10−3 (l = 11), 3.34× 10−3 (l = 12)

and 3.16 × 10−3 (l = 13).

Hydration structures near benzene molecule are presented in Figure 2. Being

similar to the water molecule case, the structures by new reference terms

(panels B, C, D and E) resemble that by the original one (panel A). The MADs

are 1.42 × 10−2 (I), 1.78 × 10−2 (II), 1.57 × 10−2 (III) and 6.92 × 10−3 (IV),
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respectively. In comparison with the corresponding values of water case, they

are slightly greater but hardly affect the HFE estimations; 12.21 (original),

12.21 (I), 12.22 (II), 12.21 (III) and 12.21 kcal/mol (IV). Similarly, PMVs are

54.0 (original), 54.1 (I), 54.0 (II), 54.0 (III) and 54.1 cm3/mol (IV).

These facts show that MC-MOZ is numerically robust enough, at least for

these small molecule systems, and any kinds of initial function can be adopted

as the reference term. While the new reference function can be prepared non-

iteratively, the residue term is determined through a numerical iterative pro-

cedure to satisfy the OZ-type equation. The numbers of iterations are different

among each solute site, because the residue term assigned to this site is inde-

pendently computed as mentioned above. In the case of water molecule, the

averaged iteration numbers are 254 (original), 281 (I), 280 (II), 210 (III) and

207 (IV). Similarly for the benzene calculation, the numbers are 203 (origi-

nal), 197 (I), 197 (II), 200 (III) and 200 (IV). These results suggest that the

convergence does not strongly depend on the choice of the reference term.

3.2 SW-CNT

Kovalenko-Hirata closure[21] is employed to compute the solvation structure

around the SW-CNT molecule. As the degree of a real spherical harmonics

l = 11 is used. The numbers of radial and angular grid points are 512 and

194, respectively. The SW-CNT calculations were performed by CPUs of SGI

Altix in Institute for Molecular Science (Okazaki Japan).

To check the parallel efficiency of the calculation, speed up ratio, S(n), is

defined as follows:
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S(n) = 2 × [execution time with 2 processors]

[execution time with n processors]
, (9)

where n is the number of processors. If parallelization is perfect, S(n) is iden-

tical with n. S(n) for the SW-CNT calculations are shown in Figure 3. As

expected, the present method (I, open triangles) realizes remarkable paral-

lelizations. On the other hand, S(n) values by the original procedure (open

squares) reach a plateau on n > 16. As pointed out in Ref. [8], each pro-

cessor must summarize large-size data from other sites in the each iteration

step on the construction of the 1D-RISM reference term (closed diamonds).

So this process basically determines the total speed up ratio, especially when

a large number of processors is used. In contrast, the procedure of residue

term is well-parallelized (open diamonds). As the results, almost all the total

execution times (more than 80%) are consumed by the reference term routine,

which makes the parallelization less efficient.

Finally, let us discuss the solvation structure around SW-CNT. Different

from the cases of water and benzene molecules, the distributions obtained

by method I, II and III do not closely resemble that of the original 1D-RISM

reference. Their MADs are 1.16×10−1 (I), 2.00×10−1 (II) and 9.91×10−2 (III).

These values are indeed larger than those of water and benzene molecules. On

the other hand, the MAD of method IV is sufficiently small, 1.10×10−2, which

is similar to the benzene molecule case.

The result indicates that starting from the original 1D-RISM and from method

IV the same result is reached while the others give different numerical solu-

tions. It is difficult to fully understand this behavior but one possible ex-

planation is the insufficiency of l. In other words, the numerical solution of

MC-MOZ procedure could not depend on the reference term in the limit of an
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infinite number of l. In order to confirm this, we also performed an additional

calculation using a greater l(= 14) and a finer angular grid (the number of

points was 302 for a site). Figure 4 shows the distributions of the CH site in

chloroform solvent near SW-CNT. MAD of method IV (panel E) becomes suf-

ficiently small (9.27× 10−3), indicating that the numerical solution of method

IV is virtually equal to the original one (panel A). Similarly, MADs of method I

(panel B), II (panel C) and III (panel D) are decreased; 9.43×10−2, 1.59×10−1

and 8.24 × 10−2, respectively. In fact, the improvement is ∼ 20%. Therefore,

the deviation seems to come from rather slow convergence on l. It should be

emphasized that the original MC-MOZ gives the same result to 3D-RISM, as

shown in the previous study[8]. By solving 1D-RISM equation, many-body

effect is undoubtedly integrated into the reference term. Methods I and III

are, however, purely site-independent procedure, meaning that the effect from

other sites is not taken into account at all. For simple molecules like water, this

insufficiency is recovered by the residue term. In contrast, both of methods

II and IV deal with many-body effect (Note that method II utilizes OZ/PY

analytical solution for hard sphere system). A possible reason for the superior-

ity of method IV may come from the intramolecular correlation function both

for solute-solute and solvent-solvent. The other reason is the effect of partial

charges on solvent sites.

4 Conclusion

The four functions are examined as the reference part to investigate the nu-

merical robustness of MC-MOZ method. As benchmark tests, the hydration

structures around water and benzene molecules are computed. All the refer-
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ence functions give virtually the same distribution and thermodynamic quan-

tities. Thanks to the site-independent character of the newly proposed refer-

ences, fully-parallelization is achieved by utilizing them. On the computation

of the solvation structure around SW-CNT, the speed up ratio of the proposed

procedure shows a linear scaling for a number of processors. A comparison of

the solvation structures near SW-CNT suggests that the reference term by

method IV is the most promising to efficiently compute 3D solvation struc-

ture.
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Table 1

Potential parameters for water(TIP3P-like), chloroform, benzene and SW-SNT.

molecule site charge / |e| σ / Å ε / kcal mol−1

water (TIP3P[22,23]-like) Ow −0.8340 3.151 0.1520

Hw 0.4170 1.000 0.0560

benzene[24] C −0.1030 3.550 0.0700

H 0.1030 2.420 0.0300

SW-CNT C 0.0000 3.851 0.1050

chloroform[24] CH 0.4200 3.800 0.0800

Cl −0.1400 3.470 0.3000
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A. 1D-RISM (original) B. method I

C. method II D. method III

E. method IV

Figure 1. Three-dimensional hydration structures near water molecule computed by

original (1D-RISM, A), method I (B), II (C), III (D) and IV (E) reference terms.

Blue (isovalue: 1.8) and orange (isovalue: 3.0) iso-surfaces represent the distributions

of hydrogen and oxygen atoms of solvent water molecules, respectively.
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A. 1D-RISM (original) B. method I

C. method II D. method III

E. method IV

Figure 2. Three-dimensional hydration structures near benzene molecule computed

by original (1D-RISM, A), method I (B), II (C), III (D) and IV (E) reference terms.

Blue (isovalue: 1.5) and orange (isovalue: 3.0) iso-surfaces represent the distributions

of hydrogen and oxygen atoms of solvent water molecules, respectively.
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Figure 3. Parallel efficiencies in SW-CNT calculations using the original (open

squares) and method I (open triangles) as reference. The subcomponents of the

original procedure (reference and residue) are shown.
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A. 1D-RISM (original) B. method I

C. method II D. method III

E. method IV

Figure 4. Three-dimensional solvation structures inside SW-CNT calculated by orig-

inal (panel A), method I (panel B), II (panel C), III (panel D) and IV (panel E)

reference terms. Iso-surfaces (blue, isovalue: 5.2) represent the distributions of CH

site of solvent chloroform molecule.
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