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Harmonic Univalent Functions for Which
Analytic Part is Starlike

Yagsar POLATOGLU

Abstract

In a simply connected domain &/ C C a complex-valued harmonic
function f has the representation f = h + g, where h and g are ana-
lytic function in U, and are called analytic part and co-analytic part
of f, respectively.

Let h(z) =ap+a1z2+a222+--- and g(2) = bp+ b1z + be2? +---
be analytic functions in the open unit disc D = {z € C||z| < 1}, if
(2 = 1g(z)?) > 0 or (W(2)[2 — |¢/(2)I) < O then f is called
a sense-preserving harmonic function in . The class of all sense-
preserving harmonic functions in D with ag = by =0, and a; = 1 will
be denote by S3;. Thus Sj¢ contains the standard class of analytic
univalent functions S.

The aim of this paper is to investigate the subclass of Sy;. By
choosing only these functions whose analytic parts are starlike func-
tions for such mappings we will find distortion theorems.

1 Introduction

Let h(2) = z + az2® + - - - be an analytic function in the open unit disc D, if

h(z) satisfies the condition
R (2)
1

re (435 > © (-1
then h(z) is called starlike function in ID, and the class of starlike functions
in D is denoted by S* [3].
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Next €2 be the family of functions ¢(z) which are regular and satisfying
the conditions ¢(0) = 0, |@(z)| < 1 for every z € D, and let {2(a) be the
class of functions w(z) which are analytic in D and satisfying the conditions
w(0) = a, |w(z)] < 1 for all z € D. We note that {,(a) be the union of all
classes Q(a) whereas a ranges over [0, 1) [4].

Moreover, a function f is said to be a complex-valued harmonic function
in D if both Ref and Imf are real harmonic in D. Every such f can be
uniquely represented by

f=h+g, (1.2)

where h and g are analytic in D with g(0) = 0. A complex valued har-
monic function f not identically constant, satisfying (1.2) is said to be sense-
preserving in ID if and only if satisfying the equation

g'(z) = w2k (2), (1.3)

where w(z) is analytic in D with |w(2)| < 1 for every z € D [2], and the
function w(z2) is called the second dilatation of f. It is closely related to the
Jacobian of f is defined by

J5(z) = |W(2)|* — |¢'(2)[*. (1.4)

Finally, let h(z) = 372 anz™ and g(2) = Y o, bs2™ be analytic functions
in . Choose g(0) = 0, i.e, bp = 0, so the representation (1.2) is unique
in D and is called the canonical representation of f. For univalent and
sense-preserving harmonic functions f in D, it is convenient to make further
normalization (with no loss generality) A(0) = 0, i.e, ap = 0 and A'(0) = 1,
i.e, a; = 1. The family of all such functions f is denoted by Sy [1], [2], [5].

In this paper we will study on the subclass of Sy consisting of all univalent
harmonic functions for which analytic part is starlike, and this class will be
denoted by &3,.

2 Main Results

Lemma 2.1. Let w(z) be element of Q2(a), then

la — 7| a+r
< <
1—ar — lw(2)l < 14 ar

forallzeD, and0<a< 1.

(2.1)
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Proof. Let w(z) € §2(a), then w(z) is analytic in ID and satisfies the condition

w(0) = a. Now we consider the function

w(z) — w(0)

O — , 2€D
1 — w(0)w(z)

¢(z) =

(2.2)

Therefore ¢(z) satisfies the conditions of Schwarz lemma. Using the estimate

the Schwarz lemma |¢(2)| < |z| = r, which gives

w(z) — w(0)
1 - w(0)w(2)

<r

81 = |

The inequality (2.3) can be written in the following form

,_"}_’_ﬂf)_:‘_?__ <r&ejw(z)—al < r]a@(z) - 1]

1 — aw(z)

The inequality (2.4) is equivalent

a(l —r?)
1 — a?r?

L rd— az)‘
= 1—a?r?

() -

The equality holds in the inequality (2.5) only for the function

i
_ 8 & % +a
w(z) =e Tracty 2 eD.
From the inequality (2.5) we have
a(l—-7%) r(l1-a%| |a—r7]
. > —_ =
[w(z)] 2 1—-a%2?2 1—a%? 1—ar’
a(l—-r?) r(1-a? a+r

1 — a2r2 1 — a2r2 1—ar

Corollary 2.2. Let f € &3, then

(1 -r)la—r|
(14 7)3(1 —ar)

(1+r)a+r)
(1-r)31+ar)

<lg'(2l <

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)
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Proof. Let f € &, then
§'(z) = w2k (z) & 92 i w(z). (2.8)

Using lemma 2.1 we obtain

8= < < o BT
W@ oy < 16E) < Ty

(2.9)

On the other hand, since h(z) is starlike, then h(z) satisfies the following
inequality
1—-7 1+7
T+r3 = T—r®

Considering the inequalities (2.9) and (2.10) together we obtain (2.7). O

< W (2)| € 77— (2.10)

Theorem 2.3. Let f € S5, then

(2.11)

!g(z)|<log(1 Mol e

2
1+ar)( = ) S 2r?
r

Proof. Applying the estimate (2.7) we have

, " (1+p)a+p)
< /C 9Ol < [ By

Integrating, we obtain the estimate (2.11), where C = [0, 2] is Jordan arc. O

l9(2)| = j [ood

Theorem 2.4. Let f be element of &3, then

1+7r (#2)’ 2r{(1 + a)r + 2a]
og (1) - LA < i)

r(1+2r)+a—3' T 1+ ar) 3
-~ (1-r)2 a+1 1l-r 1-r |

Proof. Let z € D. We denote |z] = r and M(r) = inf{|f(z)||¢| = r}. Then
[f(2)] > M(r) and {wllw| < M(r)} C f({¢li¢| < r}) € f(D), hence there
exist z, satisfying |2,] = r such that M(r) = |f(z;)] and v(¢t) = tf(2),
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t € [0,1]. Therefore f~1(y(¢)) = I'(¢),t € [0,1] is well defined Jordan arc,
and |

@z [ o= IgEpial = [

I My

1+7 (#2)’ 2r[(1 + a)r + 24}
(O] 2 log (1+ar) EED (T
On the other hand, we have

£ ()] = |h(2) + g(2)] < [h(2)] + lg(2)];

then using the following inequality and theorem 2.3, we have

(m(ih’(C)l — [w()|A' ()] d<]

If(2)] <

a—112
(1 + 2r) +a—3 " o (1+ar)(?:1f)
(1-7r2 a+1 1-—7r E\1-+ ’

Theorem 2.5. Let f € S, then

1-ar)? —la—rf?
(1—ar)?2(1 —r)8 °

(1-a*)(1~r)
ey S =

Proof. Using lemma 2.1 and the following relations,
Ji(z) = W (2)? = |g'(2) %,
9'(z) = w(z)h'(2),

and after the simple calculations we get

él;;‘:?lﬁ - 35 < WP - lw(2)?) <

(1—-ar)®—|a—r?
(1—-ar)?’(1—7)8 °
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