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Abstract

The generating function of double Hurwitz numbers is known to
become a tau function of the Toda hierarchy. The associated Lax
and Orlov-Schulman operators turn out to satisfy a set of generalized
string equations. These generalized string equations resemble those
of ¢ = 1 string theory except that the Orlov-Schulman operators are
contained therein in an exponentiated form. These equations are de-
rived from a set of intertwining relations for fermion bilinears in a
two-dimensional free fermion system. The intertwiner is constructed
from a fermionic counterpart of the cut-and-join operator. A classical
limit of these generalized string equations is also obtained. The so
called Lambert curve emerges in a specialization of its solution. This
seems to be another way to derive the spectral curve of the random
matrix approach to Hurwitz numbers.

2000 Mathematics Subject Classification: 35Q58, 14N10, 81R12
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1 Introduction

Hurwitz numbers count the topological types of finite ramified coverings of a
given Riemann surface [1]. Some ten years ago, Hurwitz numbers of coverings
of the Riemann sphere CP! turned out to be related to Hodge integrals on
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the Deligne-Mumford moduli space M,,, of marked stable curves [2, 3, 4]
and Gromov-Witten invariants of CP! [5, 6, 7, 8]. These observations led
to various developments and applications, such as new proofs [11, 12, 13]
of Witten’s conjecture [9] (Kontsevich’s theorem [10]) on two-dimensional
topological gravity, in other words, integrals of 1-classes on /\;lgm. Recently,
a set of new recursion relations for Hurwitz numbers were derived [14, 15, 16]
as an analogue of Eynard and Orantin’s “topological recursion relations” [17].

These developments in the last decade are also more or less connected
with integrable hierarchies of the KdV, KP and Toda type (see reviews by
the Kyoto group [18, 19, 20] for basic knowledge on those integrable systems).
Firstly, several Toda-like equations show up in relation with Gromov-Witten
invariants of CP!. Secondly, the Witten conjecture is formulated in the
language of the KdV hierarchy and its Virasoro symmetries. Subsequent
studies [21, 22, 23] on the Witten conjecture from the Hurwitz side revealed
a connection with the KP hierarchy as well.

A master integrable system in this sense is the (two-dimensional) Toda
hierarchy [24]. As pointed out by Okounkov [6], a generating function of
“double Hurwitz numbers” gives a special solution of the Toda hierarchy.
Being a tau function of the Toda hierarchy, this generating function has two
sets of independent variables t = (ty,to,---) and t = (1,%3,--+). By spe-
cializing part of these variables to particular values, the generating function
of “simple Hurwitz numbers” are recovered. The aforementioned Toda-like
equations and KP hierarchy may be thought of as equations satisfied by those
specialized tau functions.

The goal of this paper is to derive the generalized string equations

L=QePRLefM [0 = QP2 1efM

for this special solution of the Toda hierarchy, and to examine implica-
tions thereof. Here 3 and () are parameters prepared along with ¢ and
t. L,L and M, M are, respectively, the Lax and Orlov-Schulman opera-
tors, all being one-dimensional difference operators. Compared with the
cases of two-dimensional quantum gravity [25] and ¢ = 1 string theory
(26, 27, 28, 29, 30, 31], these generalized string equations have a notable
new feature. Namely, they contain the exponentials e and e’M of the
Orlov-Schulman operators. This is in sharp contrast with the conventional
string equations that are linear in M and M (except for the the case of a
deformed version of ¢ = 1 string theory [30], in which the string equations
are quadratic in M and M).

The exponentials of M and M are related to the “quantum torus algebra”
in a two-dimensional free fermion system. The same Lie algebraic structure



plays an important role in the melting crystal model of five-dimensional gauge
theory as well [32, 33]. We borrow some technical ideas developed therein.
The generalized string equations are derived from algebraic relations (referred
to as “intertwining relations”) among fermion bilinears. A clue therein is
a special fermion bilinear that corresponds to the so called “cut-and-join
operator” [34].

The generalized string equations also have a classical limit of the form

L=QLeMM L1 =QL ™M,

where £, M, L, M are “long-wave” or “dispersionless” limits [20] of the Lax
and Orlov-Schulman operators. Conceptually, the classical limit amounts to
the genus-zero part of Hurwitz numbers. Similarity with ¢ = 1 string theory
becomes even more obvious in this limit (which amounts to the genus-0 part
of string amplitudes). The generalized string equations of ¢ = 1 string theory
[26, 27, 28, 29] have a classical limit of the form

L=LM, L'=LT'M.

Thus, roughly speaking, the linear terms M, M therein are now replaced by
the exponential terms e®M, e#M. Thanks to this similarity, one can apply
the method developed for solving the generalized string equations of ¢ = 1
string theory [29] to construct a solution of the foregoing equations in the
form of power series of ¢;’s and t;,’s. This construction simplifies when either
ti’s or t;’s are specialized to particular values for which the tau function
reduces to the generating function of simple Hurwitz numbers. Remarkably,
we encounter therein the equation

xr = yeY

of the “Lambert curve” that lies in the heart of the new recursion relations
[14, 15, 16]. This should not be a coincidence. Presumably, the classical
limit of the generalized string equations will be another way to derive the
“spectral curve” in the random matrix approach [15, 35, 36].

This paper is organized as follows. Section 2 reviews the notion of Hurwitz
numbers and their generating functions. Schur functions and their special
values are used to interpret the generating functions as tau functions. Sec-
tion 3 prepares technical tools from a two-dimensional free fermion system.
We introduce relevant fermion bilinears, and recall Okounkov’s result on a
fermionic representation of the generating function of double Hurwitz num-
bers [6]. Section 4 presents the generalized string equations. We start from
intertwining relations of fermion bilinears, and translate those relations to



the generalized string equations. Section 5 formulates the classical limit of
the generalized string equations. The classical limit is first derived by heuris-
tic consideration, then justified by showing that the associated tau function
has an h-expansion. Section 6 is devoted to solving this classical limit of the
generalized string equations. The solution is constructed in much the same
way as that of the generalized string equations for ¢ = 1 string theory. The
Lambert curve shows up in a specialization of this solution.

2 Generating functions of Hurwitz numbers

In this section, we use various notions and formulae on partitions, Young
diagrams and Schur functions. They are mostly borrowed from Macdonald’s
book [37].

2.1 Hurwitz numbers of Riemann sphere

Let us consider finite ramified coverings of CP!. Two coverings 7 : I' — CP!
and 7' : IV — CP! are said to be topologically equivalent if 7 and 7’s are
connected by a homeomorphism ¢ : I' — I" as m = 7’ 0 ¢. Let [n] denote
the equivalence class of the covering 7. Note that I' can be a disconnected
surface.

Given a positive integer d and a set of distinct points Pj, - , P, of CP!,
there are only a finite number of nonequivalent d-fold coverings that are un-
ramified over all points other than P, --- , P.. Those nonequivalent coverings
can be further classified by the ramification data of sheets over P, --- , P,.
These data are given by conjugacy classes C,--- ,C, of the d-th symmetric
group Sy.

A conjugacy class C' of S, is determined by the cycle type

o=, o)y, > >y, pl =t =d

of a representative o € Sy of C, e.g.,

0-:(17.'. 7”1)(/'1’1+17.‘. ’/”L1+/'1’2>.'.(1L61+".+/'1’l—17.'. 7d)7

where (ji1,- -+, Jm) denotes the cyclic permutation sending j; — j, — -+ —
Jm — J1. The cycle type thus becomes a partition of d, and has another
expression

p= ()

with the numbers m; of i-cycles. Let C'(11) denote the conjugacy class deter-
mined by a partition u of d.



A cyclic permutation (ji,- -, jm) of length m represents a cyclic covering
of degree m realized., e.g., by the Riemann sheets of (z — a)'/™ above the
point a. We use the cycle type u = (u1,- -+, ) as ramification data above
a point of CP! to show that the sheets above that point locally look like a
disjoint union of [ cyclic coverings of degree i1, o, - -+ , .

The Hurwitz number Hy(Cy,--- ,C,), also denoted by Hy(u™,-- -, u)
where ;%)’s are the cycle types of Cy’s, is defined to be the sum

1

of the weights 1/|Aut(m)| over all equivalent classes [7] of possibly discon-
nected coverings 7 that are ramified over the r points P;,--- , P, with the
ramification data C1,---,C,. Aut(m) denotes the group of automorphisms
of w. As the notation suggests, Hy(C4,--- ,C,) does not depend on the po-
sition of Py, --- , P,.

The Hurwitz numbers can be determined by a genuinely group theoretical
method (Burnside’s theorem [38]). This leads to the beautiful formula

i) = 5 (T ) TEA6) )

IA|=d =1

where the sum is over all partitions A of d. Let us explain the notations used
in this formula.

Firsly, dim A denotes the dimension dim V), of the irreducible representa-
tion (py, Vi) of Sy determined by A. In other words, dim A is the number of
all standard tableaux of shape A, and can be calculated by the so called hook
length formula

dim\ = d—!, (2)
[T 7G5
(4,5)EX
where h(i, j) denotes the length of the hook cornered at the cell (i,j) € A.
Note that partitions are identified with the associated Young diagrams. As an
immediate consequence, dim A turns out to be symmetric under the transpose
(or conjugate) A — X of the partition, namely,

dim '\ = dim \. (3)
Secondly, f\(n) denotes the value f\(C(u)) of the class function
o A (C)

3



on Sy evaluated at C' = C'(p). x» denotes the character Try, py. The cardi-
nality |C'(p)| of C(p) C Sq can be written as

d! -
Cwl ==z =] mtim. (5)
K i>1

The values of f,(C) for the simplest two cases C' = (1%),(19722) can be
explicitly calculated as

KO =1 K2 =T (6)
where
l 1 2 1 2
/{A:;)\i(/\i—%+1):;(()\i—z’+§) —<—¢+§) )

This number has another useful expression of the form

which implies, e.g., the anti-symmetric property

Rty = —R). (8)

2.2 Simple Hurwitz numbers

Let us review the notion of simple Hurwitz numbers. They are the Hurwitz
numbers such that the types of all but one ramification points Py, --- , P,
are restricted to 19722. The exceptional ramification point P,.,; can have an
arbitrary cycle type p. The Hurwitz numbers of this type

mM%Q:wQMZZ(%?YQWhW 0

r [Al=d

are called simple Hurwitz numbers. Introducing an extra (finite or infinite)
set of variables @ = (x1,z9,- -+ ), one can construct a generating function of
these numbers as

r

Z(ZE) _ ZZ Z Hd(\ld_22, - 71d—22/7 M)ﬁdem

T




where p,’s are the monomials

Pp=PuPus "

of the power sums

pk:fo, k=1,2,---

i>1

We now substitute (9) in the definition of Z(x) and use the Frobenius formula

o L, @) (10)

|u|=d

to rewrite the sum over p into a Schur function times numerical factors.
The numerical factors partly cancel with some other factors. The generating
function thus reduces to
dim A
Z(x) =) Qs (). (11)

[A[!
AEP

Z(x) turns out to be a tau function of the KP hierarchy [18, 19]. To
see this, we change the variables from @ to the standard time variables t =
(t1,t2,---) of the KP hierarchy via the power sums as

bk 1 k
W= =R

i>1

and consider the Schur functions s, (x) as functions of ¢. It is convenient to
use Zinn-Justin’s notation s,[t] for the latter [39].

Actually, s,[t] can be redefined directly. Let us recall the Jacobi-Trudi
formula

sx(®) = det(hx—ir; (®)) 1, (12)

where \;’s are parts of A (which are assumed to be equal to 0 for i > n,
namely, A = (Ay,---, Ay, 0,--+)), and h,,(x)’s are the complete symmetric
functions defined by the generating function

D (@)™ =[]0 - zi2)"

m=0 i>1



Let hy,[t] denotes h,,(x) considered as a function of ¢. h,,[t]’s can be redefined
by the generating function

i hi[t]2™ = exp (i tkzk> :

m=0

Consequently, s)[t] can be expressed as
sa[t] = det(hr,—i45[t])7 1 (13)

One can thus replace sy(x) by sy[t] to obtain the generating function

Zlt) = %eﬁm‘ﬂQMS)\[t]. (14)
\EP '

Identifying Z[t] as a KP tau function requires some more consideration.
Several methods are known in the literature [12, 21, 22, 23]. One can explain
this fact in the context of the Toda hierarchy as well. A clue is the formula

— =5,[1,0,0,- -] (15)

that can can be derived, e.g., from the Frobenius formula (10) by letting
p1 = 1 and p,, = 0 for £ > 1. Consequently, Z[t] can be rewritten as

Z[t) = " PQM s, [t]s5[1,0, -], (16)
AeP

This function is a specialization of the generating function Z[t, t] of double
Hurwitz numbers introduced below. Z[t, ] is a tau function of the Toda hi-
erarchy (or, rather, the two-component KP hierarchy[18], because the lattice
coordinate of the Toda lattice is absent here). It is well known [24] that any
Toda (or two-component KP) tau function is also a tau function of the KP
hierarchy with respect to one of the two sets of variables. This implies that
Z[t] is a KP tau function.

2.3 Double Hurwitz numbers

Let us choose yet another point Py of CP! of an arbitrary ramification type
it in addition to the r + 1 points in the case of simple Hurwitz numbers. The
Hurwitz numbers of this type

dim A\ /ka\"
A, 1221200 = 30 (B0) () Aonm  an

I\=d

8



are called double Hurwitz numbers. To construct a generating function of
these numbers, we introduce a new set of variables & = (Z1,Zs, - ), their
power sums

_ Z _k
= z;
i>1
and their monomials
Dx = PaPry -

along with the variables in the case of simple Hurwitz numbers. Again, with
the aid of the Frobenius formula (10), the generating function

ZZ Z Ha(p, 1d 22,17 22 N)ﬁerpuﬁu

r=0 d=0 |u|=|p|=d

can be converted to a sum over all partitions as

z) =) "PQMs(x)sA(2). (18)

AeP

We now introduce the two sets t = (¢, o, -+ ) and t = ({1, ¢z, - - ) of time
variables as

ty ="
and consider the generating function

Z[t, 8] = P25, [t]s, ]~ (19)

AEP

of the new variables. Z[t, t] is a tau function of the Toda hierarchy at a point
of the lattice [6] '. Reversing the sign of ¢ is conventional in the formulation
of the Toda hierarchy [24] (cf. the fermionic representation of Toda tau
functions reviewed in Section 3.4). Any Toda tau function thereby becomes
a tau function of the two-component KP hierarchy. Let us note that the the
roles of ¢ and ¢ in Z[t, t] can be interchanged by virtue of the identities

salt] = (~D)Msul=t],  si[~# = (~D)Ms i [E] (20)

of the Schur functions and the property (8) of k.

LA generalization of this tau function was first studied by Kharchev et al. [40] in a
different context.



2.4 Cut-and-join operator

The cut-and-join operator My [34] may be thought of as an infinitesimal
symmetry on the space of tau functions of the KP hierarchy [12, 22, 23]. In
the KP time variables ¢, the cut-and-join operator reads

1 & 0 0?
M, = = — . 21
0= 3 ijZI (kltktl ET + (k + Dtrr 3tk3tz> (21)

The Schur functions s, [t] are eigenfunctions of this operator with eigenvalues
HA/2Z

Mosa[t] = %SA t] (22)

A combinatorial proof of this fact is presented in Zhou’s paper [41]. As we
shall remark in Section 3, the cut-and-join operator has a fermionic counter-
part [6], which leads to another proof of (22).

(22) implies the identities

ePIr2g,[t] = Mg, [t].

Therefore one can use e’ to recover Z[t] and Z[t,t] from their “initial
values” at 0 =0 as

Z[t] = e Z[t) =0,  Z[t,T] = " Z[L, E]|5=0.
Z[t]s=0 and Z[t,t]|3=0 can be calculated by the Cauchy identity

> salt]sa[—t] = exp (— i k:tkt_k> (23)

AEP
and the weighted homogeneity
salcty, Pta, - -] = PMay[ty, ta, - -] (24)

of Schur functions as

Z[t]|p=0 = ZQ‘MSA[t]S)\[].,O,O, ] =efh
AEP

and

Z[t, g0 = Y QM sx[t]sa[—t] = exp (- > Qkktktk> .

AEP k=1

10



One can thus derive the well known formula [12, 22, 23]
Z[t] = Mol (25)

and its extension
Z[t, t] = "M exp (- > Qk/ﬁfkfk) (26)
k=1

to double Hurwitz numbers.

3 Fermionic representation of tau function

3.1 Two-dimensional free fermion system

Let us introduce two-dimensional complex free fermion fields

V(z) =Y ez Wz =Y e

neZ neZ

Note that we follow the notations of our previous work [32, 33] to use integers
rather than half-integers for the labels of Fourier modes v,,,1;. The Fourier
modes satisfy the anti-commutation relations

The Fock space H of ket vectors and its dual space H* of bra vectors are
decomposed to charge-s sectors Hs, H:, s € Z. Let (s| and |s) denote the
ground states in Hy and H, namely,

<S‘ = <—OO"“¢:-1¢:7 ‘S> :wfswferl"" _OO>7
which satisfy the annihilation conditions

Upls)y =0 forn>—s, ¢ls)=0 forn>s+1,
(s|py =0 forn<-—-s—1, (sl =0 forn <s.

Excited states can be labelled by partitions A = (Ag, Ag, -+, Ay, 0,0,--+) of
arbitrary length as

’)‘7 S> = w—)\l—s e w—)\n—s+n—1w:—n+1 e w:|$>v
<)‘7 S| - <8|77Z)—5 e ¢—S+n—lw>)k\n+s—n+1 e @Df\ﬁs-

11



|\, s) and (A, s| represent a state in which the semi-infinite subset {\; + s —
i+ 1}22, (sometimes referred to as the “Maya diagram”) of the set Z of all
“energy levels” are occupied by particles. These vectors give dual bases of of
Hs and H} in the sense that

(A, 7|, 8) = 0x00s. (27)
The normal ordered fermion bilinears
iiﬂfﬂﬂ;i = 7#7#@; - <0sz¢;’0>7 27] € Z7

span the one-dimensional central extension gl(oo) of the Lie algebra gl(co)
of infinite matrices [18, 19]. gl(oco) consists of infinite matrices A = (a;;); jez
of “finite-band type”, namely, there is a positive integer N (depending on A)
such that a;; =0 if |[¢ — j| > N. For such a matrix A € gl(co), the fermion
bilinear

A= Z aij:w_ﬂp;:
ijeZ
becomes a well-defined linear operator on the Fock space, and preserves the
charge, namely,

| Alp, s) =0 ifr#s. (28)

Moreover, for two such matrices A, B € gl(co), the associated operators ﬁ, B
satisfy the commutation relation

—

(A, B] = [4, B] + 7(4, B) (29)
with the c-number cocycle term
V(A B) = Tr(A;_B_, — B, A_,), (30)
where A4+ and Biy denote the following quarter blocks of A, B:
Ay = (aij)iso0,j<0, At = (aij)i<0,j>0,
By = (bij)is0,j<0, B—y = (bij)i<o,j>0-
3.2 Special fermion bilinears

The following fermion bilinears are building blocks of our Toda tau function:

I = Z :¢—n+m¢::a me Za

neZ

Lo= )Y ntp_n0h, Wo= Y n*th b

nez neZ

12



Jm’s span a U(1) current algebra. Lo and W, are zero-modes of Virasoro and
W) algebras. These fermion bilinears are associated with infinite matrices
as

Jn=Am  Lo=A, W,=A2 (31)
where A and A are infinite matrices of the form
A = (idij), A= (6iy14)

Let Ji[t], t = (t1,t2,-- - ), denote the special linear combinations

)= tde, J_[t] =) try
k=1 k=1
of J,,’s. Their exponentials act on the ground states (s|, |s) as

(sle "B =3 (A slsalt], M) =Y saltlIA s), (32)

AEP AEP

yielding Schur functions as matrix elements [18, 19]:
sx[t] = (\, sle’8]s) = (s|e’-M|), s). (33)
Unlike other J,,,’s, Jy is diagonal with respect to |\, s)’s:
(A, 8] Jo| e, 5) = baps. (34)

Ly and Wy, too, are diagonal. The diagonal matrix elements can be calculated
as follows.

Lemma 1.
sltolissh = oy, (W + 52, (35)
sl ) = 0, (a4 25+ DA+ SEEREED o

Proof. Assuming that s > 0, one can calculate the diagonal matrix elements
as

(X, s|Lol N, s) Z Ai+s—i+1)— Z(—Z + 1) (heuristic expression)

=1

g I

Z(()\ +s—i+1)—(s—i+1 —i—Zk (re-summed)
i=1

s(s+1)
2

— A+

13



and

o)

(A, s|[WolA, s) Z (N +s—i+1)? Z(—’L +1)*  (heuristic expression)

=1

g I

Z()\ +s5—i+1)*—(s—i+1)? —i—Zkz (re-summed)
i=1

s(s+1)(2s+1)
6 :

In the case where s < 0, we have only to replace the intermediate sums over
k as

=rr+ 25+ 1A +

Zk:—>— Z k, Zer— Z k2,

k=s+1 k=s+1

ending up with the same final expression of the matrix elements. O]

3.3 Toda Tau function for double Hurwitz numbers

A general tau function of the Toda hierarchy has the fermionic expression
7(s,t,8) = (s|e” ge™"-M]s),

where ¢ is an element of C/}i(oo) [42]. Inserting the aforementioned expansion
(32), one can expand this function as

T(s,8,8) = Y (A slglp, s)sa[t]s,[—E]. (37)
A UEP
Following Okounkov [6], we now consider the special case where
g = ePMo/2QLo — QLoBWo/2, (38)
Theorem 1. The tau function determined by (38) can be expanded as
7_(57 t, z) _ eﬁs(s+1)(2s+1)/12Qs(s+1)/2 Z eﬁm\/2<€ﬂ(s+1/2)Q)|)\|SA [t]S)\[—i]. (39)
AEP

Proof. The properties (35) and (36) of Ly and Wy imply that g is also diag-
onalized on the basis |\, s) of the Fock space. The diagonal matrix elements
take such a form as

<)\’ S|g|>\, S> = exp (g (K;)\ + (28 i 1)|)\| I 5(5 + 1)6(25 + 1))) Q|>\\+s(s+1)/2.

The tau function in question can be thereby expanded as (39) shows. O

14



This is a restatement of Okounkov’s result [6]. One can rewrite (39) as
(s, t,8) = eﬁs(sﬂ)(2S+1)/12Qs(s+1)/2Zg,eﬁ(s+1/2>Q[tai]a (40)

where Zgg[t,t] denotes the generating function (19) with the parameters
£ and @ being explicitly indicated. Thus, apart from some numerical fac-
tors depending on s, the tau function coincides with the generating function
of double Hurwitz numbers. Note that the s-dependence shows up in the
generating function as the multiplier e?**1/2) of the parameter Q.

Let us conclude this section with a few comments on the cut-and-join
operator (21). The cut-and-join operator corresponds to the fermion bilinear

1 1\ Wo Lo, Jo

M:— —_ = W_y, *::——_ —

o 22(n 2)¢wn o Loy (41)
nez

One can readily see from (34), (35) and (36) that this operator acts on |\, s)’s

as

3
Mo|A, s) = (% 48|+ 4824 5) I\, ). (42)
In particular, |A) = |A,0) is an eigenstate with eigenvalue /2. Note that
s-dependent extra terms show up in the charge-s sector.

Fermion bilinears of this type can be converted to differential (or “bosonic”)
operators by the boson-fermion correspondence [18; 19]. In a generating func-
tional form, the normal-ordered product

Wp(2)Y (w): = Y(2)P" (w) —

—— (2l < Jul)

of the fermion fields corresponds to the two-variable vertex operator

X(z,w)
1 2\ % - Lz F w9
i <<E> exp (; te(2F — wk)> exp <—kz_; T%) — 1)
(sle” i (2)9" (w): = X (2, w)(s]e”+ . (43)

A similar relation holds for e=/-|s) and leads to bosonization with respect
to t [20], though we omit details here.

15



I'(z,w) can be expanded in powers of z — w, and the coefficients of this
expansion give a bosonic representation of fermion bilinears. For Lg, Jy and
Wy, this bosonic representation reads

+ 1)
Z k:tk T . Jo=s (44)

and

Z: (kltktl + (k + Dtgyy 3. 8tz)

ot kJrl

(45)

> %) 1)(2s+1
+(23+1)Zktka—tk+8(s+ )6( s+1).
k=1

(41) is thus bosonized as

M—li Kltyt 0 + (k+ 1)t >
"2 =\ Oty M otkot,

In the charge-0 sector, this reduces to the cut-and-join operator (21).

4 Generalized string equations for double Hur-
witz numbers

4.1 Notations for difference operators

Building blocks of the Lax formalism of the Toda hierarchy are one-dimensional
difference operators in the lattice coordinate s [24]. Those operators are lin-
ear combinations of the shift operators "%, e"% f(s) = f(s + n). Although
a genuine difference operator is a finite linear combination

A= Z an(s)e"®  (operator of [M, N]-type)

of the shift operators, one can consider a semi-infinite linear combination of
the form
N
= Z an(s)e"®  (operator of (—oo, N] type)

n=—oo

16



or
A= Z an(s)e"®  (operator of [M,00) type)
n=M

as well, which amount to pseudo-differential operators in the Lax formalism of
the KP hierarchy [18]. Let ( )s¢and ( )¢ denote the truncation operation

(A)z0 =Y an(s)e"”, (Ao = an(s)e"”.

n>0 n<0

Difference operators are in one-to-one correspondence with Z x Z matrices.
Firstly, the n-th shift operator e"? corresponds to the shift matrix

A" = (05 j—n)ijez.
Secondly, the multiplication operator a(s) amounts to the diagonal matrix
diag(a(s)) = (a(i)di;)i ez
In particular, the multiplication operator s corresponds to
A = diag(s) = (i6;5)i jez-

Consequently, a general difference operator

A= A(s, e%) = Z an(s)e

n

is converted to the infinite matrix

AAA) = Y diag(an(s)A" = 3 (an(0)815-0): ez

n n

Occasionally, it might be more convenient to write a difference operator in
an anti-normal-ordered form as

B(e”,s) = Z "% b, (s).
n
In that case, the corresponding infinite matrix reads

B(A,A) = A" diag(bn(s)).
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4.2 Lax and Orlov-Schulman operators

The Lax formalism of the Toda hierarchy uses two Lax operators L, L of
type (—oo, 1] and [1,00). Actually, from the point of view of symmetry, it is
better to consider L and L~! rather than L and L. These operators admit
freedom of gauge transformations. In the gauge where L is monic (namely,
the leading coefficients is equal to 1), L and L~! can be expressed as

L=¢%+ Z Upe1 ™0
n=1

0
L' = age % + E e 1%
n=1

The coefficients u,, and %,, are functions of s and the time variables ¢, ¢, and
written as un(s,tli) and u,(s,t,t) if we do not suppress the independent
variables. L and L satisfy the Lax equations

OL oL _ o

atn = [Bn7 L]7 at_n - [ n?L]7
OL _. 0L o - (47)
atn [ ny ] Y atn [ ny ] Y

where B,, and B, are defined as
Bn = (Ln)207 Bn = (E_n)<0-

To formulate the generalized string equations, we need another pair of dif-
ference operators M, M, namely, the Orlov-Schulman operators [44]. These
operators, too, satisfy the Lax equations

oM :[Bn7M]7 aM :[Bn7M]7
oty, ot,,
o1l om (48)

= Bna M ) -
ot,, [ ] ot,,
of the same form as the Lax operators do, and are related to the Lax operators
by the twisted canonical commutation relations

L, M) =L, (L] =1L (49)
By “generalized string equations” we mean equations of the form
C(L,M) = C(L,M), (50)

where C(L, M) and C(L, M) are (possibly infinite) linear combinations of
monomials of L, M and L, M with constant coefficients. The following lemma
[30, 31] explains an origin of generalized string equations.

18



—_—

Lemma 2. If the fermion bilinears C(A, A) and C(A, A) are intertwined by
a GL(oo) element g as

—_—

then the Laz and Orlov-Schulman operators satisfy (50).

4.3 Intertwining relations

Let us now consider the case of the solution determined by the C/ﬁ/(oo) ele-
ment (38). We seek intertwining relations in the following special form:

— -

Jkg:gé<A7A)a C(A’ A)g:gj—ka k= 172a
Lemma 3. J,,’s are transformed by the adjoint action of Q™ and e®Vo/? as

QLO JmQ_LO = Q_mjma

eI ] VfE = IMEEN T Py (52)
neZ

Proof. Let us note the fundamental commutation relations
[Lo, ¥n] = =1, [Lo,¥p] = —nyy,

and
(W, tn] = n*n,  [Wo, 7] = —ny)

that follow from the definition of Lo and W,. These commutation relations
can be exponentiated as

QY. Q™ = Q7 QMU = QM
and

6—5W0/2¢n€ﬁW0/2 _ e—ﬁn2/2¢n’ 6—5W0/2¢:eﬁwo/2 _ eﬁ”Q/Q@DZ-

Consequently, the exponentiated operators Q0 and e"o/2 act on the basis
Wby of gl(oo) as

QU _iW:Q7 = Qi
and

e‘ﬁWo/Q:lb—W;:eﬁWO/Q = e_ﬁ(ig_ﬁ)ﬂilﬁ—i@b;:'
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One can thereby derive (52) as

QLO JmeLo _ Z Q(nfm)fn:win+mw:;: _ Qfmjm

neZ

and

e IWo/2 ] FWo/2 _ Ze_ﬂ((”—mﬁ—n?)/?;¢_n+m¢:‘l:
neZ

B2
S e

nez

O

Lemma 4. J.;’s are connected with the fermion bilinears /\Te\ﬁkA and A@A
by the GL(c0) element (38) as

Jrg = gQte P2 RReHRD, (53)
gJ_i = leﬂkQ/zA—/k-eﬁAg. (54)

Proof. Using the relations (52) in the previous lemma, one can calculate
~1
g~ Jkg as

gileg — e*ﬁWo/QQ*LoJkQLoeﬁVVo/2
_ le—ﬁWO/QJk€BW0/2

_B3K2 %
= QU e N

nez

Since the last sum can be rewritten as

Y = AR,

neZ

the first intertwining relation (53) follows. In the same way, one can calculate
gJ-rg~" as

gJ_kgfl — eﬁwo/?QLoJ_kQ*LoefﬂVVo/2
_ QFPWo/2 ], /2

2 *
= QMY My,

neZ

which implies the second intertwining relation (54). O
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4.4 Generalized string equations

Theorem 2. The Lax and Orlov-Schulman operators of the tau function (39)
satisfy the generalized string equations

IF— le—ﬁk2/2ikeﬁk1\2’ Ik — leﬂk2/2L—keﬁk:M (55)

for k=1,2,---. Moreover, these equations can be derived from the first two
(k = 1) equations

L=Qe PlPLePM [0 = QePl2L 1M, (56)

Proof. The first part is a consequence of (53) and (54). Let us show the
second part. The k-th power of the first equation of (56) reads

Lk — lefﬁkﬂ(ieﬁ]\])k.

The commutation equation of L and M in (49) implies that

[M,--- [M,[M,L]---] (k-fold commutator) = (—1)*L

for k=1,2,---, so that

o _ b gr _ .
e Le 5M=L+ZE[M,---,[M,[M,L]]---]:eBL.
k=1

Using this relation repeatedly, one can move e®™’s in (I_/efBM )k to the right-
most position as

(EeﬁM)k _ Ee,@M(Ee,@M)k—leﬁM
_ e—ﬁki%ﬁz\z(ieﬁz\z)kfzewm

_ e—ﬁk—ﬁ(k—l)E3€ﬁM(eﬁME)k—3€SBM

— o Bk(k=1)/2 [ k BkM

Thus the first equation of (55) follows. The second equation of (55), too, can
be derived from (56) in the same way. O

Thus, in contrast with two-dimensional quantum gravity [25] and ¢ = 1
string theory [26, 27, 28, 29, 30, 31], the generalized string equations contain
the exponential terms e M. These terms stem from the fermion bilinears

AFReBRA iy (53) and (54). Ferimion blinears of a similar form are also used
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in the study of integrable structures of the melting crystal model [32, 33].
A common algebraic background of these fermion bilinears is the quantum
torus algebra (with parameter ¢) spanned by the infinite matrices

B = gTEm2NmGEA k€ 7 (57)

In the melting crystal model [32, 33], a central extension of this Lie algebra
is realized by the fermion bilinears

Vi = a7y q ety (58)

nez

The Lax and Orlov-Schulman operators give (two copies of) yet another kind
of realization by the difference operators

and

If ¢ = €, the exponentials e®M ¢#M belong to this Lie algebra.

5 Classical limit of generalized string equa-
tions

5.1 Dispersionless Toda hierarchy

In a naive sense [43], the classical limit of the Toda hierarchy can be ob-
tained by replacing the shift operator ¢% by a new variable p. The difference
operators L, M, L, M thus turn into Laurent series of p of the form

[e.e]
L=p+)Y up"™"

n=1
L0 =tgp™" + ) ",
n=1
M = intnﬁn + s+ ivnﬁ "
n=1 n=1
M=— S nt, L7 + s+ ivnﬁn
n=1 n=1



that are referred to as the “Lax and Orlov-Schulman functions”.
As difference operators are replaced by Laurent series, commutators of
difference operators turn into Poisson brackets by the rule

[, 5] =e” — {p,s} =s.
Accordingly, Poisson brackets of functions of p and s are defined as

OF 0G  OF 0G
{F.G} _p<8_p§ _%a_p> .

The Lax equations and the twisted canonical commutation relations are re-
defined with respect to the Poisson bracket as

oL oL

8_tn = {Bnaﬁ}a 8_t_n = {Bn7£}7

9L 5.0y, 2L —(B,.0).

ot, ot, (61)
oM oM -
3tn - {BTMM}a 8fn - {BTMM}7
oM - oM o
S = B MY 5= (B M)

and
{LM}y=L, {LM}=L. (62)

B,, and B, are defined by seemingly the same formulae
B, = (L")>0, Bn= (L")

as in the previous case, but the notations ( )s¢ and ()¢ now stand for
projection operators on the space of Laurent series, namely,

n n>0 n n<0

These equations are fundamental constituents of the “dispersionless Toda
hierarchy”.
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5.2 h-dependent Toda hierarchy and generalized string
equations

The foregoing procedure replacing ¢ — p can be justified as a kind of
classical limit in an A-dependent formulation of the Toda hierarchy [44].
In the h-dependent formulation, €% is replaced by ™. The “Planck con-

stant” A thus plays the role of lattice spacing. The Lax and Orlov-Schulman
operators are expanded in powers of e as

o
_ sy Zune(kn)m’

[~ = ﬂoe_ms + Zun (n—1)ho

n=1
M = i nt, L" + s + i v LT,
n=1 n=1
M= — i nt, L™ + s+ Zan”

The Lax equations and the twisted canonical commutation relations take an
h-dependent form as

oL oL
h@T = [B,, L], hat = [B,, L],
W2k _pon 2k B
ot, ot (63)
oM oM _
atn - [Bn7M]a a{n [BnaM]a
oM _ oM~
ha = [B,,, M, har = [B,,, M]
and
[L,M]=hL, [L,M]=hL. (64)

If the coefficient u,, Uy, v,, v, (which are functions of A,s,t,t) have a
smooth classical limit as

510) = lim u,,, ﬂglo = lim u,, 720) = lim v, @,(lo)

= lim v,,, (65)
h—0 h—0 h—0 h—0
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one can define the Lax and Orlov-Schulman functions as

L=p+Yy ulp™,
n=1
L' =a"p 1+ Zfaﬁf’)p -
=1

M = Znt £”+s+z O

n=1
M=— intﬁ +8+Zv(0)£”
n=1 n=1

These Lax and Orlov-Schulman functions satisfy the Lax equations (61) and
the twisted canonical Poisson relations (62).

In this A-dependent formulation, generalized string equations (50) are
modified as

C(L,h*M)=C(L,h M), (66)

namely, M and M are multiplied by A~! [30, 31]. Let us explain the underly-
ing mechanism briefly. The Lax and Orlov-Schulman operators are connected
with the matrices A and A by the so called “dressing operators” [44]. The
twisted canonical commutation relations are thereby derived from the com-
mutation relation

[A,A] = A
of these matrices. In the h-dependent formulation, they take the form
(LA 'M)=h"'M, [L,h*M]=h"'M,

which are nothing but (64). Thus it is A~ M and h~'M rather than M and
M that correspond to A and show up in generalized string equations.

5.3 Classical limit of generalized string equations

Let us turn to the case of double Hurwitz numbers. To derive a classical
limit, we have to introduce A therein. At least formally, this can be done by
rescaling the space-time variables as

s—hls, t—h't t—h't (67)
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The h-independent Toda hierarchy is thereby converted to the h-dependent
form. Actually, it is rare that the rescaled Lax and Orlov-Schulman operators
satisfy the condition (65). To achieve a meaningful (and nontrivial) classical
limit, one should start from a carefully chosen A-dependent solution of the
h-independent Toda hierarchy.

In the language of the tau function [44], a meaningful classical limit is
obtained from an A-dependent tau function 7(h, s, t, t) such that the rescaled
tau function

(s, t,t) = 7(h, A 's,h 't b 'E)
behaves as
log (s, t,t) = h 2 F(s,t,t) + O(h™1). (68)

F = F(s,t,t) is called the “free energy” because of its relation to random
matrices and topological field theories [45, 46]. If the rescaled tau function
has this asymptotic form, the associated “wave functions”

_B-11 F
Th(sa t h[Z; ]7 t) thlseh*l{(t,z)7
TFL(S7 t7 t)

- < h,t,t—h 1y polgG -
\Ilﬁ(s,t,t, Z) _ TFL(‘S —:_h(’s 7t i) [Z]>zh 156FL Le(t,2 1)’

[2] = (2,22/2,--- ,zk/k:,---), E(t,z) = Ztkzk

\Ijh(s> ta i) Z) =

have the “WKB” form

Up(s,t,t,2) =exp (h'5(s,t,8,2) + O(1))

Un(s,t,t,2) =exp (h'5(s, t,8,2) + O(1)) (69)
and satisfy a set of auxiliary linear equations. The phase functions S(s, t, ¢, z)
and S(s, t,t, z) satisfy the associated Hamilton-Jacobi equations, which can
be converted to the dispersionless Lax equations (61) and the Poisson rela-
tions (62) (see the review [20] for details).

An appropriate h-dependent reformulation of the tau function (39) of
double Hurwitz numbers can be found by the following heuristic considera-
tion. As we move into the h-dependent formulation, the generalized string
equations (56) are modified as

L=Qe PRLSM [0 = Qefl2L 1M,
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Obviously, these equations do not have a limit as A — 0. If, however, the
parameter ( is simultaneously rescaled as

8 — hB, (70)
the generalized string equations are further modified as
L=Qe MRPLeM [0 = QeM2L-1ePM (71)
and have a meaningful classical limit of the form

L=QLeM, L7 =QL M. (72)

5.4 Existence of h-expansion

To justify the foregoing heuristic derivation of the classical limit (72) of the
generalized string equations, let us show that the tau function (39) with 3
rescaled as (70) does satisfy the condition (68).

Recall the expression (40) of the tau function. After rescaling s, ¢, t and
[ as (67) and (70), this expression is modified as

Th(S, t, i) — 6h7268(8+h)(28+h)/12Qh72S(S+h)/2Zﬁﬁ7e[3(s+fl/2)Q[h_1t7 h_lﬂ ] (73)

Therefore it is sufficient to show that the logarithm of Zzo[h~'t, i~ '] has
an h-expansion of the form

log Znsolh ', i 't) = h?Fy+ Fy + WP Fy 4 - - + B F 4+, (74)

where Fy, Fy,- -+ are analytic functions of (3,@Q,t,t) in a common domain.
The free energy is then given by

3 21
_ ot stlogQ
6 2

F +F0(ﬂ7€ﬁsQ7tvi)' (75)

(74) is a generalization of the well known topological expansion for simple
Hurwitz numbers. It is common in the literature that this kind of expansion
is explained by a combination of topological and combinatorial consideration
(see, e.g., Section 4.2 of Mironov and Morozov [22], Section 2.1 of Bouchard
and Marino [14] and Section 2.2 of Borot et al. [15]). We take another
approach based on the cut-and-join operator (21).

Theorem 3. log Zs o[h~'t, h"'t] has an h-expansion of the form (74).
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Proof. Let F' = F(h,3,Q,t,t) denote the left hand side of (74) multiplied
by h2. By (26), " °F can be expressed as

e F = hBMo(h exp( h~ ZQ’“I{:%Q)

k=1

where My(h) denotes the rescaled cut-and-join operator

1 o0 8 82
- Z < lkltktl +h(/€+l)tk+lat at>

l\J

Oyt
Therefore " *F satisfies the differential equation
86572}? —2
= hMy(h)e" ¥

with respect to 5. This equation can be further converted to the differential
equation

OF 1 & OF 1 & 0’F  OF OF
— = kltytj —— + = k+ 1)t ? —
93~ 2 j%:l bt 2 g;l( D ( ooty ot atl)

for F'. This equation is supplemented by the the initial condition

[e.e]

F’ﬁ:o = — Z Qkktkfk

k=1

We now seek a solution of this initial value problem in the form of a (formal)
power series of h?:

F=F,+RFR+ - +h"F,+- -

This reduces to solving the differential equations

Z kltktl 8tk +35 > (k+1) tkH

85 + Pyt 8tkatl
1 « OF,, OF,
= (k+ 1)t = (76
Pl Mz o o (79
for n =0,1,2,--- under the initial conditions
Fn’ﬁ:O = _5110 Z Qkktkfk (77)
k=1
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F,’s are thereby recursively determined, and become analytic functions of
(8,Q,t,t) in a common domain of definition (because the differential equa-
tions other than the first one for n = 0 are linear with respect to F,). Since
the initial value problem for F' has a unique solution, the power series solution
F = Fy+ h*F} + - - - should coincide with the left hand side of (74). O

One can thus confirm the expected asymptotic form (68) of the the
rescaled tau function (73). Let us stress that this is also a proof for the
case of simple Hurwitz numbers. To consider that case, one has only to set
tr, = —0p1 in the initial condition (77). Let us also point out that the main
part Fy of the free energy is determined by the n = 0 part of (76) and (77),
namely,

8F0 1 ] — OF, 0F,
= Klt,t =N (k4 Dt 78
Z ¥ latkH 2 Z: R oty ot (78)
and
k=1

It will be interesting to apply the diagramatic technique of Mironov and
Morozov [22] to these equations.

6 Solution of classical limit of generalized string
equations

6.1 Comparison with generalized string equations of
c =1 string theory

Our goal in this section is to solve the generalized string equations (72) and
to derive some implications thereof. To this end, it is instructive to compare
these equations with the generalized string equations of ¢ = 1 string theory
[26, 27, 28, 29].

In the classical limit, the generalized string equations of ¢ = 1 string
theory read

L=LM, L'=L'M. (80)

Let us mention that the same equations play a central role in a problem
of complex analysis and its applications to interface dynamics [47, 48, 49].
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Actually, it is the equation
(£, 7'} =1 (81)

rather than (80) that is referred to as a “string equation” in these applica-
tions. Note that one can readily derive (81) from (80). In the same sense,
one can derive the equation

{log L,log L7'} =3 (82)

from (72) as a counterpart of (80) for double Hurwitz numbers.
(81) and (82) resemble the string equation (or the Douglas equation)

@, Pl =1 (83)
and its classical limit
{Q.Pt=1 (84)

in two-dimensional quantum gravity [50, 51, 52]. @ and P in (83) are one-
dimensional differential operators of the form

Q=0"+u 0" ?+ - Fu,, P=0"4+v0"" 2+ +u,.
In the classical limit, 0, is replaced by a variable p with the Poisson bracket
{p,x} =1,
and ) and P are polynomials of the form
Q=p"+up" >+ Fu,, P=p"+vp" P4+,

In this setting, @ and P may be thought of as coordinates of the spectral
curve (parametrized by p) in the sense of Eynard and Orantin [17]. Namely,
when z and other deformation variables (time variables of the underlying KP
hierarchy) are fixed to special values, Q and P satisfy a defining equation
f(X,Y) =0 of the spectral curve as

f(Q,P)=0.

Although the KP and Toda hierarchies are different in nature, the last
remark seems to suggest that one may think of an equation of the form

FIL. L) =0
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as the spectral curve in the present setting. This observation is partly sup-
ported by the fact that such a curve is derived as the spectral curve in
the random matrix approach to ¢ = 1 string theory and interface dynamics
[53, 54, 55].

Bearing these remarks in mind, let us turn to the issue of solving the
generalized string equations (72). These equations, like (80), are a kind of
“nonlinear Riemann-Hilbert problems”. One can use the method developed
for solving (80) [29] to construct a solution of (72) as power series of ¢ and
t. As it turns out, (72) can be treated in much the same way apart from
technical complications.

6.2 Decomposition of equations

Let us convert (72) to the logarithmic form

log(Lp™") =log @ —log(L ™ 'p) + M,
log(L£™'p) = log @ — log(Lp™") + BM.

Since Lp~' and £~ 'p are Laurent series of the form

Lp ' =14 up™, L'p=1p+ Y tnp"
n=1

n=1

with nonzero leading terms, one can expand the logarithm as

log(Lp™! Z anp™", log(L'p) = log iy + Z anp",

n=1
where
ay, = Uy + (polynomial of wy, -+ u,_1),
Qpn = Ty ‘U, + (polynomial of @y 'y, - - -, ty "tp_1)-

We now substitute

M= —iktki’“ + 54 i@nin,
k=1 n=1
M= iktkﬁk + s+ ivnﬁn
k=1 n=1

in (85) and expand both hand sides in powers of p. This leads to an infinite
set of equations for the coefficients w,,, ty,, vn, 0, of £, M, L, M as follows.
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Equating the coefficients of p™, n = 0,1,---, in both hand sides of the
first equation of (85) gives the equations

0=log@Q — log g + Bs — 3 Z kte(L7F)o, (86)
k=1
Ay = —52]{}'[]9(2_16)_”, n = 1,2,"‘ s (87)
k=n

where (£7%)_, stands for the coefficient of p~™ in £7%. In the same way,
the coefficients of p", n = 0,1,2,---, in the second equation of (85) give the
equations

logtig = log Q + fBs + 8> _ ktr(L)o, (88)
k=1
Gy =BY ktp(L%),, n=12---, (89)
k=n

where (£F),, denotes the coefficient of p" in £*. Since
(LY, = (L™ _, =0 fork<n,

the range of k in the sums of (87) and (89) is limited to & > n. Note that
one can use the formal residue notation

res (Z anp”dp> =a_

to express (Ek)n and (E__k) . as

(LF),, = res ([,kp_"dlogp) . (L7, =res ([,__kp"dlogp) .

Such an expression turns out to be useful in the subsequent consideration.
Since v,’s and 0,’s are absent, (86) — (89) are equations for u,’s and @,’s
only.

The remaining part of (85) determine v,,’s and 4,,’s. To see this, it is more
convenient to expand (85) in powers of £ and £ rather than of p. Extracting
the coefficients of £" from the first equation of (72) and those of £™" from
the second equation yields the equations

0= —res (log(ﬁ__lp)ﬁ__”dlog E_) + 60, (90)
0= —res (log(ﬁp_l)ﬁndlog E) + Bu, (91)
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forn =1,2,---. Thus v,’s and 9,’s are determined by £ and L as

v, = B ' res (log(Lp~") L dlog L),
v, = ' res (log(L™'p) L "dlog L) .

(85) can be thus decomposed into the infinite set of equations (86) — (89),
(90) and (91). The next task is to show that they do have a solution.

6.3 Solution of equations

As we observed above, one can think of (86) — (89) as equations for u,’s and
u,’s. We want to construct these functions as power series of (¢ and ¢ with
coefficients depending on s. If u;’s and @ are thus constructed, vy and v;’s
are determined by (90) and (91).

Let us first examine (86) and (88). Since

&, = U, + (monomials of higher degrees in uy, -+, u,_1),
Qpn = 1 ‘1, + (monomials of higher degrees in 4y 4 - - - , Uy "1,
u, and u,, n = 1,2,---, show up on the left hand side of these equations

linearly. The right hand side consists of terms that are multiplied by t;’s and
t;’s. Therefore these equations yield a huge system of recursion relations for
the coefficients of power series expansion of u,’s and u,,’s.

Note that ug, which remains to be determined, is contained in the coeffi-
cients of the power series expansion of u,, and u,,. We need another equation
to determine ug. Actually, there are two equations (86) and (88) rather than
just one. This puzzle is resolved as follows 2.

Lemma 5. If (87) and (89) are satisfied, then (86) and (88) are equivalent,
and reduces to the equation

logtig = log @ + Bs + > _ kayay. (92)
k=1

Proof. Let us use the formal residue notation to express the terms (£*)y in
(86) as

(LF)o = res(LFdlog p).

2A similar result holds for the generalized string equations (80) of ¢ = 1 string theory.
This fills a logical gap left in our previous paper [29].
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Since the identity

0 = res(L"dlog L) = res (E%%dlogp)

holds for k& > 1, this expression of (£¥)y can be further rewritten as

-1
dp

By substituting Lp~' = ayp™! + asp™? + - -+, the right hand side can be
expanded as

RHS = o res(LFp2dp) + 2as res(LEp~3dp) + - - -
= Oél(ck)l + 20(2(£k>2 + e

Since (£¥),, = 0 for n > k, this expansion terminates at the k-th term. One
can thus obtain the identity

(,Ck)o = Oél(ﬁkh + 2@2(£k)2 + -+ ]{?Oék(ﬁk)k.
In the same way, one can derive the identity
(L7 =ai (L") 1 4+2a(L7") o+ + kaw(L7F) .

By virtue of these identities, one can rewrite the two sums in (86) and (88)
as

Z ktk(ﬁk)o = Z k‘tk (Oél(ﬁk)l + 2a2(£k)2 + -+ k’&k(ﬁk)k)
k=1 k=1
= Z k?tk(ﬁk)l + 20./2 Z ktk(ﬁk)g + .-
k=1

k=1
)
_ -1 Z ~
- ﬁ naoy, oy,
n=1

= a1y K (L7F) + 200 Y K (L7F)o+ -
k=1 k=1

o
_ a1 -
=—0 E Ney, Oy, -
n=1
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Note that (89) and (87) have been used to derive the last lines. Thus (86)
and (88) turn out to reduce to the same equation (92). O

We can thus use (92) in place of (86) and (88). Adding this equation to
(87) and (89), we obtain a full system of equations that determine the power
series expansion of w,, u, and ug recursively. We can readily see from (92)
that @ is a power series of the form

log tip = log Q + s + (terms of positive orders in ¢, t). (93)
On the other hand, since
(L")n =1, (L7")-n =g,
(L"), = (polynomial in uy, -+ ,uy_,) for k >n,
(L7%)_, = af x (polynomial in @y ty,- - - , U ‘U_n) for k>n,
u, and u, are power series of the form

u, = —Pnt,ty + (terms of higher orders in ¢, ), (04)
U, = Bnt,io + (terms of higher orders in t,¢).
This power series solution of (72) (which is unique by construction) is
homogeneous just like the solution of the generalized string equations (80)
for ¢ = 1 string theory [29]. This is a consequence of invariance of the the
string equations under the scaling transformations
tn - C_ntna .En I Cn.ETL) S - S) p - Cp7

(95)

Up — CUp, Uy — C Uy, Up— CVp, Ty —C "Up.
In summary, we have observed the following:

Theorem 4. The generalized string equations (72) have a unique solution
that has power series expansion with respect to (t,t) as shown in (93) and
(94). This solution is homogeneous with respect to the scaling transformation

(95).

6.4 Solutions at special values of t,¢t

The foregoing construction of solution simplifies to some extent when ¢ and
t take special values. Of particular interest are the following two cases:

(i) ti's are free, and ;s are restricted to ¢, = t101,

(ii) tx’s are restricted to t; = t10x1, and t;’s are free.
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They amount to restricting the generating function Z[t, t] of double Hurwitz
numbers to generating functions of simple Hurwitz numbers. Since these two
cases are essentially equivalent, let us consider (i) only.

In the case of (i), (87) implies that «,, vanishes for n > 1 and that the
only non-vanishing component is given by

a1 = U = —67?1120.
Thus £ simplifies as
L= pe? ! = pe—ﬂt_1ﬂop‘17 (96)
and (L"), can be written explicitly as
kul)k_" (—kﬁﬂao)k—”
£ry, = ( = : 97
(£5) (k—n)! (k—mn)! (97)
Up, n = 1,2 - are thereby recursively determined by (89) as a function of
tr’s and wg. g is determined by (88), which now takes an explicit form as
B - — kBt )"
loguozlogQJrﬁSwLBZktk%. (98)
k=1

v, and v,’s, too, have more or less explicit formulae, though we omit details.

This result shows a remarkable feature. Namely, (96) resembles the defin-
ing equation x = ye¥ of Lambert’s W-function y = W (x) if L~! and p~' are
identified with  and y. The so called Lambert curve is defined by this equa-
tion on the (x,y)-plane, and plays a fundamental role in the recent studies
on Hurwitz numbers [14, 15, 16, 35, 36].

This analogy becomes more precise when t;’s, too, are specialized to
ty, =0, k=1,2,---. In that case, 1y is explicitly determined as

Ty = Qe.
Moreover, (89) implies that &, vanishes for all n, hence
L7 =dgp . (99)
(96) thereby turns into the equation
L = tgLe PhE™ (100)

for £ and £. In view of the remarks in the beginning of this section, it seems
likely that this equation can be identified with the spectral curve for simple
Hurwitz numbers.

36



Acknowledgements

This work is partly supported by JSPS Grants-in-Aid for Scientific Research

No.

19104002, No. 21540218 and No. 22540186 from the Japan Society for

the Promotion of Science.

References

1]

2]

[5]

[6]

[7]

8]

[9]

[10]

[11]

A. Hurwitz, Uber Riemann’sche Flichen mit gegebenen Verzwei-
gungspunkten, Math. Ann. 39 (1891), 1-60.

B. Fantechi and R. Pandharipande, Stable maps and branched divisors,
Composition Math. 130 (2002), 345-364.

[.P. Goulden, D.M. Jackson and R. Vakil, The Gromov-Witten potential
of a point, Hurwitz numbers, and Hodge integrals, Proc. London Math.
Soc. III. Ser. 83 (2001), 563-581.

T. Ekedahl, S. Lando, M. Shapiro, A. Vainshtein, Hurwitz numbers
and intersections on moduli spaces of curves, Invent. Math. 146 (2001),
297-327.

R. Pandharipande, The Toda equations and the Gromov-Witten theory
of the Riemann sphere, Lett. Math. Phys. 53 (2000), 59-74.

A. Okounkov, Toda equations for Hurwitz numbers, Math. Res. Lett. 7
(2000), 447-453.

A. Okounkov and R. Pandharipande, Gromov-Witten theory, Hurwitz
numbers and matrix models I, Proc. Symposia Pure Math. 80, pp. 325—
414 (American Mathematical Society, 2009).

A. Okounkov and R. Pandharipande, Gromov-Witten theory, Hurwitz
theory, and completed cycles, Ann. Math. 163 (2006), 517-560.

E. Witten, Two dimensional gravity and intersection theory on moduli
space, Survey Diff. Geom. 1 (1991), 243-310.

M. Kontsevich, Intersection theory on the moduli space of curves and
the matrix Airy function, Comm. Math. Phys. 147 (1992), 1-23.

Y.-S. Kim and K. Liu, A simple proof of Witten conjecture through
localization, arXiv:math.AG/0508384.

37



[12]

[13]

[14]

[15]

[16]

[17]

[18]

[21]

22]

23]

[24]

M. E. Kazarian and S. K. Lando, An algebro-geometric proof of Witten’s
conjecture, J. Amer. Math. Soc. 20 (2007), 1079-1089.

L. Chen, Y. Li and K. Liu, Localization, Hurwitz numbers and the
Witten conjecture, Asian J. Math. 12 (2008), 511-518.

V. Bouchard and M. Marino, Hurwitz numbers, matrix models and enu-
merative geometry, Proc. Symposia Pure Math. vol. 78, pp. 263283
(American Mathematical Society 2008).

G. Borot, B. Eynard, M. Mulase and B. Safnuk, Hurwitz numbers, ma-
trix models and topological recursion, arXiv:0906.1206 [math-ph].

B. Eynard, M. Mulase and B. Safnuk, The Laplace transform of the
cut-and-join equation and the Bouchard-Marino conjecture on Hurwitz
numbers, arXiv:0907.5224 [math.AG].

B. Eynard and N. Orantin, Invariants of algebraic curves and topological
expansion, Commun. Number Theory Phys. 1 (2007), 347-452.

E. Date, M. Jimbo, M. Kashiwara and T. Miwa, Transformation groups
for soliton equations, Proceedings of RIMS workshop Non-inear Inte-
grable Systems — Classical Theory and Quantum Theory, pp. 39-119.
(World Scientific, Singapore, 1983).

T. Miwa, M. Jimbo and E. Date, Solitons. Differential equations, sym-
metries and infinite-dimensional algebras, Cambridge Tracts in Mathe-
matics vol. 135 (Cambridge University Press, Cambridge, 2000).

K. Takasaki and T. Takebe, Integrable hierarchies and dispersionless
limit, Rev. Math. Phys. 7 (1995), 743-808.

I. P. Goulden and D. M. Jackson, The KP hierarchy, branched covers,
and triangulations, Adv. Math. 219 (2008), 932-951.

A. Mironov and A. Morozov, Virasoro constraints for Kontsevich-
Hurwitz partition function, JHEP 0902 (2009), 024.

M. Kazarian, KP hierarchy for Hodge integrals, Adv. Math. 221 (2009),
1-21.

K. Ueno and K. Takasaki, Toda lattice hierarchy, Adv. Stud. Pure Math.
vol. 4, pp. 1-95 (Kinokuniya, Tokyo, 1984).

38



[25] M. Adler and P. van Moerbeke, A matrix integral solution to two-
dimensional W)-gravity, Commun. Math. Phys. 147 (1992), 25-56.

[26] R. Dijkgraaf, G. Moore and R. Plesser, The partition function of 2D
string theory, Nucl. Phys. B394 (1993), 356-382.

[27] A. Hanany, Y. Oz and R. Plesser, Topological Landau-Ginzburg formu-
lation and integrable structure of 2d string theory, Nucl. Phys. B425
(1994), 150-172.

[28] T. Eguchi and H. Kanno, Toda lattice hierarchy and the topological
description of ¢ = 1 string theory, Phys. Lett. B331 (1994), 330-334.

[29] K. Takasaki, Dispersionless Toda hierarchy and two-dimensional string
theory, Comm. Math. Phys. 170 (1995), 101-116.

[30] T. Nakatsu, K. Takasaki and S. Tsujimaru, Quantum and classical as-
pects of deformed ¢ = 1 strings, Nucl. Phys. B443 (1995), 155-197.

[31] K. Takasaki, Toda lattice hierarchy and generalized string equations,
Comm. Math. Phys. 181 (1996), 131-156.

[32] T. Nakatsu and K. Takasaki, Melting crystal, quantum torus and Toda
hierarchy, Comm. Math. Phys. 285 (2009), 445-468.

[33] T. Nakatsu and K. Takasaki, Integrable structure of melting crystal
model with external potentials, Adv. Stud. Pure Math. vol. 59, pp.
201-223 (Mathematical Society of Japan, 2010).

[34] 1. P. Goulden and D. M. Jackson, Transitive factorisations into trans-
positions and holomorphic mappings on the sphere, Proc. Amer. Math.
Soc. 125 (1997), 51-60.

[35] A. Morozov and Sh. Shakirov, Generation of Matrix Models by W-
operators, JHEP 0904 (2009), 064.

[36] A. Morozov and Sh. Shakirov, On Equivalence of two Hurwitz Matrix
Models, Mod. Phys. Lett. A24 (2009), 2659-2666.

[37] 1. Macdonald, Symmetric Functions and Hall Polynomials (Oxford Uni-
versity Press, USA, 1999).

[38] W. Burnside, Theory of groups of finite order, 2nd edition (Cambridge
University Press 1911).

39



[39] P. Zinn-Justin, Six-vertex model, loop and tiling models: Integrability
and combinatorics, arXiv:0901.0665 [math-ph].

[40] S. Kharchev, A. Marshakov, A. Mironov and A. Morozov, Generalized
Kazakov-Migdal-Kontsevich Model: group theory aspects, Int. J. Mod.
Phys. A10 (1995), 2015.

[41] J. Zhou, Hodge integrals, Hurwitz numbers, and symmetric groups,
arXiv:math.AG/0308024.

[42] T. Takebe, Representation theoretical meanings of the initial value prob-
lem for the Toda lattice hierarchy I, Lett. Math. Phys. 21 (1991), 77-84;
ditto II, Publ. RIMS, Kyoto Univ., 27 (1991), 491-503.

[43] K. Takasaki and T. Takebe, SDiff(2) Toda equation — hierarchy, tau
function and symmetries, Lett. Math. Phys. 23 (1991), 205-214.

[44] K. Takasaki and T. Takebe, Quasi-classical limit of Toda hierarchy and
W-infinity symmetries, Lett. Math. Phys. 28 (1993), 165-176.

[45] B. Dubrovin, Geometry of 2D topological field theories, Lect. Notes
Math. vol. 1620, pp. 120-348 (Springer Verlag, 1996).

[46] I. Krichever, The 7-function of the universal Whitham hierarchy, ma-
trix models and topological field theories, Comm. Pure Appl. Math. 47
(1994), 437-475.

[47] P. B. Wiegmann and A. Zabrodin, Conformal maps and integrable hi-
erarchies, Comm. Math. Phys. 213 (2000), 523-538.

[48] M. Mineev-Weinstein, P. B. Wiegmann and A. Zabrodin, Integrable
structure of interface dynamics, Phys. Rev. Lett. 84 (2000), 5106-5109.

[49] A. Zabrodin, Dispersionless limit of Hirota equations in some problems
of complex analysis, Theor. Math. Phys. 12 (2001), 1511-1525.

[50] M. Douglas, Strings in less than one-dimension and the generalized KdV
hierarchies, Phys. Lett. B238 (1990), 176-180.

[51] A. Schwarz, On solutions to the string equations, Mod. Phys. Lett. A6
(1991), 2713-2726.

[52] V. Kac and A. Schwarz, Geometric interpretation of partition function
of 2D gravity, Phys. Lett. B257 (1991), 329-334.

40



[53] S. Yu. Alexandrov, V. A. Kazakov and I. K. Kostov, 2D string theory
as normal matrix model, Nucl. Phys. B667 (2003), 90-110.

[54] R. Teodorescu, E. Bettelheim, O. Agam, A. Zabrodin and P. Wieg-
mann, Normal random matrix ensemble as a growth problem, Nucl.
Phys. B704 (2005), 407-444.

[55] R. Teodorescu, E. Bettelheim, O. Agam, A. Zabrodin and P. Wiegmann,
Semiclassical evolution of the spectral curve in the normal random ma-
trix ensemble as Whitham hierarchy, Nucl. Phys. B700 (2004), 521-532.

41



