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Abstract In our recent paper, the electron spin torque is found to be counter-balanced
by the chiral electron density. In this paper, we shall show that the origin of the chiral
nature is manifest in the principle of equivalence in general relativity.
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1 Introduction

The dynamics of electron spin with the realization of spin-orbit coupling has recently
been of keen interest particularly in the field of spin torque transfer in spintronics; see
recent reviews [1-3] and references cited therein. We have shown that the spin torque of
the spin-1/2 Fermion is counter-balanced by the chiral electron density through the zeta
force [4]. We have also reported some preliminary numerical data of the spin torque and
zeta force for dimer of alkali atoms [5]. The special interest in this previous paper was
to the spin dynamics issues in Bose-Einstein condensation; see our previous paper [5]
and references cited therein. We shall show in this paper that the origin of the chiral
nature is manifest in the principle of equivalence in general relativity. We invoke here
the covariant formalism of general relativity equipped with vierbein (tetrad) field on
curved spacetime: see documents [6-8] and references cited therein.
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We may first quickly review basic mathematics. The coordinate x with the

contravariant components x“ and the covariant components x, and the metric

tensor 7, =n*" of the Minkowski space, together with the inner product of two

4-vectors A and B writtenas A-B as well as the inner product of the Dirac gamma
matrices y* and a 4-vectors A written as the Dirac slash A are defined as follows:

x* :(xo,x"):(xo,xl,xz,xa):(ct,x, y,z)=(ct,F)=(ct,X) (1)

X, =17, X" = (%, % ) = (%o, X, X, X3 ) = (Ct, =X, —y,~z) = (ct,—F ) = (ct,-X) (2)

10 0 0
0 -1 0 O 1, u=v
— =pn", H“p =0 = 3
Tw=lo o -1 o T T =0 {O,,u;tv )
00 0 -1
A-B=n,AB"=AB°~AeB, AeB=AB +AB, +AB, (4)
A=n,7"N =) "N -7eA FeA=y'A+y A+ A (5)

where ¢ denotes the speed of light in vacuum and the Greek letter runs from 0 to 3 and
the Latin from 1 to 3 and the Einstein summation convention is used. The Poincaré

transformation T (A,a) € Pf consists of proper orthochronous Lorentz transformation

T(A,0)=AeL’ and translation T(0,a), whichactson x as

X'=Ax+a, X“=A"Xx"+a", detA=1 A°>1

(M) =A =n, A ©)
On the Minkowski space, the relativistic quantum mechanical motion of electron is
described by 4-spinor. According to the spinor representation of the Poincare group Pf

[9-11] we have the linear momentum generator P# and the angular momentum
generator J*”, which is composed of mutually commutable orbital L and spin S**

parts with commutator [a,b]=ab-ba, as
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Pr=pf, I =148, [LY,8"]=0 (7)
L = ih(pk i[— p‘ikj, L = ihpoik (8)
op op op
s <A77 ©
where p“ denotes the momentum and »* the Dirac gamma matrices:
=) = () = (0 7) (10)

Vu =¥ =70 7) =V 1072 75) = (¥ =7 =17 =1%) = (. —7) (D)
The spinor y/(x) in the chiral representation .. (x) is constructed by the
undotted spinor w,(x)=¢"(x) with right-handed chirality and the dotted spinor

v, (x)=mn, (x) with left-handed chirality as [12,13]

l// = l//chiral = [WRJ = (5 J (12)
v 1y
A _ é:l o ;i
" [fzj’ " (’hj &

The undotted and dotted capital Latin letters run from 1 to 2 and change position by
using the antisymmetric matrix ¢ as

&=, 10 =6Vn, (14)

EM =", ny =n'ey, (15)
0 1 (0 1

Ern :(—1 Oj:gAB, o :(_1 szguv (16)

where the Einstein summation convention is used. Using the two-dimensional

irreducible representation 2=2(A) and the outer automorphism 2 —>Z4=21"" of

SL(2,C), the chiral spinor representation D(/I) of the Poincaré group Pf is the direct
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sum of A and its inequivalent complex conjugate irreducible representation 1 =A™
as [13]

w'= D(/i)w, detA1=1 (17)
_ j’AB 0 2 _ gt

D(/i)_[ . /TUV}, A= (18)

EN=2%E°, =2y, (19)

The Pauli matrix o with the contravariant components o* and the covariant

Components o,
o" = (ao,ak)z (00,0'1,0'2,03) = (1, O'X,Gy,GZ) =(15) (20)

o,=n,0" =(04,0,)=(0,,0,,0,,0;)= (1, —O'X,—O'y,—o'z) =(1-05) (21)

(note the use of 1 as the unit matrix throuout in this paper) are cast into the
Misner-Thorne-Wheeler (MTW) representation as [14]

@) ("), 1)
(@) (@[5 o)

: (22)
()" =(0%), =° =0
2 VB i 0 y
j 1 0
AU _ 3 _ _
(03) _(0 )\/B _(0 _]J_O-z
Then, the Lorentz transformation
X'=AX, o'=lol', ﬁ:/l(A) (23)
leaves the determinant of the inner product x-o
) t 1
(X'O')AU :(c +.z X |yj 24)
X+iy ct—z

invariant:

x? = det(x" )" =det(x-o')" =det(x-0)" =x? (25)
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using
(x0) =(x-0)" (26)
with
(00,) =222 (0,)" = A", (o) (27)
() =222, (o*)" =A4 (o) (28)

Also, the Dirac gamma matrices p* and the chiral matrix

£ 0,12 3

Vs =y yyy (29)

are given in the chiral representation using the MTW representation of the Pauli
matrices as

« | O _(O'k)AU (0 -o
"l o J[ak ) >

("), o ® 0) (1 0
Vs = 0 v = 0 _ 0 :[0 _1]
0 _(0 )u’ ’
where the following MTW representation is found for the diagonal block:
(0°),=(0"), =°
(), =("), ==
(GZ)AB - (0-2 )UV =0y

(@) =() =

Using the MTW representation, the Clifford algebra of the Dirac gamma matrices

(31)

with anticommutator {a,b}=ab+ba should be

0\A 0
= Vs ~ 22’7/”(1 szznw (32)
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Likewise, the conjugate ', the Dirac conjugate  =w'y°, and the Lorentz scalar
wy are

v'= ((’ZAJT () (n)') (33)

Uy

0

7 =((€B)T,(m)1)[(ao). (GOO)BUJ:((”V)T(“(})VA’(%ZB)T(“O)BU) 34

v =) (0°),,£"+() (20)" my (35)

2 Electron spin density

Electron spin density and torque for it have recently been studied by
Vernes-Gyorffy-Weinberger in terms of polarization density [2]. In our recent paper [4],
we have studied the electron spin density and torque for it in terms of the bilinear
covariants of the Lorentz transformation [15] using the approach of Ref. [9-11]
described in the previous section, which we shall briefly review in the following
subsections 2.1 and 2.2.

2.1 Bilinear covariants

Using Egs. (9) and (30), the chiral representation of the spin angular momentum reduces
to

4
) 36
— 1 0— (G)AB 0 ( )
S=2hy s =2h v
2 0 (4),
VA
o 0
Sko:iih]/k]/():—iih ) B ; :—i}/5Sk (37)
2 2 0 _(Gk)u

where ¢, denotes the Levi-Civita symbol.
The spin density is then written in the bilinear covariant form as the axial vector
(pseudovector):

S(x) = =17 (X) 7w (¥)§(X) :w*(x)stw(x):%h&(x) (38)
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o(x)= Og (X)+6L(X) (39)
5o () =y (6w, (0=(£") (0(5)", £2(x)
G () =y (NGw () =(n,) ((5)," 7 ()

which is the spatial part of the 3™ rank antisymmetric tensor [12]. For discrete
symmetry for the spin density §(x), we have charge conjugation C, parity P,

(40)

time-reversal T symmetry as follows:

Cs(x)C™"=5(x) (41)
Ps(x)P* =5(Px) (42)
Ts(X) T =-"5(Tx) (43)
with
1 0 0 0
pr 0 -1 0 0 44)
00 -10
00 0 -1
-1 000
T - 0100 (45)
0 010
0 001

t =

where 'S in the right hand side of Eq. (43) means ‘G be used in place of & in Eq.
(40).

We may first examine the chiral charge, spin density and spin torque summarized in
Appendices A and B (see Appendices A and B) for free electron satisfying the Dirac
equation in this case as

(iny*0, -mc)y (x)=0, a,=0/ox" (46)

where m is the mass of electron. The stationary state solution with the 3" eigenvalue

¢ = J_r%h of spin S° = §oéz using the unit vector €, along the 3" axis is:

I
——X-p

v(x&)=u(p.O)e ", (p—me)u(p.&)=0, g“:i%h (47)

where [15]
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p®+mc+ p,
1 1 ) .
(R E— o D p=pin, (48)
2 2\/p (p®+mc)| P~ +mc—p,
_p+
p_
1 1 p’+mc—p, :
U(p,——h)= 0 0 ' p—=px_lpy (49)
2 2/ p°(p° +mc) —p_
p®+mc+ p,

In the rest frame attached to electron, the charge density, Eg. (A5), and the chiral spin
density, Eq. (40), are then

NR(ﬁ,ilhjzl
2

i . (50)
NL(ﬁ,i—hJ:—
2 2
6R(6,ilh)=i£éz
f i (51)
5 (0,£+=h)=+—8
O-L( 2 ) 2 z
In the inertial frame attached to observer, we have instead
1 1
NR(pviEhjzzpo(poi pz)
. (52)
= _ 0_
NL(p,iEhJ—Z (P Fp,)
. + Opz
&R(ﬁ,iah)zizmco 6, + '; M 5
p p (53)
1 mc ¥ p° E)rzmc
5 (P, t=h)== g — P
O-L(p 2 ) 2p0 z 2po

where the spin-orbit coupling (polarization) appears in the chiral spin density. The
polarization may be combined to give

1 1, .. .1 1. mc._ p -
S| Pp,t=h|=—h t=h|l=t—h| — €6 +—F—— 54
(p 2 J 2 G(p 2 j 2 (p° Z+p°(p°+mc)p] &9
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which is the well-known formula, Eqg. (3.147) of [16]. The spin torque does not of
course work in this case, but if electron is accelerated by the external electromagnetic
field, further spin-orbit coupling, the Thomas precession and therefore the spin torque
emerge to bring about the resultant further polarization as shown in Appendix C (see
Appendix C).

It should be noted that chirality of a particle has nothing to do with helicity as an
observable but is right (or left)-handed if its spin transforms according to a
two-dimensional irreducible representation A (or its inequivalent complex conjugate
irreducible representation A =A"") of SL(2,C). Helicity of a particle is right (or
left)-handed if its spin is parallel (or antiparallel) to its linear momentum. For massive
particles, helicity is not conserved since the direction of linear momentum depends on
the inertial frame of observer. For massless particles, helicity is conserved keeping
direct relationship with chirality.

2.2 Spin torque

The equation of motion of electron spin is [4]
o . -
ES(X) =t(x)+2(x) (55)

for electron under the external electromagnetic field satisfying the Dirac equation with
the covariant derivative as

(ih;f”Dy—mc)y/(x):O (56)
D, =3, +i%Aﬂ (x) (57)

where q=-e is the charge of electronand A* (x) the Abelian gauge potential.

The right hand side of Eq. (55) is composed of two terms. First, the spin torque
t(x) , which is given by the antisymmetric part of the nonsymmetric
(symmetry-polarized) Hermitean stress tensor 7" (x):

t“(x) = —¢,, """ (X) (58)
7™ (x) = %(;;(x)y” (<inD* )p () +he.) (59)
7T (x) = #(X) (60)
7™ (x) = £ (x); nonsymmetric (symmetry-polarized) (61)
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and the zeta force £(x), which is given by the gradient of the zeta potential ¢, (x)

proportional to the chiral charge density jJ(x) (see Appendix A) as follows:

& () = ~0,5(x) (62)
hC o, \_ hC* _
¢5(X) ZEJS (X) - 2 (NR(X) NL(X)) (63)

For chiral spin-1/2 Fermion with the non-Abelian gauge potential, analogous
equation of motion of spin has been found [4].
Electron spin density S(x) has rotational character as manifestly shown by the

vorticity rots(x):

rot§(x)=%(W(x)f(ihDo)y/(x)+h.c.)—f[(x) (64)
In Eq. (64) is shown the kinetic momentum density I1(x) defined as

fi(x) = %(W*(x)(ihﬁ(x))w(x) + h.c.) (65)
This satisfies the equation of motion [4]

%ﬁ(x) =F(x) (66)

F(x)=L(x)+7"(x) (67)

The force density F(x) is composed not only of the Lorentz force density L(x) but

also of the tension density 7''(x) which is the divergence of the symmetry-polarized
stress tensor 7" (x) given in Eq. (59):

#1(x) =divi™(x), 7™(x)=a,7™ (x) (68)

The stress tensor itself is not defined uniquely [17,18] since mathematically any tensor
whose divergence is zero can be added to. Our stress tensor 7" (x) in Eq. (59) is
defined in such a way that it appears in the equation of motion of II(x) as in Egs.
(66)-(68).

The chiral partitionings of the working equations are summarized in Appendix B
(see Appendix B). Examples of the spin torque are found in Appendix C: the Volkow
wave function of the Dirac electron under the external time-dependent plane wave
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electromagnetic field (see Appendix C) and Appendix D: the Landau wave function of
the Dirac electron under the influence of the external static uniform magnetic field (see
Appendix D).

2.3 Energy-momentum tensor

In this section, we derive the spin torque, zeta force and vorticity as a consequence of
the symmetry of energy-momentum tensor of gravitation. The gravitational action 1

is added to the system action I, and made stationary:
S1=0, l=Ig+I (69)
under the variation 5g** of the metric tensor g*":

. C 4 _ c 1 v 4
|(3 —E R\/_gd X, 5IG _g,[(Rﬂv_Egvajé‘gﬂ \j_gd X (70)

I =%ILﬁd4x, Sl =%J.Twﬁg’”\/§d4x (71)
The Einstein equation is then derived

G, (x)=Y, (x) (72)
with the definition

G,.(x)=R,. ()59, (YR(X) (73

Y, ()= _CEZTW (%) (74)

G,, (x)=G,,(x); symmetric (75)

T, (X)=T,(x); symmetric (76)

=1,

Using the tetrad formalism equipped with the principle of equivalence, the metric
tensor in any general noninertial coordinate system is given as

9, (x) =€, (X)€", (X)77s (77)
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where e, (x) denotes the tetrad field and the Latin letters a,b,c and so on runs from

0 to 3 in this and the subsequent subsections 2.3 and 2.4. The tetrad field e* (x) isa

coordinate vector and a Lorentz vector for the Lorentz transformation x — x'

associated with the vector representation A®, (x)[8:

_ ox" o

e, (x) e, (x) =256, (x)

e, (x) e, ()= A% ()¢, (¥)
and is parallely transported :
o8 +{./.je ~7l8" =0
In Eq. (80), we used the Levi-Civita affine connection

1
{yﬂ}=§g”(@gm+i%mw—apmw)=L/A

and spin connection

b _ bc, v
7/a,u_eav;y77 ec

where the covariant derivative is defined as

A

A A K
ea v :ea ,v+{/r v}ea

eaﬂ.;v = eaﬂ,v - { ),Kv} eaK
with the usual partial derivative denoted as

f,=0,f

(78)

(79)

(80)

(81)

(82)

(83)

(84)

(85)

In the tetrad formalism [7,8], the absolute parallelism of the tetrad field eay(x) IS

found to be
De/=0e6"+ F*ﬂivea” =0
and the connection

* A y) a b y)
r/l v:{,u v}_e yya veb

(86)

(87)
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is used to define the torsion tensor
*2 * A *
T =r/ , -1/, (88)

. pv u

and contorsion tensor

Auv Auv

K* :%(T* T =T ) (89)

In the tetrad formalism, the Dirac spinor field is a coordinate scalar and a Lorentz
spinor [8]:

v () >, ()=, () (0
v, (X) =¥, (X) =D, (A(X))y, (x) (91)

Also, what is important, the covariant derivative D,(g) is not only a coordinate scalar,

but also a Lorentz vector, as shown in Egs. (12.5.15)-(12.5.17) and (12.5.24) of [8]:

D,(9)=0,+T, (92)

T, (x)>T,"(x)=D(A(x))T,D™(A(x))-(2,D(A(x))) D7 (A(x)) (93)

The Lagrangian density for the quantum electrodynamics (QED) system under
external gravity is then given as

L=Lg, +L, (94)
with the definition
1 LV 1 4 vo
LEM :_EF,UVF/L :_EF;vapog;pg ! F,uv =a/1A/_avA,u (95)
1 /.. .
Le=ECy/(Ih7/ ea”Dﬂ(g)—mc)z//th.c. (96)

The gravitational covariant derivative D, (g) in Eq. (96), which satisfies Eqgs. (92)-(93)
under the Lorentz transformation, is concretely written as

H 1 ab H q
D =0, +1— JP+1—A
ﬂ(g) u Zh}/ab” he “ (97)
H 1 ab
:Dy+|§7/aby‘]

where the spin angular momentum J®



J Math Chem (2012) 50:669-688

DOI 10.1007/s10910-011-9943-z

al Ih a
Jb:Z 7" (98)

is added to the covariant derivative D, given in Eq. (57) through the coupling with

spin connection y, , given in Eqg. (82). The emergence of the spin connection is

manifest as the consequence of the principle of equivalence in general relativity.
It should be noted here that, after some manipulation we can rewrite Eq. (96) in a
very significant form as follows:

1 (i a
L, =Ecw(|h7/ eaﬂDy(g)—mc)y/+h.c. )
1 3n_ ., 1. .,
:Ecy/(lh}/ 8,0, —mc)://+h.c.—4—qa”15" —EAHJ*
Namely, which is hidden in Eqg. (96), but in this Eg. (99), minimal couplings are

manifestly shown; those not only of current j”(x) with photon vector potential
A“(x) but also of chiral current j(x) (see Appendix A) with spin coupling

vector a“(x) defined as

1

a’ = s et *vpa (100)
where T*W is the torsion tensor given in Eq. (88) and we have used the Levi-Civita
tensor:

g,uvpa — 1 é‘,uvpo’ 50123 :1 (101)

V=9
gyvpo = \' _g5yvpc’ 50123 = _1 (102)
Using the Lagrangian given in Eq. (94), the variation principle with respect to the
spinor field
2, -0 (103)
oy

leads to the field equation

(iny*e,"D, (g)-mc)y =0 (104)
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Second, the variation principle with respect to the tetrad field leads to the symmetric

energy-momentum tensor T, and the conservation law as follows [8]:

ol :6%J'L«/—gd“x=%IT};a5ea’ﬂ/—gd4x (105)
(— 0 —
T/tv -g= 77abebv 86_/1 L -9 (106)
1 .
T, =-¢",-7t", (g)—E 9”’F,F., -9, (L +Lgy )=T,; symmetric(107)
T =0 (108)

In Eqg. (107), we have shown that the symmetric energy-momentum tensor T,

comprises not only the symmetric tensors but also polarized geometrical tensor g“w

defined as
aic « o —
gn,uv = Tevi po’ygip l//yK75l//
1 (109)
+ 2[( D" +T 7, )FL+T . F2, —ET*W F/;"“j
with
abc hC dabc —,
F™ = g & Vs (110)

and polarized stress tensor 7', (g) with the covariant derivative D,(g) givenin
Eq. (97) :

() =%(1/77V (-inD, (9))w +he) (111)

Now that the energy-momentum tensor T, is symmetric, the antisymmetric

components should cancel with each other [6]:
M 4o (g)=0 (112)

where

g = g5 4 g (113)
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g% = %(5”‘” +gm") (114)
Auv 1 Tuv ITvu
e =E(5 w_g ‘) (115)
and
£ (g) =% (g) + 7" () (116)
7o (g)=%(r”‘” (9)+7"*(g)) (117)
Z_A,uv(g):%(z_l'[,uv(g)_z_l'[v,u(g)) (118)

2.4 Weak gravitation limit

In the limit of weak gravitation field

eaﬂ —>5aﬂ, 90 =1, (119)

the equation of motion of the Dirac spinor field (//(X) is reduced from Eq. (104) to the

Dirac Eq. (56) in due course. Moreover, the antisymmetry cancelling condition of Eq.

(112) is reduced to §§(x) =T (X)+ £ (x) and

rot§(x)=%(x/7(x)77(ihDo)x//(x)+ hc.)-TI(x). These equations are nothing but Egs.

(55) and (64) respectively.

3 Result and discussion

We have shown the electron spin torque, zeta force and vorticity as a consequence of
the symmetry of energy-momentum tensor of gravitation. We have invoked here the
covariant formalism of general relativity equipped with vierbein (tetrad) field on curved
spacetime [6-8]. The symmetry we use here is hence restricted in this sense and not
reflect supersymmetry. The development of the spin torque, zeta force and vorticity in
the context of supersymmetry should be very interesting, since then the spin of Boson as
well as Fermion can be treated in a unified manner, which is under way and will be
published elsewhere.
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Appendix A
The electron current is defined by
i (x) = caw (x) 7w (x) (A1)
Here we have a very interesting chiral decomposition of electron current j* (x) as
i°(x) =caN (x) = cq (N (x) + N, (x)) (A2)

J(x)=cq(G:(x)=5.(x)) (A3)
where the charge density is decomposed into the chiral parts as

N(x)=y" (X)w(X)=Ng(x)+N_(x) (A4)

Ne ()= (X)wa ()= (£*) (94 (0

;
N (%) =w " () (%)= () Oy (%)
and &,(x)and &, (x) are given in Eqg. (41). Namely, the spatial part of the current

(AS)

density is given by the difference in the chiral parts of the spin density.

The chiral decomposition of j* (x) is also realized in a dual manner with the chiral
current  j&(x) defined as

Js () = cay (X)y“ 75y (X) (A6)

Here we have the chiral decomposition of electron current j#(x) dualto j*(x) as

Js () =ca(Ng ()= N_(x)) (A7)
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Js (x) = ca& (x) = ¢d (G (x) + 5. (X)) (A8)

where Egs. (A7-8) are dual to Egs. (A2-3). Namely, the chiral charge density j.°(x) is

given by the difference in the chiral parts of the charge density, and the spatial part of

the chiral current density J,(x) is given by the spin density.

The charge is conserved but not the chiral charge since we have no continuity
equation for the latter because of the nonzero mass of electron. Actually, using Eq. (56),

we have continuity equation for j“(x) as
8,j"(x)=0 (A9)
while for j,* (x) we have residual pseudoscalar as the 4" rank antisymmetric tensor as

1. . .2mc _

o 0l (=I5 (X) 7 ()

=120 (! 0w 00+ (W (0) (A10)
=15 (£%) 00(00)" 7,00+ (m,) (9(0°),., €% 00)

which is not zero unless m is zero.

Appendix B

The stress tensor is decomposed into the chiral parts as

) =7" (x)-7." (x) (B1)

7 (%) = %((@?A)T 0)(c)", (-inD*) 2 (x) + h.c.)

(B2)

and therefore the torque as
f(X) =fR (X)_fL (X) (B3)
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tRk ()= _genkTRmn (x)

B4
th (x)= _gkaLmn (x) (B4
and also the zeta force as
£00=Ca(0-E (%) (B5)
Cr (X) ==0,dr(X) (B6)

(Lk (X) = =0, s, (X)

with the zeta potential

¢(X) = ¢R (X) _¢|_ (X) (B7)
e () =2 N ()

(B8)
4o (0 =" N, ()
The chiral parts of the kinetic momentum follows
g (x) =T, (X)+I1, () (B9)
_ 1/, a\t - A
fie (%)= 5((¢*) 00(i#B00) £ (9 +he o
i, (x)= %((Uu ) (9(1#5()) 7, 09+ he)
Thus, the chiral partitionings in Eq. (55) are
§(§R(x)+§L(x))=fR(x)+ZR(x)—(t1(x)+5L(x)) (B11)
rot (S, (x)+5, (X)) + (g (x)+ 1, (x))
%( ) (%)(5) ihDO(x)gB(x)m.c.) (B12)
%( (x) |hDO(x)77v(x)+h.c.)

Appendix C

The Volkov solution of the Dirac electron under a plane-wave radiation field

A=A (¢), p=k-x=K’ct—keF, lim A“(¢)=0 (C1)

¢2 —>0
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is given as [12,19]

1 q i0
=1 KA le" "u
i [+2k-pc j
s 1 q 1 q2
S =—X-p— i ——— | 1| A
0o =7XP w{k-pcp 2k-p(c} }W

lim{ =+

¢2 —>0

N |-

then we have

j”(ﬁ ilhjchi p/l_ﬂA/l+k/4 LEA p_i[ﬂjz A? (C7)
2 p° c k-pc 2k-plc
b,
pO
of Lo P 1 . mc
2A° K 5 ——7 p,kep——k,
1 1 q p° p°(p°+mc)
{oedn)ess]
2 2k-pc 0 1 - me
+2k0 AO—(Z) 5 5 pzA._'__o
P’ p°(p°+me) p
2
1 ¢ 21,0| Lo P 1 PR
- — 2AKY| k= — kep——Kk
[2k-p6] { p° p°(p°+m0)pz P J

(C2)

(C3)

(C4)

(C5)

(C6)
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Assume then for simplicity, first, radiation field propagates along the 3" axis
associated with the electric field along the 1% axis and the magnetic field in the 2" axis:

A“=(0,A,,0,0) (C12)

k“ =(k°,0,0,k°) (C13)

E:—E%:(EX,E E,)= —kOdA,o,o (C14)
c ot Y d¢

S et _ o dA

B_rotA_(BX,By,BZ)_[o,—k d—¢,o (C15)

and, second, the electron propagates along the 3" axis asymptotically:
p“ =(p°.0,0,p,) (C16)

It follows that the charge density, the spin density and zeta potential are given as

N =%j° =1+mgjz(&)z (C17)

§:i%h(%%&,0,l—(N —1)j (C18)

& :i%[%—(N —1)j (C19)
The spin torque and zeta force are calculated to be

f=(tx,ty,tz):i%h[ E—Z%,o,oj (C20)

5=(§x,§y,§z)=i%h[o,o,po(;+0_pz)(%f A&%J (C21)

Consequently, we have nonnul spin dynamics, which should be so since the Volkov
state is not stationary:
o . = =
—S=t+{=#0 C22
p ¢ (C22)
As a trivial limit of free electron in the stationary state, the torque and zeta force are
calculated to be zero:

=0, £=0 (C23)
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and hence the sum:

0 =

—5=t+¢ =0 C24
o ¢ (C24)
which should be so since the state here is chosen stationary.

Appendix D

The Landau levels of the Dirac electron under a static uniform magnetic field along the
3" axis

1 1
A“ =1 0,—=Hy,—Hx,0 D1
( R J (D1)
is given in a textbook [16]. Using the Landau eigenfunctions R . ,(p) with

p=+/x*+Yy?, the torque and zeta force are calculated to be cancelled with each other,

which should be so since the state is stationary:
0 -

—s5=t+¢=0 D2
p ¢ (D2)
But the vector components are nonzero in this case:

= 0 0

é/:—gfad¢5 :[_5@1_5%10} (D3)
with the zeta potential

he k,o 2
4= (Rom o (P)) (D4)
n,m, .k, .o +mc (27[)
c

where n and m, arethe quantum numbers, k, is the wave number along the 3" axis,

and where o is the sign of the 3" eigenvalue ¢ = i%h of spin S®=Seg,.
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