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Hawking Radiation from Fluctuating Black Holes

Tomohiro Takahashi and Jiro Soda
Department of Physics, Kyoto University, Kyoto, 606-8501, Japan
(Dated: June 18, 2010)

Classically, black Holes have the rigid event horizon. However, quantum mechanically, the event
horizon of black holes becomes fuzzy due to quantum fluctuations. We study Hawking radiation of
a real scalar field from a fluctuating black hole. To quantize metric perturbations, we derive the
quadratic action for those in the black hole background. Then, we calculate the cubic interaction
terms in the action for the scalar field. Using these results, we obtain the spectrum of Hawking
radiation in the presence of interaction between the scalar field and the metric. It turns out that
the spectrum deviates from the Planck spectrum due to quantum fluctuations of the metric.

PACS numbers: 04.70.Dy,04.62.+v

I. INTRODUCTION

Black holes in general relativity have shown us many fertile aspects of spacetime such as the event horizon, the
singularity, Hawking radiation, and the connection with thermodynamics. Among these phenomena, Hawking radia-
tion is particularly interesting because it gives a strong support to the thermodynamical interpretation of black holes.
Moreover, it reveals an aspect of quantum gravity. Usually, Hawking radiation is explained by quantizing a free field
in a fixed black hole background [1]. To be specific, we consider a real scalar field ¢ in the Schwarzschild black hole
background

r r\ 1
ds? = — (1= ") ar + (1= 20) " ar 4 2 (6% + sin 6%dg?)
r r
where rp is a constant of integration. When the radius coordinate r becomes r g, the spacetime seems to be singular.
Of course, we know it is just a coordinate singularity and the position r = rp is the event horizon of the spacetime.
The action for gravity with a scalar field reads

_# 4 — _1 4 — o
S—lGWG/d:E\/ gR 2/clac\/ 90,90" ¢ ,

where G, g and R are the Newton constant, the determinant of the metric g,, and the scalar curvature. Classically,
nothing can come out from the inside of the horizon. Quantum mechanically, however, it has been shown that black
holes can emit radiation, the so-called Hawking radiation [1, 2]. Remarkably, it turns out that Hawking radiation
has the Planck spectrum. This notable feature conforms to the black hole thermodynamics. However, taking look
at the above action, we notice that the metric should be also quantized. Then, the event horizon becomes fuzzy,
that is, black holes are fluctuating. The purpose of this paper is to study Hawking radiation from fluctuating black
holes. Technically, we consider the interaction between the scalar field and the metric fluctuations. In particular, it
is interesting to see if the Planck spectrum is modified by the interaction [3-5] whatever small it is. Apparently, this
effect becomes significant if the horizon radius of black holes 7}, is close to the Planck length £,,.

Recently, various Planck scale black holes and Hawking radiation from them have been considered [6-9]. These
black holes can be created at the LHC or in the early universe. Indeed, black holes would be created at the LHC
if the dimension of space-time is more than six and braneworld picture is correct [10]. This is because the higher
dimensional Planck mass becomes ~ 1TeV which can be reached at the LHC. In other words, the mass of a black hole
created at the LHC is of the order of the higher dimensional Planck mass. On the other hand, density fluctuations
in the early universe could produce black holes with any mass. Black holes with 10'°g created in the early universe
lose their masses by Hawking radiation and become Planck scale just now. The spectrum of Hawking radiation from
these black holes might be distorted due to the nonlinear interaction between quantum fields and the metric.

Here, we stress that, even for black holes much larger than the Planck length, the fluctuations of black holes
might be relevant to Hawking radiation. The point is that the Planck spectrum of Hawking radiation stems from
the exponential elongation of short wavelength quantum fluctuations which can exceed the Planck scale. Hence, the
interaction between the scalar field and quantum mechanical fluctuations of the metric would be relevant even for the
large black holes.

In this paper, we calculate the effect of nonlinear interaction on Hawking radiation of a real scalar field from a
4-dimensional Schwarzschild black hole. In order to achieve this aim, the canonically normalized quadratic action
for metric perturbations and the interaction Hamiltonian are needed. Therefore, we first construct these actions by



perturbing the Einstein-Hilbert action with a real scalar field. After that, we give a formalism to study Hawking
radiation from fluctuating black holes.

The organization of this paper is as follows. In section II, we construct the quadratic action for metric perturbations
by perturbing Einstein-Hilbert action in 4-dimensional Schwarzschild background. In section III, we quantize the field
and derive Hawking radiation. In section IV, we present a method for treating interaction in spherical symmetric
space-time and then calculate the cubic interaction Hamiltonian from the action of a real scalar field. Using these
results, we calculate the effect of nonlinear interaction on Hawking radiation of a real scalar field. Section V is devoted
to the conclusion. Technical details can be found in Appendixes.

In this paper, we use the convention 167G = 1 and write the Schwarzschild metric as

ds®> = —f(r)dt* + f~1(r)dr?® 4+ rPygdztdab firy=1—-—
r

where ~,; represents the metric of the sphere S? and M corresponds to the mass of the black hole.

II. METRIC PERTURBATIONS IN BLACK HOLE BACKGROUND

In this section, we derive the quadratic action for metric perturbations h,, in the Schwarzschild black hole back-

ground g,(g,). Note that our derivation is slightly different from the original one by Moncrief [11]. Now, the metric is
given by

Juv = gELOV) + h/_w . (1)

In a two-dimensional maximally symmetric space, we can classify any tensor into the scalar and vector types. Ap-
parently, hy, hy and h,.. are scalar type under the rotation. It is easy to see hy, and h,, can be decomposed into
gradient part and transverse part like as hyy = v), + vq and hypq = W), + wq, where “|la” means covariant derivative
of v4p and both v, and w, satisfy transverse condition. Similarly, the 2-dimensional second order tensor h,; can be
decomposed as hqp = 72K, + Bjay + (C’a“, + C’b|a) /2, where C, has transverse property. In this paper, we call
(htt = fH, hy = Hy, by = H/f,v,w, K, B) scalar type perturbation and (v,,ws,C,) vector type perturbation and
treat them separately. Separate treatment is allowed because cross terms of scalar type perturbation and vector type
perturbation in quadratic action are always decoupled.

Here, we can use the general coordinate invariance to reduce the number of variables. Under infinitesimal coordinate
transformations z# — z# + &, h,,, transforms as

hpw = hyw + & + S (2)

which shows that there are 4 gauge degrees of freedom. Hence, we can fix 4 variables. Moreover, we can classify the
remaining 6 variables into 4 scalar type and 2 vector type ones. Once the gauge is completely fixed, we can obtain
the quadratic action. After eliminating unphysical variables using constraint equations, we finally obtain the reduced
action for physical variables.

It is easy to extend the analysis in this section to more general cases. In Appendix B, we present the analysis for
topological Schwarzschild black holes with a cosmological constant.

A. Scalar Perturbation

First, we consider the scalar type perturbations

fH H1 U‘a
_ sym H/f w\a
T = sym sym | r° Ky (3)
sym sym| +Bjq

where |a denotes a covariant derivative with respect to 7,5 and the symbol “sym” represents the symmetric counterpart
of the tensor h,,. Under the scalar type gauge transformations £, with

g,u = (50 757‘ 7§L\a) ) (4)



the perturbed variables change as

H— H+20/f-f&, Hi»H+&+6—f/f, vov+éoter, (5)
H—oH+2f6+ &, wow+&+86—2/r, K—K+2f¢/r, B—B+2, (6)
where ' and - denote derivatives with respect to r and ¢, respectively. Then, choosing &, = —B/2, §, = —v — B /2

and &, = —rK/(2f), we get the following metric perturbations

fH H; | 0

sym H/f |wyq (7)
sym sym |0 0 | °

sym sym |0 0

Using the above gauge, we obtain the quadratic action

> {/drdt [725|H1em|2 — Yot Hipm + %mmﬁ +2rH} Hyom
£,m>0

(fr)

2f +rf
Vs 5

2r Wein Hem +

f 1 T 7%
| Hom|? + %772|w£m|2 - §HzmQ2zm +(C.C)

+ Z / drdt l’Y;leoz — YseoH 140 + Ewio + 2rHooHy 10
¢

2
_732.]0_2';7“]0/71)@0}[@0 + (f;)/ Hp + %%w?o - ;EZOQQ60‘| ) (8)
where * means complex conjugate and we have defined
qrem = 2r fHom — 295 fWem s q2em =7s (Hem + f wem — 2fl:zm> + qym - (9)
It is easy to solve as
Wern, = %Trm (qum — Qyom — ;;fqum> o Hpp = T(lr) (qzem — Qyem + Wéﬂm) ; (10)

where we have defined T'(r) = rf — 2f +7,. In Eqs.(8), (9), and (10), we expanded metric perturbations in terms of
spherical harmonics Yp,, like as H = > Hy, Yor,. Here, s = (£ + 1). Since spherical harmonics satisfy the relation
Yo, = (—1)™Y,",,, metric perturbations Hy,, satisfy reality conditions Hy,, = (—1)"H;_,,. This allows us to relate
negative m modes to positive m modes. Hence, we can consider only m > 0 modes in (8). Note that m = 0 mode is
real but m > 0 modes are complex.

From now on, we concentrate on m = 0 mode and omit the indices. We can get the same result for m > 0
modes with similar calculations. Taking the variation of the quadratic action (8) with respect to Hy, we obtain the
momentum constraint equation

orH
H = w-— =, (11)
Vs

This equation enables us to delete Hy from the action (8). Substituting this result (11) into the action (8), we obtain
the action

(ry
2

1 -
H? + %Tizw? - 5qu ) (12)

2 ’
MwH—l—
2r

2r2 -9 .
drdt| ———H" + 2rHw — ;s
Vs

Taking the variation of the action (12) with respect to the Lagrange multiplier H, we can derive the Hamiltonian
constraint

2 =0. (13)
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Then, substituting g2 = 0 into the action (12) and using the relations (10), we can express the action by ¢;. With a

new variable ¥Z defined by
A q1 Vs — 2
A A - S - 14
v \/;T(r) ’ 2 (14)

the quadratic action takes the canonical form

1 1 1
[ e 50077 - 5007 = 3V20”] (15)
where r* represents a tortoise coordinate and we have defined the potential function as
f 2 2. ¢ 242 | 343
V, = — [8A1+A F AN 224 N2 43
A TE Y e WLl A S

A2 +rf) — Af {2/\(2 FA) 201+ Nrf + r2f’2H

C2F N2+ D)r 4 BAIM 2 4 0N M2 4+ O
T8 (rA+3M)? '

We can also calculate the quadratic actions for m > 0 modes. Thus, we have
* 1 *
S { [ it (ot - 0 - VAONEP] 4 g [ (@) - @vhR - Vae?) )
m>0
which gives the famous Zerilli equation[12]

For later purposes, we deduce the relation between 17, and metric perturbations. From Egs.(9), (10), (11) and
(14), it is easy to get the relation between WZm and metric perturbations except for H. The results are

. 27“Hm
Hlfm = Wym — : ’
Vs
ro A1, 1 T A1,
B <2f+vsT> N Vi

A+1 . T "9 A+ 1

In order to get the relation between 1/1£Zm and Hy,,, we need to look at the equation of motion for metric perturbations.
Taking the variation of (12) with respect to H and w, we can get two equations

ar? . . 2f +rf : . - _,
" Hp — 20t — %fzirrfwem + (rf) Hem — %Hﬁm +rfHy, =0, (20)
.. T ' + 2 s ’ 2 _ —
_QTHEm - Vs%Hém + 2’73Ti2w€m - %(f - Tf)HZm - 'YSfHZm =0. (21)

Eliminating H ém from the above equations, we obtain the equation for Hp,,

_ 2 272 . . rf 2f  ~Nerf +2f
Hom = —— | 2y — 2ripm + L Hyp 4 (2L = 2T 22T L 22
¢ () | s ¢ e 9 <7‘ 2 T we (22)

Using this equation, the relation (19) and Zerilli equation, we can show that Hy,, is related to Hy,, and wy,, as

— ’

Hém = Hém - (2fwlm) . (23)

Since Hy,, and wy, are related to ¢fm by Eqgs.(19), this equation implies a relation between Hy,, and WZm-



B. Vector Perturbation

Next, we consider the quadratic action for vector type perturbations

0 0 Vg
hyw = 0 0 Wq , (24)
sym sym ‘ % [C’a“, + C’b‘aJ

la

where vg, w, and C, satisfy v,* = w,!* = C,l* = 0. For vector type perturbations (24), the gauge transformations

with
& =(00,&) (25)

read
Vo= Vat+a, Wa— Wat&—2a/r, Ca— Ca+t2a, (26)
where £, satisfies the transverse condition. Then, we can completely fix the gauge by choosing &, = —C, /2, which is

called Regge-Wheeler gauge. In the Regge-Wheeler gauge, metric perturbations are written as

0 0 Vg
0 0  wg
hyus = sym sym 0 0 (27)
sym sym 0 0
Using the metric perturbations (27), we can calculate the quadratic action
1. 2 P A 5 A )
(2A+2) mzw {/drdt[Q ‘wem L 2 B L e L |+ o
1/. 2 A\ A i
+(2\ +2) / drdtb <we0 + S0 — %) + gt - 72“’?0] , (28)

where metric perturbations are expanded by vector harmonics V2, like as w® = > wg, Vi, Since vector harmonics
satisfy relations V¢, = (=1)"V ., wem satisfy reality conditions wen,, = (—1)™we—,,. Hence, we can consider only
m > 0 modes in (28).

For a while, we concentrate on m = 0 mode and omit the indices. Taking the variation of the action (28) with
respect to v, we can derive momentum constraint equation

{ﬂ(u’;—i—iv—v/)} +?v:0 . (29)

We have to solve this constraint equation. However, it is not easy to do so. In order to circumvent this difficulty, we
move on to Hamiltonian formalism. From the quadratic action (28), we can read off the Lagrangian

1/. 2 D WD ¥
L:(2)\+2)/dr[2(w+rv—v> —I—Wv —ﬁw}, (30)
and also define the momentum conjugate to w as
oL 2 /
p:&b:(2)\+2)<w+rv—v> . (31)
Then, the Hamiltonian H is given by

H = /drpu')fL

1 P 2 Af 2 p P / v
@+2 [ o l2(2A+2> +r2w2_<r2>\+2+(2>\+2) +f2>] | (32




Now, the constraint equation

2, MO+
“ AT T
P TPt fr?
gives the relation
f?"2 2 ’
SR — . 33
Yoo PP (33)
Substituting this relation into the Hamiltonian (32), we obtain the reduced Hamiltonian
L1 N 2 N p N Mo
H=02\+2 d - — 4+ = — — . 34
( +)/Tl<2 2)\+)\)(2)\+2> o \aagz) TR (34)
We further perform the canonical transformation (w,p) — (@, P) to interchange the role of w and p
Q=-p, w="~P , (35)

which leads to a new Hamiltonian

K(Q,P) = H(Pan)

B 1 () | f Q \? 2 Q \ o, M
= 23+2) d’"KQ 2\ +)\> (2)\+2) +4)\(2)\+2) et

Using the Hamilton equation for Q

. 0K A+ 1)f
Q=7p=""5 P, (36)

we can go back to the Lagrangian formalism

. 1 r2 . 1 (fr)l I fre
/dt{/drPQ—K]—M/drdt[WQ2—<2— " +)\>Q2—4)\Q2]. (37)

With a change of normalization

RW _ r
S, 38
v 2 )\()\+1)Q (38)
the quadratic action (37) becomes
s |1 rwy2 _ 1 rwy2 _ 1 RW?2
drrdt | 35 (Opp™™)" — 3 (0 p™)" — §VRW(7‘)¢ ; (39)

where 7* represents a tortoise coordinate and we have defined the potential function

Vaw = TiQ (frf' rof + 2)\) . (40)

So far we have only considered the m = 0 mode in (28). Of course, we can also calculate the action for m > 0
modes. The result reads

3 { [ a0t [~ 0w P = Viw (0 2}}

m>0
1 N 2 2
g [ arde [l = (@ vf) ~ Vinw ()] (1)
which gives the Regge-Wheeler equation [13]
~0tm + 02t — Vaw ()i, =0 (42)
Finally, we clarify the relation between ¥*" and metric perturbations. From Egs.(33), (35), (36) and (38), the
relations are given by

f RW ! r i RW . (43)

Um = —F7—= "V, y  Wem = m
mT )\(A+1)( ) S AT DS



III. HAWKING RADIATION

In this section, we review Hawking radiation using a spherically symmetric collapsing model[l, 14]. In this model,
it is assumed that outside of the collapsing matter can be described by the Schwarzschild metric

ds®> = —f(r)dt* + 1/ f(r)dr? + r2ypda®da® (44)

where f(r) =1 —2M/r. Here, M and 74, are the ADM mass and the metric of S?, respectively. The action for the
real massless scalar field

1 v
_§/d4$\/ —g9" P.upv (45)

can be written as

> [ [ammf — (O beml* — f ("; + L) |¢>zm|2]

m>0
% / dr*dt l(amof ~ (0r6u0)’ — f (i + L) ¢?0] : (46)

where r* is a tortoise coordinate. Here, we used the harmonic expansion ¢ = > ¢¢;, Ys/r. Note that ¢ is real.
Hence, complex coefficients ¢y, satisfy reality conditions ¢¢m = (—1)™¢;_,,. Then, the equation of motion outside
the matter ¢*#,, = 0 can be written as

r 72

R bem — 02 dom + Vodom =0, Vi = (1) (f s ”) . (47)

It should be noted that the quantization of metric perturbations can be performed in the same way as that of the
scalar field explained below.

A. Quantization

Let us quantize the scalar field ¢ by promoting ¢ to the operator:

o= %/dwm [awzergmuwg(t,r )—l—algm;nguwe(t,r )] . (48)

In the above formula, \/%%nguwg are complete orthonormal basis satisfying Klein-Gordon equation

f7+£(442r1)

r

— 0% + 0%upe — f(r) ( ) Ugpe =0 . (49)

Note that this equation is independent of m, so we used w, instead of u,¢,,. Here, the norm is defined by the inner
product

(1, ) = —i /E V=gmdS" (18,05 — 50,0 (50)

where ¥ is a Cauchy surface and dX* means area element times a unit normal vector. Now, the canonical commutation
relation implies the following commutation relations;
[@wem s al,f,m,] =(w—w) b, p0 (51)

m,m’ *
Using the property of spherical harmonics Yz, = (—1)™Y," , , we can rewrite (48) as

1 Yo
= ; / do—= [dwtmtar(t %) + (~1)"al,_ gt )] 22 (52)

r



Let us define ¢ by © =Y o Yerm /7. Then, we have

oum = [ dw\/% [Botmtr(t, )+ dl (7)) (53)
From Eq.(52), we see the following relations
bwtm = Quwtm, Awem = (—1)"0po—m - (54)
These relations are equivalent to
B = (1) Gp—m | (55)

which is nothing but the reality condition for ¢. And this reality condition suggests that we can only consider m > 0
modes. From (51) and (54), we can deduce the commutation relations for by, and dgem, for m > 0 modes. The
results are as follows.

e m = 0 modes

We can define b0 = a0 = duweo(= cwe) from the relations (54). Using the commutation relations (51), we can
show that

lewtrc!, ] =0w—w') b, . (56)

The commutation relations show that ¢y are real scalar fields whose annihilation operators are c,,. Note that
these scalar fields ¢ have the action (46).

e m > (0 modes
From the commutation relations (51), it is easy to show

’ ’

botm b,y ] =0(w=w) 8y s [dutmrdl, 1= 06w —w) 80, .0 (57)

Thus, ¢g, (m > 0) are complex scalar fields whose annihilation operators are byg,, and dgm,. Note that complex
scalar fields ¢g,, have the action (46).

B. Bogolubov Transformations

To introduce the Bogolubov transformation, we define complete orthonormal basis

11
Votm = —=—=—YemUwe - 58
¢ oo ¢ ¢ (58)

Suppose that there are two kind of complete orthonormal basis of ¢, {vyem } and {T,em }. As both {vyem} and {Tuem }
are complete basis, we can expand ¢ in two ways

Y= Z / dw (a/wfmvwfm + aI}va:’Zm) = Z / dw (dwfm’r)wlm + a’I}[m@:Em) ’ (59)
Im m

where ay ¢, and aye,, are annihilation operators for vy, and v, , respectively. Using these annihilation operators,
we can define two kind of vacua as

aw€m|0> =0 3 awlm|6> =0. (60)

Due to the completeness of {vyem} and {T,em }, we can expand vy, as
! * — — %
Vubtm = E /dw (awle/mlvwemvw/ym/ — ﬂw’é’m’,wémvu/z’m/) 5 (61)
0'm’
or conversely

_ / *
Vb = E /dw (awgm’w’é’mlvw'f'm' +6w€m,w’€'mlvw'€'m/) ’ (62)

'm’



+ are called Bogolubov coefficients. From the above formula, we can deduce the

where awém,w/élm/ and 5w€m,wl€/m

Bogolubov coefficients as
_ — *
aw@m,w'f'm' = (UUJ@WM Uu}'f'm') ) ﬁwlm,w/ﬂlm/ = _(’Uwe“’H ’Uw’[’m’) . (63)

Since both complete basis are proportional to the spherical harmonics Yy,,, Bogolubov coefficients are proportional
to d, , and 4 that is

m,m’
aw[m,w’[’ml = aw@,wlééf,l/ 6m,m/ ’ ﬁw@m,w/l/m/ = (_l)m wE,w’E(SZ,Z/ém,fm/ . (64)
Substituting (61) and (62) into (59) and using (64), we can get Bogolubov transformations between a,¢m, and Gyem

as follows;

/ pe * =T
Qupm = E /dw (aw’e’m',wémaw/z/m/ +ﬁw’£’m’,wlmaw’£’m’)

o m’
_ / — m o* —T
- /dw (aw/f,wfaw’ém + (_1) w'(,wﬁaw’e_m) )

— _ / * * T
Quopm — E / dw (awf’m,wlé/m/ Ay p'm! — ﬁwfmw.)/é/m/ aw/é/m/>
om’

/dw' (a:)&w,eaw/em (=™ ze,w/eai’efm) . (65)

Furthermore, substituting the second relation in (65) into the first relation in (65), we see that Bogolubov coefficients
satisfy

" * * _
fdw aw[,w”ﬁaw/&w”g - ﬁwé,w”e Wew'e) 6w,w/ (66)

17 —
fdw Q' P 6w e Bwl,w”faw/l,w”l =0

So far, we have considered Bogolubov transformation for ¢. We can also describe Bogolubov transformation in terms
of ¢pr (m > 0). In order to get Bogolubov transformation for ¢,y which is defined by c e = aweo, we set m = 0 in
(65). Then, we get

Similarly, setting m > 0 in (65), we have Bogolubov transformation for by, which is defined in (54);

Pt = / 4 (0t ttbttm + 0T ) (68)
And we obtain Bogolubov transformation for d, by considering m < 0 in (65)

ot = / de’ (%' tote o By b Zm) : (69)

Finally, we calculate particles created due to the time evolution of space-time. It is assumed that {Typm,} is a
natural base at the initial time ( “in region”) and {v,em,} is natural at the final time ( “out region”). Furthermore,
we assume that the initial state is |0). Note that this state does not change because we use a Heisenberg picture.
Under these assumptions, the number spectrum of ¢ particles at the final time can be expressed by

Z<6|Nw€m|(—)> = Z@mlemawlm 0)

Im m
= > [0l eatd® + 32 {1 boeml0) + (O1dL dueml0) }] (70)
[ 0<m<e

Then, using Bogolubov transformations for by, cwe and dyemy, we can calculate the number spectrum

S Oanl®) = 3 20+ 1) [t [ | ()

m

This shows that we need (3

0./ ¢ defined in (63) and (64) in order to know the number spectrum.
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singularity

FIG. 1: Penrose diagram for a collapsing model. In this figure, A means an affine parameter

C. Hawking Radiation

Let us consider Hawking radiation by using spherically symmetric collapsing model described by the Penrose
diagram in FIG.1. In this figure, I~ corresponds to “in region” and I™ represents “out region”.

In order to calculate 3, ,, we must define natural basis in “in region” and “out region”. We assume that outside
of the collapsing matter is described by the Schwarzschild metric. Then, ¢, satisfy

O} bom — 0o =0 (72)

in this region. Here, V,, is ignored because V, dumps as O(1/r?). Noticing (72), we choose the natural basis {u’",
and {u°4'} defined by

w’ly — 7T (near 7)), wl — e @) (near IT) . (73)

Given the complete basis, we can calculate 3, defined in (63) and (64).

We have to choose X to calculate the inner product in the formula (63). Here, we take I~. Hence, it is necessary
to know the behavior of u24* near I~. For that purpose, we use geometric optics approximation where the worldline
of a particle is a null ray of a constant phase and trace this null line backward to I~. This approximation is quite
good near the horizon Ht because the frequency effectively becomes very large in this region. Hereafter, we write
u=t—r"and v =1t+r". Furthermore, we define A as an affine parameter with respect to n* which satisfies A = 0

on v,. Near H* this parameter can be expressed as

A= —Ce " (near horizon)
A=Dv (near H™) ’

where K = 1/4M is the surface gravity and C and D are some constants. Because A = const. line is also null line,
geometric optics approximation suggests that A = const. surface is equivalent to a constant phase surface. Then, the
constant phase surface A = —e satisfies

—e = —Ce "™ (near horizon) ,
—e = Dv (near H7) , (74)

"= —% log (—gv) . (75)

and so
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This means that u%%" approximately behaves as

out 0 (for v > 0)

uZyt =~ { \/%e%log(*%v) (for v <0 and [v| < 1)

(76)

near I~. Then, we can calculate the inner products in (63) using (76). Note that (76) is a good approximation in
|v] < 1 but the effect from this region is dominant because the phase of u24" diverges. Therefore it is also a good

approximation to use the expression (76) on I~ in calculating inner products. The results of calculations are

’ 0 , .
Qplt = \/%/ e v exp <z: ln(—Dv/C)> dv
1

w/K .
D w/2 "\—iw/k < Zw)
= — | = e (w r'il+— 77
—(2) ) - )
and
E \/w//0 o (L n(-Do/C) ) d
7 = —_— X —_— n —
wl,w' L w 7006 p K v v
1 (D\™/" L iw
- __ - = —Tw/2kK —zw/ml—\ <1+> 78
e w .
—(2) ) : (79)
This gives
aw@,w/f P = 62”W/N|ﬂw€,w'€|2 . (79)

Using the relation

/dw/ (|awl,w/l|2 - |ﬁwl,w/l|2> =1 (80)

derived from (66), we obtain Bogolubov coefficients /3

1
’ 2 _
/dw |6w2,w/2| - egﬂw/ﬁ -1 : (81)

Substituting this result into (71), we find that the observer in the asymptotic region see the thermal spectrum of ¢
particles.
Actually, Eq.(81) diverges and is proportional to the delta function §(0). We interpret this as

L
5(0) = lim i/ expi(wy —w)t (82)

w1 —w,L—00 21 —xL

and introduce the regularization 6(0) = L hereafter. Namely, what we obtained is the number of particles created per
frequency and per unit time. In the above formula, we have discarded this factor. However, we should keep in mind
this fact in the following calculations.

IV. HAWKING RADIATION FROM FLUCTUATING BLACK HOLES

In this section, we consider interaction between the scalar field ¢ and gravitons . First, we introduce a method
for treating interaction in the spherically symmetric space-time [14]. Next, we calculate cubic interaction terms from
the action (45). Finally, we evaluate the effect of interaction on Hawking radiation.

Here, we follow the notations in Sec.III, namely, we use ¢, defined by ¢ = > ¢¢m Yenm /r and annihilation operators
bwlmy Cwty dwém-
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A. Interacting Quantum Fields in Curved Spacetime

Let us consider the Lagrangian
L=Lo+ Lint ,

where L represents the free field part of the action and L;,,; is the interaction part. Furthermore, we assume that L;,;
vanish both in the remote past (or “in region”) and in the remote future (or “out region”). Under these assumptions,
we can define asymptotic fields

© — @™ (for in region) , @ — ©”"*  (for out region) , (83)

Yom

. . . . . . 1 “ip
oul gatisfy equation of motion derived from L. Therefore, using basis { NCERE u'™ (¢, r*)} in

where ¢™ and ¢

out(t,r*)} in “out region”, we can expand asymptotic fields "

1 }/Zm mn }/Zm zn*
Z dw w[minuwé_F wém \/jiu

, L Yo 1 Yy
dw _Zunm m Z)ut + _Zuan Im UZ)Ut*> , 84
Z/ ( 4 \/ﬂ l £ m r l ( )

region” and { Fngu

out

and @
1 Yo 1 Yy .
(pout — § :/dw (ag%nm Tm i Z%nTm f,muzz )

1 Yo _ 1 Y, X
/ o (a2t =izt a1 ) (%)

From the above expansion, we can define four kind of vacua

|0 i) =0, a},,[0in) =0, aZf,[0out) =0,  agy,[0 out) =0. (86)
Here, |0 in) is a natural vacuum in “in region”, while |0 out) is natural in “out region”. Other vacua are introduced
merely for the computational purpose.
Now we calculate the number of particles created due to the time evolution of space-time in the presence of
interaction. Given the natural vacuum |0 in), the number spectrum of ¢ becomes

> (0 in| NG |0 in) =Y (0 infalytiagyt, |0 in)

m m

Z[«) infes et 0 ) + > {<0 in[B4T Ut 10 in) + (0 in]d”4 42Ut |0 in)H . (87)
0

wim“wlm wbmPwlm

0<m<e
First, we evaluate (0 in[b2%152% 10 in). The Bogolubov transformations (68) for 5% read
Jout __ / * out * out
bw[m - /dw ( w@w @bw m~ Potw ldw ZmT) : (88)

Then, 52%253’2% can be expressed by
routtzout / 2
bw[mbwfm = /dw ‘ﬁwé,wlé‘

outt jout outt jout
/dw /dw |f%u€ w”éawfw @bu [mbw tm +/8w57w/€ wl,w' Zdw Zmdw m

. outt outt
(O‘wé,w”f wl,w wa hndw m + h. C)
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The expectation value of this number operator in the state |0 in) is given by

wlm w@m ﬁwf,wlf

(0 in[b°4Thout |0 in) = /dw’

+/dw'/dw” l%e,w“eafﬁ,g ,(0 1n|bo"tg b2y, 10 in)

Bt g g (0 |dZ0T A2 10 in)

m W' tm

—QR{QMMHMZ&M/ (0 in[p T AT 10 m}] : (90)

The first term of the right hand side of this equation is the same as (71) and so this term represents the conventional
Hawking radiation. Hence, other terms in (90) are induced by interaction. In fact, these terms vanish if there is no
interaction. Then, in order to know the effect of interaction on Hawklng radiation, What we have to do is to calculate
these terms. For 1ater purpose, we decompose these terms into w = w cases and w' # w' cases. Using L = §(w = 0),

for example, [ dw' [ dw” {oz (0 1n|bO”tJr b, 10 in)| in (90) can be written as

Wzﬁw”eaw@,wlf m

w'tm

’ " * . ()ut'i‘ out .
/dw dw ot g0, (0 670 ) b7, 10 in)

5 w/ // - o
( )<01 b7 tg b, 10 in)

tm W' tm

= /dw,dw”awz,w”ea:z [(0 1n|b°"'yr b2t |0 in) — 7

tm W tm

)(0 1n|bom4r byt |0 in>]

1 / 2
E/dw anz,w/e‘ (0 in|b°“fT b, 10 1n>}

+ / dw'dw”aww,ea;we[<o nfo” % 10 in) — 5(°"'L_°"”)<01 57 pevt 10 1n>1 . (91)
The second term in the above equation reads
(0 infp*4! B4 10 in) — Wm o b4 [0 in) = { (()o infb2sF bot [0 in) ((22 t:j ft:)) L (92)
Therefore, Eq.(91) can be rewritten as
1 /dw/ “awe u’e’Q (0 in|bom4r b2 10 1n>} / dw'dw” [O‘wz W e, (0 in|b‘mfr b 10 1n>} : (93)
L ’ o' A" , ; ‘m

Similarly, we can evaluate expectation values (0 in|dz7z;:dffgfn|0 in) and (0 1n|cZ’z,tTcZ%t|O in) in (87) as

O nlaz o m) — [

2
(o + [ f [<0 72 A2, 10 n)

. t
B0’ M’w%(O 1n|b0u2r b"“t |O in)

* out out
—2R {%m,,z * {0 inld7l bt o 1n>}1 :

—_outT — t
<0 1n| OUT out|0 1n> = / wﬁw Z‘ +/dw /dw//[ w[w @awﬁw €+ﬁw€w€ wéw//2)<0 1n|cm’1”g Zuzm 1n>

—oR {%Wé * (0 nle?ut et m}] . (94)



14

These results are almost the same as (0 in|b$22bﬁ,fn|0 in) and the terms other than the first term of the above formula

have information of interaction. Substituting (90) and (94) into (87), we find the deviation from the Planck spectrum
due to the interaction as

Z/dw//dw” [(awf,w"za:Z,w/Z +ﬁw€,w’€ :;Z,w"z){<0 111|C()1’L’t]L OUtlo 1n>
L

+ Z (01n|boutér b2 10 in) + (0 1n|dm“‘/eT ey, 10 m))}
0<m<e

—2%{(0@[’“}”2 w w,Z)<O 1n|c‘“f,tT OutT|O in)

o) S (<o B 10 i) 4+ (0 il 5 (o m>)H. (95)

0<m<~

In order to calculate (0 1n|b°“ﬁ b‘”“‘/ |0 in) etc., it is useful to define the basis

Im
1 2 np wtt e 1\ td
|nb...;nc...;fnd Out> (boutT) N (COU T) N (d(}u T) PN ‘0 0ut> ,
V! cengl
which satisfy the completeness relation
ng - - Mgt Out‘nb...;nc...;nd... Out> ’

Substituting (96) into just after (0 in| and just before |0 in), for example, we can calculate (0 in\bouﬁ b, |0 in) as
follows:

o lfw =uw,
. . L {0 in|ny,,,,; {others} out)|?
(0 in[b°¥T poUt |0 in) = oy w L ) (97)
w'm W tm WZ; {Othze:rs} Y Ny ems L0thers} out|ng 1y, {others} out)
where L = 6(w = 0).
o If #+ w',
O L b0 m) = 3T 3T 3 i
tm i (othora) (n Ty s ps My g3 {0thers} out|n n ; {others} out)
bw m bw "em
X [%ngw,,e7rl(n;w/zm +1)(0 m\nbw o o o LOthET S} OUt)
x<n;w,em + 1’n;w”€m — 1;{others} out|0 in) | . (98)
Similar rules apply to (0 1n|cmf,tJr 0 in) and (0 1n|d°mg dy, 10 in). In the same way, (0 1n\c°7f,ﬁ Ouﬁ|0 in) becomes
o Ifw =o',

O infe e o m) = 30 3T Ly + Ding +2)

1, {others}
N (0 in|n, 7, + 2; {others} out)(n
( N, ¢; {others} out|n

; {others} out|0 in)

!’
cw 09

; {others} out)

!
cw' £
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o If #* w',

(0 1n|cmf/tJr 0““|0 in) Z Z Z L

{othe’rs} Cw Z’ ”5’ {OthG’I‘S} Out|ncw Z’

n
’ 7,
cw £ cw

g3 Lothers} out)

X [\/(n' + 1)( , 10 1n|n ot 1,n;,wu£ + 1; {others} out)

’

XN 145 nlclwuz; {others} out|0 in)

(100)
And also (0 1n\doutJr bouﬁ 10 in) is given by

(0 in\diuznbzu“ |0 in) = Z Z Z L

" {others} < "o’ em’ ;),w”é {Others} Outln

//
. do’ tm? Mo o LOthers} out)
dw m bw @m

X [\/(n'dw,zm + 1)(n/b'w,,e +1)(0 1n|nd fom T 1 nbw/,e + 1; {others} out)

’

XMy om> n;;w//ém; {others} out|0 in) (101)

These results will be used in the calculation of S-matrix. Before moving on to calculations of S-matrix elements and
clarify the effect of interaction on Hawking radiation, we need to calculate the interaction Hamiltonian

B. Cubic Interaction terms

In this subsection, we derive cubic interaction terms in the following action

1 y
2/ oV =gg" PuPu - (102)
We put the metric

Guv = QEL(L) + h/tV )

(103)
where gl(tou) is the background Schwarzschild metric. In the Regge-Wheeler and the convenient gauge, h,, reads
.fH Hl Vg
_ | sym H/f [wa +wia
U sym sym |0 0 (104)
sym sym |0 0
Using this gauge, we obtain the cubic action
1 1 _ 1. P
_i/r2ﬁ§ (H-H) {—fsoz +fo% + 290|a90|b:|
1 H _2f /
Q/Tzﬁ{fw +2H10 ¢+ va Pla — FHP? 2 ( ! +w)s&<p|a] (105)

We see that scalar and vector perturbations are decoupled, so we will calculate them separately.

1. Vector perturbations

In the action (105), terms including vector perturbations are

/ NG [—}v%wa + fu'e ¢ (106)



16

We expand these variables by harmonics; for example,
=Y WiV, =Y PemYim ,
m m

where V;; are vector harmonics and Yy, are spherical harmonics. The result is

1 !’
V2 .
Dé;n;bn/;éﬁm” /det {—f”sz’m’ P T warL(pé'm' Po'm| (107)
where
‘m
D, A= /d@dfb\f‘/e Yo Yo i a - (108)
It is easy to show the relation D = _ngm”;e’m’ using the property V5 . = 0. We also see that
Dﬁf:‘n gl AT PUTE imaginary numbers proportional to 4, ./ ,,,” because both vector harmonics and spherical
harmonics are proportional to ¢“™®. Furthermore, because Dzm .y 8T€ pure imaginary and both harmon-
ics have property such as Yy, = (—=1)"Y,, Dﬁ,”:n gty WE CAn derive the following formula, Dé L
% ! " e_
-Din = (—1)mtm +m +1D£,_7:1,;Z,,_m,,. Note that we omitted >, >, >, » in (107). Thus, using
(43) and @em = Gom/T, We can get cubic interaction terms
|
D‘e d’['*dt |: RW*¢ ¢ "1 —|— ’l/]RW*QS ’ /a *¢ "1 . (109)
om0 \/7 ¢'m' P m Cm YTt m
2. Scalar perturbations
Terms including scalar perturbations in the action (105) read
1[5, 1 _ 1 yab
—5 | VA5 (H—H) —?s@ + %41 T Plaflb
2f
/7“ f[ 24 2H g o — [Hp? — *w‘“so Plal| - (110)
Using expansion by spherical harmonics like
H=Y HumYom, ©= @omYom
we can write the action in the following form
1 m * . . PN « ’ ’
_icf/m,;l” detT f ((f Zm) - Hlm) Po'm P’ m” + f ((fwém) - Hfm) Spllm/ Spé”m”
% 27"1.{2F % ’
2 <wlm - %”> 2 Wiy golgnm] : (111)
where we have defined
¢
OZ”:;L ell 12 _/fanZm //m'/ . (112)
These coefficients Cﬁ% /gy Dave almost the same property as DﬁTn’-e”m”‘ It is easy to derive the relation
Cf;’?n/;e”m” = Cfﬁbm”;e’m" Because of Yy, x e™®, C??n’;e”m” are real numbers proportional to (5m7m/+m~. The
reality of Cfle,;eum,, implies that Cfle,;eumu = Cgffn,%,,m,,* = (—1)mtm +m Cf,__%/;e,,_m,,. Using (19), (23) and
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©om = Gem/r, we can derive cubic interaction terms for scalar perturbations

1 om v A1 2r Zx rf, . L) :
—ECf/m';Z”m” /d?“ dt T ( sf 7‘ tm + <'75f + A(’I“)) 8T*wfzm + B(T) ZZm> ¢Z'm’¢€"m”
+ 82 Z* + Tfl +C(’I") (9 wZ* +D(’l") Z*
sf 'Yef T %Y em tm

f 2f
X (TQ(’ZSZ/’H'LI (Zsellm// — 7¢Z/m/ar* QSZ”TH,” + ar*(bélmlar*qsenm//

4 . o f . .
+ <%7}ar*wezn’i - (g} - E(r)) eZJZ) oy (_{@/,m” +8M¢g,,m,,>] ,

(113)
where
2 vy —2) T (ﬁTf)’ 2 2y, —2) 1
Ay=-—=-25"2 " Bry=——2(=) , crn==2-2L"2_
) Vs Vs T ) Vs VT ") Vs v T
T2 ofT 2rf (T 45— 2)
D)= 45 == = <T> ;B == (114)

These function A(r) etc. are regular outside the horizon. However, the other coupling functions in (113) are singular
at the horizon because these terms are proportional to 1/f(r). We also have a relation

A(r)+C(r) + E(r) =0. (115)

Note that we ignored the terms which is related to equation of motion for ¢ in (113). This is because these terms do
not affect our calculation.

8. Total cubic interaction

We notice that the cubic interaction Hamiltonian have the following structure

Hiny = C Z/dr dthin(r )wémd)@ m ¢€”m”
int
+D5m 0" /dT dtwip (1 )Wm oy ¢e” a (116)
int
From the interaction Hamiltonian (116), the first term of (109) can be reproduced by the replacement

1 f RW RW ' 7
Wint (T = — -, m = m ") = ‘! "o = "ot 117
)= U S B br S b B = (117)

Note that m takes the integer in the range —¢ < m < /; m’ and m’ take the value in the same range. As is shown in
Sec.II1, ¢y, (m > 0) are complex scalar fields and ¢y are real scalar field. By using reality conditions, we can rewrite
the interaction Hamiltonian (116) using only m > 0 modes. From now on, m moves in the range 0 < m < ¢ unless
we specify its range. With this notation, each term for scalar perturbation in (116) can be rewritten as

Z Z Z Z , Cﬁm i m”q’bgmqsflm'éf”m”

0,0" 0" LS<m<SL ' <m! <" 0 <m!" <
= Cg’ﬁz’;z”m” wlm(bl/ml ¢£”m” + Cz 0;0" OQWO(M 0¢£”0 + Ce m’ e m”wfm(/i/m' ézum
+C§%';Z”O<¢Zm¢f’m’ by + wém(bflm/ bpro) + Cfmm Wz O(Wmfb;m/ Gpro+ Wm@/m/ o)
)™ O gt (o Bl VG B )
el o (WDe0bg i1 + Ve0bgr Dl 1)
+=D™ Cf Pt Cem®h By A el ) (118)
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graviton ¢ (w))
(@, 1)

¢ (3, 1)

i

FIG. 2: This diagram affects S-matrix we consider. This diagram corresponds to K, f)/ P

’ .

graviton

(', ')

¢ (w)l)

FIG. 3: Loop diagram which appear in the first order calculation.

In this decomposition, we use the property C’f,Tn »

exist other terms in (118) such as C’f,om,; gwm”WZo@’m’ ¢p - However, such terms must vanish due to the fact

Cfm O x d
m

Snmlarly, the terms related to vector perturbations read

Z Z D@ m’ ;0" m” wgmgbfl m’ Q_Sé"m”

00 0"
L0 mom” m”
_ Dfm wT n DZO I DZm t 7t
=Dy b Pem®e ! P + Dy g00@e 0Pe0 = Dyl gty Vem @y Byor
¢ Z 7 tm b b
+D/?n/;€”0(¢gm¢€'m' d)ZNO - ¢;m¢élm' QSZ”O) - DZ’m/;é/lo(qp@m('b;'m/ Qb@"o B ngbjz/m’ d)e”o)

i, and reality conditions for z/Jezm and ¢¢,,. Note that there

m, m’ +m'

+<—1>m"D‘€m S (1) ST PR ) S RO
+( ) Dg m' 0 —m” (wzo(bf m (bl m! Wo@ny ¢T//m//)
7( ) Dﬁ m' 0 —m/’ (Wm¢ ¢ "m' wlm¢ /ﬁbg”m”) . (]_19)

C. The spectrum of Hawking Radiation

In this subsection, we calculate the S-matrix elements which constitute the expectation values (97), (98), (99), (100)
and (101) by using the cubic interaction (116). We here only consider the first order interaction and do not deal with
loop diagram like FIG.3. Under these assumptions, we consider the S-matrix elements like

(¢ particle x 2; graviton x 1 out|0 in) . (120)

Then, we only consider (97) and (98) because the others do not include such S-matrix elements.
Now, we derive the Feynman rules. Recall that ¢y, and ¢y are written as

1
/dw uwlbwém dwlm ’ ¢ZO :/dwm wlcwl—’—uifciz) ’ (121)

where uie satisfy Eq.(47) and the boundary condition in “in-region” (73). Then, we can deduce the Feynman rules
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as follows:
1 1 1
@ T ¢ _ ¢ ¢\ [

——u’ 0,0, 1 ;o ld = —u’ 0,00, 1, olct ) = —u’ ,0 122
(bé m’ | w€m> /72(4) wlZle " mm ¢g m | uém) /72(4) wlLl T mm ¢€ 0| w£> /Tw wlLlL ( )

We can also obtain the Feynman rules for % and " . Note that WZm and WZO can be expanded as

1 *

Vi = /dwi ( 2020 +ul dwzm) Y= /dw\/TTu (Ufecfz +ul Cf}) ) (123)

where uuZJé satisfy the Zerilli equation and the boundary condition in “in-region” (73). Then, the Feynman rules for
1% become

z
25M 5 ) l/}g/olci >

260 S VAT |0 ) = 2y - (124)

7/)@ m’ ‘bwém> \/7 Uy \/7 Uy \/7 e

The same rules apply to 9*". Using such rules and Eq.(118), we can perform the following calculations

I
— | |
4 [ @ _ E : £1ma @ ()
Hint|dwema bwlllml B bw”f”m”> == / d’l‘ (ﬁhznt(jgzm2 l3ms Wlml ¢Z2m2 ¢Z3m3 |dwfm7bwg’m’ 7bwg”m”>

int
| |
14 Z n VA
+ Z / dr* dthmtcleﬂn:; il3ms wl;rrm ¢42m2 (Msms |demabzym/ ’bzl”m”>
int
— C’Zm Z/dr dt znt we (U, ’ /U "ot +U /’LLZ) /,> . (125)
int

Note that only one term in (118) is related to this calculation. Consider another state |dZ,, . b?, E,m/’cf)”f,,>' It is
easy to obtain

Z ® ¢ _ * Limy Z Y Z é @
Hint|dw€m7 bw/é/’m/ ,Cw//e//> = /d'f‘ dthl”tc’lzmg;fgo ¢€1m1 ¢€27n2¢€30‘dwem7bw/7ﬂ/7Cw€”0>
int

ot R, |
—|—Z/d’l" dthing 5271:21 1430 w@jml¢£2m2¢z30|d“’ém’bi€/m/’CiZHO>

int

— Pint ¢ =9 ¢
= 2,,02:/dr dt———nuZ, (u 1 W g +u ,ue,,m,,) , (126)
int

where the two terms in (118) are relevant. In the same manner, we can consider the terms related to ¥*W. For the

state ‘dwem, ! bi”l”m” >, we haVe

I
‘ | |
¢ _ § : lm RW (3 ¢
lnt|dw€m7 W' 'm’ bw”l”m”> - /dT dthlntD@;m;;é;;mg ¢21 ¢52m2¢53m3|dwlm7b wl' m’ ’be”m”>

int

‘ \ |
z : * 4 ) [
+ /d?" dthi”t‘DZ;Z;;ng;; wllml ¢Z2m2 ¢€3m3 |dw€m7b wl'm’ ’bwé,'m”>

m

int

— Im nt RW I I _ &
- D[ m é”m Z/d,r dt (uwlz/u //ZH _uelm/uzum//) . (127)

nt

Note that additional sign comes from the antisymmetric property Dﬁ,":n WA —DﬁWm,,, o+ Lhese results suggest
that it is useful to define

wl — nt Px = ¢
Kw’(’;w”(” = Z/d'l" dt\/i (u ’ ,U 1"yt +U ' /U ”E”)

nt

/4 = * Wint RWx [ ¢* —¢* b
o' e ;w”l” = Z/dr dt\/i wl (Uw/z/u "ot —Uu le/uw//fll) . (128)

nt
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. or (coefficient

of (119))xH¥/, . ,.*. Noticing that the effect of the first term of (109) on Hf,, . is given by

In fact, using these notations, all S-matrix elements can be written as (coefficient of (118)) XKS,Z ‘

_/dr dt\/&uw w” \/A )\+ 1 7”2 ot (uwleluw”e// Y /[/U “é”) ' (129)

Using these notations, we calculate (97) and (98) in the following.

1. Calculation of (98)

=N, n
bw' m bw' tm
“ng 1 =0, m, ., =2 and one graviton”. From (118), for both cases, this graviton should be “d-particle”. In the
former case, (98) becomes

2
L2 Z Z Z \/§<O in|bi,5m, b:ﬁ”[m’ duZ}/”[/”m/” Out> < (bf',[m) s duZ)/”[/”m/” Out|0 1n>

First, we consider ’(/ngm. In the formula (98), we only need the cases “n, = 1 and one graviton ” or

’

W o< ”/<€,N
_ */d ///ZZ[{C le”é,” :|*|: C "m’ me@/”:|
mem "t e \/’ tm;bm W W' e
/// /
_ /d ///Z‘CZ 2m le”ém *mefm (130)
£m;bm 4 W'
o

where we have introduced the regularization (bd) 0%, dZ/// pam out\bqs ,b¢/, A% e oout) = (6(w =
m’ W' em? m wlm’ Tw Tl m

0))® = L3. Here, L has the dimension of the length. Note that we used C st X 1) » in the last equality.

m,m,—i—m
In the above calculation, we used the formula Y _» =L [ dw”'. We can get the same result as this for the latter case
and adding these results gives

o far ek e ) i
We only calculated the case that ¢z, is “b-particle” so far. The same calculation leads to the result for “c-particle”
LS|t (i e L (132
Iz
and that for “d-particle”

o Sletianf o e
- ol
Taking the summation of ¢ and m in (95), the effect of (98) on (95) is

pfers ¥ Sc

—0<m<e "

W' e wzwe ew”e W' e

///Z//l 1’ /// " /// IIIZ///
{K ol TKE L KL KL } . (133)

///Z/// ///Elll ///e/// ///Z///
{ S K 4 K K} (134)

Next, we consider 1", Same calculation leads to almost the same result as (134)

" Z 2 ///Z/// 1" /// ///e/// ///e///
m * w * TTw
/d Z Z Z ’ng m { W't e Hw/i w'l + Hw”@;w”é leé;wllf} :

—0<m<e "

However, because of Hf;,e

0" == 7H:j/€€// ;OJIZ/’ this vanishes.
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2. Calculation of (97)

First, we consider 4. In this case, we must consider n;w, om = 1,2 I n;w, om = 2, the same calculation as before
yields
1 d " 2 O . b¢ 2 dZ d /// Z 2m ”/Z”/ 2 135
z w Z < 1n| o o y Qrirgrn it Out Z,"L ‘m w f e ( )
e/// m///
Next, we consider n, = 1. In this case, we must consider “another ¢-particle and one graviton”. Furthermore,

b’ fm,
if this additional ¢-particle is “b-particle” with (@, £¢,m), we must consider a different mode (w/,f,m) # (@,L,m).
Then, we have to calculate the followings
2
Z ‘(0 1n\bw o b%m,wzgrawton x 1 out}‘
(@,8,m)#£(w’ ,£,m)

Z ‘(0 in|bi,£m,cgz,wzgraviton x 1 out)

@,

)

:

)

)2 (136)

Z ’(O in|bf},Zm, i ,bZ graviton x 1 out)

@,0,m

Note that the rule }°_ = L [ dw should be used when we evaluate these quantities. Taking look at (118), we see that
the graviton in the first equation of (136) must be “d-particle”. The result is given by

" s p®
L/dw Z Z ‘ 0 1n|bw/£m wfm’d 1" gl 11 Out)

((.d, (w ¢ m) o

‘ 2

2

! /I/ "
’ ¢

_ " L m+m
- /dw Z Z‘Cimém wéwl

(@,6;m)# (W' e;m) €

(137)

We can also calculate the second equation of (136). In this case, the graviton must be “d-particle”. The answer
becomes

2

ol (138)

‘ 2 ’ s

Lfar S S len

— Z e///

In the last equation of (136), we have to consider all types of gravitons. More precisely, the sign of m —m determines
“particle” species. Thus, we obtain

2 2
/dw/// Z Z[Z{‘ 0 ln‘b " om? wem b "pitt 11 Out>’ + ‘<0 in|bi/lm wém’d "epitt 117 Out>’ }

wlm’ 4

2
—+ ‘<0 1n|b¢ dd) CZ/// 11 Out>‘ ‘|

e

Sl i

2 %
‘CZ m

L—mm;lm

:L/dw” >

@,0,m

2 ///E/// 2 ZO ///Z/l/ 2
‘lef;&:z’ } ’C A m’ ’ W' b0l (139)

This equation is divided into three parts, but only one has nonzero value for fixed m and m because C’flml,m/‘ ot X
5m7m' +m/ - Then, after taking the summation of mm, we have
" 11’ 2
" 0 £
/dw > Z‘CZ e, ‘ :jewz) (140)

@,0,m ¢
Summing up Egs.(135), (137), (138) and (140), we see that the contribution from the tree diagrams to (97) becomes

2

/// 111

’
- " 0 m+m I
/d Z Z Z ‘CZm em w E;(Z)Z

(141)
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So far, we have only considered the case there are at least one “b-particle” for ¢. Calculating “c-particle” and
“d-particle” and taking the summation of £ and m in (95), we obtain

2

d //IZ Z Z Z 1// i Kw///[///
Zm m w' bl

00" 0 —L<m<L —f<m<l

(142)

gl

Next, we consider . With similar calculations with (98), we can get the result by replacing C with D and K
with H in (142). The resultant expression becomes

2

"o

KPP DV e e

@ 0" g —L<m<L —p<m

(143)

8. Summary

To summarize, substituting these S-matrix into (95), we can write down the effect of interaction on Hawking
radiation from the tree diagrams as

LIPS

——<m<{

’ g * *
[ g / dw'dw {(QWZ,w”Zawé,w/Z + ﬂwf,wlf wé,w”é)
Z”I w

W' e w' 0’ Zw”f W'

2 ///l/// IIIZ/// i /// ///e///
(Kl Kl + K K, )

DIDIEDY {(%ma:e,u + Bt t80,010)

L lm W' ol

K”l _ 12 /// /// ¢ ///[///
X 'O*- Am—i—m ‘ ‘ 4 ’D m+m HY,

)

where o and § are calculated in (78). Recall that we should use the rule Y _ = L [ dw when we evaluate the second
term in the above formula (144) and 3 in the second term should be 1 [ dw' as understood from (93).

D. Cancelation of Divergences at horizon

There are coupling function h;,; which is proportional to 1/f(r) in the definition of K:’/Zéw,, 7> 80 it seems that
K:}”,Qw,, .+ would not converge. However, as you can see, the divergences cancel out each other. In the interaction

(113), terms proportional to 1/f(r) are

[A+1
A

2r f : : 2 7% Tf/ Zx
8 m 8 ") "ot + a 78,,,* m a,,,* ! (9,,.* "o
< qu [ f ¢ > (bﬁ (bf ( ,st ,st Q/JZ ¢€ ) (be

477“ e 2rf / o
* (73far W Vs f > ¢€ " Or ¢€ ‘|

or

[A+1
A

r w7 .
7f<—3f* Zﬂ%(be/m/(ﬁe”mu ’(/} a ¢£ 'm,/a (ZSE// " —|—28 ’(/) (b[ mla ¢2// //)

f

f (a wém(bf m (bi”m” + a djé *a (bé m/a gbé”m” - 2¢errt¢€’m/ 6T*¢€”mﬂ>‘| ’ (145)
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Then, the contribution from these interactions to KS,ZL,, g becomes
* 1 2r 2 . px . 2 P* b*
dr dtm [75f (_67‘ wl u ol U "o 8 g ar* uwlzl 87‘* uw”l”

i s+ 66 = )

’

rf
+7sf

<8r*u gu(bjkg/'l:l,ij‘/zu -l-ar*uuz)z‘ar*ufj[ 8’r*u¢u o 2U Z'LL 7, ar*u 1"yt + {(w/,ﬂ/) ad (w//,ﬁw)}>] 7(146)

where u? and u? satisfy Zerilli equation
02 uZ, — 0fuZ, + VazermiuZ, =0 ,
and equation of motion for ¢
Poul, — Pul, + Vyul, =0 .

In these equation, Vzepi; and Vi dump sufficiently first as #* — —oo (or near horizon). Therefore, u? and u® behave
as

uZ, ~ alt —r*) + Bt + 1)
{ ufﬁ ~alt—r)+Bt+r*) (147)

Substituting these expressions into (146), we see that the contribution from near horizon vanishes. Indeed, the

contribution from the pattern (u?,u?, u?) = (o, &, @) is Clearly zero and that from the pattern (o, &, 3) is cancelled
out by the pattern (3,0, a). Thus it turns out that K ' converge by taking into account the equations of

motion for ¥Z and ¢.

//e

E. Deviation from Planck Spectrum

Now, we estimate the effect of interaction (144). To begin with, we estimate KZ}Z/-W”@" and Hg’ée’w”e” defined by

* nt b — 1)
Kw’é ‘w "o —Z/dr dt\/i (U ’ /u " gt +’LL "y ,’U, ,,[,,) s

int

* nt RW* G S px L
H ’ /; 1" gt —Z/d'f’ dt\/i (Uw/é/u "ot 'U/w/[/u //£//> )

int

where u%fW-¢ satisfy the boundary condition of “in region” (73). Using the geometric optics approximation, we can
deduce the asymptotic solution

Z.RW, e—iwv _ e—iwu (as U — —OO)
U = { —iwy _ e ) (148)
e e (as u — o0)

where u =t — r* and v = t + r*. Then, in order to estimate the effect of interaction, we approximate the solution in
two ranges as

uwl —iwv T ) (149)

ZRW.p _ {e_i“’”—e_w“ (for — oo <u < —LInke)
e

=
1€

—e (for — LInke < u < 00)

and we call the former range “outer area” and the latter range “inner area” (see FIG.4).

We consider the case that all u%EW:¢ in K % and H T g AT e~ v For both “inner area” and “outer

area”, this case does not contribute to the mtegral because thls pattern is proportional to the delta function

/dtei(“"'“’ T o fwtw +w ) =0 (150)
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u = —In(ke)/k

FIG. 4: We separately consider near u ~ oo and the other area. We put this boundary at u = f% In ke.

Since we only consider the positive frequency mode, the delta function gives zero. Hence, we need to consider only
the mixed cases. We can show that the contributions from “outer area”’ always vanish. We have already considered
the case that all uZfW:® are e=*v. Let us consider the cases that one of u is e7**. If we consider only the “outer
area”, this effect is negligible because the integral becomes

/d?”*dthint(T)ei(w+w/)veiw//“ = /dtei(w+w/+w”)t/dr*hint(r)ei(erw,fwu)r*

/

~ Swtw +w) / A By (r) e+ =" — (151)

Similarly, we can show that the contributions from “outer area” for other cases are also zero. Therefore, we can
concentrate on the contribution from “inner area”.

We consider only the dominant terms in interactions (109) and (113). First, we check the interaction terms
proportional to 1/f(r). However, these terms do not affect the integral. Because we assumed (149), the same
calculation as the last subsection shows that these terms do not affect. Secondly, we consider the terms which are
proportional to f x 1/f in (113). These terms are

(00006~ 007 d0) - 2L |

(00700, 0 —7*40) (152)

S

again these terms do not affect the integral from the same consideration as the last subsection.
There are O(f°) in (113);

A(P)0rp?*§p + C(1)0ph?* 0y §Op § + E(r)00?* 30y b + B(r) 7 ¢ + D(r)p?* 0pv pOy . (153)

And also exist in (109);
1 .
— W30, ¢ . (154)
’

In (153), we can show that the first three terms becomes zero by using the same method as the last subsection and
(115). Furthermore, the other terms in (153) behave B(r) — 0 and D(r) — 0 as r — o0; and coupling function in
(154) dumps as r — oco. Then, these terms do not affect in the asymptotic region. This means that we can estimate
the effect of these terms using not coupling functions but their value at the horizon , that is B(r = 2M) ~ 1/M,
D ~ 1/M and 1/r ~ 1/M. Other terms can be neglected because their coupling functions are proportional to f/r.
In fact, these terms do not affect both near the horizon and in the asymptotic region. Therefore, summarizing these,
the dominant interactions in “inner area” are given by

S0P+ 07 0,00,-0} (155)
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and
w0} (156)
Thus, Kfjfgf,;w,,f,, can be estimated as
K v~ [ drdt— L { wZpil i 4 uZ 0’ 0 } . (157)
W' w Vowa M w'e w'e w'e

Note that we ignored the constant factor. And H;’,EZ,, 18

w''e
wt * RW [ - ¢ dx . x ¢
Hw’é’;w”f” ~ d'r dtWM |: (Uw/[a’r*uwneu uwuzuar*uw/e/)} . (158)
However, from (149), we see this vanishes. Then, we consider K:j’le’-w”e” hereafter. We assume u%?® = e~V —
e~¥%¢ ™", In the above, the pattern (u?,u®,u®) = (e~™Y e ™" ¢~™?) has been already considered. Hence,

at least, one of (u?,u®,u®) should be e~*%¢ "". Among these cases, the most dominant one is (u?,u? u?) =

(emtxe ™ e~V e~™v) This is because u € (— In ke, 00) implies that

D¢ = _jwe e R = Oe) . (159)
Thus, the case with no derivative of e *%¢ " is dominant. From these consideration, K:’,ZE, Ly can be estimated as
follows;
K<, ~ dr*dti1 iLu,(.uuel%e_m i@+
S Voo M
~ w w - / dvei(wl-Fw”)v /00 du@i%(jiﬁu
w M 0 —LInke
ww' 1 1
~N A — dU— . 160
w Mw +w / kU (160)

The integral in the above equation diverges. However, this divergence occurs because we only considered outside of
the horizon. In fact, since the horizon fluctuates due to metric perturbations, we must extend the range of integral
to inside the horizon. We assume the range can be extended by €. Then, the integral converges as

€ 1 . €W
dU —e™V ~ = . 161
| (161)

—€

So, K:j’ze’-w”e” can be estimated as

K&y oy~ —— 22 (162)

e ~ ! "
w kM W' +w

Finally, using this result, we can evaluate the nonlinear effect. Assuming C’f,m » ~ O(1), (134) can be deduced

m' 0" m
as

1 /d €W VW'W” 1 e2w? ww” (163)

cut
~Y
L K2M?2 W' +w"  Lr2M2w +u"

where we,; is a cut-off frequency. In the same manner, (142) can be estimated as

dw""! cut . 164
/ Zn2M2 (W' + ©)2 LZ/@AM2 (W' +w) (164)

Here, we note the Bogolubov coeflicients are explicitly given by

1 i ] 1 i ;
aw&w/[ ~ ww/w —'Lw/nemu/@m)l-\ <1 + Z::) , ﬁwe,w’e’ ~ mw —lw/ﬁe—ﬂ'w/@”)l—‘ (]. + Z::) s (165)
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from which we obtain

1 1
2 2 2 2
|aw€,w'€' | —e ﬂw/ﬁ|ﬁw€,w'€' | , |/8w€,w'€' | = iy (166)

Now, we can calculate the contribution from (142) to (95) as

) (eQW/K n 1) o Al we | Pwd, e 41 (167)
a wl,w' L K2M2L ((.d/ + @)2 K3M?2T, eQTrw/f@ -1 .
[
And, the contribution from (134) becomes
2 2 NG
. . Ewlyy VWww
/dw/dw// [(awevwlzl aWZ,w”Z” +Bw£,w’f/ w[,w”f,,)/{Qj\;ng
GZWEUt eﬂ'w/m+ef7rw/m _ 52W§ut e27rw//{+1 (168)

~ I€3M2L eﬂ'o.)/l*i _ e—ﬂ’uj/i{ ,‘{SMQL eerw/n -1 :

Taking into account that u? has dimension of the length, we can recover £,. Thus, it turns out that the cubic
interaction modifies Hawking radiation by the term proportional to

e2w3 12

Wu;]f coth(rmw/k) . (169)
This effect is suppressed by the Planck scale. Therefore, the deviation from Planck distribution is very small but
always exists .

V. CONCLUSION

In this paper, we have studied Hawking radiation from fluctuating black holes. For this purpose, we constructed
the canonical quadratic action for metric perturbations and also obtained the cubic interaction terms in 4-dimensional
Schwarzschild background. Taking into account cubic interaction terms in the action for a real scalar field, we derived
the deviation from the Planck spectrum by considering only tree level diagrams. It turned out that the deviation is
proportional to coth(nw/k) . This result may have implications for black holes produced at the LHC and in the early
universe. As is mentioned in the introduction, our analysis is also related to the trans-Planckian problem in Hawking
radiation.

There are many works to be done. First of all, it is intriguing to investigate higher order corrections for metric
perturbations, i.e. self-interaction terms of 1. As the amplitude of quantum fluctuations of the metric is estimated as
¢,/ 7, these higher order corrections must be important if black holes become as small as Planck scale. Considering
these terms, we can investigate “non-Planckianity” of Hawking radiation from black holes like Non-Gaussianity
in inflation [15]. Furthermore, from the AdS/CFT correspondence point of view, these interaction terms will be
important for three point correlation functions in CFT. It is also interesting to generalize the present analysis to
higher dimensional Schwarzschild black holes. This generalization is important because higher dimensional black
holes might be created at the LHC if dimension of space-time is more than six. The calculations would be more
complicated, but the linear equations of motion have been already derived in [16]. Therefore, it would be possible
to compute the effect of interaction even for higher dimensional black holes. It is also possible to consider gauge
fields and fermions instead of a scalar field. Finally, since Einstein theory may not be valid near the Planck scale, it
would be important to change the gravitational theory from Einstein theory to other theories motivated by quantum
gravity. In fact, string theory predicts higher curvature corrections in addition to Einstein-Hilbert action [17]. Again,
the linear analysis has been already done in [18, 19]. Hence, we can extend our analysis to these cases.
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APPENDIX A: SCALAR HARMONICS AND VECTOR HARMONICS

We classify metric perturbations into scalar and vector perturbations in terms of the symmetry in 2-dimensional
maximally symmetric space with the line element ds? = ~4,dz?dz® and the curvature k = £1,0. They can be
expanded by scalar harmonics and vector harmonics. In this Appendix, we summarize our conventions.

Scalar harmonics Y} are defined by the eigenvalue equations

Yl = =Y. (A1)
where the eigenvalue v, depends on the index p. For example, if the 2-dimensional curvature is positive k = 1, scalar

harmonics are nothing but spherical harmonics Yy, and the eigenvalue is given by v, = £(¢ + 1). In this case, p
corresponds to m. We impose normalization conditions

/ FPaAY,Y, =0, 0 (A2)

Using scalar harmonics, we can define vector harmonics

vV, = eapr‘b , (A3)
where €, = \/Y€ap and 23 = —1 = —e32. The vector harmonics satisfy the transverse conditions V,%, = 0 and
eigenvalue equations

V) = —(vs — k)V,* . (A4)

Note that the vector harmonics satisfy the normalization conditions

/ Px\AVpaVy® =756, - (A5)

APPENDIX B: QUADRATIC ACTION IN (A)DS-SCHWARZSCHILD BACKGROUND
1. 341 decomposition

In this Appendix, we calculate the quadratic action for metric perturbations using 34+1 decomposition. The back-
ground spacetime we consider is a (A)dS-Schwarzschild black hole

ds®> = —f(r)dt* + 1/ f(r)dr® + r2y.pda®da® (B1)

where 7, denotes the metric of 2-dimensional maximally symmetric space with the curvature k¥ = £1,0. Using this
metric ansatz, Einstein equations with a cosmological constant A R, — Rg,./2 + Ag,, = 0 read

f=tk-fr—rr, [ =-=20k-f)/r*. (B2)

This can be easily solved as f(r) = k — 2M/r + Ar?/3. Here, M is the constant of integration.
The lapse function N and shift vector N* of this space-time are given by

N=\f, N'=0. (B3)
The induced metric is

1/f10 0
0
i = T27ab (B4)
Apparently, the extrinsic curvature of a t = const. surface vanishes

Kij=0. (B5)
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The spatial curvatures are calculated as
T (STEL A RIS EE (30)
According to 341 decomposition, Einstein-Hilbert action becomes
S = / dtd*zN /g (R + KUK — K? — 2A) , (B7)

where g is the determinant of 3 dimensional metric and K is the trace part of extrinsic curvature. From now on, we
call R — 2A “potential term” and K% K — K 2 “kinetic term”.

Let us define g = N,/g and L = R+ K” K;j— K? —2A. In order to calculate the quadratic action, we must expand
gand L; =g +gM +§® 4+ ... and L =LO© + LMW + L3 4 ... where (n) means the n-th order perturbation.
Substituting these expressions into (B7), we obtain

S = /dtd3 gV +g? +. )(L(O) +1M L@ IR
- /dtde [§(0>L<o> 4 {§<1>L(o> 4 gm)L(l)} 4 {g@)L(m L 4 g<o>L<2>} T } ) (BS)

In the above action (B8), we notice L(®) = 0 from (B5) and (B6). We also have g" L(®) 4 g0 L() = 0 because this
term is proportional to background equations of motion. Furthermore, because the extrinsic curvature of background
vanishes, L(1) is given by the first order perturbation of R, R, and L(? can be calculated as

@) — g L g RO, (K<1>)2 , (B9)
Hence, the action becomes
= /dtd% (N9 R +/dtd3xN\/§ (R<2> + KW ig® (K<1>)2) e (B10)

This tells us that we only need the first order lapse function, shift vector and extrinsic curvature. Hereafter, we omit

“ 77 that is, Rgl-) means first order perturbation of 3-dimensional Ricci tensor, for example.

Finally, we list up formulae for calculating perturbed quantities. The 3-dimensional background and perturbed
metric are g;; and h;j, respectively. With this notation, the first and second order perturbations of the inverse metric
are

g Wi = —gkgihyy

g(2)zg _ 79( )ik ]lhk _gzmgkng]lh nhkl ) (Bll)

We can calculate Christoffel symbols from the following formulae

PO = Lg% e+ s — i)

— N =

@, = 59(1)“ (hajsk =+ hukj — hjra) = ¢ gDV (B12)

And, Ricci tensor are given by

R(l)ij - F(l)l —_ri
R®),; = F(Q)i'j;l _ F(2)il;j + F(l)éjp(l)m _ F(l)émf(l)ﬁ . (B13)

il;3

Note that ; means covariant derivative with respect to the 3-dimensional background metric g;;.



29

2. Scalar Type Perturbations

We treat scalar perturbations using Zerilli gauge. Later, we will change the gauge to a more convenient gauge. In
the Zerilli gauge, metric perturbations are expressed by

fH H, |0 0
Hy H/f|0 0

= | OO (B14)
0 0 r Yab

Then, up to the first order, the lapse function and the shift vector are given by
H
N=\/f -5 N'=fH,, N*=0, N,=H,, N,=0, (B15)

and the induced metric becomes

(B16)

First, we calculate the second order perturbation of “potential term” in the Einstein-Hilbert action. Using formulae
(B11)~(B13), in the Zerilli gauge, perturbed quantities are calculated as follows:

e inverse metric

1
— K~ . (B17)

g(l)rr — —fH , g(l)ra =0 , g(l)ab _ _T2

1
9(2)7’7” _ fH2 , g(Q)Ta -0 , g(Z)ab _ ﬁKQ,yab ) (BIS)

e Christoffel symbols

’

H Hy, 1 ,
rwr — 2 por 7‘ , T — ¢ (TH— 5 (P K) ) Yab »
e — __ 1 pgla pwe _Llgrse pme 1 (K 58 + K00 — Koy, ,,) . (B19)
rr 2T2f ’ rb 2 b be 9 |c% [69¢ c
HH' HH, 1 ,
r@r - 2 p@r e p@r — rf (rH - —(2K) ) yap
2 2 2
r@e — L peple pea _ Llggrse pea Z K (g s g e pla B20
rr P} ) rb — b be — | + 6% Yeb ) - ( )
22 f 2 2
e Ricci tensor
o2 . f o H 1
M, =-K —-ZK - 2K +— - la
B e T 2f T 2pt e
1 1.
RW., = | =H--K
e 2r 27 |,

1 / 1 , 1 , 1
RWy = —ZHg+ [f (rH— 2(r2K)) + 1 (rH— 5 (7 K) ) — o fH = 5K . (B21)
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e Scalar curvature

RM — g(l)inij + gin(l)ij

—Tiz (H+EK)" |, + %2 (—QkK +2Hf —r?f K +2fH +2fr(H — 3K — rK“)> (B22)
e N\/g

(N\/g)(l) =12/ (K + g — g) (B23)

Using these results, we can obtain “potential terms” of the action . The second order scalar curvature perturbation

can be calculated as R(?) = ¢(2)i R;; + g(l)i‘jR(l)ij + g% Rg). The first two term can be easily calculated by using the
previous results. Using Eq.(B13), the last term can be written as

g (p@)éﬂ o U (O N F(l)émr(l)?}) (B24)

In the above Eq.(B24), the last two terms must be calculated using the formulae (B19), while the first two terms can
be calculated by using the integration by parts

[van (g, = el ) = [ a-am) (0@, - g, )
ab
gl r a
/ﬁ(_aTN) ( r2 1—‘(2)0,17 - fF(Q)ra) . (B25)

Thus, we can show that the second order “potential terms” become
1 ’ ’ 1 ’ ’ ’ 1 _
/ﬁbﬂﬂ% —r?f HK + 32 fK? =1 fK H + 5 (H - H) 7"2R(1)} . (B26)

Next, we calculate the “kinetic terms” of the Einstein-Hilbert action. Here, we define E;; = NK;;. At the first
order, we have

1. ;o 1 1/,
By = o5 (H=2fH, = [ H1) | Bro= 3 Hu, Fa=—5 (@K = 2rfH) 7 (B27)
Then, the trace part of the extrinsic curvature is given by
g 1/. / / . 2f
E=gYB;=3 (H —ofH, — f Hl) + (K -=Lm (B28)
T
and the quadratic part reads
i 1/ / , 2 I la 1 9 2
By EY = (H _ofH, — f H1> + 5y + 55 (r K- 2er1> : (B29)

Therefore, the second order perturbation of “kinetic terms” can be deduced as

1 2, 2 ) ., K /
/ﬁ[jmﬂl\am - ;—fKQ - T?HK +2rHH, +1?KH, + 7 (r2fHy) } . (B30)

Then, we obtain the total quadratic action for perturbed metric
1 ’ ’ 1 ’ ’ ’ 1 —

/ﬁ{iHH\a‘a — P HEK + 5P fK? — K H + 5 (H — H) RO

1 2

2 .. . ., K /
—SHH ), ;—fKQ . %HK +2rHH, + r*KH, + ; (r2fHy) } . (B31)

We can derive the constraint equations taking the variation of this second order action with respect to H; and

H. However, we can not easily solve resultant constraint equations. Therefore, we need to change the gauge from
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Zerilli gauge to the convenient gauge defined by (7). This gauge transformation can be obtained from (6). The gauge
transformation we use is

fHZ HZ [0 0

sym H/f| wpq . 0 0 (B32)
sym sym |0 0 r2 K2y, ’
sym sym |0 0 0 0 ¢

where the index Z means Zerilli gauge. This gauge transformation can be obtained by setting &, = (0, —w, 0,0).
Then, from (6), the relation between these variables can be read off as

2fw

H =H+fw, H =H —w, H =H-2fw — fw, K =-—
;

(B33)

Substituting the transformation rules (B33) into the action (B31), we get the quadratic action for metric perturbations
in the convenient gauge as

[ v

2f+Tf wH|a|a + (f’l") H2 _ kfww\ala
2r 2

1 la . la 1. a :
—§H1H1 o + 01 Hy — §ww| o+ 2rHHy + =

|a ,
—l—%ﬁ { (H —2fw — fw— 21:fw> lo — (2rfH) } . (B34)

Now, we expand metric perturbations by scalar harmonics and only consider the real mode (for example, if k¥ = 1,
m = 0 modes are real). Of course, other modes can be calculated and we can get almost the same result as real
modes. After the expansion, the quadratic action becomes

s . s . : 2 ' ' k 1_
/drdt le — vswHy + Js i +2rHH, — ’ysﬂwH + @HQ + vs—fw2 — —Hgs| , (B35)
2 2 2r 2 72 2
where
’ 2 w ’
q =2rfH = 2yfw, qa="1s (H +fw— {ﬂ) +q (B36)
or
T ’ "}/s
_ o B37
) (q2 BT ql) (B37)
1 ’ Tf/ — 2f ’
H = —_— — _— T = — 2 s - B
0 <(J2 0+ q1> , T(ry=rf —2f+~ (B38)

Therefore, the Hamiltonian constraint equation obtained by varying the action with respect to H gives
2=0 (B39)
and the momentum constraint equation obtained by varying H; is

orH
Hy=— 2220 (B40)
s

Substituting (B38), (B39) and (B40) into (B35), we get the quadratic action which is a functional of ¢;. Using a new
variable ¢ = ¢1/T'(r) instead of g1, we obtain the quadratic action

1A )
TeiGLE R (B41)

(P SN B U
/drdtlﬁA+k(at¢) —5/\+k(ar¢) _
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where we defined A = (75 — 2k)/2 and V is given by

f 2 2 4 2 /2 3,3
Vy; = — SAME+ N +4(k+Nrf +22k+ M)r +r
z 4(r2f/—27'f—|-27‘)\+27"k:)2[ ( ) ( )y ( )t f

A2 @A+ rf) — Af {2)\(2k FA) 20k + Nrf + rzf’zH
_ 2f A2\ + k)73 + 302 M 12 + (9 r — 3r3A) M2 + 9M3

B42
r3 (rA+3M)? (B42)
Finally, defining
A
z _
=4/ — B43
v Ak’ (B43)
and using the tortoise coordinate, we obtain the canonical quadratic action for scalar type perturbations
1 1 1
[ arde | 5007 - 0072 - a2 (B14)
3. Vector Type Perturbations
Next, we derive the quadratic action for vector perturbations using Regge-Wheeler gauge
hyuw , (B45)

where v, and w, satisfy transverse conditions v,!* = 0,w,!* = 0. In this gauge, the zeroth and first order lapse
function and shift vector are given by

a

N=yf, N =0, No="| (B46)

and induced metric becomes

(B47)

First, we consider the second order “potential term” in the Einstein-Hilbert action. In our gauge, perturbed
quantities are calculated as follows;

e inverse metric

g(l)rr =0 , g(l)ra _ _TiQwa , g(l)ab —0. (B48)
2)rr _ fj a (2)ra _ 0 (2)ab __ i a,. b B49
g - 7"2 w Wq , g - ) g - 7'4w w- . ( )

e Christoffel symbols

2
1 . f 1 f
1a . a a a __ a |a a __ a
rie  — ) (w + gw ) , TWa — 22 (wlb — wy ) , TWa — S ew® (B50)
! 2
@r _ _ | N @r __ ( b lb @r _ I .
rm=r. = T2wa (w + wa ) , IV = 92 wy (W —wg | M, = " WeWeYap

F(2)a

rr

Il
o

P a I oa
re — St @y, = 9,2 (wpje + wepp) - (B51)
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e Ricci tensor

=
G
-
3
I
(=)
=
=
Q
|
|
[~
|
|
N—————
S
Q
+
[N}
S
Pyl
S
i~}
S
s
Q,,_
Qu
N——

+ i (wa|b + wb\a) . (B52)

R(l)ab = L (wa|b+wb|a) 2

4

This proves that the first order scalar curvature R} vanishes. Therefore, in (B10), we only calculate [ d*zN,/gR?
for the “potential term”. This term is easily calculated using the technique (B25) and the result is

/\/Tny? (k:wawa + wawalb‘b> (B53)

Next, we calculate the “kinetic term”. The first order F;; = N K;; are

1 2 / 1
E.,=0, E.,= 3 (wa + ~Va = va) , B = -3 (Vajp + Vbja) - (B54)
These lead E = ¢” E;; = 0 and
17 f . 2 ! ‘a 2 a a’ 1 alb bla
EijEj:ﬁ waJr;vafva w +;v —wv +F(va‘b+vb‘a) (v 16 4 ol ) . (B55)

Then, the second order “kinetic term” is given by

/\f[ <wa + S, — v ) <u}a + %va _ w') _ 2f17“2 (kvava +vb|a|avb>} ) (B56)

Note that we ignored total derivative terms. Thus, we have obtained the total quadratic action for vector type
perturbations

1 2 / . 2 /
/W[Q <u}a + ;'Ua — va> (wa + ;v“ - > — 2f (kvav + vb|“|avb) + 2f72 (k‘wawa + wawalb;))] . (B57)

Let us expand metric perturbations by vector harmonics V¢ and only consider the real modes. The quadratic action

becomes
1 2 2 / A Af
9 - _ _ _ 2 _ A2 B
(/\+l<;)/drdtl2 (w—i— —v v) <w+ —v v) a7z 2r2w] ; (B58)

where A = (v, —2k)/2 and the overall factor comes from [ /7V*V,,. Taking the variation of this action with respect
to v, we obtain the constraint equation which cannot be solved easily. However, this difficulty can be circumvented
by working in phase space.

From the Lagrangian

2
L—(2A+2k)/dr{;<w+2vvf) L A2 Mo

we can define conjugate momentum p as

which leads to




The Hamiltonian is

H

/drpu') —L

(2A+2k)/d L P 2+/\f 2_(2_P p Y
= T _ R p— p—
2\ 2) + 2k 2 FON+ 2k \2X\+ 2k

In phase space, constraint equation can be written as

2 p P " 2w
‘ .
r2)\+2k+(2)\+2k) e

It is easy to solve the above constraint as

o f7,.2 2 ’
o= ~mirm (047

Substituting this result into the Hamiltonian, we have reduced Hamiltonian

- 1) S PN L p N M
H_(QA”’“)/C”KQ_ 22 +)\> (2>\+2k> +4)\<2>\+2k> 2+r2w2] ’

which is a functional of w and p. Let us make the following simple canonical transformation

Q:7p7 P:wa H(wap):K(va)a

where K(Q, P) is a new Hamiltonian. Then, we have

K(@Q,P) = H(P,-Q)

Now, we define

Thus, the action becomes

L) S Q N\ [P ( @
<2A+2k>/dr[<2— 27 +>\> (2/\+2k) +4>\<2/\+2k

_ 0K A +R)S

5P r2 P

Q

’ _ 1 2 o 1) f 2
[ aritr - [P - M/drdt[WQ - (2— i U) Q

Finally, changing normalization by

RW _ r
v 2 )\()\+I<:)Q

AU
_|_

)

fr
I

W

Af

2/ p2?
r2

Q’Z] :

and using the tortoise coordinate, we obtain the canonical quadratic action for vector perturbation

where we have defined

/d’f'*dt |:; (8twRW)2 . % (ar*’(/)RW)Q _ ;VRW(T>,¢}RW2:| ,

Vaw = TiQ (frf'+2f+2/\) .

)1
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(B59)

(B60)

(B61)

(B62)

(B63)

(B64)

(B65)

(B66)

(B67)

(B68)
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APPENDIX C: SYMMETRY IN QUADRATIC ACTION

In this Appendix, we identify the symmetry in the quadratic action. As shown in [20], we can rewrite Vz and Vrw
as

VRW W2 2
{VZ—W2+§X'¢+W ’ (C1)
where
3Mf
W(r) r()\r+3M)+MS . We SM)\()\—HC) (C2)

Now we consider the quadratic action (B44) and (B67). Using W (r), this action can be rewritten as
L[ T s
5 | drt [¢ Hw} : (C3)

where 9 represents (1), 9%")T. Here, the operator H is defined by

H= 82+33*—(w§+W2+03§Z> : (C4)

where o3 is a Pauli matrix. Then, if there exist operators which commutate with H , the canonical action (C3) has
symmetry. In fact, there are two such operators defined by

1 A 1
Q1= 01287“* +oo W, Q= 025@* —o W,

where o1 and o9 are also Pauli matrices. These operators satisfy anti-commutation relation {Ql, QQ}:O. Then we
can conclude that the quadratic action in the (A)dS-Schwarzschild background has “N=2 supersymmetry”.
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