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Dynamics of partially localized brane systems
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We study dynamical partially-localized brane solutions in higher dimensions. We give new descriptions
of the relevant solutions of dynamical branes which are localized along both the overall and relative
transverse directions. The starting point is a system of p,-branes ending on a p,-brane with a time-
dependent warp factor. This system can be related to Dp, — Dp, brane system in string theory, where one

brane is localized at the delocalized other brane. We then show that these give Friedmann-Lemaitre-
Robertson-Walker cosmological solutions. Our approach leads to a new and manifest description of the
brane configurations near the delocalized branes, and new solutions in the wave or KK-monopole
background in terms of certain partial differential equations in D dimensions including ten and eleven

dimensions.

DOI: 10.1103/PhysRevD.84.126006

L. INTRODUCTION

In recent years much effort has been devoted to the
construction of cosmological models in string theory
produced by enlarging static p-brane solutions [1-5].
Although these calculations are complicated by the occur-
rence of time-dependences, there has been active develop-
ment in constructing time-dependent supergravity
solutions of p-branes and other solitons in string theory
[6-13]. These classical solutions in string theory made it
possible to discuss the dynamics such as cosmological
evolution of our Universe and brane collision within the
framework of string theory. In these studies, brane world
models were obtained by wrapping or intersecting higher-
dimensional p-branes around compact manifolds. In the
course of compactifying p-branes, the dynamical solutions
become smeared or delocalized along the compactified
directions, which include possibly some of overall trans-
verse directions and relative transverse directions that
corresponds to the transverse directions which are longi-
tudinal to some of other constituent branes. Such intersect-
ing p-brane solutions in higher dimensions thus become
localized only along the relative or overall transverse di-
rections. The dynamical intersecting brane solutions which
we have mainly constructed are such delocalized type
[1,2,4,5]. There are several works to construct the static
localized intersecting brane solutions with the restricted
ansatz of fields which has the same form as the correspond-
ing delocalized intersecting brane solutions [14—17]. The
equations of motion along with such simplified assumption
for fields require that one of the branes has to be delocal-
ized on the relative transverse directions. However, it is
difficult to obtain the exact localized solutions even if we
use such simplified ansatz because harmonic functions that
specify branes satisfy coupled partial differential equa-
tions. The solutions of these differential equations in gen-
eral have a complicated form. On the other hand, the
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dynamical localized intersecting brane solution is not
well-known, and nobody mentions the explicit expressions
for harmonic functions. This article will describe a method
of dealing with the extension of the time-dependent solu-
tions in the partially localized intersecting brane system,
where branes are localized along the relative transverse
directions but delocalized along the overall transverse
directions [18]. For the purposes of construction of cos-
mological model, we employ the same ansatz of fields as
the static p-brane solutions. It is, in general, possible to
derive intersecting brane solutions in terms of applying
duality transformations in string theory. For instance, we
compactify the direction which becomes delocalized
through smearing or uniform array of branes along it to
apply T-duality transformations in the transverse direc-
tions. Then, the power of the radial coordinate in the har-
monic function changes. Hence, we will construct such
localized intersecting brane solutions case by case.

It is the purpose of this paper to construct various
explicit partially localized intersecting dynamical brane
solutions in various dimensions. We give classification of
these dynamical intersecting brane solutions involving two
branes, and discuss the application of these solutions to
cosmology. We also study the arbitrary single brane on the
KK-monopole and wave background. It is possible to
derive the time-dependent solution if the form of the static
solution is explicitly known, so calculations have generally
relied on an assumption of fields and even strictly metric
form. Also, even where a coupling between scalar field and
gauge field strength in the action is known, the intersection
rule of the brane can be obtained explicitly. Since a warp
factor arises from a field strength, the dynamics of a system
composed of two branes can be characterized by two warp
factors arising from two field strengths. For M-branes and
D-branes, among these warp factors only one function can
depend on time.

© 2011 American Physical Society
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The procedure is described here in generally higher-
dimensional gravity model as well as the supergravity,
the solutions of a D-brane or M-brane in a wave or KK-
monopole background. This is simple enough to illustrate
the use of the method without the general idea being lost in
the complications of higher-dimensional gravity theory,
and yet sufficiently general so that we can see how to
deal with an arbitrary expansion. As we will see, these
methods yield a prescription for intersecting brane solu-
tions that depend not only on the overall transverse direc-
tions, but world-volume and the relative transverse
directions.

The paper is organized as follows. In Sec. II, we show
that the partially localized dynamical intersecting brane
solutions of two p-branes exist as an almost immediate
generalization of the static brane solution where one of
branes is delocalized. We will also study explicit partially
localized p-brane solutions in KK-monopole or wave
background. We will apply these solutions to construct
various explicit partially localized intersecting M-brane
solutions in Sec. III, and various partially localized inter-
secting brane solutions in ten dimensions in Sec. IV. We
then go on in Sec. V to apply these solutions to cosmology.
Section VI is devoted to discussions.

II. THE INTERSECTION OF TWO BRANES
IN D-DIMENSIONAL THEORY

We study the dynamical brane in D-dimensional
theory. We describe the relation of the partially localized
static brane solution to time-dependent solutions in
D-dimensions. We also study solutions in the wave and
KK-monopole background.

PHYSICAL REVIEW D 84, 126006 (2011)

A. The intersection of two p-branes
in D-dimensional theory

In this section, we consider a D-dimensional theory

composed of the metric gy, dilaton ¢, and two antisym-
metric tensor fields of rank (p, + 2) and (p, + 2):

1
S=__
2 k2

2 (p, +2)!

1 1
3G S e AP} O
)

[R*l—%dq&/\*d(ﬁ

“PF 0 A *F(p,12)

where «? is the D-dimensional gravitational constant, * is
the Hodge operator in the D-dimensional space-time,
F(, +2) and F(, 1, are (p, + 2)-form, (p, + 2)-form field
strengths, respectively. And ¢;, €;,(I = r, s) are constants
given by

~2(p;+ DD — p; —3)

E=N, P : (2a)
+ if p; — brane is electric

a={" | RS
— if p; — brane is magnetic

Here N is constant. The field strength F(, 1), F(, +2) are
given by the (p, + 1)-form, (p, + 1)-form gauge poten-
tials A, 11), A(p, +1), Tespectively

Fp+y = dApn. Q)

After varying the action with respect to the metric, the
dilaton, and the (p, + 1)-form and (p, + 1)-form gauge
fields, we obtain the field equations,

Fp,42) = dAgy, +1),

1 1 ee,c,d) Ay Pr +1 >
Ryn = EaMd)aNd) + 5 m[(!’r + 2)FMA2~-'A<,7,+2>FQZ = D—2 gMNF(p,+2):|

1 efyC.\d’ Ao A +2) Ps + 1 2

3 L P P = B e | (4”

1 e€c, . 1 e
d * d¢ - 5 m e€r r¢F(pr+2) A *F(Pr+2) — E m eé’xc“d)F(pJ"'z) A *F(P;"'z) = 0, (4b)
dlesr? % Fip 9] =0, (o
d[eexcx¢ % F(p:+2):| = (. 4d)

To solve the field equations, we assume that the
D-dimensional metric takes the form

ds* = hi"(x, y, 2D)h§* (x, v, 2)q,, (X)dx* dx”
+ 1y (x, y, DS (%, v, 2)y,;(Y)dyidyl
+ h% (x, y, 2)h (x, v, )W (Ya)dv™ dv"
+ 1Y (%, y, DY (%, v, 2)ug,(Z)dz4dz?, &)

where ¢q,,, is the (p + 1)-dimensional metric which de-
pends only on the (p + 1)-dimensional coordinates x*, y;;
is the (p, — p)-dimensional metric which depends only
on the (p, — p)-dimensional coordinates y', w,,, is the
(p, — p)-dimensional metric which depends only on the
(p, — p)-dimensional coordinates v and finally u,, is
the (D + p — p, — p, — 1)-dimensional metric which de-
pends only on the (D + p — p, — p, — 1)-dimensional
coordinates z?. The parameters a;(I = r,s) and b;(I =
r, ) in the metric (5) are given by
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_AD=p—3) _ 4+ D

W TN =2)

b, (6)

’ N(D —-2)
The brane configuration is given as follows:
The D-dimensional metric (5) implies that the solutions

are characterized by two functions, &, and h,, which

depend on the coordinates transverse to the brane as well
as the world-volume coordinate (see Table I). For the
configurations of two branes, the powers of harmonic
functions have to obey the intersection rule, and then split
the coordinates in three parts. One is the overall world-
volume coordinates, {x}, which are common to the two

branes. The others are overall transverse coordinates, {z},

and the relative transverse coordinates, {y} and {v}, which

are transverse to only one of the two branes. Each of &, and

h, depends not only on overall transverse coordinates but

also on the corresponding relative coordinates: #,

hr('x’ y’ Z)’ hS = hS(‘x’ v’ Z)'

We also assume that the scalar field ¢ and the gauge
field strengths F(,, 1), F(, +2) are given by

4 4
R, (X)— ﬁh, 'D,D,h, — Fhs 'D,D,hg +

r s

2
+ ﬁsa# lnhsl:<l

1
+agh G B,y Bh)] = S0 ahi A,

s

2
ﬁra# hll’lrl:(l

4 4 1
_ ﬁ>avlnhs — ﬁraylnhr] — Eqwh

PHYSICAL REVIEW D 84, 126006 (2011)

ed — h%ercV/th?ESCX/NJ, (73.)
F(p,.+2) = W—d[h;l(xJ Vs Z)] A Q(X) A Q(YZ): (7b)
id[h;l(x, v, 2)] A QX) AQ(Y)), (Tc)

Fipo+a) = JN.

where Q(X), Q(Y;), and Q(Y,) denote the volume
(p + I)-form, (p, — p)-form, and (p, — p)-form respec-
tively

QX) = J/=qdx® Adx" A -+ A dxP, (8a)
QUY)) = Jydy' Ady> A+ AdyPTP, (8b)
Q(Y,) = Jwdv! Adv> A+~ AdvPrP. (8c)

Here, g, v, and w are the determinants of the metrics g,
Yij» and w,,,, respectively.

First we consider the Einstein Eq. (4a). Using the as-
sumptions (5) and (7), the Einstein equations are given by

) ]

SN L BN Ay, by Dgh,)

4
d,Inh, ——09,1Inh
Vnr NVnS

s

r

i 9, Inhy
N

N

- i)aglnh, —
N

r

—a,.q”?d, lnh,{<l

}

4 4
+ah;' Ag hy — agq”’a, lnhs{(l - E)aglnhs - Eaglnh,}] =0, (9a)
2 -1 4 —
ﬁrh, d,0:h, + ﬁsa# Inkh,;h,) =0, (9b)
2 4 2 2
ﬁhgl(aﬂamhs + Vaﬂ lnh,amhs) = o,ﬁh;la”aah, + thlaﬂaahx =0, (9¢)
1 4 4
R;(Y)) — ih;‘/N'yij[b,h;l Ax h, = b,q"7d, 1nh,{<1 — ﬁ)ag Inh, = -0, lnhs} + ashy' Ay hy
4 4 1 —4/N; ~1 —1
—a,qP79,Inh( 1 — N d,1Inh, — Vaglnh, - EYijhs s(b,h; Y Ny h, +ah;t Ny hy) =0, (9d)
. :
_ +1 +1)—(D -2 — py)19;Inh,.9,, Inh, = 0, 9
NN.(D =27 [(p, + D(ps + 1) = ( )(p, = ps)]9;Inh, 3, Inh, %e)
1 4 4
R,,(Y5) — Eh?/N“wmn[a,hr_l Ax h, —a,q"?d, lnh,{(l - V)a,,lnhr - ﬁaalnhs} + bh; ! Ay by
4 4 1.1 —4/N -1 -1
= byq?70, (1= )0, Inhy = <9 Ik, | =S whe N (@bt By o+ bkt Dy ) =0, (91)
1 4 4
R, (Z) — Ehf/N'hﬁ/N‘uub[b,hr‘l Ax b, — b7 3, lnh,{(l - ﬁ)aa Inh, = -0, lnhs} + bhy ! Ay hy
4 4 1 1 » »
— b,g"7a, lnhs{(l - ﬁ)aalnhx - Va,,lnh,} - 5ua,,(b,h, Ay b, + bh' A, hy) =0, 9g2)

where D "

is the covariant derivative with respect to the metric g ,,,, and Ay, Ay , Ay,, Ay the Laplace operators on X, Y5,

Y, Z spaces, and R ,,,(X), R;;(Y}), R,,,(Y>), and R,,;,(Z) are the Ricci tensors associated with the metrics g,,,,(X), v;;(Y1),

Wy (Y2) and u,,(Z), respectively, and y is defined by
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TABLE 1. Intersections of two p-branes in the metric (5).
Case 0 1 p p+t1l1 .- Ds ps +1 ps+tp.—p pstp.—ptl D—1
pr [e] o o (o]
PrPs Ps ° ° ° ° ° °
DA xP yl yp.rpfl v ybr—p—1 7! ZPtp=p—pi71
(p,+Dp, +1) 1
X=D + 1 _%"FEE,,EXC,,CS. (10)

The relation y = 0 is consistent with the intersection rule [1,2,4,5,19-22].
We see from Eqgs. (9b)—(9d), that the warp factors &, and A, must take the form

h, = ho(x) + hy(y, 2), hy = hy(v,z), for d,h, =0, (11a)
h, = h,(y, z), hy = ko(x) + ky(v,z), for a,h, = 0. (11b)
Let us first consider the case d,h, = 0. The components of the Einstein Eqgs. (9) are rewritten as
2T _ 4 1 - —4/N, _
R,,(X) - ﬁ[h, 'D,D,hy — 2(1 - ﬁ)au lnhra,,lnhr] = 5 urhr N RN V(RN Ay, By + Dghy)
1 4
+ ashx_l(hﬁ/N’ Ay, hy + Azhg)] — Ea,q,w[h,_l Ay hy — (1 - ﬁ)q""ap lnhraglnh,] =0, (12a)
1 _ 4 1 . _
Ri;(Y) — zbrhi/Nh}/ijl:hr VA by — (1 - ﬁ)qpa-ap lnhraulnhr] - E'Yijhs N, b (™ Ay, hy + Agzhy)
+aghy (BN Ay, by + Dgh)] =0, (12b)
8
_ +1 +1)—(D -2 - d;Inh,d,, Inh; = 0, 12
NN.D =2 [(pr + D(ps +1) = ( )(pr = py)]1d;Inh,d,, Ink, (12c)

1 4 1 -
Rmn(YZ) - Earh;‘/Nl‘ Wmnl:hr_1 AX h() - (1 - ﬁ)qu'ap lnhraalnhr] - _wmnhr 4/Nr[arhr_l(h§/Nl‘ AYI hl + AZhl)

r

+ bshx_l(hi/Nr AYZ hs + AZh\):l = 0,

2
(12d)

1 4 1
Ru(Z) — zbrhi‘/thi/Nfuab[h;l Ax hy = (1 - ﬁ)qwap Ink,d, mh,] = Sttanlboh (W™ Dy, b+ Dghy)

r

+ bh (WY Ay, by + Agh)] = 0.

Let us next consider the gauge field Egs. (4c) and (4d).
Under the assumption (7b) and (7¢), we find

ARSI g b Gy, dy') A Q(Z)

+ NG, (,dz) A QY] =0, (13a)
[}V g, Gy, dv™) A QU2Z)
+ PN gy (egdz) A Q(Y,)] =0, (13b)

where *y , *y , and *; denote the Hodge operator on Y/,
Y,, and Z, respectively, and y is defined by (10). Then, for
x = 0, the Eq. (13a) leads to

hs AYI I’lr + Azhr = 0,
4
9,0:h, + ﬁaﬂlnhsaih, =0, (14)

9,0,h, =0,

(12e)

|
where Ay , and Ay are the Laplace operators on the space
of Yy, and Z, respectively. On the other hand, it follows
from (13b) that

hr AYZ hs + Azl’lX = O,
4
9,0,hg +—9,1Inh,d,,h; =0, (15)
N,

9,0,h, =0,

where Ay, is the Laplace operator on the space of Y.
Finally we should consider the scalar field equation.
Substituting Eqs. (7) and (11) and the intersection rule
x = 0 into Eq. (4b), we obtain
€,Cr, 4/N, ; 4/N, — 4 o
Trhr hs I:hr 1 AX ho - (1 - ]\]r)qp (")p lnhraglnhr]
€-Cr, 1/14/N,
+7h, (hs"™ Dy, hy + Agzhy)
+ %h;‘(h‘,‘/ Y Ay, by + Dghy) =0, (16)
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Thus, the warp factors &, and h, should satisfy the equations

4
I’lr AX l’lO + (1 - ﬁ)quaphoaa.ho = O, h?/NS AY] hl + AZhl = 0, (173.)
BN Ay, hy + Dghy = 0. (17b)

Combining these, we find that these field equations lead to

RMV(X) = 0, Rl](Yl) = O, Rmn(YZ) = 0, Rah(Z) = 0, (183.)

hr = hO(x) + hl(yr Z)! hs = hs(v, Z): aihramhs = 0’ (lgb)
4

D,D,hy =0, (1 - ﬁ)a#hoayho =0, WY Ay b+ Dghy =0, (18¢)

KN Ay, by + Dghy = 0. (18d)

The function A, can depend on the coordinate x* only if N, = 4. We can also choose the solution in which the p,-brane
part depends on x*. Then, we have

R,(X)=0,  R;j(Y)=0  R,(Y)=0  R,(Z) =0 (19a)

hr = hr(y’ Z)’ hs = k()(.X) + kl(U’ Z), aihramhs = Or (19b)
4

DDk, =0, (1 - F)a#koayko =0, KN Ay, kg + Dgky =0, (19¢)

WY Ay, by + Dgh, = 0. (19d)

It is clear that there is no solution for ky(x) such as where A, and B are constants. On the other hand, the

d,he # 0 unless Ny = 4. If F(, 15 = 0 and F(, 15y =0,  functions h; and h; satisfy the coupled partial differential

the functions h; and k; become trivial, and the equations

D-dimensional spacetime is no longer warped [23,24].

Moreover, the Eq. (18b) 9;4,d,,h, = 0 implies the follow- hy By, i+ Bzhy =0, Azhs = 0. (22)

Ing two cases: ) _ ) The harmonic function 4, that satisfies the second differ-

(i) Two branes are delocalized, which are localized only ential equation in (18d) has the form
along the overall transverse directions. M

(i1) One brane is completely localized on the other hy =1+ Zﬁ
brane which is localized only along the overall T |z =zl
transverse directions.

As a special example, let us consider the case

(23)

where d, = D + p — p, — p; — 1, and z{ are locations of
the /-th p,-brane with charge M;. We will mainly discuss
the case in which the p,-branes coincide at the same

= , =8 w,o =8
Qv = Nuw Yij Y " " (20) location in the overall transverse directions. Now we

Uagp = Oap, N, =N, =4 hy = hy(2), choose the following form of the harmonic function #,:
where 7, is the (p + 1)-dimensional Minkowski metric h(z) = M > (24)
and 61']" 6mns 51117 are the (ps - p)" (pr - P)" and |Z N ZOl )

(D+ p— p, — ps — 1)-dimensional Euclidean metrics,  where M is constant, z, is the location of the stack of

respectively. This means that both branes have physically  p -branes. It is not so easy to find solutions for the har-
the same total amount of charge. Since the function &y,  monic function A, in the case where each of the p,-branes
obeys the equation d,9,hy = 0, we can easily get the  are located at different points along the z-directions.

solution If the dimensionality of the overall transverse space is
d, # 2 and d, # 4, the equation Eq. (22) can be solved
ho(x) = A, x* + B, QD s8]
M
hi(y2) =1 : (25)

Ty nP |z = gl AP )
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where M, is constant. Hence, the functions /, and %, can be written explicitly as

M,

h(x,y,z) = A, x*+ B+ — — —, (26a)
’ - 2y =y Pt gz = gy T
M

hy(2) = ———— 26b)
where A,,, B, M, and M are constant. parameters., 'and Yo h(x,y,2) = A x* + B + ZMf In[ly — y|?
and z, are constant vectors representing the positions of 7
the branes. Since the functions coincide, the locations of — (p, — pMlz — z,l] (28a)
the branes will also coincide. There are curvature singu- 1\/}
larities at 7, = O or i, = 0 in the D-dimensional metric (5). hy(z) = ﬁ (28b)

2~ 2

Moreover, we have a singularity at z = z; unless the
dilaton is trivial.
In the case of d, = 2, we have
h.(x,y,2) = A, x* + B
M,
+ ,
;Uy — yel?> + Mlz — zo|*]V/2PsmpFD
(27a)
(27b)

hy(z) = MIn|z — zl.

For d, = 4, the solution of Eq. (22) can be written by
|

We note that the solutions (27) and (28) have curvature
singularities not only at i, = 0 but also at the infinity due
to the logarithmic spatial dependence of the metric. There
is also a singularity at z = gz if the dilaton is nontrivial.

One can easily get the solution for d,h, =0 and
d,hs # 0 if the roles of Y; and Y, are exchanged. The
solution of field equations for d, # 2 and d, # 4 is thus
expressed as

M,

hy(x,v,z) = A,x* + B + - — S (29a)
' g %‘[Iv — v+ (4%2)2 |z — zo|4=¢:]/2(p,—p=1+d:/G=d.)
M
hle) = (29b)

For d, = 2 and d, = 4, the harmonic functions have loga-
rithmic spatial dependence like (27) and (28).

Let us briefly summarize the intersecting rules in 11-
dimensional supergravity and in 10-dimensional string
theory. For the M-branes in 11-dimensional supergravity,
there is 4-form field strength without dilaton, the intersec-
tion rule y = 0 gives

(et Dt D)

9 1, (30)

where p denotes the number of overlapping dimensions of
the p, and p, branes. Then we get the intersections involv-
ing the M2 and M5-branes [2,4,20,22]

M2NnM2=0, M2nM5=1, M5nM5=3. (31)
For the ten-dimensional string theory, the couplings to

dilaton for the RR-charged D-branes are given by

1 1
€.Cr = 5(3 - pr)’ €Csy = 5(3 - P\) (32)
The condition y = 0 then gives
1
p=5pr+p,—4) (33)

The intersections for the D-branes are thus given by
[4,20,22]

We finally consider the intersections for NS-branes.
The parameters ¢, for fundamental string (F1) and soli-
tonic 5-brane are €;c; = —1 (for F1) and e€5¢5 = 1 (for
NSS5), respectively. Then the intersections involving the
F1 and NS5-branes are [4,20,22]

FINNS5 =1, NS5NNS5 =3, (35a)
FINDp =0, (35b)
DpNNS5=p—-1,1=p=6. (35¢)

There is no solution for the F1-F1 and DO-NS5 intersecting
brane systems because the numbers of space dimensions
for each pairwise overlap are negative by the intersection
rule.

B. The intersection of p-brane
and KK-monopole system

Now we discuss the dynamical intersecting brane
solutions including KK-monopoles in D dimensions. The

126006-6
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p-branes we have described above carry a charge in
D-dimensions. The Kaluza-Klein (KK) charged objects
are also in general branes living in the compactified
space-time and carrying a electric or magnetic charge
with respect to the 2-form field strength generated by
dimensional reduction in D-dimensional theory. If after
compactification on one direction the space-time dimen-
sion is D, we then have an electric KK O-brane and a
magnetic KK (D — 4)-brane. These two objects corre-
spond, in the (D + 1)-dimensional uncompactified space-
time to configurations where the only nontrivial field is the
metric, and which are identified, respectively, to a KK-
wave and a KK-monopole. The metric in the uncompacti-
fied space necessarily has nontrivial off-diagonal terms. In
this section, we discuss the KK-monopole and summarize
those objects. We extend our brane solutions to the cases
with waves next section.

We will start from the D-dimensional theory, for which

PHYSICAL REVIEW D 84, 126006 (2011)

1 1
S=— [|R*1,—~dp A*d
szf[ b= 5dd Axd

1

2 (p+2)! (36)

e“PFpio A*F (i ]
where «? is the D-dimensional gravitational constant, * is
the Hodge operator in the D-dimensional space-time,
F(,12) is the (p + 2)-form field strength, and ¢, € are
constants given by

2oy 2t DD-—p-3)

) 37

D2 (37a)
+ if p — brane is electric

e={" | G
— if p — brane is magnetic

Here N is a constant. The field strength F(,,) is given by
the (p + 1)-form gauge potential A, )

the agtion in the Einstein frame cogtains the metric gy, F(p+2) = dA(p+1)- (38)
the dilaton ¢, and the antisymmetric tensor field of rank
(p+2), Fipia The field equations are given by
|
1 1 . A, pt+1
RMN :EaMgéaN(ﬁ +m c C¢|:(p+2)FMA2...AF+ZF“:,2 pt2 _mgMNF(ZP‘FZ)]’ (393)
€c
I*dé v O e A =0 (39)
de€? % F(,.»] = 0. (39¢)

We assume that the D-dimensional metric takes the form

ds? = h“(x, y, 2)q,,(X)dxtdx” + h(x, y, 2)
X [yi;(Y)dy'dy’ + hy(x, 2)u,,(Z)dz"dz”

+ h Nx, 2)(dv + A,dz)?] (40)
where ¢q,,, is the (p + 1)-dimensional metric which de-
pends only on the (p + 1)-dimensional coordinates x*, y;;
is the (D — p — d, — 2)-dimensional metric which de-
pends only on the (D — p — d, — 2)-dimensional coordi-
nates y’, and finally u,, is the d_-dimensional metric which
depends only on the d_-dimensional coordinates z. The
parameters a and b in the metric (40) are given by

The brane configuration is given in Table II. The
D-dimensional metric (40) implies that the solutions are
characterized by two functions, & and &, which depend on
the coordinates transverse to the brane as well as the world
volume coordinate.

We also assume that the scalar field ¢ and the gauge
field strength F,,) are given by

e = p2ec/V, (42a)
2
F =_—"—dh ' (x v, 2)] A QX), 42b
(p+2) \/ﬁ [ ( y )] ( ) ( )
where (X) denotes the volume (p + 1)-form
QOX) = /=qdx" Adx" A -+ A dxP. 43)

Here, g is the determinant of the metric g,

_ _4D-p- 3), _4p+ ) ) (41) First we consider the Einstein Eq. (39a). Using the as-
N(D —-2) N(D —-2) sumptions (40) and (42), the Einstein equations are given by
TABLE II. Intersections of p-brane and KK-monopole in the metric (40).
Case o 1 - p  p+l D-d. -2 D-d, -1 D-d, D-1
p o [e] o o
p-KK KK o o o o o o o Ay Ay
N ¢ X! P y! yD=p—d: =2 v .l . 24
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4 2/, 4 a 4
Ryu(X) = h™' DD+ N(l - N)h*aﬂ Inh, Inh — Eqw,l:h’l Axh+q°7a, lnh{(ﬁ - 1)8,,1nh

1
+5(d~ 1)8,,1nhk}:| - ngh’l’(“/”) Ay h— ngh’l’(“/”’)h;‘ Ay h

1 1
+ [9 = .+ ]9, Inka, Inhy + 2 (d, = 3)[3,, Inked, Inhy = b=V g, ,uta, Inha, Inh] =0,

2 N
2 -1 1 —
N[l’l a‘uaih + E(dz - 1)6M hlhkailﬂh] = O,

1 1
h='9,0,h + E(dz — )i ta,0,h — N(dz —3)d,, Inhd, Inh; =0,

(44a)
(44b)

(44c)

b 4 1 b
Ri(Y) — Eh“/N'yijI:h_l Axh+qroa, lnh{<ﬁ - 1)8olnh +50d, — 1)a(,1nhk}] =S h i (Oyh + bt Ay h)

b
= 2 (de = 3y uta, Inhd, Inkg = 0,

(44d)

b 4 1
Rab(Z) - §h4/Nhk(uab + h;zAaAb)[h_l AX h + qu—ap lnh{(ﬁ - 1)8olnh + E(dz - 1)(90.11'11’1,(}]

1

2
b

- Z(dz - 3)(”6{[) + hk_zAaAb)u“bau lnhab lnhk =0,

b
- Eh_lhk(uab + hk_zAaAb)(AYh + hk_l AZ h) -

1
hi Mgy — hi2AAL) g by — E(dz — 3)h; 'D,Dyhy

(44e)

4 b
h4/Nhk’1[h’1 Ax h—hit Ay by + b(l - N)q/wap Inho, Inh — {a +50d - 3)}qwap Inho, Ink,

1 1
+ E(dZ - 3)q’”’6p lnhkaa.lnhk] - b(hhk)_l[AYh + ,’lk_l AZ h + E(dz - 3)u”b6a lnhk(bé)b Inh — ab lnhk):l = 0,

where D, is the covariant derivative with respect to the
metric q,,,, and we assumed dhy = *;dA)), and Ay, Ay,
/A, are the Laplace operators on X, Y, Z space, and
R,,(X), R;j(Y), R,,(Z) are the Ricci tensors associated
with the metrics g,,,(X), v;;(Y), uy,(Z), respectively. For
d, =3, we see from Eqgs. (44b) and (44c) that the warp
factors 4 must take the form

|

(44f)

h = hy(x) + hy(y, 2), hy = hi(2),

(45)
for d,hy =0 and N =4.

Now we consider the case d,h =0 and N = 4. The
components of the Einstein Egs. (44) are rewritten as

R,,(X) = h™'D,D,h — ng(h‘l Ax b+ qP7d, Inhd , Inhy) + g(a ~2)d,, Inhd, Inh,

- ngh‘z(Ayh +h Ay h) =0,

b b
Rl](Y) - E]’l'yl](hil AX h + qp”ap lnl’lao- lnhk) - Ehil'yij(Ayh + I’lI:l AZ h) =0,

(46a)

(46b)

b b
Rab(Z) - Ehhk(uab + h;zAaAb)(h_l AX h+ q”"ap lnhaglnhk) - Eh_lhk(uab + ,’lk_zAaAb)(AYh + ]’lk_l AZ h)

1
- Ehk_l(uab - hk_2AaAb) AZ l’lk = O,

hk_l(Axh - hhk_l AX hk) - b(hhk)_l(Ayh + hk_l AZ h) = 0

Next we consider the gauge field Egs. (39¢). Under the
assumption (42b), we find

d[h0;h(eydy') AQUZ) + 0 h(3,dz%) AQ(Y)]Adv =0,
47)

(46¢)
(46d)

|
where #y, *;, denote the Hodge operator on Y, Z,, res-
pectively, and Q(Y), (Z) denote the volume (D — p —
d, — 2)-, d.-form respectively:
QYY) = ﬁdyl Ady> A+ AdyPPd2,
QZ) = Judz" Nd2 A -+ A dz.

(48a)
(48b)
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Then, the Eq. (47) gives

hkAYl’l+Azh=O,
a’uaih + a,uhké,-h = 0,
9,0.h =0,

(49)

where Ay, A\, are the Laplace operators on the space of Y,
Z, respectively.

Finally we should consider the scalar field equation.
Substituting Egs. (42) and (45) into Eq. (39b), we obtain

h4/N[h‘1 Ax hy + qP79,1nhd, Inh,
4\ .
=1 =)a”7 9, Inhd, Ink

+h W (Ayhy + bl A, hl):l = 0. (50)

Thus, for N =4, the warp factor & should satisfy the
equations

Axh():(), aﬂhoayhk:(), Ayl’ll +hI:lA2hl =0.

S1Y)

Combining these, we find that these field equations lead to

R,,(X)=0,  R;(Y)=0  R,Z) =0 (52a)
h = hy(x) + hy(2), (52b)
D,D,hy =0,  8,hyd,h =0,

(1 - %)qrwap Inho,Inh =0,  Ayh, =0, (52¢)
KN Ay by + Aghy = 0. (52d)

The function & can depend on the coordinate x only if
N = 4.1f F(,1,) = 0, the function &, becomes trivial.
As a special example, let us consider the case

Yij = 8ijr Ugp = 8ab’

hk = hk(z))

q,lLV = 77,uw

N =4,

(53)

where 7, is the (p + 1)-dimensional Minkowski metric
and §;;, 8, are the (5 — p)-, three-dimensional Euclidean
metrics, respectively. The solution for 4 and h; can be
obtained explicitly as

h(x,y,z) = A x* + ¢
M,
T [y = yel? + 4Mlz — z[]'/2P—r=”
(54a)

M

@) = |z — zol
0

, (54b)

PHYSICAL REVIEW D 84, 126006 (2011)

where A, ¢, My and M are constant parameters, and y,
and z, are constant vectors representing the positions of
the branes. Since the functions coincide, the locations of
the branes will also coincide. The D-dimensional metric
(40) exists for 4~ >0 and has curvature singularities at
h=0.

C. The intersection of p-brane and plane wave system

Let us next consider the solutions with the plane wave.
One can obtain the electric O-brane and the magnetic
(D — 5)-brane solutions in (D — 1)-dimensional spacetime
because the dimensional reduction generates the Kaluza-
Klein charge in the 2-form field strengths. After we lift up
those solutions by one dimension, we obtain the plane
wave solutions in D-dimensions. We briefly discuss the
plane wave solution in this section.

Now we look for solution whose spacetime metric has
the form

ds®> = h(t, z)[—dt® + dx*> + {h,(t,y, z) — 1}(dt — dx)?
+ v (Vdy'dy’] + b (1, 2)ug,(Z)dz*dz?,  (55)

where 7y;; is the (p — 1)-dimensional metric which de-
pends only on the (p — 1)-dimensional coordinates y',
and finally u,, is the (D — p — 1)-dimensional metric
which depends only on the (D — p — 1)-dimensional co-
ordinates z“. The parameters a and b in the metric (55) are
given by

_ _4Db-p-3)

_4p+1)
T TN —2)

N TP ESTH

We show the brane configuration in Table III.
We also assume that the scalar field ¢ and the gauge
field strength F,,) are given by

b — prec/N (57a)
2
F = ——d[h ' (t, 2)] A dt Adx A Q(Y), 57b
(p+2) \/N [ ( )] ( ) ( )
where Q(Y) denotes the volume (p — 1)-form:
Q) = JSydy' Ady> A--- AdyP™ L. (58)

Here, vy is the determinant of the metric vy;;.

First, we consider the Einstein Eqs. (39a). Using the
assumptions (55) and (57), the Einstein equations are
given by

TABLE III. Intersections of p-brane and plane wave in the
metric (55).
Case o 1 2 .- p p+1 D -1
p o o o o o
p-W W o
W x yl A yp*l 7! Bt

126006-9



MASATO MINAMITSUJI AND KUNIHITO UZAWA

8

[aW(Z —h,) — ]h*'a%h + (2 = h,)d%h,, + Ayh, + BN Ay by, + 22 — h)h "N AL R
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N
4 (4 ) 4 4
- N(ﬁ - 1)(8,1nh) —a,h, (2 - hw)[ N l)a,lnh + a,lnhw]a,lnh + N(z — h,)d,Inhd,h, =0,  (59a)
0,0;h,, = 0, (59b)
4
9,0,h,, + Nh*‘alaah =0, (59¢)
a,h h='92h + h,0?h,, — Ayh, — kN Ay by, + a,h,h = N Ay b
4 4
+ awha[(ﬁ - 1)6t1nh + (ﬁ + 1>atlnhw]6,lnh =0, (59d)
4
Ri;(Y) + %Wh—lhwy,-j[a%h + {(ﬁ - 1)3,1nh + atlnhw}a,lnh] — %”h‘l‘(“/l\’) Ay h =0, (59¢)
4 b
R,(Z) + %h‘*/thuab[h*‘a%h + {(ﬁ - l)a,lnh + a,lnhw}atlnh] - 7th‘ Ay h =0, (591)

where Ay, Az are the Laplace operators on Y, Z space, and R;;(Y), R,,,(Z) are the Ricci tensors associated with the metrics

¥ij(Y), uy,(Z), respectively.
We see from Egs. (59b) and (59c) that the warp factors & must take the form

h=hy@t) + (),  h,=h,(z2), fordh,=0, (60a)
h = h(z), h,, = ko(t) + ki (y,z), for 9,h = 0. (60b)
Let us first consider the case d,h,, = 0. The components of the Einstein Eqgs. (59) are rewritten as
8
I:aW(Z - hw) - N]h_latzho + Ath + h_l AZ hw + 2(2 - l’lw)h_2 AZ hl
4 (4 5 4 4
“w\N 1)(o,Inh)* — a,h,, (2 — h,,) N 1)9,Inh + 9,1nh,, |0,Inh + ﬁ(2 — h,)d,Inhd,h, =0, (61a)
4 4
a,h2h='9?hy — Ayh, — h™ ' Ay h, + a,h,h™> Ay hy + awhgvl:(ﬁ — l)a,lnh + (ﬁ + 1)a,lnhw:|a,lnh =0, (61b)
a,, . 4 ay
RU(Y) + 7[’1 lhw)/,-jl:ﬂtzho + {(ﬁ - 1)8tlnh + 6,1nhw}8,1nh] - 7[’1 2 AZ hl = O, (610)
4 b
R, (Z) + %”uabhw[h_‘a?ho + {(N — l)a,lnh + allnhw}a,lnh] - Twh_l Ay hy = 0. (61d)
I
Now we consider the gauge field Egs. (39¢). Under the 0%hy =0,
assumption (57b), we find 4
d[9,h(+5dz")] = 0, (62) (N N 1)‘““” * 9;Ink,, =0, (65
where *; denotes the Hodge operator on Z. Azhy = 0.
Then, the Eq. (62) gives Combining these, we find that these field equations lead to
AZ h= 0, a,aah = 0. (63) le(Y) — 0’ Rab(z) — 0’ (663)
Finally we should consider the scalar field equation. h=hy(t) + h(2), (66b)
Substituting Eqs. (57) and (60) into Eq. (39b), we obtain 92hy=0, 9,hd,h, =0,
2€¢ b=ty Lazno + [(2 = 1o, 1nm + 0, 1nm, Jo,h 4
N w| 97 ho N d,Inh + 9,1nh,,td.hy ﬁ_l d,nh+d,Inh,, =0, Ayzh, =0, (66¢)
h*N Ay h,, + Agh,, =0. (66d)

+h, Ay hl] =0, (64)

where we used (60a). Thus, the warp factor 4 should satisfy
the equations

The function A& can depend on the coordinate ¢ only if
N = 4. We can also choose the solution in which the
function 4, depends on 7. Then, we have
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R;(Y) =0, R,,(Z) =0, (67a)  Where §;;, 8, are the (p — 1)-, (D — p — 1)-dimensional
_ _ Euclidean metrics, respectively. This physically means that

h = h(z), h,, = ko(t) + ki (y, 2), 67b
) @ N o(t 10,2) (67b) both branes have the same total amount of charge. The

drko =0, RN Ay kg + Azky = 0. (67¢)  solution for h and h,, can be obtained explicitly as
If F(,+2 = 0, the functions &, become trivial.
As a special example, let us consider the case
71/ = 8ij: Ugp = 8ah: N = 4: h = h(Z), (68)
|
M,
h(t2) = Ax* + B+ 5 o SV T e (69a)
¢ [ly_y(| +(D,p,5)z|Z_Zo| P ]
M

h(z) = (69b)

P

where A,,, B, M, and M are constant parameters, and y,
and z, are constant vectors representing the positions of
the branes. Since the functions coincide, the locations of
the branes will also coincide. Even if the near-brane struc-
ture is regular, we expect another type of singularity may
appear at h,, = 0 due to the presence of the time depen-
dence. For ¢ # 0, the D-dimensional spacetime has curva-
ture singularities where z = z, since the scalar field
diverges there.

III. THE INTERSECTION OF DYNAMICAL
BRANES IN 11-DIMENSIONAL THEORY

In this section, we apply the above solutions to 11-
dimensional theory. In this theory, we have a 4-form field
strength and no dilaton. The 4-form gives rise to 2- and 5-
branes, called, respectively, M2 and M5. We also obtain the
KK-wave and KK-monopole in 11 dimensions. In particu-
lar, KK-wave is called “M-wave” in 11-dimensional theory
[2,25,26]. The 11-dimensional action which contains the
metric gy, and 4-form field strength F4) is given by

1 1

where «? is the 11-dimensional gravitational constant, * is
the Hodge operator in the 11-dimensional space-time. The
field strengths F4) is given by the 3-form gauge potential

Fyy = dCp. (71)
The field equations are given by
1 1 1
Ryn = §3M¢5N¢ + m[“'FMABCF%BC - ngNF(24) ],
(72a)
d[#F4]=0, dF4=0. (72b)

In the following, we discuss the dynamical brane solu-
tion for all the possible combinations of intersecting brane
pairs in the 11-dimensional theory.

A. The intersection of two M2-branes

Let us consider the solution of two M?2-branes. We
assume that the 11-dimensional metric is written by

ds> =y (t,y, 90y P @[ =de + hy(t,y, 2y (Y )dy'dy/
+ ]/;2 (Z)Wmn (YZ)dUmdvn

+ hy(t,y, 2)hy (2)u g, (Z)dz dz"], (73)

where 7;; is the two-dimensional metric which depends
only on the two-dimensional coordinates y', w,, is
the two-dimensional metric which depends only on the
two-dimensional coordinates v™, and finally u,, is the
six-dimensional metric which depends only on the six-
dimensional coordinates z¢.

We also assume that the gauge field strength Fy) is
given by

Fuy = dlhy (1, y, 2)di A Q(Y,) + hy ' (2)dt A Q(Y1)],
(74)
where (Y,) and Q(Y,) denote the volume 2-form and 2-
form, respectively
Q(Y) = Jydy' Ady?,
Q(Y,) = VJwdv' A dv?.

(752)
(75b)

Here, y and w are the determinant of the metric y;;, and
W, T€spectively.

In terms of ansatz for fields (73) and (74), the field
equations lead to

R;(Y,) =0, R, (Y,) =0, R,,(Z) =0, (76a)
h2 = hO(t) + hl(yJ Z)) atzh() = 0’
};2 AYI h1 + Azhl = 0, Azﬁz = O, (76b)

where Ay , /A7 are the Laplace operators on Y, Z space,
and R;;(Y,), R,,,(Y2), R,,(Z) are the Ricci tensors asso-
ciated with the metrics y;;(Y), w,,,(Y2), u,;,(Z), respec-
tively. As a special example, let us consider the case
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Yij = 51’]’» Winn = 6mm Ugp = 51117! (77)

where §;;, 0,,,, 84, are the two-, two-, six-dimensional
Euclidean metrics, respectively. The solution for %, and &,
can be obtained explicitly as

hy(t,y,2) =&t + &+ 3 Mlly — yl* + Mlz — z17%]
€
(78a)

ﬁz (Z) = (78b)

|z = zo*’
where ¢, ¢, M, and M are constant parameters, and y, and
Zo are constant vectors representing the positions of the
branes. Since the functions coincide, the locations of
the branes will also coincide. If we delocalize along n of
the overall transverse directions, the harmonic functions

take the following form:

M,
hy(t,y,z)=ct+¢+ - —
;[Iy—yelzﬂn“_—f‘é)zlz—z@l" e
(79a)
- M
hy(z) = m- (79b)
0

B. Intersecting M2- and M5-branes
Next we consider the solution of M2-MS5 branes. We
assume that the 11-dimensional metric is written by
ds? = h;2/3(x, Y, z)h;l/3(z)[qW(X)dx"“dx”
+ hy(x, y, 2)y,;(Y)dy'dy’ + hs(z)dv?
+ hy(x, y, 2)hs(2ugy (Z)dz dz"), (80)

where ¢,,, is the two-dimensional metric which depends
only on the two-dimensional coordinates x*, y;; is the
four-dimensional metric which depends only on the
four-dimensional coordinates y, and finally u,, is
the four-dimensional metric which depends only on the
four-dimensional coordinates z¢.

We also assume that the gauge field strength Fy) is
given by

Fyy = dlhs ' (x, y, 2] A QX) A dv
+ #[dhs 1 (2)Q(X) A Q(Y)] (81)
where Q(X) and Q(Y) denote the volume 2-form and

4-form, respectively
QO(X) = /=qdx" A dx',
Q(Y) = Jydy' Ady?* A dy* A dy*.

(82a)
(82b)

Here, g and vy are the determinant of the metric ¢, and
Yij» respectively.

In terms of ansatz for fields (80) and (81), the field
equations lead to

PHYSICAL REVIEW D 84, 126006 (2011)

R,(X)=0,  R;Y)=0, R,2)=0  (83)
hy = ho(x) + hy(y, 2), (83b)
D,Dhg=0,  hsAyh +Agh =0, Aghs =0,

(83¢)

where D, is the covariant derivative constructed by the
metric g ,,,, and Ay, Ay are the Laplace operators on Y, Z
space, and R,,,(X), R;;(Y), R,,(Z) are the Ricci tensors
associated with the metrics g,,,,(X), v;;(Y), u,,(Z), respec-
tively. As a special example, let us consider the case

Q,u,v = 77/1,1/’ 7ij = 8ij’ Ugp = 8ab: (84)

where 77,,, is the two-dimensional Minkowski metric and
0jj» 841 are the four-, four-dimensional Euclidean metrics,
respectively. The solution for 4, and k5 can be obtained
explicitly as

h2(x’ Vs Z) = C;Lx'u +c+ ZM{fln[lJ’ - y{’|2 - Mlz - zOl]’
€

(85a)

M
hs(z) = ——,
: |z — Zo|2

(85b)
where ¢, ¢, M, and M are constant parameters, and y, and
Zo are constant vectors representing the positions of the
branes.

C. The intersection of two M5-branes

Let us consider the solution of two MS5-branes. We
assume that the 11-dimensional metric is written by

ds? = h;m(x, Y, z)ﬁ;1/3(z)[qMV(X)dx”dx”
+ hs(x, y, 2)y;;(Y,)dy'dy’
+ hs(2)Wy (Yo)dv™ dv™
+ hs(x, y, 2)hs(2Du,(Z)dz¢dzb], (86)

where ¢q,, is the four-dimensional metric which de-
pends only on the four-dimensional coordinates x*, v;;
is the two-dimensional metric which depends only on
the two-dimensional coordinates y', w,, is the two-
dimensional metric which depends only on the two-
dimensional coordinates v™, and finally wu,, is the
three-dimensional metric which depends only on the
three-dimensional coordinates z“.

We also assume that the gauge field strength Fy is
given by

Fuy = =d[h3'(x, y, )QX) A Q(Y5)
+ hs ' (2)QX) A Q(Y))], (87)

where (X), Q(Y;) and Q(Y,) denote the volume 4-form,
2-form and 2-form, respectively
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QOX) = /=qdx" A dx" A dx® A dx?, (88a)
QY)) = J7dy' A dy2, (88b)
Q(Y,) = Jwdv' A dv>. (88¢)

Here, g, v and w are the determinant of the metric ¢ wrs Yijs

and w,,,, respectively.
In terms of ansatz for fields (86) and (87), the field
equations lead to

R,,(X) =0, R;(Y,) =0,

R,,(Yy) =0, R.,(Z) =0, (89a)
hs = ho(x) + hy(y, 2), (89b)
D,D,hg=0,  hsAy hy+Azhy =0,  Aghs=0,

(89¢)

where D, is the covariant derivative constructed by the
metric ¢,,,, and Ay , Ay are the Laplace operators on Y,
Z space, and R,,,(X), R;;(Y)), R,,(Y2), R,,(Z) are the
Ricci tensors associated with the metrics g,,,(X), y,;;(Y),
Woun(Y5), u,,(Z), respectively. As a special example, let us
consider the case

q,u.v = 17,u,w Yij = 8ijr Ugp = 8ab’ (90)

where 7, is the four-dimensional Minkowski metric and
Oij» Omn» Ogp are the two-, two-, three-dimensional
Euclidean metrics, respectively. The solution for i5 and
hs can be obtained explicitly as

M,
+4Mlz — zol*’

(91a)

hy(x,y,z) = c,x* + ¢+
g Zg:[|y—)’e|2

M

|z — Zo|

(91b)
where ¢, ¢, M, and M are constant parameters, and y, and
Zo are constant vectors representing the positions of the
branes.

D. The intersection of M2-brane
and one Kaluza-Klein monopole

Now we discuss the KK-monopole in the transverse
space of M2-brane. We assume that the 11-dimensional
metric takes the form

ds? = h;2/3(x, ¥, 24 4 (X)dxt dx”
+ (3. DLy (V)dy'dy! + hi(Dugy(Z)dz"dz?
+ hi'(2)(dv + A,dz)?], (92)
where g,,, is the three-dimensional metric which depends
only on the three-dimensional coordinates x*, 7;; is

the four-dimensional metric which depends only on the
four-dimensional coordinates y‘, and finally u,, is the
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three-dimensional metric which depends only on the three-
dimensional coordinates z¢.

We also assume that the gauge field strength F4) is
given by

Fuy = dlhy ' (x, y, )] A Q(X), (93)
where (X) denotes the volume3-form
OX) = /=qdx° A dx' A dx?. (94)

Here, g is the determinant of the metric g,
In terms of ansatz for fields (92) and (93), the field
equations lead to

R,LLV(X) = 0! le(Y) = 0: Rab(z) = 0! (953)
hy =ho(x)+ h(y,2), dh;=x#,dA, (95b)
DMDVI’I():O, hkAth ‘I’Azl’ll =O, Azhk=o, (95C)

where D, is the covariant derivative with respect to
the metric g,,,, and Ay, A, are the Laplace operators on
X, Y, Z space, and R, (X), R;;(Y), R,,(Z) are the Ricci
tensors associated with the metrics g,,,(X), v;;(Y), u,,(Z),
respectively.

As a special example, let us consider the case

(96)

('I,u,v = 77;un ’Yij = 61’]" Ugp = Bab’

where 7,,, is the three-dimensional Minkowski metric and
0;j» 0 4p, are the four-, three-dimensional Euclidean metrics,
respectively. The solution for 4, and A can be obtained
explicitly as

M,
hy(x,y,z) =c, x* + ¢+ ,
2 g ;[ly_y€|2+4M|Z_ZO|]3
(972)
M
h(z) = ——, (97b)
|z — 2ol

where ¢, ¢, My and M are constant parameters, and y, and
Zo are constant vectors representing the positions of the
branes. Since the functions coincide, the locations of the
branes will also coincide.

E. The intersection of M5-brane
and one Kaluza-Klein monopole

In this subsection, we discuss the KK-monopole in
the transverse space of the M5-brane. We assume that the
11-dimensional metric takes the form

ds?* = h;m(x, ,2)q yp(X)dxt dx” + h§/3(x, v,2)
X[dy* + hi(2)u,,(Z)dzdz? + b (2)(dv + A,dz*)?],
(98)

where g,,, is the six-dimensional metric which depends
only on the six-dimensional coordinates x*, and finally u,,,
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is the three-dimensional metric which depends only on the
three-dimensional coordinates z¢.
We also assume that the gauge field strength Fy) is
given by
Fy = #d[hs'(x,y,2) A QX)) (99)
where Q(X) denotes the volume 6-form
OX) = /=qdx* Adx" A -+ ANdx. (100)

Here, g is the determinant of the metric g,
In terms of ansatz for fields (98) and (99), the field
equations lead to

R,,(X)=0, R,(Z)=0, (101a)
hs=ho(x) + h(y,2), dh=zdA, (101b)
D,LLDVhO == 0, hk6§h1 + Azhl == O, Azhk =O, (101C)

where D, is the covariant derivative with respect to the
metric q,,,,, and Ay, Ay are the Laplace operators on X, Z
space, and R ,,(X), R,,(Z) are the Ricci tensors associated
with the metrics ¢, (X), u,,(Z), respectively.

As a special example, let us consider the case

LI,U,V = 77;1,1» Ugp = 5ab’ (102)

where 7, is the six-dimensional Minkowski metric and
8, 18 the three-dimensional Euclidean metric. The solu-
tion for &5 and A can be obtained explicitly as

M,
hs(x, y,z) = c x* + ¢+ ,
’ # ;[ly_y€|2+4M|Z_ZO|]3/2
(103a)
M
hi(z) = , (103b)
|Z - Zo|

where ¢, ¢, M, and M are constant parameters, and y, and
Zo are constant vectors representing the positions of the
branes. Since the functions coincide, the locations of the
branes will also coincide.

F. The intersection involving plane wave
and M2-brane

We present the M2-brane with the plane wave propagat-
ing along its longitudinal direction. We assume that the 11-
dimensional metric takes the form

ds® = hy ([ —di* + dx® + dy* + {h,(1,y.2) = 1}

X (dt — dx)* + hy(2)u,,(Z)dzdz"], (104)
where u,, is the eight-dimensional metric which depends
only on the eight-dimensional coordinates z“.

We also assume that the gauge field strength Fy is
given by

Fuy = d[hy'(2)1 A dt A dx A dy. (105)
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In terms of ansatz for fields (104) and (105), the field
equations lead to

R,,(Z) = 0, (106a)
hy, = ho(t) + hy(y, 2), dthy =0,
l’l26§]’ll + AZhl = O, Ath = 0, (106b)

where Ay is the Laplace operator on Z space, and R,;,(Z)
are the Ricci tensor associated with the metric u,;,(Z). As a
special example, let us consider the case

Ugp = 6ab’ (107)

where 6,, is the eight-dimensional Euclidean metrics,
respectively. The solution for A, and 4,, can be obtained
explicitly as

M,
h,(ty,z)=ct+¢+ —=
Y ;[Iy—y«|2+%|z—z()l !
(108a)
M
hy(z) = P (108b)
0

where ¢, ¢, M, and M are constant parameters, and y, and
Zo are constant vectors representing the positions of the
branes. If we delocalize along n of the overall transverse
directions, the harmonic functions take the following form:

h,(t,y,z)=cCt+¢

M,
+ ,
Ty = el + 251z — gl 4320
(109a)
M
hy(2) = ——=- (109b)
|z — 2
0

G. The intersection involving wave and MS-brane

We present the M5-brane with the plane wave propagat-
ing along its longitudinal direction. We assume that the 11-
dimensional metric takes the form

ds* = hsP@[=d® + dx® + {h, (1, y, 2) — 1}(dt — dx)?
+y;(Y)dy'dy! + hs(2)uq,(Z)dz"dz"], (110)

where v;; is the four-dimensional metric which depends
only on the four-dimensional coordinates y‘, and finally
u,;, 1s the five-dimensional metric which depends only on
the five-dimensional coordinates z“.
We also assume that the gauge field strength Fy is
given by
Fyy = *d[h5'(z) Adit Adx A Q(Y)], (111)

where ()(Y) denotes the volume 4-form
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QY) = Jfydy' Ady* Ady* Ady*. (112)

Here, v is the determinant of the metric y;;.
In terms of ansatz for fields (110) and (111), the field
equations lead to

R;(Y) =0, R.,(Z) =0, (113a)
hy, = ho(t) + hi(y, 2), dathy =0,
]’ls AY hl + Azl’l] = 0, Azhs = O, (113b)

where Ay, /A, are the Laplace operators on Y, Z space, and
R;;(Y), R,,(Z) are the Ricci tensors associated with the
metrics y;;(Y), u,,(Z), respectively. As a special example,
let us consider the case

Yij = Sij, Uagp = Sapy (114)
where 9, 0, are the four-dimensional Euclidean metrics,
respectively. The solution for A5 and h,, can be obtained
explicitly as

M,
h,(t,y,27) =¢ct+ ¢+ : —,
Y %[Iy—ye|2+4M|z—zO| !
(115a)
M
hs(z) = ——, (115b)
lz — 2ol

where ¢, ¢, M, and M are constant parameters, and y, and
Zo are constant vectors representing the positions of the
branes. If we delocalize along n of the overall transverse
directions, the harmonic functions take the following form:

h,(t,y,z)=cCt+¢

+y M
7 [|y_y€|2 + (J%)AZ _ zolnfl](nJrl)/(nfl)

(116a)
M
|z —zo>™

hs(z) = (116b)

PHYSICAL REVIEW D 84, 126006 (2011)

H. The plane wave in the KK-monopole background

We consider the plane wave propagating in the back-
ground of the KK-monopole. The solution of ten-
dimensional metric is given by

ds®> = —dt* + dx* + {h,(t, y, 7) — 1}(dt — dx)?
+ vy (Y)dy'dy' + hy(z)u,,(Z)dz"dz’

+ hi ' (2)(dv + A,dz)>?, (117)
where v;; is the five-dimensional metric which depends
only on the five-dimensional coordinates y’, and finally u,,
is the three-dimensional metric which depends only on the
three-dimensional coordinates z“.

The ten-dimensional metric and the function /; obey

R, (Y)=0,  R,2)=0, (118a)
hy, = ho(t) + hy(y, 2), dthg =0,

h Ay hy + Aghy =0,  Aghy=0,  (118b)
dh, = *5dA, (118¢)

where *; is the Hodge operator in the Z space, and Ay, A\,
are the Laplace operators on Y, Z space, and R;;(Y), R ,,(Z)
are the Ricci tensors associated with the metrics g,,,(X),
¥i;(Y), u,,(Z), respectively. As a special example, let us
consider the case

Yij = Sij» Ugp = S ap, (119)
where 0;;, 6,, are the five-, three-dimensional Euclidean

metrics, respectively. The solution for ~ and hj can be
obtained explicitly as

M,
h,(t,y,z) =¢ct+ ¢+ ,
;[Iy — yol> + 4M|z — z,|]7?
(120a)
M
hi(z) = —, (120b)
|z — zol

where ¢, ¢, M, and M are constant parameters, and y, and
Zo are constant vectors representing the positions of the

TABLE IV. Pair intersections between M-brane and KK-monopole in D = 11 with dependence on overall transverse coordinates.

Case 01 2 3 4 5 6 7 8 9 10 M AM) Ae(M)
M2 o o o v A(Y) =2/5 A(Y) = =y
M2KK KK © o o o o o o A Ay A Y&v&Z Av) =2/5 A(V) = =t
XN oxb X2 oyt oy oy oyt w2 P ANZ)=2/5 Ae(2) = —712[231?‘112“3
M5 o o o o o o J X AX) = —1/5 Ap(X) = 570
M5-KK KK © o o o o o o A A, A Y&v&Z AY) =2/5 As(Y) = %
XNoroxb x2S Yy vt 2P Aw) = AMZ)=2/5 Ig(v) = Ag(2) = %
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branes. Since the functions coincide, the locations of the
branes will also coincide.

For the static case, there is a classification of the multiple
intersecting branes with the M-waves and/or KK-
monopoles [27,28]. The dynamical delocalized branes
are also classified in [2]. We show the intersection
rule for the branes with M-wave and KK-monopoles,
which is summarized in Table IV. In the Table, circles
indicate where the brane world-volumes enter, v re-
presents the coordinate of the KK-monopole, and the
time-dependent branes are indicated by ./ for different
solutions.

IV. THE INTERSECTION OF DYNAMICAL
BRANES IN TEN-DIMENSIONAL THEORY

PHYSICAL REVIEW D 84, 126006 (2011)

action for the p-brane system in the Einstein frame can
be written as

1

1
1

_ZZ-(p1+2)!

I

L
23'6 H(3)/\*H(3)

e(3—P1)<b/2F(pl+2) A *F(mﬂ)]’

(121)

where «? is the ten-dimensional gravitational constant, and
¢ is the dilaton, and * is the Hodge operator in the ten-
dimensional spacetime, and Hp), F(,, 2 are 3-, (p; +
2)-form field strength, respectively. We assume that the
field strengths H3), F,, 1) are given by following gauge
potentials

In this section, we apply the dynamical brane solutions Hg) = dBq), Fip+2) = dCp 1) (122)
to ten-dimensional string theory. The ten-dimensional The field equations are given by
|
Ry = » + o[ 3Fy g HAE — L g2
MN = 56M¢5N¢ 231 ¢ MaBTIN" — 7 8muNH,)
B=pe/2 1
€ AJ +
+ ;m[(m + Z)FMAy“A”HHJ:/] - g(PI + 1)8MNF(2,,,+2)], (123a)
3—p)
" oy B=p)  aeppen _
d*d¢ + 3 e PHa) A *#H3) ;4 oy £ 2)! eB—p F(p1+2) A *F(p1+2) 0, (123b)
dle™® % H3]=0, (123c¢)
d[eB~ P25 F, 5] =0. (123d)
In what follows, we look for the possible configurations of e? = (hi)3-P/4, (125a)
intersecting branes and present explicit solutions. The case _ .
with waves or KK-monopoles will be also discussed. F(” +2) dlh _(x, ». 2)JQX) A Q(Y))
+ d[h™ ' (2)]AX) A Q(Y,), (125b)

A. The intersection involving two Dp-brane

Let us first discuss the dynamical solution of two
Dp-branes. The ten-dimensional metric thus takes the form

ds® = h'r=D3(x, y, 2P~ 8(2)[q,,,(X)dx* dx"
+ h(x, y, Z))’ij(Yl)dyid)’j + E(Z)Wmn(Yz)dvmdU"
+ h(xr Y, Z)]’;(Z)Mab(Z)dZade], (124)

where ¢q,,, is the (p — 1)-dimensional metric which de-
pends only on the (p — 1)-dimensional coordinates x*, y;;
is the two-dimensional metric which depends only on the
two-dimensional coordinates y’, w,,, is the two-
dimensional metric which depends only on the two-
dimensional coordinates w”, and finally u,, is the
(7 — p)-dimensional metric which depends only on the
(7 — p)-dimensional coordinates z“.

We also assume that the scalar field ¢ and the gauge
field strength F) are given by

where Q(X), Q(Y;), Q(Y,) denote the volume (p — 1)-,
2-, 2-form, respectively

QX)) = /=qdx® ANdx" A -+ AdxP2, (126a)
Q) = Jydy' Ady?, (126b)
Q(Y,) = Jwdv' A dv?. (126¢)

Here, ¢, vy, w are the determinant of the metrics ¢ wvs Yijs
Wonn-

In terms of ansatz for fields (124) and (125), the field
equations lead to

R,,(X) =0, R;;(Y,) =0,

R,..(Y,) =0, R, (Z) =0, (127a)
h = ho(x) + hy(y, 2) D,D,hy =0,

h Ay, hy + Azhy =0, Nzh =0, (127b)

where D, is the covariant derivative with respect to the
metric q,,,, and Ay, , Ay are the Laplace operators on Y,
Z space, and R,,,(X), R;;(Y1), R,,(Y2), R,,(Z) are the
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Ricci tensors associated with the metrics ¢,,,(X), v;;(Y;),
Woun(Y2), 1y, (Z), respectively.
Let us consider the case

Winn = 8mn’ Ugp = 6abr

(128)

Guv = Muw  Yij= Sijs

where 7, is the (p — 1)-dimensional Minkowski metric
and 68;;, 0,,,, 8,4 are the two-, two-, (7 — p)-dimensional
Euclidean metrics, respectively. For p # 3 and p # 5, the
solution for /2 and & can be obtained explicitly as

h(x,y,z) = c x* + ¢

M,
+ )
% [y = yel? + 525 |z — 2ol /)

(1292)
M

ﬁ Z = 7’
@ |z — zol>7?

(129b)
where ¢, ¢, M, and M are constant parameters, and y, and
Zo are constant vectors representing the positions of the
branes. Since the functions coincide, the locations of the
branes will also coincide. In the case of p = 3, the field
equations give

he(x, y,2) = cxt + &+ > MyIn[ly — yel> = 2M|z — z]
€

(130a)
M
h(z) = . (130b)
|z — zol
For p = 5, the solution becomes
M,
h(x,y, z) = c x* + ¢ + ,
. ;[Iy—yel“erz—zOlz]
(131a)
h(z) = M1n|z — zl. (131b)

B. The intersection of Dp — D(p + 2) branes

Next we discuss the Dp-branes ending on D(p +
2)-branes. Let us consider the solution to be delocalized
along the relative transverse direction of the Dp-branes.
The ten-dimensional metric thus takes the form

ds? = hg)p—7)/8(x, y, Z)hngr_zS)/S(Z)[qﬂy(x)dx'udxy

+ h,(x, y, 2y (Y)dy'dy + h, »(z)dv?

+ hp (.X, Y, Z)hp+2(z)uab(z)dzadzb]» (132)

where g,,, is the p-dimensional metric which depends only
on the p-dimensional coordinates x*, y;; is the three-
dimensional metric which depends only on the three-
dimensional coordinates y, and finally u,, is the

PHYSICAL REVIEW D 84, 126006 (2011)

(6 — p)-dimensional metric which depends only on the
(6 — p)-dimensional coordinates z“.

We also assume that the scalar field ¢ and the gauge
field strengths F(, ), F(,+4) are given by

e¢ = h?fp)/“hi)l;zﬁ)/“, (1338.)
Fpia = dlh, ' (x5, 2] A Q(X) A dv, (133b)
Fiprq) = dlh, (2] A Q(X) A Q(Y), (133¢)

where Q(X) and Q(Y) denote the volume p-, 3-form,
respectively
QOX) = /=qdx" ANdx" A+ AdxP7!,
QY) = Jfydy' Ady* A dy>.

(134a)
(134b)
Here, g, y are the determinant of the metrics g, V-

Under the assumptions (162) and (163), the field equa-
tions lead to

R,,(X) =0, R;;(Y) =0, Ry(Z) =0,  (135a)
hp =h0(-x)+hl(y1 Z)’ D,LLDVhO =0;
hp+2 AY hl + Azhl = 0, Azhp+2 = O, (135b)

where D, is the covariant derivative with respect to the
metric q,,,, and Ay, Ay are the Laplace operators on Y, Z
space, and R;;(X), R;;(Y), R,;(Z) are the Ricci tensors
associated with the metrics q,,,,(X), ¥;;(Y), u,;,(Z), respec-
tively. Now we assume that the ten-dimensional metric is
given by

(136)

Guv = Muw Yij = 6ij> Ugp = 5017’

where 7,,,, is the p-dimensional Minkowski metric and §;;,
8, are the three-, (6 — p)-dimensional Euclidean metrics,
respectively. For p # 2, p # 4, the solution for 4, and
h, > can be obtained explicitly as

h,(x,y,2)=c,x*+¢

+> My
Ty =yl + 25z — zo|lP 2] 22072

(137a)

M
2l =) (137b)

z—zol* 7

where A, ¢, M, and M are constant parameters, and y, and
Zo are constant vectors representing the positions of the
branes.

If we set p = 2, the solution becomes

hy(x,y,2) = c x* + ¢
+ > M Inly — yo|* = 3M|z — zo|] (138a)
4

M

hy(z) = ——.
@) |z — z/?

(138b)
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Next we consider the case of p =4. The solution is
given by

M,
h(x,J’»Z)=CxM+E+ 4
! # ;[Iy — yel* + Mlz — z,|*16/?
(139a)
he(z) = M1n|z — zg. (139b)

C. The Dp — D(p + 4) brane system

Now we consider the dynamical solution of Dp —
D(p + 4) brane system. Let us discuss the solution to be
delocalized along the relative transverse direction of the
Dp-branes. The ten-dimensional metric thus takes the form

ds? = hﬁ,pq)/g(x, ¥, z)h;’:f)/g(z)[qW(X)dx“dx”
+ hy(x, y, 2y (Y)dy'dy!

+ by (%, y, DNy 42Uy (Z)dz dz"], (140)

where ¢q,,, is the (p + 1)-dimensional metric which de-
pends only on the (p + 1)-dimensional coordinates x*, y;;
is the four-dimensional metric which depends only on
the four-dimensional coordinates y’, and finally u,, is the
(5 — p)-dimensional metric which depends only on the
(5 — p)-dimensional coordinates z.

We also assume that the scalar field ¢ and the gauge
field strengths F(, ), F(,+¢) are given by

eb — h?*p)/ﬁlh;il:p)/‘l’ (141a)
F,10) = d[h;l(x, v, 2] A Q(X), (141b)
Fipeg) = dly 1,1 A QX) A Q(Y),  (141¢)

where (X) and Q(Y) denote the volume (p + 1)-, 4-
form, respectively
QOX) = /=qdx’ ANdx" A -+ A dxP,
QYY) = Jydy' A dy* A dy? A dy*.

(142a)
(142b)

Here, g and vy are the determinant of the metrics ¢, and
Yij-

In terms of ansatz for fields (140) and (141), the field
equations lead to

R,X)=0  R;(Y)=0  R,(Z)=0  (143a)
hp = ho(-x) + hl(y) Z)’ D,MDVh’O = 0)
hp+4 AY hl + Azhl = 0, Azhp+4 = O, (143b)

where D, is the covariant derivative with respect to the
metric q,,,, and Ay, Ay are the Laplace operators on Y, Z
space, and R, ,(X), R;;(Y), R,,(Z) are the Ricci tensors
associated with the metrics ¢,,(X), v;(Y), uy(2),
respectively.
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Let us consider the case

qluf = T]y,w ‘Yij = 8ijr Ugp = 8abr (144)

where 7, is the (p + 1)-dimensional Minkowski metric
and 3,~j, 0, are the four-, (5 — p)-dimensional Euclidean
metrics, respectively. In the case of p # 1, p # 3, the
solution for /1, and h,,,4 can be expressed as

h,(x,y,2) = c,x* + ¢

+ M
2Ty — 3P+ L[z — g T
(145a)
M
h )= 145b
1)+4( ) |z _ zO|3_p ( )

where ¢, ¢, M, and M are constant parameters, and y, and
Zo are constant vectors representing the positions of the
branes.

For p = 1, we find

h(x,y,2) = ¢, x* + ¢
+ > MInlly — yel* — 4Mlz — zol]. (146a)
4

M

hs(z) = ——.
s@) |z — zol?

(146b)

If we consider the D3-D7 brane system, the solution is
given by

M,
hy(x, y,z) = c x* + ¢+ i
S g %[Iy—yeIZJerz—zOIz]2
(147a)
h7(z) = M1n|z — zl. (147b)

D. The intersection of Dp-brane and KK-monopole

Now we discuss the KK-monopole in the transverse
space of Dp-brane with p = 4. We assume that the ten-
dimensional metric is given by

ds* = h'=7/8(x, y, 2)q,,(X)dx*dx”
+ PHUB(x, y, )y (Y)dy'dy?
+ hy(2u,,(Z)dzdzb + hi'(2)(dv + A,dz")?],
(148)

where g, is the (p + 1)-dimensional metric which de-
pends only on the (p + 1)-dimensional coordinates x*, y;;
is the (5 — p)-dimensional metric which depends only on
the (5 — p)-dimensional coordinates y’, and finally u,, is
the three-dimensional metric which depends only on the
three-dimensional coordinates z¢.

We also assume that the scalar field ¢ and the gauge
field strength F, ) are given by
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e = hB-P/4, (149a)
Fp+a = dlh™ ' (x, y, 2)] A Q(X), (149b)

where (X) denotes the volume (p + 1)-form
QX) = J=Gdx" Adx' A+ -+ A dxP. (150)

Here, g is the determinant of the metric g,
Using the ansatz for fields (148) and (149), the field
equations lead to

R,,(X)=0, R;(Y)=0, R,(Z) =0 (15la)
h = ho(x) + hy(y, 2), dhy = #7dA, (151b)
D,U,DVhO = 0, hk AY hl + AZhl = 0, Ath = O,

(151¢c)

where D, is the covariant derivative with respect to the
metric q,,,, and Ay, Ay are the Laplace operators on Y, Z
space, and R, ,(X), R;;(Y), R,,(Z) are the Ricci tensors
associated with the metrics ¢,,(X), v;;(Y), uy(Z),
respectively.

Now we set the metric:

q;LV = 77,1“/’ 7ij = 8ij’ Ugp = 5ab’ (152)
where 7, is the (p + 1)-dimensional Minkowski metric
and §;;, 8, are the (5 — p)-, three-dimensional Euclidean
metrics, respectively. The solution for & and %; can be

obtained explicitly as

M,
hix,y,z)=c x*+ ¢+ ,
Y a %[Iy—yelzﬂMlz—z(>|]<7"’)/2
(153a)
M
hk(z)=—|z_z E (153b)
0

where ¢ ws G M, and M are constant parameters, and y, and
Zo are constant vectors representing the positions of the
branes.
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E. The intersection of Dp-brane and plane wave

We present the D p-brane with the plane wave propagat-
ing along its longitudinal direction. We assume that the
ten-dimensional metric takes the form

ds* =hP= D[ —d + dx® +1{h,(1,y,z) — 1dt — dx)*
+ v, (Vdy'dy! + h(z)u,,(Z)dzdz"], (154)

where y;; is the (p — 1)-dimensional metric which de-
pends only on the (p — 1)-dimensional coordinates y’,
and finally u,;, is the (9 — p)-dimensional metric which
depends only on the (9 — p)-dimensional coordinates z¢.

We also assume that the gauge field strength F,,) is
given by

e? = hB-P/4 (155a)
Fipin=dlh @ Adt Adx AQ(Y)],  (155b)

where (Y) denotes the volume (p — 1)-form
QY) = Jydy' Ady>--- Ady?~". (156)

Here, vy is the determinant of the metric y;;.
In terms of ansatz for fields (154) and (155), the field
equations lead to

R;(Y) =0, R,,(Z) =0, (157a)
hw = h()(t) + hl(y; Z)r at2hO = O’
h AY h] + Azhl = 0, Azh = 0, (157b)

where Ay, A\, are the Laplace operators on Y, Z space, and
R;;(Y), R,(Z) are the Ricci tensors associated with the
metrics y;;(Y), u,,(Z), respectively. Now we set the ten-
dimensional metric

Yij = 6ij’ Ugp = aub; (158)

where 9, 0, are the four-dimensional Euclidean metrics,
respectively. Using Eq. (158), the solution for p # 5 and
p # 7 can be written as

M,

h,(t,y,z) =ct+ ¢+ — —, (159a)
g[ly =yl 2 |z — gg|P B
M
h(z) = PN (159b)

where ¢, ¢, M, and M are constant parameters, and y, and
Zo are constant vectors representing the positions of the
branes. The solution (159a) for p = 5 becomes

h,(t,y,z) =ct+ ¢
+ > MeIn[ly — yel* = (p — DMz — o],
€

(160a)
M

hz) = ——.
@ |z — 2ol

(160b)

[

If we consider the case of p = 7, the harmonic functions
take the following form:

M,
h,(t,y,z) =ct+ ¢+ ,
Y ;HJ’_J’@P"‘MR — zol*P
(161a)
h(z) = MIn|z — 7. (161b)
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F. The pair intersection involving fundamental string

Next we present intersecting fundamental string con-
figurations of all the possible combinations. The basic
constituents of intersecting branes are D-branes, funda-
mental string, solitonic NS5-brane, the KK-monopole
and the plane wave.

1. The intersection of Dp-brane and fundamental string

First we discuss the Dp-branes ending on fundamental
string. Let us consider the solution to be delocalized along
the relative transverse direction of the D p-branes. The ten-
dimensional metric thus takes the form

ds® = h (1, y, )PV (2)
X [=di* + hg(t, y, 2)y;;(Y)dy'dy’

+ h(2)dv? + he(t, y, D)h(Dug,(Z)dz0dzb],  (162)

where ;; is the p-dimensional metric which depends only
on the p-dimensional coordinates y’, and finally u,,, is the
(8 — p)-dimensional metric which depends only on the
(8 — p)-dimensional coordinates z“.

The scalar field ¢ and the gauge field strength H 3 are
also assumed to be

e = hy 2pG-p)/4 (163a)
Hi = dlhg'(t,y, )] Adt Adv,  (163b)
Fp+2 = d[h™ ' (2)] A di A Q(Y), (163c)
where Q(Y) denotes the volume p-form
Q) = Jydy! Ady* A~ AdyP. (164)

Here, v is the determinant of the metric y;;.
If we use ansatz for fields (162) and (163), the field
equations give

R;(Y)=0,  R,(Z) =0 (1652)
hF = hO(x) + hl(y: Z)’ alzh() = 0’
h AY hl + Azhl = 0, Azh = 0, (165b)

where Ay, /A, are the Laplace operators on Y, Z space, and
R;;(Y), R,,(Z) are the Ricci tensors associated with the
metrics y;;(Y), u,;,(Z), respectively. We consider the case

Yij = 0ij Uagp = Sap, (166)
where §;;, 8, are the p-, (8 — p)-dimensional Euclidean

metrics, respectively. Under the metric Eq. (166), the
solution of 4 and hg for p = 4 and p = 6 can be written by
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hp(t,y,z)=cCt+¢&

M,
Ty = yel? + 2|z — P~ 4] ~6r+12/20 =4
(1672)
M
h(z) = Tz —zo° 7 (167b)

where ¢, ¢, M, and M are constant parameters, and y, and
Zo are constant vectors representing the positions of the
branes. For p = 4, the solution becomes

hp(t,y,z) =ct+ ¢
+ > MeIn[ly — yel*> = pMlz — zol] (168a)
4
M
|Z - Zo|2'

Next we consider the case of p = 6. The solution is
given by

h(z) = (168b)

M,

+ Mlz — zol*P’
(169a)
(169b)

he(t,y,z) = ¢t + &+
F ;UJ’_J’@P

h(z) = M1n|z — z,.

2. The intersection involving fundamental
string and NS5-branes

We discuss the solution of the fundamental strings with
NS5-branes. We consider the case to be delocalized along

one of the overall transverse directions. The ten-
dimensional metric thus takes the form
ds* = h,§3/4(x, y, z)h;]sl/“(z)
X [quy(X) + he(x, y, 2)y;;(Y)dy'dy’
+ he(x, y, 2)hns (2, (Z)dz4dzb], (170)

where g, is the two-dimensional metric which depends
only on the two-dimensional coordinates x*, vy;; is the
four-dimensional metric which depends only on the four-
dimensional coordinates y’, and finally u,, is the four-
dimensional metric which depends only on the
four-dimensional coordinates z.

We also assume that the scalar field ¢ and the gauge
field strength H3) are given by

et = hp i, (171a)
Hg) = dlhg'(x, y, 2)] A Q(X)

+ e ¢ dlhgd (2) QX) A Q(Y)], (171b)

where )(X) and Q(Y) denote the volume 2- and 4-form
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QOX) = /=qdx" A dx',
QY) = Jydy' A dy* Ady* A dy*.

(172a)
(172b)

Here, g and 7y are the determinant of the metric ¢, and
Yij» respectively.

In terms of ansatz for fields (170) and (171), the field
equations lead to

R,X)=0  R;(Y)=0  R,(Z)=0  (173a)
hF = ho(.X) + h](yJ Z): D,LLDVhO = 0’
hNS AY I’ll + Azhl = 0, AZhNS = O, (173b)

where D, is the covariant derivative with respect to the
metric ¢,,,, and Ay, A, are the Laplace operators on Y, Z
space, and R;;(X), R;;(Y), R,,(Z) are the Ricci tensors
associated with the metrics ¢,,,(X), v;;(Y), u,,(Z), respec-
tively. We assume that the ten-dimensional metric is
given by

q;u/ = 77,uw 7ij = Sij’ Uagp = 5ub’ (174)
where 7, is the two-dimensional Minkowski metric and
0;j» 04, are the four-dimensional Euclidean metrics, re-
spectively. The solution for hr and hyg can be obtained
explicitly as

he(x, ,2) = c x# + &
+ > M In[ly — yl? — 4Mlz — zol]. (175a)
{

M

hns(z) = m, (175b)
0

where ¢, ¢, M, and M are constant parameters, and y, and
Zo are constant vectors representing the positions of the
branes. If we delocalize the solution along one of the
overall transverse directions, the solution can be written as

M,
+4M|z — 7|’

(176a)

he(x, y,z7) = c x* + ¢ +
. g‘[ly—yfl2

M

]

(176b)

3. The pair involving fundamental string
and one Kaluza- Klein monopole

Now we discuss the KK-monopole in the transverse
space of the fundamental string. We set the ten-
dimensional metric takes the form
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ds® = hy 4 (x, y, 2)q,,, (X)dxtdx”
+ h(x, y, Dy (Y)dyidy!
+ hi(2)ugy,(Z)dz0dz" + h ' (z)(dv + A,dz)*],
(177)

where ¢, is the two-dimensional metric which depends
only on the two-dimensional coordinates x*, y;; is the
four-dimensional metric which depends only on the four-
dimensional coordinates y’, and finally u,, is the three-
dimensional metric which depends only on the three-
dimensional coordinates z“.

We assume that the scalar field ¢ and the gauge field
strength H s are given by

e = h; '/, (178a)
Hg) = d[hg ' (x,y, )] A Q(X), (178b)

where ()(X) denotes the volume 2-form
QOX) = /=qdx" A dx". (179)

Here, g is the determinant of the metric g,
In terms of ansatz for fields (177) and (178), the field
equations lead to

R,U.V(X) = O» Rl](Y) = O) Rab(Z) = 0) (180a)
hF = h’O(-x) + hl(y’ Z): D/LDVhO = 0’
he Ay by + Dghy =0, Aghy =0, (180b)

where D, is the covariant derivative with respect to the
metric ¢,,,, and Ay, A, are the Laplace operators on Y, Z
space, and R;;(X), R;;(Y), R,,(Z) are the Ricci tensors
associated with the metrics ¢,,(X), v;(Y), uy,(2),
respectively.

Now let us consider the case

q,lLV = 17,u,w Yij = Bijr Ugp = 8ab} (181)
where 7, is the two-dimensional Minkowski metric and
0jj» O4p are the four-, three-dimensional Euclidean metrics,
respectively. The solution for hg and hj can be obtained

explicitly as

M,
hp(x, v, z7) = c x* + ¢ + ,
F # %[Iy — yel? +4Mz — zo|P
(182a)
M
h(z) = —, (182b)
lz — zol

where ¢, ¢, M, and M are constant parameters, and y, and
Zo are constant vectors representing the positions of the
branes.
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G. The intersection involving NS5-branes

In this subsection, we discuss the intersecting brane
involving NS5-branes. For the KK-monopole, we cannot
find partially delocalized solutions because the intersection
does not have the relative transverse directions.

1. The intersection involving D p-brane and NS5-branes

Let us first consider the Dp-branes ending on NS5-
branes. We discuss the solution to be delocalized along
the relative transverse direction of the NS5-branes. The
ten-dimensional metric of Dp-branes (p = 6) ending on
NS5-branes thus takes the form

ds> = hP=D8(x, y, 2)hys’ ()0, (X)dxt dx”
+ h(x, y, 2)y;;(Y)dy'dy + hys(z)dv?

+ h(x’ Y, Z)hNS(Z)uab(Z)dZade]! (183)

where ¢, is the p-dimensional metric which depends
only on the p-dimensional coordinates x*, v;; is the
(6 — p)-dimensional metric which depends only on the
(6 — p)-dimensional coordinates y’, and finally u,, is
the three-dimensional metric which depends only on the
three-dimensional coordinates z.

We assume that the scalar field ¢ and the gauge field
strength H s are given by

e? = hyght P/, (184a)
Hp = e ¢ #dlhgd@QX) A QYY)  (184b)
Fpia) = dlh™ (x5, 2] A Q(X), (184c)

where (X) and ()(Y) denote the volume p-form, (6 — p)-
form, respectively

QOX) = /=qdx" ANdx" A+ AdxP™ ],
Q) = Jydy! Ady* A+ Ady®o P,

(1852)
(185b)

Here, g and y are the determinant of the metric q,,,, ¥,

respectively.
Using the ansatz for fields (183) and (184), the field
equations lead to

RMV(X) = 01 le(Y) = O) Rab(z) = 0’ (1863)
h = h()()C) + hl(Z), DMDVhO = O,
hNS AY hl + AZhl = 0, Aths = O, (186b)

where D, is the covariant derivative constructed by the
metric ¢,,,, and Ay, A, are the Laplace operators on Y, Z
space, and R,,,(X), R;;(Y), R,,(Z) are the Ricci tensors
associated with the metrics ¢q,,,(X), ¥;;(Y), u,;,(Z), respec-
tively. Let us consider the case

qMV = 77,uw Yij = 51’/’) Ugp = 6017’ (187)

where 717, is the p-dimensional Minkowski metric and 9,
6,p are the (6 — p)-, three-dimensional Euclidean metrics,
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respectively. The solution for & and hyg can be obtained
explicitly as

h(x,y,z) =c x* +¢

M,
+ —, (188a)
%[Iy—yel2 +4M|z — zo|]P 78/
M
th(z)=—|z_ZO|, (188b)

where ¢, ¢, M and M are constant parameters, and y, and
Zo are constant vectors representing the positions of the
branes.

2. The intersection of two NS5-branes

Next we consider the solution of two NS5-brane. As
we mentioned in Sec. I A, these intersect over three di-
mensions. We assume that the ten-dimensional metric is
written by

ds? = hd(x, y, Dnd/ (2 g, (X)dxdx”
+ hns(x, y, Z)yij(Yl)dyidyf
+ ];NS (Z)Wmn (Yz)dvmdv"

+ hns (%, ¥, 2)hns (2)u g, (Z)dz dz"], (189)
where g, is the four-dimensional metric which depends
only on the four-dimensional coordinates x*, vy;; is the
two-dimensional metric which depends only on the two-
dimensional coordinates y’, w,,, is the two-dimensional
metric which depends only on the two-dimensional co-
ordinates v”, and finally wu,, is the two-dimensional
metric which depends only on the two-dimensional coor-
dinates z“.

We also assume that the scalar field ¢ and the gauge
field strength H ) are given by

e? = (hnshns)"?, (190a)
Hiy = e ? xdlhgd(x,y, 2QX) A Q(Y,)
+ hnd (2)QUX) A QY] (190b)

where (X), Q(Y;) and Q(Y,) denote the volume 4-form,
4-form and 4-form, respectively

QOX) = /=qdx" A dx' A dx® A dx?, (191a)
QY)) = JSydy' A dy?, (191b)
O(Y,) = Jwdv' A dv>. (191¢)

Here, ¢, ¥ and w are the determinants of the metrics ¢,
Yij» and w,,,, respectively.

In terms of ansatz for fields (189) and (190), the field
equations lead to
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RW(X) =0, Rij(Yl) =0,

R,,(Yy) =0, R, (Z)=0, (192a)
hns = ho(x) + hy(y, 2), (192b)
D,LLDVh’O = 0, };NS AY I’ll + Azhl = O, AZ};NS = 0,

(192¢)

where D, is the covariant derivative constructed by the
metric q,,,, and Ay, Ay are the Laplace operators on Y, Z
space, and R, (X), R,,,(Y), R,;,(Z) are the Ricci tensors
associated with the metrics ¢,,,(X), v;;(Y), u,,(Z), respec-
tively. As a special example, we consider the case

q;u/ = 77,uw 7ij = Sij’ Uagp = 5ub’ (193)

where 7, is the four-dimensional Minkowski metric and
0jj» Omn» 04 are the two-, two-, two-dimensional
Euclidean metrics, respectively. The solution for hyg and
hns can be obtained explicitly as

M,
hns(x, y, 2) = ¢ xt + & + )
NsiE a §|J’_J’€|2+M|Z—Zo|2
(194a)
hns(z) = In[M|z — zol] (194b)

where ¢, ¢, M, and M are constant parameters, and y, and
Zo are constant vectors representing the positions of the
branes.

3. The intersection involving plane wave and NS5-brane

We present the NS5-brane with the plane wave propa-
gating along its longitudinal direction. We assume that the
ten-dimensional metric takes the form

ds? = hd (D[ —di* + dx* + {h, (1, y, z) — 1}(dt — dx)*
+ i (Y)dy'dy + hys(2)ug,(Z)dz dz"], (195)

where y;; is the four-dimensional metric which depends
only on the four-dimensional coordinates y’, and finally
u,y, 1s the four-dimensional metric which depends only on
the four-dimensional coordinates z“.

We set the scalar field ¢ and the gauge field strength H 3
as follows:

et = hif2, (196a)

Hiz =e ? xdlhyd(z) Adt Adx AQ(Y)],  (196b)
where ()(Y) denotes the volume 4-form

QY) = Jydy' Ady* Ady* A dy*. (197)

Here, v is the determinant of the metric y;;.
In terms of ansatz for fields (195) and (196), the field
equations lead to
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RU(Y) = O, Rab(Z) = 0, (198a)
hw = h()(t) + hl(y; Z)r at2hO = O’
hk AY h] + Azhl = 0, Aths = O, (198b)

where Ay, A, are the Laplace operators on Y, Z space, and
R;;(Y), R,,(Z) are the Ricci tensors associated with the
metrics y;;(Y), u,,(Z), respectively. As a special example,
we set the metric and the function /g

Yij = Oy gy = Saps (199)

where 85, 0, are the four-dimensional Euclidean metrics,
respectively. The solution for /yg and £, can be obtained
explicitly as

h,(t,y,z)=¢ct+ ¢+ ZMg In[ly — y|> — 4M|z — z,l],
¢

(200a)

M

hys(2) = P (200b)
0

where ¢, ¢, M, and M are constant parameters, and y, and

Zo are constant vectors representing the positions of the
branes.

H. The plane wave in the KK-monopole background

We consider the plane wave propagating in the back-
ground of the KK-monopole. The solution of ten-
dimensional metric is given by

ds* = —di* + dx® + [h,(t,y, ) — 1](dt — dx)?
+ v (Y)dy'dy + hi(2)ue,(Z)dz"dz"

+ b N (z2)(dv + A,dz?)?, (201)

where y;; is the four-dimensional metric which depends
only on the four-dimensional coordinates y’, and finally
U,y 1s the three-dimensional metric which depends only on
the three-dimensional coordinates z“.

The ten-dimensional metric and the function /; obey

Ri(Y)=0,  R,Z) =0, (202a)
hy, = ho(t) + hy(y.2),  9thg =0,

he Ay hy + Dghy =0, Ayhy =0, (202b)
dhy, = #,dA, (202¢)

where *; is the Hodge operator in the Z space, and Ay, A,
are the Laplace operators on Y, Z space, and R;;(Y), R, (Z)
are the Ricci tensors associated with the metrics y;;(Y),
u,,(Z), respectively. Now we consider the case

Yij = 51']» Ugp = S apy (203)
where 85, 8, are the four-, three-dimensional Euclidean
metrics, respectively. The solution for z and hj can be

obtained explicitly as
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M,
h(t,y,z) =ct+ ¢+ ,
%[ly — yel* +4Mlz — z|P

(204a)

M

hilz) = |z — 2o

, (204b)
where ¢, ¢, M, and M are constant parameters, and y, and
Z( are constant vectors representing the positions of the
branes.

There is a classification of the multiple intersecting
branes solutions by [27,28]. The dynamical delocalized
branes in ten-dimensional theory are also classified in
[4]. We again show the intersection rule for the branes
with M-wave and KK-monopoles in Table IV. In the Table,
circles indicate where the brane world-volumes enter, v
represents the coordinate of the KK-monopole, and the
time-dependent branes are indicated by ./ for different
solutions.

V. COSMOLOGY

In this section, we apply the above solutions to study the
four-dimensional cosmology. We assume an isotropic and
homogeneous three-space in the four-dimensional space-
time known as Friedmann-Lemaitre-Robertson-Walker
(FLRW) universe after compactification. In what follows,
we concentrate on the (p + 1)-dimensional Minkowski
spacetime with ¢ ,,,,(X) = 7,,,(X), and drop the coordinate
dependence on X space except for the time. We discuss just
the cases involving p-brane and KK-monopole because our

w1+ () [
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Universe does not expand when the wave is time-
dependent. Hence, we have no interesting case for wave
solution.

A. The intersection of Dp, — Dp, brane system

Let us first discuss how these solutions are applied to our
physical world in the case of Dp, — Dp, brane system.
Suppose that our Universe is a part of branes. Since our
Universe is isotropic and homogeneous, same branes must
contain this whole three dimensions. The D-dimensional
metric (5) can be expressed as

ds® = —hdr* + ds*(X) + ds2(Y,) + ds*(Y,) + ds*(Z),

(205)

where we have defined
ds*(X) = hdpo(X)do' doe, (206a)
ds* (Y1) = by (1, y, DR (1, v, 2)y;(Y1)dy'dyl,  (206b)
ds*(Y,) = b (1, y, 23 (8, v, 2w, (Yo)dv™dv",  (206¢)
ds>(Z) = 2 (1, y, )h2 (1, v, Duey(Z)dz9dzb,  (206d)
h = hy(t,y, 2)hs(t, v, 2). (206e)

Here, 8p(X) is the p-dimensional Euclidean metric, and
0" denotes the coordinate of the p-dimensional Euclid
space X.

In the following, we assume h; = h(z) and set h, =
At + h((y, z). The D-dimensional metric (206) can be
written as

2a,/(a,+2) -
( ) 80(X)d0”d0°
)

2/(a, +2) 2b,/(a,+2) 2a,/(a,+2)
+ {1 + ( ) }( > vii(Yy Ydy'dy! + h < ) W (Yo)dv™dv"
7o

2/(a,+2) 2b,/(a,+2)
M C I
7o 7o

where we have introduced the cosmic time 7 defined by

2

-
— = (At (u,+2)/2, — .
(41) 07 4, ¥ 2)A

7o

(208)

On the other hand, for i, = h,(z) and hy = At + ki (v, 2),
the metric (206) is given by replacing a, and h,(y, z) with
a, and k; (v, 2).

Now we apply these solutions to lower-dimensional
effective theory. We compactify d(= d, + d, + d; + d,)
dimensions to fit our Universe, where d,, d,, d;, and d,
denote the compactified dimensions with respect to the X,
Y, Y,, and Z spaces. The metric (205) is then described by

ds*> = ds*>(M) + ds*(N), (209)

Ugp(Z)dz dz? ]

(207)

where ds?(M) is the (D — d)-dimensional metric and
ds*(N) is the metric of compactified dimensions.

By the conformal transformation
ds*(M) = hBhSds*(M), (210)

we can rewrite the (D — d)-dimensional metric in the
Einstein frame. Here B and C are

. —(a,+ l)d"‘dl +d3

D—d—2 ’ o1
oo “lag+ 1d+d; + dy
D—d-2 '

Hence, the (D — d)-dimensional metric in the Einstein
frame is
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ds®’(M) = hZ hS'[—df* + 8 pp(X)do" doC
+ by (YDdyK dy"
+ R (Yo)dv™ dv™
+ hohgugy(2')dz" dz"],

ds2(M)—hC’[1+< )2/(3/”) ] [

212)
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where B’ and C’ are defined by B’ = —B + a, and C' =
—C + a,, and X', Y, Y, and Z' denote the (p — d,)-,
(ps —p —dy)- (p, = p—ds)-,and (D + p—p, = p; =
d,)-dimensional spaces, respectively.

For h, = At + h;, the metric (212) is thus rewritten as

2B'/(B'+2) - , ,
( ) SP,Q,(X’)dHP de?
7o

2ED, 2(B'+1)/(B'+2) o 2B/(B'+2) C
G ) nf(s ) yn(XDayt ay’ + (2 W (Y5)dv™ dv”
)

2/(B'+2) 2(B'+1)/(B'+2) , ,
+ hs{l + (—) h1}<—> ua/b/(Z’)dz“ de ],

7o 7o
where the cosmic time 7 is defined by
T 2
— = (An)B'+2/2, = 214
o A0 T maoa W

For hy = At + k; and 9 ,h,
similar to (207) and (213).

Therefore, we cannot find the solution which exhibits an
accelerating expansion of our Universe.

The power exponents of the scale factor of possible
four-dimensional cosmological models are given by
a(M) o« 7™M \where 7 is the cosmic time, and a(M) and
ag(M) denote the scale factors of the space M in Jordan
and Einstein frames with the exponents carrying the same
suffices, respectively. Here M denotes the spatial part of the
spacetime M.

Since the time dependence in the metric comes from
only one brane in the intersections, the obtained expansion
law is simple. In order to find an expanding universe, one
may have to compactify the vacuum bulk space as well as
the brane world volume. Unfortunately we find that the
fastest expanding case in the Jordan frame has the power
A(M) < 1/2, which is too small to give a realistic expan-
sion law like that in the matter-dominated era (a « 72/3) or
that in the radiation-dominated era (a = 7'/2).

When we compactify the extra dimensions and go to the
four-dimensional Einstein frame, the power exponents are
differently depending on how we compactify the extra
dimensions even within one solution. For M-brane in the
11-dimensional theory, we give the power exponent of
the fastest expansion of our four-dimensional Universe in
the Einstein frame. We again see that the expansion is too
small. Hence, we have to conclude that in order to find a

= 0, we can also get results

ds* =

(213)

|
realistic expansion of the Universe in this type of models,
one has to include additional “matter” fields on the brane.
These are the same results as the case of the delocalized
intersecting brane solutions. For the solutions (213) involv-
ing two intersecting brane in the 10- or 11-dimensional
theories which are related to the supergravity, we can see
the power exponents of the scale factor of possible four-
dimensional FLRW cosmological models in the Tables
in [4].

B. The intersection of brane and KK-monopole system

Next we apply the dynamical intersecting brane solu-
tions including KK-monopoles. We should look for
whether there is a solution with an isotropic and homoge-
neous three space. The D-dimensional metric (40) can be
expressed as

ds® = —h%(t,y, 2)df* + ds*(X) + ds*(Y) + ds*(Z)
+ hP (1, y, 2)h ' (2)(dv + A,dz)?, (215)
where we have defined
ds?(X) = ha(t, y, 2)6 po(X)d6* d6?, (216a)
ds*(Y) = h(1, y, 2)y;;(Y)dy'dy’, (216b)
ds*(Z) = hP(t, y, 2D)h (2 u,,(Z)dz4dzb. (216¢)

Here, a, b are given by (41), and o PQ()N() is the
p-dimensional Euclidean metric, and #” denotes the coor-
dinate of the p-dimensional Euclid space X.

In the following, we set h = Ar+ h;(y,z). The
D-dimensional metric (215) can be written as
|
2a/(a+2) -
(217)

2/(a+2)
Gl
h

2/(a+2) 2b/(a+2)
+ {1 + (_) 1}( ) {y(Y)dy'dy! + hyigy(Z)dzdz” + hi (dv + A dz“)z}]

To
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where we have introduced the cosmic time 7 defined by

T (Ar)@+d/2, o 2

z IR

Now we again apply these solutions to lower-
dimensional effective theory. We compactify d(=
d, + d, + d;) dimensions to fit our Universe, where d,,
d,, and d5 denote the compactified dimensions with respect
to the X, Y, and Z spaces. The metric (215) is then
described by

ds* = ds*(M) + ds*(N), (219)
where ds?(M) is the (D — d)-dimensional metric and
ds*(N) is the metric of compactified dimensions.

By the conformal transformation
ds*(M) = hBh{ds*(M), (220)
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we can rewrite the (D — d)-dimensional metric in the
Einstein frame. Here B and C are

_ adl + b(d2 + d3) C= 2d3

=27  c=- 5 21
D—a—2 D

D—d—-2 '’

Hence, the (D — d)-dimensional metric in the Einstein
frame is
ds*(M) = hB' h [—de* + 8py(X)do" do2

+ BNy (YNdyK dy" + hyugy (Z)dz" dz”

+ hi Y(dv + Agdz®)?Y], (222)
where B’ is defined by B'=—B+a, and X, Y/,
and Z' denote the (p —d,)-, (D—5— p—d,)-, and
(3 — d3)-dimensional spaces, respectively.

For h = At + h;(y, z), the metric (222) is thus rewritten
as

_ ) —2/(B'+2) B 2B'/(B'+2) - : : —2/(B'+2)
ds2(M) = K€ [1 + (l) hl:l [—d# + (l) 8o (X)do" d6? + {1 + (l) hl}

To To
r

To

where the cosmic time 7 is defined by

T _ (An)E+2/2, o 2

2(B'+1)/(B'+2) L , , ;
X (—) {ypr(YNdy* dy" + hyugy (Zdz"dzP + by Ndv + Aydz® )2}]

To

(223)

The (D — d)-dimensional metric (223) shows that there
is no solution which exhibits an accelerating expansion of
our Universe.

We list the FLRW cosmological solutions with an isotro-
pic and homogeneous three-space for the solutions (223) in
Table IV for M-branes, Table V for D-branes, and Table VI

TABLE V. Pair intersections between Dp(p = 4)-brane and KK-monopole in D = 10 with dependence on overall transverse

coordinates.
Branes 01 2 3 4 56 7 8 9 AM) Mg (M)

DO o Vv AY) =1/9 Ap(Yy) = m
DOKK KK © o o o o o A Ay A, Y&v&Z Av) = 1/9 Ap() = 5

Nyt oy oyt oy v 22 AZ)=1/9 Ae(2) = 53—

DI o o J AY) =1/5 Ap(Y) = ﬁ
DI-KK KK © o o o o o A Ay Ay Y&v&Z Aw) =1/5 AE(v)=#_d"12_dz

D S R A S VR N AZ) =1/5 Ag(Z) = %

D2 o o o J AY) =3/11 Ap(Y) = %
D2-KK KK o o o o o o A A, A4 Y&v&Z Av) =3/11 Ag(v) = #ﬂzrd}

Noroxh 2y Y 2P AZ) = 3/11 As(Z) = %

D3 o o o o J AX) = —1/3 )\E(X) _ %
D3-KK KK o o o o o o Al A, A Y&v&Z AY)=1/3 Ae(Y) = %/

DA S A L (TR L Av) = AZ) =1/3 Ag(v) = Ag(2) = % sum

Di o o o o o J AX) = —3/13 Ap(X) = (i
D4-KK KK © o o o o o A Ay A, Y&v &Z A(Y) =3/11 A(Y) = 5

N2ty v 2P Av) = A(Z) =5/13 As(v) = Ag(2) = %
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TABLE VI. Pair intersections between fundamental string and KK-monopole in D = 10 with dependence on overall transverse
coordinates.
Branes o 1 2 3 4 5 6 717 8 9 M AM) A (M)
FI o o J AY)=1/5  A(Y) = o t—r
F1-KK KK o o o o o o Al A2 A3 Y&v&Z /\(U) = 1/5 AE(U) = ﬁ
Nooroxo Yy oy e 22 MZ)=1/5  Xe(2) = ygoqg =

for F1 and NS5-branes. We find the power exponents of the
scale factor of possible four-dimensional cosmological
models as a(M) « 7M™ where a(M) and ag(M) denote
the scale factors of our Universe M in Jordan and Einstein
frames with the exponents carrying the same suffices,
respectively. Here M denotes the spatial part of the space-
time M.

In the KK-monopole solution, the expansion law is
easily obtained because the time dependence in the metric
comes from only p-brane in the intersections. We can find
an expanding universe even if one may compactify the
vacuum bulk space as well as the brane world volume.
However, it is impossible to obtain the cosmological model
whose scale factor has the power A(M) > 1/2 in the Jordan
frame. Then they cannot give a realistic expansion law like
that in the matter-dominated era (a = 72/3) or that in the
radiation-dominated era (a o« 71/2).

The power exponents in the four-dimensional Einstein
frame after compactifing the extra dimensions are different
depending on how we compactify the extra dimensions
even within one solution. For M-brane and D-brane in the

TABLE VII. The power exponent of the fastest expansion in
the Einstein frame for M-brane, D-brane, fundamental string in
KK-monopole background. “TD” in the table shows which
brane is time dependent.

Branes TD dim(M) M (dy, dy, d3)  Ag(M)
M2-KK M2 8 Y&v&Z 0, 1, 2) 1/3
M2 8 Y&Z (0, 3, 0) 1/3
M5-KK M5 7 X&Y&v&Z (2,0,2) —1/9
M5 9 X&Y&v &Z (0,0,2) 6/13
DO-KK DO 6 Y& v &Z 0, 2,2) 1/5
DO 5 Y& v &Z (0, 3, 2) 1/4
DI-KK DI 7 Y& v &Z 0,1,2) 2/7
DI 5 Y& v &Z 0,3,2) 2/5
D2-KK D2 8 Y& v &Z (0, 0, 2) 1/3
D2 6 Y& v &7Z 0,2,2) 3/7
D3-KK D3 7 X&Y&v&Z (0,1,2) —1/9
D3 7 X&Y&v&Z (0,1,2) 4/9
D4-KK D4 8 X&Y&v&Z (0,0,2) —1/11
D4 8 X&Y&v&Z (0,0,2) 5/11
FI-KK Fl 7 Y& v &Z 0,1,2)  2/7
F1 5 Y& v &Z 0,3,2) 2/5

10- or 11-dimensional theory, we give the power exponent
of the fastest expansion of our four-dimensional Universe
in the Einstein frame in Table VII. However, the expansion
is too small to find a realistic expansion of the Universe in
the KK-monopole background. Then it is necessary to add
some corrections in the background to obtain a realistic
cosmological solution.

VI. DISCUSSIONS

In this paper, we have studied dynamical solutions of
p-brane. In the case of partially localized static intersecting
brane solutions, even the metric ansatz in terms of har-
monic functions which would generalize such restricted
metric ansatz for the delocalized brane case is known, we
could mention the explicit expressions for harmonic func-
tions. We have applied simple coordinate transformations
to the differential equations satisfied by the harmonic
functions in order to bring them to the forms of partial
differential equations which have known explicit solutions.
The Einstein equations give the intersection rules which
the dynamical brane have to obey. Because of the simplic-
ity of the intersection rule, it is easy to work out obtaining
the explicit analytical form of the solution for the field
equations in the D-dimensional projective. The intersec-
tion rules have led to the results that harmonic functions
can be written by linear combinations of terms depending
on both coordinates of world volume and transverse space.
Moreover, in the case of 10- or 11-dimensional theories,
the form of the harmonic function implies that the dynami-
cal solution becomes the supersymmetric one if we drop
the time dependence. We also find that the field strengths
vanish if we take a limit where the coordinate dependence
with respect to transverse space becomes much smaller.
This turned out to be vacuum solutions if the scalar field is
trivial because in this limit the scalar and gauge fields do
not contribute the energy momentum tensor, which pre-
sumably does not affect the model. We can understand this
as a Kasner-type metric. This feature is expected to be seen
in a wide class of supersymmetric solutions beyond the
examples considered in the present paper.

The dynamical solutions include the dilaton coupling
parameter N in which appears the exact forms of the field
strengths. We observed that obtaining the explicit analyti-
cal form of dynamical solutions is almost impossible with
N # 4, since harmonic functions that specify branes now
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satisfy coupled partial differential equations. If we set
N = 4, these are apparently related to the classical solu-
tions of string theory and certainly have a lot of attractive
properties. Firstly, these solutions were obtained by replac-
ing the time-independent warp factor of the static solution
with the time-dependent function. Secondly, our solutions
can contain only one function depending on both time as
well as overall or relative transverse space coordinates
because the Einstein equations tell us that either (i) two
branes depend only on the coordinates along the relative
and overall transverse directions or (ii) while one brane is
completely dynamical the other brane has to depend only
on the coordinates along the relative and overall transverse
directions. A new class of solutions where all harmonic
functions depend on time is more challenging.

‘We have shown that each solution gives a FLRW universe
if we regard the homogeneous and isotropic part of the
brane world-volume or transverse space as our spacetime.
However, the power of the scale factor is so small that the
solutions of field equations cannot give a realistic expansion
law. This means that we have to consider additional matter
on the brane in order to get a realistic expanding universe.
The solutions implies that as the number p increases, the
power of the scale factor becomes large. We have found that
the intersection with D6-brane in ten-dimensional theory
gives the fastest expansion of our Universe because the
three-dimensional spatial space of our Universe stays in
the transverse space to the D6-brane. Though the power of
the scale factor for the transverse space in solutions with the
D7- or D8-branes is larger than those with the D6-brane, the
number of the transverse space to these branes is less than
three. Hence, these solutions cannot provide the isotropic
universe if we assume that the transverse space to the brane
is the part of our Universe. These are same results as the case
of delocalized brane solutions [4,5].

The method described here can of course be applied
in this model to all other intersecting brane systems in-
volving more than three branes. The same equations, given
by (18c) will lead to the coordinate dependence of the
metric because of the ansatz for the fields. Hence, only
one of branes will appear exhibit time dependence, as we
have already discussed in Secs. III and IV through II. A
serious problem is the difficulty of constructing realistic
cosmological models such as inflationary universe scenario
of the early universe or the accelerating expansion of the
present universe. This problem is of course avoided in
delocalized brane solutions with particular coupling be-
tween scalar field and gauge field strength, which does not
apparently relate to the classical solutions of string theory.

PHYSICAL REVIEW D 84, 126006 (2011)

Then, beyond the model discussed here, obtaining the
accelerating expansion of our Universe in a string theory,
there is more realistic problem of setting the field ansatz,
coupling constant and internal space in a theory of coupled
scalar, gauge and gravitational fields. This is more com-
plicated, because even in the case of using the same field
ansatz as the supersymmetric solutions there are coupled
partial differential equations which in general do not have
simple form. Hence, that alone should not prevent the
method described here from being applicable to realistic
theories, at least for Dp, — Dp, branes, since a lot of terms
in the field equations cannot be eliminated by including
enough fields. If the coupling constant that involve fields
have a single parameter N attached to matter fields, then
we can introduce a parameter for the fields by coupling
scalar field with the harmonic functions to the gauge field
strengths. But it is not clear how to deal with the relation
between the string theory and containing parameters to
which are attached two or more field strengths. This raises
the question whether the dynamical brane solution is really
related to the supersymmetric solutions because the value
of the coupling constant in these solutions are in general
severely restricted. It is difficult to obtain the de Sitter
compactification model which is consistent with the string
theory [29-31]. There is something mysterious about this.
The actual calculations in this paper were done for a fixed
field ansatz. Dynamical delocalized brane solutions would
have been done in the same way, which had never give an
accelerating expansion of universe in the string theory.
The lower-dimensional effective theory for the intersec-
tion of two branes and branes on KK-monopole or wave
could almost have been discussed with same calculation as
in the case of dynamical delocalized branes. The moduli
potential in the lower-dimensional effective theories after
compactifications gives the flat direction. Hence, the solu-
tions we have obtained may give some moduli instabilities.
It would be necessary to introduce some corrections in the
effective theory to fix the volume and shape moduli of the
internal space. Otherwise, the moduli instabilities will
grow unless the global or local minimum of the potential.
Such an effective theory was briefly mentioned in [4], and
proposed and developed in some detail by [2,24].
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