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Generalized parallelogram law for operators
and its application
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Abstract. The calssical Bohr inequality says that |a + b]* < pla|* + q|b]* for all
scalars a. b and p. ¢ > 0 with 1/p + 1/q = 1. In this note. we improve the accuracy
of the estimate given by the original Bohr inequality. Actually. we present:

If 4 and B are operators on a Hilbert space and ¢ # 0, then

a

\ \ ) 1
|4+ B + ;It.-l - B[ = (1+ 041 + (1 + 1)IBI*

We discuss applications and further generalizations of it.

§1 Introduction

Let H be a complex separable Hilbert space and B(H ) the algebra of all bounded operators
on H. Denote by |A| the absolute value operator of 4 € B(H): |A| = (A*A)'/2. where 4* is
the adjoint operator of A.

We say that A is a positive operator. if (Ax,z) 2 0 for all £ € H, denoted by 4 > 0. and
A > B if A and B are self-adjoint and 4 — B > 0.

The classical Bohr inequality for scalar asserts that for any «,b € C and all positive
conjugate exponents p,q € R,

la + b < plal® + glbl? (0)
with equality if and only if (1 — p)a = b (See [1]).
In 2003, O. Hirzallah[4] proposed an operator version of Bohr inequality as follows:

If A, B € B(H) and p. q are both positive real conjugate exponents with ¢ > p, then

|A—BI*+|(p - 1)A+ B* < plAP + ¢|BI*. 1)
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It is well known that the absolute value operator plays an important role in the polar
decomposition .4 = [7].4]. Recently, varions generalizations of Bolr inequalities have been
obtained in [2] and [6].

In this paper, we improve the accuracy of the estimate given by the original Bohr inecjuality.

As a matter of fact, the parallelogram law for absolute value of operators:
|4+ B + |A - B = 2|A]* + 2|B|* @)

is our viewpoint. An operator version of the Bohr inequality (0) is obtained by a general-

ization of (2) as follows:

A+ B>+ |vVp—14 — /qy—1B|® = p|4]* + ¢q|B|? (3)

for operators A. B, and p,q 2 1 with 2 + % = 1, because of (p — 1)(¢ — 1) = 1.
Furthermore, we extend the Bohr inequality to a three variable case:

If % + % + % =1 for p.q.w > 0, then for operators A, B, (', we have

|4+ B+ C* < plA|* +q|BI* + w|C]*.

§2 Bohr equality for 2 operators

The operator parallelogram law (2) has also the following generalization, which is different

from (3) a bit:
Theorem 2.1 If A. B € B(H). then |A+ B>+ {{tA-B|* = (1+8)| A+ (1+ )| B]*, fort #0.
Proof. It follows that

|A+ B+ -:-lt.-l _ B

|A]? + B2+ A*B + B*A + t|A]? + %1312 —A"B-B'A

]

A+A4APF+a+ %)IB]”.

It is immediately obtained from the condition of ¢.
Corollary 2.2 (i) If0<t<1,then|d+ B+ [tA - B2 < (1 +tAP+(1+ 1)|B*:
(i) Ift>1ort<0,then |A+ B]>+|tA~ B|* > (1+t)A>+ (1+ 1)|B].
As an easy consequence, we have Bohr type inequalities obtained in [2] and [4].
Corollary 2.3 [4, Theorem 1] If A,B € B(H), 3 + J; =1, 1<p<2, then
@)  |4-BP+|(p— 1A+ Bl < plAP +qBJ.
() |A—-BP+]A+(¢-1)B|* 2 plA)* +q|B.
Corollary 2.4 [2, Theorem 2] If 4, B € B(H), % + % =1, p<1, then
(i) |A-BPF+|(p—1)A+ BJ* > plA]* +q|B%.
Corollary 2.5 [2, Theorem 8] If A, B € B(H), |a| > |8, then

|A-BP? + [—al,—gnﬂlA +lalBP < (1 + ,'é}}nAl* +a+ }%{)lBP
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with equality if and only if |t} = |3 or | 3|4 + |a| B = 0;

§3 Bohr-type inequalities for 3 operators

Observe that

AR A*B A'C I
A+B+CP=(1 1 1)| B'A |BP BC 1 |=o
c*4 C*B (CP? I

Then, due to the idea of [6], we may convert a problem of absolute operators to a problem of

3 x 3 block operator matrices. while the later approach maybe easier to handle.

For the sake of convenience. we cite the following well-known fact:

Lemma 3.1 Ifz,y,z > 0. and a,b,c € R with

ry>a?yz > Aozz > b

zys + 2abc > xe? 4+ yb* + zal.
Then

z a b

a y c > 0.

b ¢

t

Lemma 3.2 Let 4; € B(H), o;,8 € R with ¢ = 1.2,3. Then positive operator-valued
function

Flay. a2, 03) = |a14) + o242 + aady|?

is order preserving if the order < aniong R is defined by

(o1, a,a3) < (81,8:.83) & |aul < |8 for all iand 0B = @B for i#j.

A}
Proof. Since [1+A2+AuP=(1 1 1)| 45 [(4 4 4 )| 1|,
Aj
it suffice to show that (oy, a3, a3) < (61, B2, /33) implies that
a;A{ /31A;
ady | (edi aods aads )< | Bods | (B4 Bede Buds ),
that is,
?lA 2 a100A]A2 ara3AlAs B2lA12  BiBeAjAr BiB3AlAs

03434, adlAz]?  o3d3As | S| BiBAIAL B3lAl*  RB3AlAs
aja3A3A;  apazA3A;  al|Asf? B1B3A3A1 B2B3A3As P3| Asl?



By the definition and Lemma 3.1, we have
B — ol By — i Bi1fs — oo
BrB2 — arag 92— al J233—anaz | 20,
B13s — cyaz  3afs — aas B3 ~ o
which implies the conclusion.

Theorem 8.3 Let A,B,C € B(H), a; € R, p,q.w > 0 with i = 1,2,3. If
(p—a?)(y - 3?) = (aB)?

p>a% . ) ;
B B G el
q > 3% X X

w > 72 (w—"Hp—a?) > (,).u)z;
v > 2,

pgw = olqu + Fpw + 3pq.
Then
4

laA + BB +~4CJ* < plAf + 4| BI* + w|CJ.

Proof.  As in above, we have to show that

o?|4]? «BA*B avA*C plA? 0 0
o3B*A %|B]2 gyvB*C | < 0 ¢B? 0
ayC*A ByC*B  ~+?|C)? 0 0 wlC)?
Therefore, what we should do is just to prove that
p—a® o oy
o q-8* 3y 2 0.
oy By w—~*

which is obtained by the assumption and Lemma 3.1.
The following corollary is symmetric to Theorem 3.3.

Corollary 3.4 Let A, B,C € B(H), o; € R, p.q,w>0withi=1.2.3 If

(p— (g - ) = (aB);

< 2;
e | @ =2
w < 72’ (w—1)(p -0 2 (ve)%;

pqw 2 a’quw + Fpw + v2pq.

Then
laA + BB ++C|? > plA + q| B]? + w|C|2.
Now we have Bohr inequality for 3 operators.
Corollary 3.5 If p,q,w > 0, zl, + % +i=1, thén |A+ B+ CJ? < plA|? + q|BI? + w|C|2.

Proof. Given p,q,w > 0, ;1,- + % + % = 1, the following is

P-D(@-1)2=21

21 > 1.
> 1, (@-D(w-1)21;
S 1 (w-1)p-1) 21

Pquw = qw + pw + pq.
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Therefore, Theorem 3.3 implies that

A+ B+ C|* < plA)?2 + q|B)? + w|C)2.

§4 Bohr equality for multiple operators

For this, we begin with the reformulation of (3). As a matter of fact, it is just the first
step in this section:

Lemma 4.1 Let A;, A2 € B(H). r—ll- + % =1 with 7y, > 1.

2 9 r ra
il AL + raldef? — AL + Ao = /;—1-.-11 -\ /T—’Agﬁ.

Theorem 4.2 Suppose that 4; € B(H). and r; > 1 with E -L =1lfori=12,..,n,ne€N.

Then -
Z,m -;Z \/”—‘4—\/’_!

Ai? =
i=l i=1 1<I<_[<Il
Proof. We show it by the induction on n. Note that it is true for n = 2 by Lemma 4.1.

()

Now suppose that it is true for n. = k. then we take A;. .- Ay, € B(H)and ry, -+ , 741 > 1

k+1 , ,
satisfying Z + =1 1f we put r; = r;(1 - ;;%) for i = 1,--. ,k for convenience, then r; > 1
=1

and }: -+ = 1. Hence we have

i=1"4
k+1 k+1 k
S milAil? —IZ A? ZTiIA:'|2+Tk+1lAk+1|2 =1 Ai + Aea?
i=1 i=1 i=1
= 14 —IZ 1il?
i=1 jmx]
At +—ZhlAl —<ZA> Aper - mlsz
i=1 i=1 i=1
Ti * - ‘.
= (er -IEA!2)+Z : |A,|2—(ZA>A,.+1 Ar1 D Ai+ (Trar — 1) disa |
i=1 =1 i=1
rj T 4
= Vi +Z - 14.12—<2A>A&+1—Ak+124 +Z T A
1<t<J<k ri iaz] i=1 i=1 i=]
= S Za- 1/”AJ
1<i<s<ker !V I Ti

Therefore, the equality (4) holds for all n € N.
Corollary 4.3 [6, Theorem 7] Suppose that A; € B(H), and r; > 1 with Z L =1for
i=]
t=1,2,..,n. Then
n n
1S AP <> mlal®
i=1 i=1
Equivalently, we can say that K(z) = |z|® satisfies (operator) Jensen inequality, in the

sense that

K(i t,'A.') < i t.‘K(Ai)

=1 im]
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n
for ¢1,--- ,%, > 0 with S t; = 1.
=1
n n
Corollary 4.4 Let 4, € B(H). S = =1andr %0 with 3 L =1fori=1,2..,n nehl.
i=1 =1
Then
n X n ril 2
NN 1.12 = A A
Srp-Eare = dfia-s
i=1 i=1 1<i<j<n

§5 Further generalization of Bohr inequality

Theorem 5.1 Let A,B,C € B(H),a; € R, ~; > 0 with i = 1,2.3. If

nm>1 +’a'f; (1= +ad)][re = (1+ad)] > (14 ayas)™
2 21+ ad: [va— (1 +03)][vs = (1 +a)] = (1 + cacey)™:
732 1+aj. (1= +ad)lvs — (1 +a3)] 2 (1 + craz)?.
with [v1 — (1 +af)][v2 — (1 + ad)][v3 = (1 + 03)) = 2(1 + aja2)(1 + ajas)(] + agay) >
=[s— A+ a1 +@102)? = [32 — (1 + aB))(1 + c1a3)® = [11 = (1 + a?)](1 + qaers)?.
Then
|4y + A2 + A3 + o141 + ando + azds[? < 1) |? + 72l da)® + val4a). (5)

Proof.  Notice that both sides of the inequality (5) correspond to

(1+ad))AP  Q+ae)Atdy 1+ araz)AiAs
(1+aio2)A34; (1+ad)d2® (1 + asay)AsAy
(14 ayja3)Al4; (1+ azaa).‘l;‘,.‘h (1+ a%)[flal"

and
T ‘.41 l2 0 0
0 Ya| A2[? 0
0 0 v3|As)?

respectively. Hence, it is suffice to show that

M- +ad) —-1-apmm -1-aoa;
—l—ajas m—-(1+ad) —-1-ay >0,
-1 -3 —1—asag Y3 — (1 + ag)

which is implied by the assumption and Lemma 3.1.
Corollary 5.2 Let A,B.C € B(H), o;,02,3 €R. v > 0 with i = 1,2,3. If

[2—(@@+D)(-1)=1

m21+af;
n m-(af+1D)(vs~-1)21;
72 2 1+ a3; 2 2 2
e > 1 - (of +D][yz ~ (o +1)] 2 (1 + a1a0)?;
3 < .

1+oay <0.

Then
|A1 + Az + A3|2 -+ |a1A1 -+ 02A2|2 < "/1'441'2 + 'Y2IA2|2 + '73|A3|2-
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Auother extension of Bohr inequality is presented:
| )

Corollary 5.3 If A.B, (' € B(H). and ,—" + 5 + -11; = 1,p.q.w > 0, then

|4+ B+ CI* + |—2=A - —=L=B* < plA]* + q|B|* + w|C}.

veFa Vi Fa

Theorem 5.4 Let 4, € B(H),a;..% € R, v, >0 withi=1,2.3. If

21+ af; [71 = (af + D)[v2 — (a3 + 1)] > (g2 + 1)3;
Y2 21+ 03; 72 = (af + D][ys — (o3 + 1)] > (eo2ay + 1)
21403 ajaz+1=0.

Then
|4y + Ao+ Ag]® + erd; + aads + azds)? < vl + vl daf? + sl da)2

w

Corollary 5.5 If A.B.C' € B(H), and % + % +41 =1.p,g.w>0. then

" 1 a 0 9 P
A+ B+C|I"+ l\/_Tl——_—l-A + -—-\/w__.—?TB -V = 1C|" < pl4|° + q|B|® + w|C|*.

Related to [3]. we have the following inequalities. As a matter of fact. the right-hand sides
are regarded as the weighted arithmetic mean of |4|2. |B|* and |C|* in [3. Lemma 1].

Corollary 5.6 If A.B.C € B(H). and t € (0. 1). then we have

2 1 a0  2—t14t 0o 2—t _» 14+t .,
y "Ne 4 _ —— " € —_—— | Al* —_— - —\C=:
4+ B+ CP + VA + VIB - —CF < T3 —— A + 1B + ——IC1
) 1 D) l+t ] 2"t1+t o 2"‘1 2
R '\~ — t{. —_—— T < Al- - bl
A+ B+ CI°+|V1-tdA+B) \/'1‘:70' <= | 4] +l—t ; |B| +1__t|C'|
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