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Quantum Painlev\’e equations

Hajime Nagoya
School of Fundamental Science and Technology,

Keio University

1 Introduction
$\ln$ this note, we present aquaiitization of the Painlev\’e equations with the
affine Weyl group actions. Constructing ageneralization of Knizhnik-Zamolod-
chikov equations for $51_{2}$ , we obt$\dot{}n$ the quantization of the Painlev\’e equations
&om the generalization of the Knizhiiik-Zamolodchikov equations7 in aformal
way.

In the ninetieth century, one of the important problems of analysis was
to find “a new special functions” defined by noiilinear algebraic differential
equations. Under this consideration, P. Paiiilev\’e classified the second order
nonliiiear ordinary differeiitial equations without movable siiigular poiiits in
their $so1ntions^{1}$ , which are now cffied the Paiiilev\’e equations $P_{J}(J=I,\ldots,VI)$

[6].
Soon after the discovery of the Painlev\’e equations, the sixth $P\dot{}nlev\text{\’{e}}$

equation was’ derived from the monodromy preserving deforination by R.
Fuchs [1]. Much later, the $P_{\dot{\Re}1i}1ev\acute{e}equati_{oliS}$ were forinulated in the general
theory of iiionodromy preserving deformation [3]. As for the quantization
of $monodro\iota nypreser\dot{u}ng$ deformation, it was noticed by N. Reshetikhin [7]
that aquantization of the Schlesinger equations $wl\dot{u}$ch are deformation equa-
tions that preserve the monodroiny of the rational connection with regular
singularities can be viewed as the Kiiizliiiik-Zamolodchikov equations in the
coiiforiiial field theory. We hope that we would obtain $i$ ‘a quantum sixth
Paiiilev\’e equation” from the $k^{r}nizhnik$-Zamolodchikov equation in the spe-
cial case and no one succeeds to obtain it so far.

We attack the problem of quaiitization of Painlev\’e equation from another
aspect. Since the Painlev\’e equatioiis are Hainiltoniaii systems and admit
the affine Weyl $gro\iota\iota p$ actions as B\"acklund transformations, we quaiitize the
Painlev\’e equations as quantization has the affine Weyl group action. We call
them quantum Painlev\’e $eq\iota iations$ .

Moreover, generalizing the $k^{r}1iizhnik$-Zamolodcliikov equations for irreg-
$\iota\iota lar$ singnlar type in the case of $\epsilon t_{2}$ , we obtain quantum Painlev\’e equations
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QPl’ $QP_{I1}$ , QPlII’ QP $1V$ and $QP_{V}$ . This part is a joint work with M. Jimbo
and J. Sun.

In the following, we write dowii all quantum Painlev\’e equations and
explain the relation between the Schlesinger equations and the Knizhnik-
Zainolodcliikov equations and generalize the Knizhnik-Zamolodchikov equa-
tions. Finally we compute $QP_{IV}$ case as exainple.

2 Quantum Painlev\’e equations
In this section, we write down quaiitized Hamiltonians and the affine Weyl
group actions.

2.1 The case of $QP_{V1}$

Let $\mathcal{K}_{VI}$ be a skew field over $\mathbb{C}$ with generators $\hat{q},\hat{p},$
$\alpha_{1},$ $\alpha_{2},$ $\alpha_{3},$ $\alpha_{4},$

$t$ and the
coimnutation relations defined by

$\lceil\hat{p},\hat{q}]=h$ $(h\in \mathbb{C})$ , $[\hat{\rho}, \alpha_{i}]=[\hat{q}, \alpha_{i}]=[\hat{p}, t]=[\hat{q}, t]=[t, \alpha_{i}]=0$ $(1\leq i\leq 4)$ .
(1)

Let aii element $\hat{H}_{VI}$ in $\mathcal{K}_{VI}$ be defined by

$\hat{H}_{VI}=\frac{1}{6}[\hat{q}\hat{p}(\hat{q}-1)\hat{p}(\hat{q}-t)+(\hat{q}-1)\hat{p}(\hat{q}-t)\hat{p}\hat{q}+(\hat{q}-t)\hat{p}\hat{q}\hat{p}(\hat{q}-1)+$

$(\hat{q}-t)\hat{p}(\hat{q}-1)\hat{p}\hat{q}+(\hat{q}-1)\hat{p}\hat{q}\hat{p}(\hat{q}-\prime t)+\hat{q}\hat{p}(\hat{q}-t)\hat{p}(\hat{q}-1)]$

$- \frac{1}{2}[(\alpha_{0}-1)(\hat{q}\hat{p}(\hat{q}-1)+(\hat{q}-1)\hat{p}\hat{q})+\alpha_{3}(\hat{q}\hat{p}(\hat{q}-t)+(\hat{q}-t)\hat{p}\hat{q})$

$\alpha_{4}((\hat{q}-1)\hat{p}(\hat{q}-t)+(\hat{q}-t)\hat{p}(\hat{q}-1))]+\alpha_{2}(\alpha_{1}+\alpha_{2})(\hat{q}-t)$, (2)

where $\alpha_{0}=1-\alpha_{1}-2\alpha_{2}-\alpha_{3}-\alpha_{4}$ . Let a $\mathbb{C}$-derivation $\partial_{VI}$ on $\mathcal{K}_{VI}$ be defined
by Heisenberg equation

$\partial_{1^{\gamma}I}(a)=\frac{1}{l\tau}[\hat{H}_{VI}, a]+t(t-1)\frac{\partial a}{\partial t}$ $(a\in \mathcal{K})$ , (3)

where $\partial/\partial t$ is a $\mathbb{C}$-derivation which takes $t$ to 1 and other generators to $0$ .
We write down Heisenberg equation for $\hat{q},\hat{p}$ .

$\partial_{VI}(\hat{q})=\frac{1}{f_{l}}[\hat{H}_{1\nearrow I},\hat{q}]=\hat{q}(\hat{q}-1)\hat{p}(\hat{q}-t)+(\hat{q}-t)\hat{p}\hat{q}(\hat{q}-1)$
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$-\{\alpha_{4}(\hat{q}-1)(\hat{q}-t)+\alpha_{3}\hat{q}(\hat{q}-t)+(\alpha_{0}-1)\hat{q}(\hat{q}-1)\}$ ,

$\partial_{VI}(\hat{p})=\frac{1}{h}[\hat{H}_{1^{\gamma}I},\hat{p}]=-(\hat{p}\hat{q}\hat{p}\hat{q}+\hat{q}\hat{p}^{2}\hat{q}+\hat{q}\hat{p}\hat{q}\hat{p})+2(1+t)$pqp-tp2

(4)

$+(\alpha_{0}+\alpha_{3}+\alpha_{4}-1)(\hat{p}\hat{q}+\hat{q}\hat{p})$

$+\hat{p}\{-\alpha_{4}(1+t)-\alpha_{3}t-\alpha_{0}+1\}-\alpha_{2}(\alpha_{1}+\alpha_{2})$ . (5)

We define transformations $s_{i}(0\leq i\leq 4)$ for the generators of $\mathcal{K}_{VI}$ as follows:

Proposition 1 Transformations $s_{i}$ preserue the commutation relations, that
is, $s_{i}$ become automorphisms on $\mathcal{K}_{VI}$ .

Theorem 2 The derivation $\partial_{VI}$ commutes with automorphisms $s_{i}(0\leq i\leq$

4$)$ and $s_{i}(0\leq i\leq 4)$ give a representation of the affine Weyl group of type
$D_{4}^{(1)_{f}}$ namely, $s_{i}$ satisfy the following relations:

$s_{i}^{2}=1$ , $(s_{i}s_{j})^{2}=1$ $(i, j\neq 2)$ , $(s_{i}s_{2})^{3}=1$ . (6)

2.2 The case of $QP_{V}$

Let $\mathcal{K}_{V}$ be a skew field over $\mathbb{C}$ with generators $\alpha_{i},\hat{f}_{i}(i\in \mathbb{Z}/4\mathbb{Z})$ and the
coimnutation relations

$[\hat{f}_{i},\hat{f}_{i+1}]=h$ $(h\in \mathbb{C})$ , $[\hat{f}_{i}, \alpha_{j}]=[\alpha_{i},$ $a_{j}|=0,$ $(i, j\in \mathbb{Z}/4\mathbb{Z})$ . (7)
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Let all element $\hat{fI}_{l^{\gamma}}$ in $\mathcal{K}\iota^{\gamma}$ be defined by

$\hat{H}_{V}=\hat{f}_{0}\hat{f}_{1}\hat{f}_{2}\hat{f}_{3}+h\hat{f}_{1}\hat{f}_{2}+\frac{1}{4}(\alpha_{1}+2\alpha_{2}-\alpha_{3})\hat{f}_{0}\hat{f}_{1}+\frac{1}{4}(\alpha_{1}+2\alpha_{2}+3\alpha_{3})\hat{f}_{1}\hat{f}_{2}$

$- \frac{1}{4}(3\alpha_{1}+2\alpha_{2}+\alpha_{3})\hat{f}_{2}\hat{f}_{3}+\frac{1}{4}(\alpha_{1}-2\alpha_{2}-\alpha_{3})\hat{f}_{3}\hat{f}_{0}+\frac{1}{4}(\alpha_{1}+\alpha_{3})^{2}$.

Let a $\mathbb{C}$-derivation $\partial_{V}$ on $\mathcal{K}_{V}$ be defined by

$\partial_{V}\hat{f_{i}}=\frac{1}{h}[\hat{H}_{V},\hat{f_{i}}]-(-1)^{\dot{\iota}}\frac{k}{2}\hat{f}_{i}+\delta_{i,0}kx$ , (8)

$\partial_{V}\alpha_{i}=\frac{1}{h}[\hat{H}_{V}, \alpha_{i}]$ $(0\leq i\leq 4)$ , (9)

where $k=\alpha_{0}+\alpha_{1}+\alpha_{2}+\alpha_{3}$ and $x=\hat{f}_{0}+\hat{f}_{2}$ . We write down the derivation
$\partial_{V}$ for $\hat{f}_{i}$ .

$\partial_{V}\hat{f}_{i}=\hat{f_{i}}\hat{f}_{i+1}\hat{f}_{i+2}-\hat{f}_{i+2}\hat{f_{i+3}}\hat{f_{i}}+(\frac{k}{2}-\alpha_{i})\hat{f_{i+2}}+\alpha_{i}\hat{f_{i+2}}$ $(i\in \mathbb{Z}/4\mathbb{Z})$ . (10)

If we introduce $\hat{p},\hat{q}$ by

$\hat{f}_{0}=\frac{x}{\hat{q}-1}$ , $\hat{f}_{1}=(\hat{q}-1)\frac{\hat{p}}{x}(\hat{q}-1)$ , (11)

then $(\hat{p},\hat{q})$ is a caiionical coordinate, namely it holds $\lceil\hat{p},\hat{q}]=h$ .
We define transformations $s_{i}(0\leq i\leq 3)$ for the generators of $\mathcal{K}_{V}$ as

follows:
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Proposition 3 Transformations $s_{i}$ preserve the commutation relations, that
is, $s_{i}$ become automorphisms on $\mathcal{K}_{V}$ .

Theorem 4 The derivation $\partial_{V}$ commutes with automorphisms $s_{i,\backslash }(0\leq i\leq$

3$)$ and $s_{i}(0\leq i\leq 3)$ give a representation of the affine Weyl group of type
$A_{3;}^{(1)}$ namely, $s_{i}$ satisfy the following relations:

$s_{i}^{2}=1$ , $(s_{i}s_{j})^{2}=1$ $(i\neq j\pm 1)$ , $(s_{i}s_{i+1})^{3}=1$ . (12)

2.3 The case of $QP_{IV}$

Let $\mathcal{K}_{IV}$ be a skew field over $\mathbb{C}$ with generators $\alpha_{i},\hat{f}_{i}(i\in \mathbb{Z}/3\mathbb{Z})$ and the
conmiutation relations

$[\hat{f}_{i},\hat{f}_{i+1}]=h$ $(h\in \mathbb{C})$ , $[\hat{f}_{i}, a_{j}]=[\alpha_{i}, a_{j}]=0$ , $(i, j\in \mathbb{Z}/3\mathbb{Z})$ . (13)

Let an element $\hat{H}_{IV}$ in $\mathcal{K}_{IV}$ be defined by

$\hat{H}_{IV}=\hat{f}_{0}\hat{f}_{1}\hat{f}_{2}+h\hat{f}_{1}+\frac{1}{3}(\alpha_{1}-\alpha_{2})\hat{f}_{0}+\frac{1}{3}(\alpha_{1}+2\alpha_{2})\hat{f}_{1}-\frac{1}{3}(2\alpha_{1}+\alpha_{2})\hat{f}_{2}$ . (14)

Let a $\mathbb{C}$-derivation $\partial_{IV}$ on $\mathcal{K}_{IV}$ be defined by

$\partial_{IV}\hat{f}_{i}=\frac{1}{h}[\hat{H}_{IV},\hat{f}_{i}]+\delta_{i,0}k$ , (15)

$\partial_{IV}a_{i}=\frac{1}{h}[\hat{H}_{IV}, \alpha_{i}]$ $(0\leq i\leq 3)$ , (16)

where $k=\alpha_{0}+\alpha_{1}+\alpha_{2}$ . We write down the derivation $\partial_{IV}$ for $\hat{f}_{i}$ .
$\partial_{IV}\hat{f}_{i}=\hat{f}_{i}\hat{f}_{i+1}-\hat{f}_{i-1}\hat{f}_{i}+\alpha_{i}$ $(i\in \mathbb{Z}/4\mathbb{Z})$ . (17)

If we introduce $\hat{p},\hat{q}$ by

$\hat{f}_{1}=\hat{p}$ , $\hat{f}_{2}=\hat{q}$ , (18)

then $(\hat{p},\hat{q})$ is a canonical coordinate, namely it holds $\lceil\hat{p},\hat{q}]=h$ .
We define transformations $s_{i}(0\leq i\leq 2)$ for the generators of $\mathcal{K}_{IV}$ as

follows:
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Proposition 5 Transformations $s_{i}$ preserue the commutation relations, that
is, $s_{i}$ become automorphisms on $\mathcal{K}_{IV}$ .

Theorem 6 The derivation $\partial_{IV}$ commutes with automorphisms $s_{i}(0\leq i\leq$

2$)$ and $s_{i}(0\leq i\leq 2)$ give a representation of the affine Weyl group of type
$A_{2}^{(1)}$ , namely, $s_{i}$ satisfy the following relations:

$s_{i}^{2}=1$ , $(s_{i}s_{i+1})^{3}=1$ . (19)

2.4 The case of $QP_{IlI}$

Let $\mathcal{K}_{III}$ be a skew field over $\mathbb{C}$ with generators $\hat{q},\hat{p},$
$\alpha_{1},$ $\alpha_{2},$

$t$ and the
coinmutation relations defined by

$\lceil\hat{p},\hat{q}]=h$ $(h\in \mathbb{C})$ , $[\hat{p}, \alpha_{i}]=[\hat{q}, \alpha_{i}]=[\hat{p}, t]=[\hat{q}, t]=[t, \alpha_{i}]=0$ $(1\leq i\leq 2)$ .
(20)

Let aii element $\hat{H}_{III}$ in $\mathcal{K}_{III}$ be defined by

$\hat{H}_{III}=\frac{1}{4}(\hat{p}\hat{q}(\hat{p}-1)\hat{q}+(\hat{p}-1)\hat{q}\hat{p}\hat{q}+\hat{q}\hat{p}\hat{q}(\hat{p}-1)+\hat{q}(\hat{p}-1)\hat{q}\hat{p})$ (21)

$+ \frac{1}{2}(\alpha_{0}+\alpha_{2})(\hat{q}\hat{p}+\hat{p}\hat{q})-\alpha_{0}\hat{q}+t\hat{p}$ (22)

where $\alpha_{0}=1-2\alpha_{1}-\alpha_{2}$ . Let a $\mathbb{C}$-derivation $\partial_{III}$ on $\mathcal{K}_{III}$ be defined by
Heisenberg equation

$\partial_{III}(a)=\frac{1}{h}[\hat{H}_{III}, a]+t\frac{\partial a}{\partial t}$ $(a\in \mathcal{K})$ . (23)

We write down Heisenberg equation for $\hat{q},\hat{p}$ .

$\partial_{III}(\hat{q})=\frac{1}{l_{l}}[\hat{H}_{III},\hat{q}]=2\hat{q}\hat{p}\hat{q}-\hat{q}^{2}+(\alpha_{0}+\alpha_{2})\hat{q}+t$ , (24)

$\partial_{III}(\hat{p})=\frac{1}{h}[\hat{H}_{III},\hat{p}]=-2\hat{p}\hat{q}\hat{p}+\hat{q}\hat{p}+\hat{p}\hat{q}-(\alpha_{0}+\alpha_{2})\hat{p}+\alpha_{0}$ . (25)

We define transformations $s_{i}(0\leq i\leq 2)$ on $\mathcal{K}_{III}$ as follows:
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$- \frac{\underline{a}_{2_{--}}t\hat{q}}{}--$ $\hat{p}$

$\alpha_{2}$ $t$ $\hat{q}+\alpha_{0}\hat{p}^{-1}$
$\hat{p}$

$\alpha_{2}+2\alpha_{1}$ $-t$ $\hat{q}$ $\hat{p}-2\alpha_{1}\hat{q}^{-1}+t\hat{q}^{-2}$

$-\alpha_{2}$ $t$ $\hat{q}+\alpha_{2}(\hat{p}-1)^{-1}$ $\hat{p}$

Proposition 7 Transformations $s_{i}$ preserve the commutation relations; that
is, $s_{i}$ become automorphisms on $\mathcal{K}_{III}$ .
Theorem 8 The derivation $\partial_{III}$ commutes with automorphisms $s_{i}(0\leq i\leq$

2$)$ and $s_{i}(0\leq i\leq 2)$ give a representation of the affine Weyl group of type
$C_{2}^{(1)_{f}}$ namely, $s_{i}$ satisfy the following relations:

$s_{i}^{2}=1$ , $(s_{0}s_{1})^{4}=1$ , $(s_{1}s_{2})^{4}=1$ . (26)

2.5 The case of $QP_{I1}$

Let $\mathcal{K}_{II}$ be a skew field over $\mathbb{C}$ with generators $\alpha_{0},$
$\alpha_{1},\hat{f}_{i}(0\leq i\leq 2)$ and the

coimnutation relations
$[\hat{f}_{1},\hat{f}_{0}]=2h\hat{f}_{2}$ , $[\hat{f}_{0},\hat{f}_{2}]=[\hat{f}_{2},\hat{f}_{1}]=h$ $(h\in \mathbb{C})$ , (27)
$[\hat{f}_{i}, a_{j}]=0$ . (28)

Let an element $\hat{H}_{II}$ in $\mathcal{K}_{II}$ be deffiied by

$\hat{H}_{II}=\frac{1}{2}(\hat{f}_{0}\hat{f}_{1}+\hat{f}_{1}\hat{f}_{0})+\alpha_{1}\hat{f}_{2}$ (29)

Let a $\mathbb{C}$-derivation $\partial_{II}$ on $\mathcal{K}_{II}$ be defined by

$\partial_{II}\hat{f}_{i}=\frac{1}{l\tau}[\hat{H}_{II},\hat{f}_{i}]+\delta_{i,0}k$ $(i=0,1,2)$ , (30)

$\partial_{II}a_{i}=\frac{1}{f\iota}[\hat{H}_{II}, \alpha_{i}]$ $(i=0,1)$ , (31)

where $k=\alpha_{0}+\alpha_{1}$ . We write down the derivation $\partial_{II}$ for $\hat{f}_{i}$ .
$\partial_{II}\hat{f}_{0}=\hat{f}_{0}\hat{f}_{2}+\hat{f}_{2}\hat{f}_{0}+\alpha_{0}$ , $\partial_{II}\hat{f}_{1}=-\hat{f}_{1}\hat{f}_{2}-\hat{f}_{2}\hat{f}_{1}+\alpha_{1}$ , $\partial_{II}\hat{f}_{2}=\hat{f}_{1}-\hat{f}_{0},$ (32)

If we introduce $\hat{p}_{7}\hat{q}$ by
$\hat{f}_{1}=\hat{q}$ , $\hat{f}_{2}=\hat{p}$ , (33)

then $(\hat{p},\hat{q})$ is a canonical coordinate, namely it holds $\lceil\hat{p},\hat{q}]=h$ .
We define traiisformations $s_{i}(0\leq i\leq 2)$ for the generators of $\mathcal{K}_{II}$ as

follows:
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Proposition 9 Transformations $s_{i}$ preserve the commutation relations, that
is, $s_{i}$ become automorphisms on $\mathcal{K}_{II}$ .

Theorem 10 The derivation $\partial_{II}$ commutes with automorphisms $s_{0z}s_{1}$ and
$s_{0},$ $s_{1}$ give a representation of the affine Weyl group of type $A_{1}^{(1)}$ , namely, $s_{i}$

satisfy the following relations:
$s_{i}^{2}=1$ . (34)

3 Schlesinger equation
In this section, we review the Sclilesiiiger equations and their Hamiltonian
structure.

The Schlesinger equations are the following:

$\frac{\partial A_{i}}{\partial_{z^{\prime j}}^{\sim}}=\frac{[A_{i},A_{j}]}{\prime\tilde{\phi}i^{-z_{j}}}$, $i\neq j$ , $i,$ $j=1,$ $\ldots,$
$n$

$\frac{\partial A_{i}}{\partial z_{i}}=-\sum_{j=1,j*}^{n}\frac{[A_{i},A_{j}|}{z_{i\swarrow}-\sim_{j}}$ ,

where $A_{i}$ are $r\cross r$ matrices whose entries are functions of $z_{j}(i, j=1, \ldots, n)$

over $\mathbb{C}$ . The Schlesinger equations are derived from isomonodromy defor-
mation for rational connections of regular singular type. Accordingly, the
Schlesinger equations are equivalent to the following relations:

$[\nabla_{z}, \nabla_{i}]=0\}$
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where

$\nabla_{z}=\frac{\partial}{\partial\sim}-\sum_{\prime-i ,i=1}^{n}\tilde{A}\tilde{\text{\’{e}}}\underline{A_{i}}$ , $\nabla_{i}=\frac{\partial}{\partial z_{i}}+\frac{\Lambda_{i}}{-\tilde{z}}\tilde{k}i$.

We define Haimiltonians $H_{i}$ by

$H_{i}= \sum_{j=1,j\neq i}^{n}\frac{tr(A_{i}A_{j})}{\tilde{z}j-\tilde{z}i}$ ,

and Poisson bracket by

$\{(A_{i})_{ab}, (A_{j})_{cd}\}=\delta_{ij}(\delta_{bc}(A_{i})_{ad}-\delta_{da}(A_{i})_{cb})$ .

Then, it holds
$\frac{\partial 4}{\partial z_{j}}=\{H_{j}, A_{i}\}$ .

Remark 11 The Poisson bmcket above is induced from the cowesponding
Lie algebm $\mathfrak{g}1_{r}$ , We can induce the Poisson bracket to the dual of a Lie
algebra from the Lie bracket of the Lie algebra.

Remark 12 In order to derive the sixth Painlev\’e equation from the Schlesinger
equation, we consider the case of four singular points and $r=2$ . At this mo-
ment, we have a nonlinear third order differential equation. Moreover, $we$

take a reduction by $SL(2)$ action to introduce a Poisson bracket appropri-
ately. Then we obtain a nonlinear second order differential equation, and
that equation is the sixth Painlev\’e equation.

4 Knizhnik-Zamolodchikov equation
In this section, we construct the Knizhnik-Zainolodchikov equations by Lie
algebra and we see that the Knizhiiik-Zainolodchikov equations are quanti-
zation of the Schlesinger equations.

Let $(\rho_{i}, V_{i})$ be representations of a simple Lie algebra $g$ and let

$V=V_{1}\otimes V_{2}\otimes\cdots\otimes V_{n}$ , $\Omega_{ij}=\sum_{a=1}^{d}\rho_{i}(J^{a})\rho_{j}(J_{a})$ ,

where $\{J^{a}\}$ is a basis of $\mathfrak{g}$ aiid $\{J_{a}\}$ is the dual basis.
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The Knizhnik-Zamolodchikov equations are the following:

$\kappa\frac{\partial}{\partial z_{i}}\psi=(\sum_{\dot{\gamma}=1,j\neq i}^{n}\frac{\Omega_{ij}}{\tilde{|}i^{-\mathcal{Z}_{j}}})\psi$, $i=1,$ $\ldots,$
$n$ ,

$\psi(z_{1}, \ldots, z_{n})\in V$.

To obtain quaiitum Schlesinger equations, we move from Schlesinger pic-
ture to Heisenberg picture. As usual, introducing the invertible element $U$

satisfying

$\kappa\frac{\partial U}{\partial z_{i}}=(\sum_{j=1,j\neq i}^{n}\frac{\Omega_{ij}}{\tilde{z}i^{-z_{j}}}IU,$ $(i=1, \ldots, n)$

and $\tilde{U}\in V_{0}\otimes V_{1}\otimes\cdots\otimes V_{n}$ satisfying

$\kappa\frac{\partial\tilde{U}}{\partial z}=(\sum_{j=1}^{n}\frac{\Omega_{0j}}{z-z_{j}})\tilde{U}$,

we have for $Y=U^{-1}\tilde{U}$ ,

$\nabla_{z}Y=0$ , $\nabla_{i}Y=0$ , (35)

where

$\nabla_{z}=\frac{\partial}{\partial z}-\sum_{i=1}^{n}\frac{\hat{A}_{i}}{\sim,\prime-z_{i}}$ , $\nabla_{i}=\frac{\partial}{\partial^{\sim},i}+\frac{\hat{\mathcal{A}}_{i}}{z-z_{i}}$ , $\hat{A_{i}}=U^{-1}\Omega_{0}U$.

If we take $V_{0}$ as a matrix representation, $\hat{A}_{i}$ is a matrix whose entries are
elements in $U(g)$ aild the compatibility condition of (35) can be regarded as
a quantization of the Schlesinger equations.

5 Generalized Knizhnik-Zamolodchikov equa-
tions

hi this section, we give generalized Knizhnik-Zamolodchikov equations. This
is a joint work with M. Jimbo and J. Sun.
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Let $g$ be $\mathfrak{s}\mathfrak{l}_{2}=\langle e,$ $f,$ $h\rangle$ and $\Lambda’l_{i}(i=1, \ldots, n)$ Verma modules of $\mathfrak{g}$ with
highest weights $7n_{i}$ and with highest weight vectors $\prime u_{i}$ , and $M_{\infty}$ a module
$U(\lambda g[\lambda]/\lambda^{r+1}\mathfrak{g}[\lambda]\oplus d_{\infty})v_{\infty}$ such that

$(e[p])v_{\infty}=0$ , $(h[p])v_{\infty}=\gamma_{p}v_{\infty}$ , $p=1,$ $\ldots,$
$r$ , $x[p]=x\otimes\lambda^{p}$ ,

$d_{\infty}v_{\infty}=0$ , $[d_{\infty\}}h[p]]=0$ , $[d_{\infty}, e[p]]=e[p]$ , $[d_{\infty}, f[p]]=-f[\rho]$ .
We define differential operators for $u(z_{i}, \gamma_{p})\in M_{1}\otimes\cdots\otimes M_{n}\otimes l|/l_{\infty}$ :

$D_{l}= \sum_{p=1}^{r-l}p\gamma_{p+l^{\frac{\partial}{\partial\gamma_{p}}}}$ $(0\leq l\leq r-1)$ ,

$\nabla_{i}=\kappa\frac{\partial}{\partial z_{i}}-(\sum_{j=1,j\neq i}^{n}\frac{\Omega_{ij}}{z_{i}-z_{j}}-\sum_{=p- 1}^{r}l_{i}^{-1}\Omega_{i\infty}[p])$ $(1\leq i\leq n)$ ,

$\nabla_{\infty}^{(l)}=\kappa D_{l}-(\sum_{j=1}^{n}.\sum_{p=0}^{r-l}z_{j}^{p}\Omega_{j\infty}[\rho+l]-\Omega_{\infty}[l])$ ,

where

$\Omega_{ij}=\frac{1}{2}h_{i}h_{j}+e_{i}f_{j}+e_{j}f_{i}$ , $\Omega_{i\infty}[p]=\frac{1}{2}h_{i}h[p]+e_{i}f[\rho]+f_{i}e[p]$ ,

$\Omega_{\infty}[l]=$

.

$\frac{1}{2}\sum_{\mu+\nu=l}(\frac{1}{2}h[\mu]h[\nu]+e[\mu]f[\nu]+f[\mu]e[\nu])$ .

Proposition 13 we have the following for $1\leq i,$ $j\leq n$ and $0\leq l,$ $m\leq r-1$ .

$[\nabla_{i}, \nabla_{j}]=0$ ,
$[\nabla_{i}, \nabla_{\infty}^{(l)}]=0$ ,
$[\nabla_{\infty}^{(l)}, \nabla_{\infty}^{(m)}]=\kappa(l-m)\nabla_{\infty}^{(l+m)}$ .

Generalized KZ equations are the following:

$\nabla_{i}u=0$ $(1\leq i\leq n)$ ,

$\nabla_{\infty}^{(l)}u=(\frac{1}{\llcorner 4}\sum_{\mu+\nu=l}\gamma_{\mu}\gamma_{\nu}+(\frac{l-1}{2}-d)\gamma l)u$ ,
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$(d= \frac{1}{2}\sum_{i=1}^{n}h_{\tau}\cdot+d_{\infty}, 1\leq l\leq r-1)$ ,

$\kappa(\tilde{k}i$

$(d(d+1)- \sum_{i=1}^{n}\frac{m_{i}}{2}(\frac{m_{i}\prime}{2}+1)+\frac{1}{2}\sum_{p=1}^{r}\gamma_{p}\sum_{i=1}^{n}m_{i}z_{i}^{p-1})u$ .

Solution to generalized Knizhnik-Zamolodchikov equations are given by
a straightforward generalization of the known integral formula for the KZ
equation.

We set

$u=/\Phi\omega_{k}v$ , $v=v_{1}\otimes\cdots\otimes v_{n}\otimes v_{\infty}$

$\Phi=\prod_{j=1}^{n}\exp[\tilde{k}j$

$x\prod_{a=1}^{k}\{\tilde{4}jm\cdot$ ,

$\omega_{k}=\omega_{1}(t_{1})\wedge\cdot\cdot\cdot$ $\wedge\omega_{1}(t_{k})$ , $\omega_{1}(t)=(\sum_{i=1}^{n}\frac{f_{i}}{\tilde{z}i^{-t}}+\sum_{p=1}^{r}f[p]t^{p-1})dt$ ,

$\phi^{(r)}(t)=\sum_{p=1}^{r}\gamma_{p^{\frac{t^{p}}{p}}}$ .

Proposition 14 The element $u$ is a solution to the genemlized $KZ$ equa-
tions.

Now, we compute an exainple corresponding to $QP_{IV}$ case. For $n=2$ ,
$z_{1}=z,$ $z_{2}=0,$ $r=2$ and $\Lambda/I=NI_{a}\otimes A’I_{0}\otimes M_{\infty}$ , we have

$\kappa\frac{\partial}{\partial z}\tilde{U}=(^{\underline{\Omega_{a0}}}’\sim-\Omega_{a,\infty}[2|z-\Omega_{a,\infty}[1|)\tilde{U}$ ,

$\kappa\gamma_{2}\frac{\partial}{\partial\gamma_{1}}\tilde{U}=(-\Omega_{a,\infty}[2]z-\Omega_{a,\infty}[1]-\Omega_{0\infty}[1]+\gamma_{1}(\frac{1}{2}h_{a}+\frac{1}{2}h_{0}+d_{\infty}))\tilde{U}$,
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and for $n=1,$ $z_{1}=0,$ $r=2$ and $M’=l|/I_{0}\otimes M_{\infty}$ , we have

$\kappa\gamma_{2}\frac{\partial}{\partial\gamma_{1}}U=(-\Omega_{0\infty}[1]+\gamma_{1}d)U$

Choosing parameters,

$\gamma_{1}=-2\kappa t$ , $\gamma_{2}=-2\kappa_{7}$ $\hslash=-\frac{1}{\kappa}\}$

$\overline{x}[p]=\hslash U^{-1}x[p]U(p=1,2)$ , $\overline{x}_{0}=\hslash U^{-1}x_{0}U$,

and setting
$h[1]=\gamma_{1}$ , $e[2]=f[2]=0$ , $h[2]=\gamma_{2}$ ,

we have Lax equations for $Y=U^{-1}\tilde{U}$ :

$\frac{\partial}{\partial_{\tilde{4}}}Y=(Az+B-Cz^{-1})Y$ , $\frac{\partial}{\partial t}Y=(Az+B’)]^{\prime’}$,

$A=(\begin{array}{l}100-1\end{array}),$ $B=B’+tA,$ $B’=(\begin{array}{ll}0 \overline{f}[1]\overline{e}[1] 0\end{array})$ , $C=$ $(^{\overline{h}_{\frac{0}{e}}/2}0$ $-0 \frac{}{h}\overline{f}_{0}/2)$ .

Fkom the Lax equations, we obtain the deformation equations

$\frac{\partial}{\partial t}\overline{f}[1]=-2t\overline{f}[1]-2\overline{f}_{0}$ , $\frac{\partial}{\partial t}\overline{e}[1]=2t\overline{e}[1]+2\overline{e}_{0}$,

$\frac{\partial}{\partial t}\overline{h}_{0}=2(\overline{f}[1]\overline{e}_{0}-\overline{f}_{0}\overline{e}[1])$ ,

$\frac{\partial}{\theta t}\overline{f}_{0}=-\overline{f}[1]\overline{h}_{0}$ , $\frac{\partial}{\partial t}\overline{e}_{0}=\overline{e}[1]\overline{i_{l_{0}}}$ .

Since first integrals are the following

$C_{0}= \overline{f}_{0}\overline{e}_{0}+\frac{\overline{h}_{0}}{2}(\frac{\overline{h}_{0}}{2}+\hslash)$ , $C_{1}=\overline{f}[1]\overline{e}[1]-\overline{h}_{0}$ ,

we set
$C_{0}=( \theta_{0}-\frac{\hslash}{2})(\theta_{0}+\frac{\hslash}{2})$ , $C_{1}=-2\theta_{\infty}-\hslash$ .

In order to obtain a non-commutative Painlev\’e equation, we introduce new
variables $u,$ $\zeta,$

$\eta$ by

$\overline{f}[1]=u$ , $\overline{f}[1]\overline{e}[1]=2(\zeta-\theta_{0}-\theta_{\infty}-\frac{h}{2})$ ,
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$\overline{f}_{0}=\frac{1}{2}u\eta$ , $\overline{e}_{0}=-2(u\eta)^{-1}(\zeta+\frac{\hslash}{2})(\zeta+\frac{\hslash}{2}-2\theta_{0})$ ,

$h_{0}=2(\zeta-\theta_{0})\ovalbox{\tt\small REJECT}$

Coimnutation relation$\sigma$: for $u,$ $\zeta,$
$\eta,$

$\theta_{0},$ $\theta_{\infty}$ are the following:

$[\theta_{\infty}, \eta]=0,$ $[\theta_{\infty}, \zeta]=0,$ $[\theta_{\infty}, u]=-\hslash u$,
$[u, \eta]=0,$ $[u, \zeta]=0,$ $[\eta, \zeta]=\hslash\eta,$ $\theta_{0}$ is central,

Then we have the following non commutative differential equations

$\frac{\partial}{\partial t}\eta=-4(\zeta-\theta_{0})+(\eta+2t)\eta$ ,

$\frac{\partial}{\partial t}\zeta=-\frac{2}{\eta}(\zeta+\frac{\hslash}{2})(\zeta+\frac{\hslash}{2}-2\theta_{0})-\eta(\zeta-\theta_{0}-\theta_{\infty}-\frac{\hslash}{2})$

$\frac{\partial}{\partial t}u=-u(\eta+2t)$ .

Taking

$\eta=-\hat{f}_{2}$ , $\zeta=-\frac{1}{4}(\hat{f}_{1}\hat{f}_{2}+\hat{f}_{2}\hat{f}_{1})$ , $\hat{f}_{0}+\hat{f}_{1}+\hat{f}_{2}=2t$ ,

$\theta_{0}=-\frac{a_{2}}{2}$ , $\theta_{\infty}=\frac{2\alpha_{1}+\alpha_{2}}{4}$ , $\hslash=\frac{h}{2}$ , $\frac{\partial}{\partial t}=\partial_{IV}$ ,

we obtain $QP_{IV}$

$\partial_{IV}(\hat{f}_{i})=\hat{f}_{i}\hat{f}_{i+1}-\hat{f}_{i-1}\hat{f}_{i}+\alpha_{i}$ , $[\hat{f}_{i},\hat{f}_{i+1}]=h$ , $(i\in \mathbb{Z}/3\mathbb{Z})$ .
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