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ABSTRACT

Krylov subspace spectral (KSS) methods are high-order accurate, explicit time-stepping
methods for partial differential equations (PDEs) that also possess the stability characteristic
of implicit methods. Unlike other time-stepping approaches, KSS methods compute each
Fourier coefficient of the solution from an individualized approximation of the solution
operator of the PDE. As a result, KSS methods scale effectively to higher spatial resolution.
This thesis will present a stability analysis of a first-order KSS method applied to the wave

equation in inhomogeneous media.
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Chapter 1

INTRODUCTION

The problem to be analyzed is the wave equation with a variable coefficients [2]
Uy = (P()ux)x +q(x)u, 0<x<2m, >0 (1.1)

u(x,0) = f(x), wu(x,0)=g(x), 0<x<2m (1.2)

and periodic boundary conditions
u(0,t) =u(2m,t), t>0. (1.3)

We seek a numerically stable method to ensure the computed solution remains bounded.
If the method is unconditionally stable, then regardless of the choice of At, the computed
solution will remain bounded.

Analytical methods, such as separation of variables, are not practical to use for solving
this problem since the coefficients are not constant and would result in a spatial ODE that
we do not know how to solve analytically. Numerical methods for solving this type of PDE
such as finite difference methods require a CFL constraint [4] such that the time-step must
be proportional to the grid spacing. Therefore, at high resolution it would require a very
small time step. Standard time-stepping methods such as Euler’s, Runge-Kutta, multi-step
methods would not be useful due to their lack of scalability. As the number of grid points
increases, a smaller time step would be needed due to a CFL condition for some methods
or an ill-conditioned system for implicit methods. Increasing the number of grid points
dramatically increases the computation time. Therefore, a more practical numerical method
for solving this kind of variable-coefficient PDE is needed.

Krylov Subspace Spectral (KSS) methods are high-order accurate, explicit time-stepping
methods for partial differential equations (PDEs) that also possess the stability characteristic
of implicit methods [8]. Unlike other time-stepping approaches, KSS methods compute
each Fourier coefficient of the solution from an individualized approximation of the solution
operator of the PDE. As a result, KSS methods scale effectively to higher spatial resolution.

This thesis project builds on ideas from stability results of KSS methods. A 1-node KSS

method applied to the heat equation with a constant leading coefficient was proven to be



unconditionally stable [7, 6], as well as when applied to the wave equation with a constant
leading coefficient [5]. Furthermore, a 1-node KSS method applied to the heat equation with
a variable leading coefficient is unconditionally stable [8]. In this thesis, we analyzed of a
stability of a KSS method applied to the wave equation with a variable coefficients under
certain assumptions.

The outline of the thesis is as follows. Chapter 2 provides an overview of KSS methods.
In Chapter 3 we perform a stability analysis of a first-order KSS method applied to the wave
equation with a variable leading coefficient and include a proof that the method is unstable.
Also, in Chapter 3 we prove that under certain assumptions, the method is unconditionally
stable. Conclusions and ideas for future work are given in Chapter 4.



Chapter 2
BACKGROUND

2.1 Derivation of KSS Methods
We begin with the derivation of KSS methods which is easier to explain for the heat equation.

2.1.1 From PDE:s to Bilinear Forms
For simplicity, consider a linear parabolic PDE of the form
u+Lu=0

where L is a second-order, self-adjoint differential operator. Then the solution can be

expressed as Fourier series where each Fourier coefficient
i(o,1) = (£, e u(x,0))
) Y b

is an inner product of Fourier basis functions and the solution operator applied to the initial

data. Spatial discretization results in a bilinear form involving a matrix function of the form
ul f(A)v

where f(A) = e .

2.1.2 Elements of Functions of Matrices

Golub and Meurant described in their 1994 paper “Matrices, Moments and Quadrature" [3]
a method for computing bilinear forms such as

u’ f(A)v,

where u and v are N-vectors, A is an N X N symmetric positive definite matrix, and f is
a smooth function. Since the matrix A is symmetric positive definite it has real, positive
eigenvalues

b=M>L>...>2A=a>0,

and orthogonal corresponding eigenvectors q;, j = 1,...,N. Then using its spectral decom-

position, the matrix A can be rewritten as

N
A= Z lj(]j(]?.
Jj=1

3



2.1.3 Using the Spectral Decomposition

Then computing the matrix function f(A) only requires evaluating f at each eigenvalue A;

and can be rewritten as

N
Z, 14,49 -

Then for the bilinear form, we take the same summation and multiply by u’ on the left and

v on the right. So altogether, the bilinear form u’ f(A)v can expressed as

N
Z Ju’q;q;v,

but computing this summation would be impractical for large values of N because computing
all of the eigenvalues and eigenvectors would require using the QR algorithm which would
take order O(N?) FLOPS (floating point operations).

2.1.4 From Bilinear Forms to Integrals

We let at(A4) be a step function defined in terms of the coefficients of u and v in the basis of

eigenvectors u; and v;,

0, ifA<a
ah)={ Yy HA<A<A, uwj=ulq;, vi=glv
XjLiupvj, ifb<2

where a = Ay is the smallest eigenvalue and b = A, is the largest eigenvalue. Then the

bilinear form u” f(A)v can be viewed as a Riemann-Stieljes integral over the spectral domain

M=

' fAyv =Y f(A)u"qiq)v

.
Il

Il
~ 1M1=

f()v)”ﬂ’]

:/f Yda(A

2.1.5 Approximation via Gauss Quadrature

This integral can then be approximated using a Gauss quadrature rule resulting in

K
ijf ]



where the nodes A, j = 1,...,K, and the weights w;, j = 1,...,K can be obtained from the
Lanczos algorithm applied to A with initial vectors u and v. This results in a tridiagonal
matrix Tx where the eigenvalues are the nodes, and the first components of the eigenvalues
squared are the weights. When the vectors u and v are equal, a(A) is positive and increasing,
but if u # v this may not necessarily be the case which can lead to numerically unstable

quadrature rule.

2.1.6 Block Gaussian Quadrature

As an alternative, we use a block approach in which we compute

T
[u v] fA)[u v]
which guarantees the weights will be positive. Computing this block quadratic form results

in the 2 x2 matrix integral

b ol (A ul f(A)v
/a fada(@) = | Wi

2K
= Zf(?tj)ujujr%—error
j=1

where A; is a scalar, and u; is a 2-vector. We can approximate this integral using a quadrature
rule with twice as many nodes as the non-block case where the outer product (u juJT-) is the

weight.

2.1.7 Computation of Block Gaussian Quadrature Rules

The nodes and weights are obtained by generalizing the Lanczos algorithm to the block case.
Applying the block Lanczos algorithm to A with initial block [u, v] results in the 2K x 2K
block tridiagonal matrix
[ M, BT
By M, BI
Tk = ’ - .
Bxk_» Myg_; BY |
Bx-1 Mg

We then define the quadrature rule for [ u v }T f(A)[u v]as

2K
[ 1daa)~ ¥ il = 102
a j=1

where A; an eigenvalue of T, and u; contains the first two elements of the normalized

eigenvector.



2.2 KSS Methods for the Wave Equation
2.2.1 The Wave Equation

Now, we apply these ideas to the second-order wave equation
uy+Lu=0on (0,27) x (0,00)
u(x,0) = f(x), u (x,0) = g(x), 0<x<2m
with periodic boundary conditions
u(0,t) =u(2m,t), t>0.
The spatial differential operator L is defined by
Lu = —(p(xX)ux)x+q(x)u

where we assume p(x) > 0 and g(x) > 0 to guarantee L is self-adjoint and positive-definite.

2.2.2 Application to the Wave Equation

A spectral representation of the operator L allows us to obtain a representation of the solution

operator, the propagator. We introduce
Ri(t) =L "?sin(tvL), Ro(t) = cos(tVL)

. Then the solution can be written as

e =]y R[]

The entries of this matrix, as functions of L, indicate which functions are the integrands in

the Riemann-Stieltjes integrals used to compute the Fourier components of the solution.

2.2.3 Krylov Subspace Spectral Methods

For each wave number ® = —N/2+1,...,N/2, we define
Ro=[é v ], Ro=[é& u}],
and then compute the QR factorizations
Ry =X1By, Ro=XBy.
Block Lanczos iteration yields Tx and ‘j'K from X; and X;. Then the solution and its time

derivative are approximated by

[@ ], = [BSI COS[TII(/ZAt]I:2,1:ZBO] 12+ [361(‘31;1/2 Sin[i}(/zm])kZ,l:ZBO} b’

8 o = — | B (T *sinlTy *At)12.12B0| |+ B coslTy*Ar]1a.10Bo .

6



2.2.4 Consistency and Stability

Let u(x, Ar) be the exact solution, and let ii(x,Ar) be the approximate solution. If K quadra-

ture nodes are used, then [6]
(&g, u(-,At) —ii(-,Ar))| = O(AL*K),

(e, 1z (-, A) — i1 (-, Ar))| = O(A*E.

Furthermore, KSS methods represent a best-of-both worlds compromise between the compu-
tational efficiency of explicit methods and the stability of implicit methods. This combination
is achieved through a componentwise approach in which each Fourier coefficient of the
solution is computed from an individualized approximation of the solution operator of the

PDE. As a result, KSS methods scale effectively to higher spatial resolution.

2.3 Stability Results for KSS

This thesis investigates the stability of a 2-node block KSS method for a class of wave
equations using ideas from previous stability results for KSS methods applied to other

problems. The following has been proven about the stability of KSS methods:

e Heat equation: u; = puyy + g(x)u, where p is constant, g(x) bandlimited, a 1-node
KSS method is unconditionally stable [7]

e Wave equation: u;; = puy, + q(x)u, where p is constant, g(x) bandlimited, a 1-node
KSS method is unconditionally stable [5]

e Reaction-diffusion system of the form v; = Lv: a first-order KSS method is uncondi-
tionally stable [8]

e Wave equation: u;, = puy, + q(x)u, where p is constant, g(x) bandlimited, a 2-node
block KSS method is unconditionally stable [5]

e Heat equation: u; = (p(x)uy ), + g(x)u with variable p(x) and where p(x) is bandlim-
ited, a 2-node block KSS method is unconditionally stable [8].



Chapter 3

STABILITY ANALYSIS

The PDE we will be analyzing stability for is the wave equation with variable coefficients,

uy = (p(xX)ux)x + q(x)u, (3.1)

under the assumptions that (@) = 0 and §(@) = 0 for |®| > Omax.

3.1 Norm of the Solution Operator

We define the exact solution operator as

P P2 | | Ro(t) Ri(r)
F= {Plz P } B { —LR(t) Ry(t) } (3.2)

where R; (1) = L~/2sin(t+/L) and Ry(r) = cos(zv/L). Then we let
5 Py Py
p—| It
[ Py Py ]
where each P, ; 1s the approximation of F;; by KSS. To establish stability, we need an upper
bound for a norm of the solution operator P that maps [u",u/] to [, u"*!]. We use the

C-norm defined by
I (w,v) 2 =" Cut||v]3

where C is an N x N matrix that represents the constant-coefficient differential operator
— puye + G, where u and v are N-vectors. The notation f denotes the mean of a function
f(x) on [0,27]. We choose to bound the C-norm of the solution operator for convenience,
because the operator C has a very simple expression in Fourier space due to the constant

coefficients which simplifies the analysis. Now, we want to express || P||c as the 2-norm of

_ Pw||2
some matrix instead, since that will be easier to bound. We let || P||Z = SUPyy—(u,v)£0 ”” ||H2C
) W C
Then r 5
. ' ca+ ||V
P2 = sup Speot ¥l (3.3)

u’Cu+ ||v2]|?’



where [g] =P [3] = Pw. In matrix form, we have

1|2 = su @
c = S wlCw
B w! PTCPw
= Sup (CI/ZW)T(Cl/ZW)
where C = [g (I)} . Letz = C'/?w. Then
T 5T AP
- w' P' CPw
P2 = sup— =
ZT(él/ZPé—]ﬂ)T(él/zpé—l/Z)Z
= sup T .
7'z
Therefore,
I1Pllc = |C'2PCT2 |y = ||B]l2 = \/p (BHB) < /]G]l
where
G—B'B— Gi1 G _ C‘1~/2F’ﬁC1/2 C_1~/2P2[{ C]/~2F’1]C_l/2 C]/~2p12 (3.4)
Gy Gx» P1’72’C1/2 PZ pPyCc1/2 Py |

3.2 Stability

We obtain an expression for the approximate solution operator P so that we can bound its
C-norm. We have w**! = Py (Ar)u” 4 Pio(Af)u and u! ! = Py (Ar)u” + Poy (Ar)ul.
This yields

Iz =

s
N
+

N
~
aQ
—
=
N
s
_|_
)
=3
+
—
~

e
5
=
N
+
o
S
=
ﬂ
T
5
z
N
+
o
S
=
Z

We define z;; = P11 (A1)u”, 231 = Pay (At)u”, 215 = P1o(Ar)u?, and 2oy = Poy(At)u’”. Using

the fact that KSS methods compute individualized approximations of each Fourier coefficient,



by working with the Fourier coefficients of the approximate solution, we obtain

(" e = Zlu )(PO® +q) +lel )21 (@) +
Zln )212(0)(p0* +§) +le1 )2 (0) +
lez )(p0* +§) +lez )21 (@) +
2212 )212(0)(p0* + ) +2222 )22 ()
= WG "+ [ Gu' + [ut]TGZIu + [T Gypu  (3.5)
where

211((1)) = Pll(l )( u)—i—MHwew(A—lzwI)lln

= Pi(bo)i(o )—la)an\/—Z[ plo—k)i(k)a(k)] +

k;«éw

1
M o— G(w—k)i(k
11,w\/ﬁk#wQ( ) ( )

71 (60) = P (lz a))( ) + M> wew (A — 127601)[1"

— Polo)i(@)— inm,wﬁk;o (e — K)i(k)a(k)] +
le,m%#w@(w—kwm
212(60) = P12(lz7w>ﬁ[((0) —l(DMlzw\/_ Z [ﬁ(a)—k)z(k)ﬁ,(k)] +
k#£w
Mlz,w%k#w@(w—k)ﬁt(k)
i2(0) = Polbo)i () —i(DMzz,w%v Y [p(o— K)i(k)a, (k)] +
k£
Mzz,w%k#w@(a)—k)ﬁt(k)a

A is a matrix that discretizes the spatial differential operator of the PDE, 5 o = pw*+ G and
I, = g are approximations of the Gauss quadrature nodes produced by block Lanczos [1],

to improve efficiency without losing accuracy, and

10



A—bhehu! = 1AW —1 ()
= ¢R[-DPD+ Q! — b o (ehur)
= —ioé PDu! + 2 ou! — 1 o (el
= —iopéiiDu! —iwé? pDul + gt + el ou’ — 1 o (e8ul)
= (po’+q)(euu)) — iweg DU +20u) — b o (2gu})
= —iwélpDul + ¢ Ou
where p = p — p, G = g — g, D is a differentiation matrix, and P, Q, and Q are diagonal
matrices with the values of the coefficients on the diagonal.

To find a bound for the overall approximate solution operator P, we proceed by bounding
G block by block.

Lemma 3.2.1. Assume p(®) =0 and §(®) = 0 for |®| > @Wmax. Then the matrix G, defined
in (3.4) satisfies

1G]l < 1+ Cr1pllpllAr®N + Ci1 g|Gl|wAr +Cyy 2| BlIZAPN? +
Ci1,pg || Pl l| AP +C1y 2|1 2 A7 (3.6)

where each constant is independent of N and At.

Proof. From (3.5) we have

W G =Y 211(0)211(0) (po* +§) + Y 221 (0) 221 (o).

To evaluate this expression, we work out the first term and second term separately, then add

them together. We have

11



211((1))211((1))

M117mﬁzk‘,6?((0 - k)ﬁ(k)> (Pll(lzm)ﬁ(—w) - inll,wﬁ X

Y [p(j — @)i(j)a(—j)] +M117w%;51(j - (O)ﬁ(—j)>

J

(P11(l,0)) (@) d(—®) = Py (l,0)d(0)ioM, wL X

VN
R4 Pl @M .
;[P(J @)i(j))a(=j)]+ Pi1(l,0)d(@)Mi; \/—Z (=)l
1
i 0— p(w—k)i(k)i(k I o)i(—@) —
oM, \/NZ];,U?(@ Ji(k)a(k)]Pr1 (12,0 )i(—)
@M oy LIp(@ i) o~ @) —5)) -
J
WM}y ZIP(@ i) Tal o)) +
J
Mu,w%;ww—kwmw<zz,w>a<—w>—
in%Lw%Z (o — k)i Z[pj @)i(j)a(—j)]+
k
M%l,w§2[9<w—k)ﬁ(k)]ﬂ@(j—w)ﬁ(—m.

k J

Lets; = ):a,in(a))in ((D) (]_)0)2 —l—ﬁ) Then

12



Y (P (h,0))*i4(0)i(—0) (po® +7) —
ZZ ﬁﬁ(—j)i(J')Pl 1(l,0)i®OM11 op(j — ©)(PO* +q)i(w) +
Y —=i(—))Pi1(lw)Mi1,0d(j — ©)(p0* +7)i(w) —

(K)i(k) P11 (b,0)ioMy op(@ — k) (p0* +7)i(—0) —

<>

Sl gl
%‘H =

Ki(k)ia(—)i(j) Y. 0* M7, wp(0—k)p(j— 0)(pe* +7) —

~™M
2= Z[=
/E\>

<
—~

~[1

k)i(k)a(—j) Y ioM7) ,p(0 —k)g(j— 0)(pe* +7) +
(k) Pr1 (o) M1 0d(0 — k) (po* +q)i(—0) —

k)a(=))i(j) ) ioMt) »d(0—k)p(j — ©) (P’ +7) +

=™
2= Z|=
/E\)

<
<>

(k)

(—J) [(Pn(lz,j))z(l_?jz +q)] -

~[1

(=) Y Mt pa(0—K)a(j— o) (po*+7)

<
—~
~.
N~—
<>

e e S T o R e I e o
SN
2l-

:%vi(j)Pll (Lo )ikMyy 1 p(j — k) (PK* + Z1)} +

M

~™M
<>
—~
d
SN—
<
~~
=

LYt M0~ P )| -
;;W—W(@ :%Vl(k)Pu<lz,j>ijMn7jﬁ<j—k)(z—ajz+a)} -
Zj:{k:ﬁ(—J)ﬁ(k) zlv (07() L 0" Mh wh (@ k)5~ 0) (707 +ﬁ)} _
;;a(ﬂ)u(k) :]lvi(k);inlszﬁ(a) —K)4(j — 0)(po® W)} n
LX)tk P M P +3)] -
LYl i) i o0 - 0pl- 0)(pa? +0)| +

DM 000 Rl - @) (0 )]

™

~™
<
—~
d
N~—
<>
—
=
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Similarly, we have

221((1))221(60) =

<P21 (b,)i(®) - inZl,w# ;[P(w —k)i(k)a(k)]+
lewTZk:q(w—k)u(k)> (PZl(zm) () za)lew%x
Y [5(j — w)i(j)a( J)]+M21,w\/—2q J))

(P21(127w))212(0))ﬁ(—(0) —P21(127w)12(0))i(0M21 a)% X
Y [5(j = 0)i(/)a(= )] + Pai (b.0)d(0)Ma1,0—= Z
J J

inM% ;[ﬁ(co Qi) P (1.0t —0) —

szgl,w%} 4 [p(@ —K)i(k)ak)] Y [p(j — @)i(/)a(—j)] -

M o YIP(@ —RiKER] (a0~ ©)a(— )] +

k J

| %;[@(0)—k)ﬁ(k)]le(lz,w)ﬁ(—w)—

iOM3) ,— Z (0—k)i Z[pj ®)i(j)a(—j)]+

M21,a)]_v ; g(0—k)ak)] Y. [a(j — @)a(—))]

J

14



which yields
Y i1 (0)i21(0) = Y. (Pu(ho))i(0)i(-o)—

¥ Y a(—)a(@)i(j)Ps (lz,w)inzl,w%ﬁ( j— o)+

Y Y () ) = Pr1 (.0) Mo il — ) —

) VN

Zk:;ﬁ(k)ﬁ(_w)inZI,a)%pA(w — k)i(k)P21(127w) —
Z;ﬂ—f)ﬁ(k)]lvi(k)imszMil,wmw—k)ﬁ(j— ®)—
J 0]
Z_;ﬁ(—j)a(k)i]ivi(k)ZwM%l,wmw—k)@o—w) "

J (0]

Zk:;ﬁ(k)ﬁ(—w)%&l (b,0)Ma1 0G(0—k) —

¥ L1 ())i(—)ig; oM i@~ @) +
i ®

(7)) [(Pa (1)) - a7
LX)k P kM )|+
LYailb :ﬁ&l(lz,kwm,ké(j—k)] -
LYtk ey DI )| -

L X i(0ilh)| i) L 0" 070~ 0)] -
LY A(-1)ilh) 59 L oM (0 () ~o)] +
LX)t ()M j0( 0| -

L X a-ilk) i)y T oM (0~ ~0)| +
j L o

LX) | LM iRl ~0) 6.9
J L [0}
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Putting the two equations (3.7) and (3.8) together, we obtain

ZZH )21 (o) (pe* +q) +Zzz1 V221 (W)
= Zﬁ(j)ﬁ( NP ()))* () +q)}
;zk‘,ﬁ(—j)ﬁ(k) :%i(j)l’n(lz,k)ian,kﬁ(j—k)(ﬁkzﬂﬁ)} +

Z;ﬁ(—j)ﬁ(k) -%vpn(lz,k)Mn,ké(j—k)(l_?kz+ﬁ)} -
> i

Z;ﬁ(_])ﬁ(k) -\/1N (k)Pll(lzj)l]Mn]p(] k)(pj +(]):|

J i

Z;ﬁ(_j)f‘(k) %’ szMuwP(w k)p(j — )(T)w2+c7)]—
J i

Y X il=)il) | il T it op(0~0ii— o) 0 +1)| +

sz:ﬁ(—j)ﬁ(k) -%PH(ZZ,]’)MILJQ(]'_k)(ﬁj2+q)} -

: |

Y X al=)il) | it T it w005~ o) 0 +)| +
J L (0]

Y Y-t %ZM%I,wmw—k)ﬂj—w><m2+a>] g

Zﬁ(j)ﬁ( ) [P (l2)? ZZ” ) L/lﬁi(j)l’zl(lz,k)ikle,kﬁ(j—k)]+
j

sz:ﬁ(—j)ﬁ(k) -%le(lz,k)MszQ(J—k)] -

—_

X XA l8) Mo K0P 1) -
Y X)) | i) £ o0 o070~ )| -
J L 0]

Y Y- ile) i) T oM (0Kl o) +

J L [0}

L LAt %le(lz,j)le,jé(j—k)} _

J L

L X a(-all) i)z, T bt oo~ ~0)] +
J L w

Y X a-)ith) | M i -0~ o)
! - 16



= Y a()a(—j) [(Pi ()@ +9)] + Y a()a(—j) [(Pa(l2,))?] —

J J

2 a(=j)ak) %i(j)Pll(lz,k)ilel,kﬁ(j—k)(ﬁkz‘*’q)} +
ZZ&(—j)ﬁ(k) -%Pn(lz,k)Mll,ké(j—k)(ﬁszrﬁ)] -

2 ) a(=j)ak) _%io‘)f’m(lz,k>ikM21,kﬁ<j—k)] +

Y'Y a(—j)a(k) -Lle(lz,k)le,ké(j —k)} -

7ok VN

;;ﬁ(—j)ﬁ(k) \/IN (k)P11 (Lo, )ijMyy ;p(j — k) (B +q)}+
LY P M 0P +0)] -

L i(-)ih e IR (12)] +

LYk ()00 0)| -

L Yacilb i) L 0P o0 - 05 - @) (0 )| -
LYk 0 oMt op(0 - il - o) et +7)] -
;;W—M@ %"U)Zinﬂ,wc}(w—k)ﬁ(j— w)(ﬁw%m] +
LX)k & TR 0l - 00 +2)| -
;Zk:ﬁ(—f)u(k) :]%]i(k)z(j)ZconZLwﬁ(a)_k)ﬁ(j_a))] _

Za’lewP(w k)q(j— (9)]—

gl
g
1S
=2
d
SN—
<
—~
=

2I>—

LY - i)ik) 'i<j>iﬁ2me,wq<w—k>ﬁ<j— o) +

YL (-0 | M (0 - 0a(i - 0)

Zzﬁ(—f)ﬁ(k) [A+B+C+D];
T K
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where

B

1jM>,

<P11<12,]>) §7

Pi”+q) + (Pa( ,))2
(Pll(lz,j)) (P +q) + (P

+ (Po (I,
+(Pa(b,)))’
_|_

cos ( PJj —|—qA>(pj —I—q) (—(p] +q) sm( PJj —1—th>>
cos” (VP2 +abt) (/2 +) + (B2 +@)sin’ (VP2 +aav)

Pi*+3,

_Ni(J')Pn(lz,k)ikM”’kp(j_k)(ﬁk%ﬁ)+

VN

7]\/_
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1
—=Pi1 (L )My 44 (j— k) (PR +G) +
N 11 (g )M kg (j —k)(Pk™ +79)

o ) . 1 o
—Nl(J)le (Lx)ikMyy xp(j —k) + —=Po1 (L )My 1G(j — k),

ﬁi(k)Pll(lz,j)ijMn,jﬁ(j—k)(ﬁjz+q) \/I—Pll(lzu)MllJQ(] K)(Pj*+q)+

p(j—k)i(k)Poi (L ;) + %]le (l,j)Ma1 ;G (j — k),



and

Dy = Gii) LM o 0Pl - o) (P’ +3) +

(0 L i p(0~0dj - 0) (7o +3) +

w10 LioMi od(0 ~k)p(j - 0)(po’ +7) +

N LMi1od(@ k)30 —0) (po*+7) +

I L 0% (0~ )5~ @) + i1 oM, (0~ K)a(— 0) +
i<j>iﬁ§wM21,w@<w—k>ﬁ<j—w)+@M%l,m@(w—k)ao—w)

= I L oM pl0 5~ 0)(p0" +7) +
i) @M op(@— P~ 0) +

1 k);iw%zmﬁ(w—k)é(j—w)(ﬁwzJﬁ)+i%i(k)ZwM§17wﬁ(w—k)qA(j—w)+

l(j)ginlzl,qu(w—k)ﬁ(' ®)(pe’ +7) +i(; l-Zwle 0d(0 —k)p(j— )+

1 A A .
NZMﬂ,wQ(w K)4(j — o) (po* +q) + — Zle 0d(®—Kk)§(j — o)
(0]

_ %i(k)i(j)%w%ﬁ(w KA — ©) (M3 (0P +7) + M, ) +
%i(k)i;wﬁ((v K)Q(j — 0) (M} o(PO* +7) + M3, ) +
%i(j)i%w@(w KD — @) (M o (0 +7) + M o) +
%;qm — K~ ©) (M (P07 +7) + M3, ).

To get an upper bound for ||G11||, we use the following bounds on P;; and M;; ¢, which

are the coefficients in the linear approximations of the various components of the solution
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operator,

‘cos («/lz wAt)‘ <1

‘PZI (12 w)| < ‘— 1/2 sin ( > ‘ ‘11/2‘ ll/zAl‘ = 12 PIYAVER
Ar?

< A

- 2

kY
=
3
=
N

- A2
= (po?+q)' 2At+ (q)'2AL

Myo| < A (1 + 2—72)
PO

We have multiple bounds for M| and M», so that different terms will have the same order

of magnitude in terms of N and Az. Then

By| < ’ R RER +D) 2+ A )+
VN 2 YN 2
Sl R @R (1428 ) + a0+ g (1425 )
= ’%jkp(f —k)(PK* +q)Ar° (% + ;—;’2) + %q(j—k)(ﬁk%qmﬁ (3 + _Z_ZZ)’
< | JempG-nEe saad (3+2 )+ -0+t (342

e
\/NQ.] pPJ T4 )

&
[\S]

il < 'Tjkﬁ(j—k)(ﬁjzﬂ_])

[\]
\Q‘Ql
N————

"Bl‘[\.)
S
N— ——

oAl 2 2qg . D a2
jkp(i—k)(Pj*+7 At2(1+r)+—q J—k)(pj-+q)At <1+_
(J—k)( ) oF \/—( )( ) 5

L. a2 3
+ _2) +—=q(j — k) (p)* +q)Ar° (5 +

TR

+—=q(j —K)(P)* +q)Ar’ (§+

IN
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Dal < ]lvi(k)i(j)f,wzﬁ(w—k)ﬁ(j— ©) ( ( (WW)AJ; = /z)z(z—aw2+a>+
At( p4(§2 p4‘1 ))Jr%i(k)i;wﬁ(w—k)c}(j—w)x
(((z‘aw2+a>AIZ+ @)1/2)2@@2%1) o <1 +1%+T;i4)> ’
FNE @i 0p(- ><((m2+;}j§ PR
At( P4£2 ?4q )) qu 0au )<(<ﬁw2+a>?;z+(a)l/2)zx
N
< gt (v (1)),

{ .
—i(k)i ) op(w—k)§(j — ) (At2+At (1+ q+_—2)
()

L.

)+
yiUIE 00~ K)p(i~ o) (NZW (” _+—_2))+
v - (1494

m p P
— 2
— ]lvi(k)i(j)ngﬁ(w—k)ﬁ(j—w) (At2+At2 (%H) ) -
1.

_ 2
—i(k)i ) wp(®—k)§(j— ) (At2+At2 (@ + 1> ) 4

P
_ 2

]lvi(j)i; wg(w—k)p(j— ) (Atz +ar (%q " 1) ) ’

zleé(w —k)4(j — o) <Ar2 +Ar? (2——6_] + 1)2>

) p
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From these bounds, we obtain

HGUH‘X’ < 1r<nJa<XNZ’A]k+B]k+C]k+D]k‘

1/2 1/2(=2 | =
lgljagN(pJ +q) V2 (pir+q) VAPt +9) +

N

IA

o 1/ 12 2q
Jkp(j— k) (B> + @)~V (pk* +§) 2 (pk +q) Ar (—+—)

T
1

M=

P
. RN _ IR _ 3 2g
q(j— k) (/> +q) "V (pk* + ) V2 (pk> +g)Ar (§+§q)’

M= T
5~ - g~ g~

_|_
o S0 _ N1/ 3 2
Jkp(j— k) (B> +q) VA (pk* + ) V2 (B +q)Ar (5 + > ‘ +

=~
I
—

A im—n 2 (3 2
q(j — k) (pi*+q) " VH(pk* +9) V2 (B +q) A <E+E)’+

M=

T
1L

M=
=z~

—

i(k)i(j)(p/*+3) (K +3) Y. 0 plw —k)p(j — ) A

1+(§j+1)2)

bl

N

Ly

|
i(k)i(pj*+q) "2 (pk> +q) I/Zpr (0—k)x

i(p/*+q) 2 (pk* +q) "1 x

i

(pj*+q) "1

22



3 2¢ .
< L in (222N 1515 2 —7)1/2 ‘k—kz _1/2‘
= I (2+ﬁ>\|p|! B +7) k; 1)+

a2 (3 29\ o 2 12 v 12 4 7)1/
P s+ = ) gl +7) 2 Y |(pk +9)' | +
2. p k=1
A2 3,29\ —2 _1/2N K(BI2 + )~ 1/2
JAL Bl 2t (it +9)"? Y |k(pk> +9) 7|+
k=1
3

29\ . o _ Noo N
AP (§+§q) 1G]l(P/* +7)* Y )(kaHJ) 1/2‘ +
k=1

D 2g A W NP
A | 1+ (1 1A=+ %),

k=1

s (14 () Vil 02 3
> Plleo||q]|c\PJ] q

k=1

— 2
A2 (1 2q | S Al (= 2 —71/2N
JA | (2 15l lldll-(Pj* +7)7"/% Y
k=1

) 2q ? 112 (= 2 _71/2N
|1+ (Z+1) gl e +a) )

k=1

k(pk? +3)"'? Y o?
[0

(pk*+9) 'Y
[0)]

+

k(ﬁk2+§)1/22a)‘ +
0]

(ﬁk2+c‘1)1/22w’+
0]

(3.9)

We can bound each of the summations in (3.9) as in the examples below. Because p and

q are bandlimited,

N j+a)fnax 1 2 j+a)max
pU—k) Y I =pGi—k) Y  K<NPplle Y A
k=1 k= j— Omax k#j k=j—Omax,k#j

Letn=j—k,sothatk=j—n.If0 < j < Wnax, we have
Omax max Omax
N =—Wmax

If j > ®Wmax, then

Wmax max Wmax
Y, li-nl= Y li-nl+li+nl= ) 2j=2jomx.
11=— Wmax n:l n:1

Taking the maximum of (3.11) and (3.12), we get
max{zwélamzjwmax} = 20max Max{ Omax, j} = 2jO.

Therefore, the summation in (3.10) is O(N).
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Z ‘]'—T”:Z\j—n‘+’j+n|:Zzn:wglax"‘%axgzaﬁlax-
n=1 n=1

(3.10)

(3.11)

(3.12)



As another example, if we have §(j — k) where |j — k| < ®max, then

N J+ Omax
Q-0 @+ 2 Y |+ )2 =aG- 0 P9 (K +q) ).
k=1 k=j—Omax k#j
Assume j > 0. For j > ®Wpax, we have
2 1/2 j+§m > 2 1/2 2 1/2 s 1
7/ +7) P+ 2 < 3P +a) — )
k= j— Omaxk#J k= j— @mack# j (P(j — Omax)? +7)1/?
o 20,
< (Bi+9)"? o

(P(J — Omar)? +9)'/?
As j — oo, from

2
20,/ +9)"? \ _ 40,2/ +79)
(P(j — Omax)?+79)"/? (P(j — Omax)? +79)
we obtain
lim 4w’31QX(I_)j2 +q> = lim M — lim Swr%mx(ﬁ)
Jreo ﬁ(] - wmax)z +q J—soo Zﬁ(] — (Dmax) j—roo 2p

Therefore,
2
o) =2 =\1/2
fim (2Omax(Pi”+q)" ) =200
i~ \ (P(J — Omax)* +7) /

A2
=4w,,,-

For 0 < j < 0max, we have

N J+Omax
PP+ Y |+ = e Y |+
k=1 k:j_a)max

j+wmax 1

< l_?jz‘f’zll/2 Py S
( ) ke o, (P(0)2 )12

120
< (p12+Q)l/zT'7§‘x

Za)max (ﬁwgmx + q) 1/2

<
N (@'?
Therefore, the sum can be bounded independently of N.

Using a similar approach to evaluate the remaining summations in (3.9), we obtain

Gl < 1+Ci1 PN +Co g1l e + i1 | llebPN? 4+ C1 1) ee? +
Co e |BI2 AN + Cut gl Bl + Ct |l ]2 + €y ell2
L+ C11p | llwAPN? +C11 g 3] 07 +Cyy 2 | 526N +

Cit pa | % + €1y 212

2

IN
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Using the same approach, we find the matrix Gy, defined in (3.4) satisfies a similar

bound as G, with unspecified constant factors.

Lemma 3.2.2. Assume p(®) =0 and §(®) =0 for |®| > Omax. Then the matrix Gy, defined
in (3.4) satisfies

|Gi2lle < Ci2,p||PlleoAIN +Cra g4 C?HDQAl‘—i—Clz’szﬁHiAtN—i—
C12,pqlIPllos|1Gl oA + Cy5 21|12 A1 (3.13)

where each constant is independent of N and At.

Proof. From (3.5) we have

u']"Gou) = ZZH )212(0) (p0” + ) + Y 221 (0)22(®).

(0]

Again, we simplify the first and second terms separately, then combine them. We have

. R . : 1
= P11(lz7w)u(—a))P12(lz’w)u;((x)) —P11(127w)u(—(x))la)M127wﬁ X

Y [5(0 — K)i(k)i (k)] + Py ()i~ )Mlzm\/lﬁ Y (e — k)i, (k) —

k

inU,wﬁ ;[ﬁ(j—w)i(j)ﬁ(—j)]Plz(lz,w)ﬁz(w) -

szll,lez,a)]lVZ[ﬁ(j o)i ]Zﬁ o — k)i(k)a, (k)] —
J

. l s A
len,a)Mu@NZ[p(]—w )i( Zq (o — k)i (k) +
J

Mu,w% ;qo—wm(—j)m(zz,wmt(w) -

iOM1 oM12,0~ Zq] ®)a(—j) Y[p(0 —k)i(k)a (k)] +
k

Mll,lez,a)ﬁ Z@(i - w)ﬁ(—j)zk‘,é(w — k)it (k).
j
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Letsy; =Y 5211 (0))212((1)) (pwz —l—q> We have

Y Yol -P11(lz7w)in12,w%l5(@—k)i(k)(ﬁwer(?)] n

Y Y a(— o) (k) -P11(lz,w)M12,w%@((0—k)(ﬁw2+Q_)} -

L L i(-1)i1(0) [10M11.0- (- 0)i() (i) (0 +0)| -
joo L

LX)k {; M1 Mz~ 0)() ﬁ(w_kﬁ(k)(,;wzw)] .
DRI [;inn,wMu,w}vﬁ(j— w)i(j)@(w—k)@wuq)} s
;;ﬁ(—j)ﬁr(a’) [Mll,w%(ﬂj—w)P12(127w)(pw2+q)1 _
;g’ﬁ(—j)ﬁt(k) {;inU,wMu,w%qo — 0)p(o—k)i(k)(po? +q‘)] +

¥ (-0 0) [ E 1 oMo (1~ 0)i(0 ) 0%+

a(— ) (j) [P (b)) Pra(ba,j) (57 + )] —
;;ﬁ(—j)ﬁr(k) :%vijPll(lz,j)MlzJﬁ(j—k)i(k) (P +q)} +
;Zk‘,ﬁ(—j)ﬁr(k) %Pl 1(b,j)Mi2,;4(j — k) (P> + é)} —

YY) 0) | )ik =Pl ()| -
J |

Z;ﬁ(—j)ﬁt(k) ]lvi(j)i(k) Y 0*M1 wMi2.0p(j — ©)p(0 —k)(po? +Q)] -
j L 0]

Y- LI oM oMo 08l - 0)i(@ - (0’ +c7>] ¥

bi L w

E (-8 | oMy~ () 7 )] -

Z;ﬁ(— 7 (k) -]lvi(k)iZan,lez,wé(j— w)ﬁ(w—k)(ﬁw%ré)} +
J L w

LY (= i(k) _}VZMH,lez,wcﬂj— w)@(w—k)(ﬁw%q)} : (3.14)
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Similarly, we have

221((1))222(60) =

<P21 (b,o)i(—o) — inZl,w% ;[ﬁ(j —o)i(j)a(—j)]+
M21,wﬁ ;C?(J' - (D)ﬁ(—j)> (Pzz(lzm)ﬁz(w) - inZZ,w% X

Zk:[ﬁ(w —k)i(k)a (k)] +M22,a)% zk‘,é?(w - k)ﬁz(k)>
Poi(l,0)i(—@)Pr (b o) (®) —

Py <zz,w>ﬁ<—w>inzz,w% Flp(@ - Rik)a )] +

1
Poi(b.o)i(—o)Ma ¢ —— g(w — k)it (k) —
21 (l,0)i(—o) Moy, \/N;CI(@ )it (k)
inzl,w%;mu—w>i<j>a<—j>]Pzz<zz,w>az<w>—

@M1 0y L5 ~ @)~ Mz.0 K150~ K450

Mz o; YIpU— 0~ Maz0 L (@~ 0k +
J

Mot X (= @)= Pl )in() -
Mot o L0~ 0)i(~ )ioMan o Y[~ Kilk)a (k)] +
J k

Moo a0~ )i~ Moo Y. a(0 k)i ()
; %
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which yields

Y m1(0)in(0) = Y Pi(be)i(—0)Pn(he)i (o) —

;z];’ﬁ(—w)ﬁ,(k) :%le(lz,w)inzzwﬁ(w—k)i(k)} +
VN

E X (-1)i0) | Tiota ol - 0)i()Pallza)| -
] o L

E X100 | £ 0zt~ ) Mz 0~ i) -
Jj ok

ZZQ(—@)ﬁz(k) -Lle(lz,w)Mzz,w@(w—k)} -
ok

LTl (0) oMo 77~ 0} Moo )| +
ZZ” {Mm o \}NCI(]' - (D)Pzz(lz,w)] -

XX (i) [Et ol - @)z ol i) +
J k

ZZ&( [ZMzml 4(j — )M g(o — k)}

= Zu J) [P, j)Po(b,))] —
;gu 0 | (1M 0100 +
;;ﬁ( iy (k) :%Pﬂ(lz,j)Mzz,jé(j—k)} -
LY 0) | ter (R Pltzs)| -
XL iDil) | T oMyl )i M0 18|
LY a-)a L ioMa 037~ 02 a0~ 0)| +
LX) il =Pl -
EXal-)ilb L2 0y - @)i0Mzz 090~ R(6)| +
;Zklﬁ(— i (k) :;MZI,w]lvé(j—W)MZZ,wQA(CO—k)}. (3.15)
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Putting the two equations (3.14) and (3.15) together, we obtain

Zln )212()(p0* +§) +le1 )222(®)

= ZPH L, j)i(— j)Pia (L, )i () (P> + ) —

Y Y (i (k) _jﬁupnaz»Mmpo 0k +)| +

-4
L X ADill)| Pt Mz 40P )|

LY ADl)| ik pl 0P +3)] -
XXl 00 L™ oMz o~ @)p(0 )0 +0)|
EL 000 [ UNE oM oMz 0pl - 00 K70 +3)] +

YY) | M~ 0 Pralls) (7 + )| -

E L) (6) | i o ot od i~ 0)p(0—K) (50 +)| +

Jj k

T Y ()i }VzMn,wMu,wqu—w)@(w—k)(ﬁw2+q>]

J ok o

Zle 12] P22 12] I/t, ZZH |:\/1NP21(lz7j)ijM227jﬁ(j—k)i(k)} +

Y ) a(—j)ii(k -\/1—P21(12])M22161(J k)}

J k L

YY) (8) | ik =) P -
j L

L X ()00 | X 0%t P~ @Mz (0~ RE)] -
Jj k

Lo

Y ) a(—j)a(k) _Zi(DMsz%ﬁ(j—w)i(j)Mzgij(w—k)} +
Jj k L ©

Y Y a(=j)a (k) -MZI,k%g(j_k)PZZ(ZZ,k)] —
T x I

Z;ﬁ(—j)ﬁt(k) _ZMM,%C;(]' — )iOM o p(® — k)i(k)] +
] L @

sz:ﬁ(—j)ﬁt(k) _Zle,w]%ié?(j — 0)M2 »G(0 — k)]
! - 29



= Y Pu(h)i(-
J
Y Y a(—j)an(k
7K
Y ) a(—j)in(k
7K

NPo(b)i () (B> +q) + Zle (b.j)a(—e)Po(l, )i () —

j
(1

_ﬁi(j>ilel,kﬁ(j —k)Pi2 (L) (Pk* +Cf)] +
- B ] ]
—=M1144(j — k) Pia(lag) (pK* + Q)} +

VN

_Liki(j)le,kﬁ(j - k)P22(12.,k)} -

VN

[ 1
Mo r——=4(j— k)P (! —
i 21,k\/NQ(] )22(27k)]

1. . ) a0
—=ijPy1 (L )Ma,p(j— k)i(k)(pj* +Q)] +

VN

:ﬁPn (b, )M12,;4(j — k) (pj* + (?)} -

(1 .. . )
—=Ps1 (b, j)ijMa ;P(J —k)l(k)} +

N
ﬁle(lz,j)Mzz,qu(j - k)} -
D0 L M1 oM 0 - @)5(0 - 4) (0" + )| -

:]lvi(j)i;wMu,lez,wﬁ(j— w)@(w—k)(ﬁw2+q)] _
:zlv’(")i;an,wMu@f;(j — 0)p(0—k)(po? H—,)} N
ll\’ ;M“’“’Mllw‘?(f — w)g(0 —k)(po’ + q)] -
; szzl,w%ﬁ(j — 0)i(j)Ma.0p(0— k)i(k)] ~

. L, . g .
ZZQ)MZL(ONP(J — 0)i(j)M,0d(o — k)} -
L @

[ L, . : . :
Zle,wNQ(J — 0)ioMy (0 — k)l(k)] +
L

[ L, . .
Zle,wﬁé?(J — 0)Mx 0g(® - k>]
L@

:
;;ﬁ(—jﬁ?(k) [A+B+C+D];
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where

Aj; = Pu(b,)Pio(b;)(pj*+3§) +Po(b,)Pa(b,))
= cos ((ﬁj2+Z])1/2At) (1_9j2+q)71/zsin (\/ﬁm) (ﬁj2+q) +
(~@7+@)sin (P +)°r ) cos (v/p P+t )
= cos (/2 +@)2ar) (5% + ) Psin (/2 +qar) -
(@72 +@)sin (/2 +7)' ) cos (V/p2 v
= 0,

| N o _ _ 1 . _ _
Bj, = ﬁl(f)llel,kp(] —k)Pia(lo) (P> +§) + ﬁMll,kQ(] — k)Pro (L) (PK* +§) +

1 1
o i()ikMay 1 p(j — K)Po(lag) + Moy i ——G(j — k) Poa (I 1),
er(J)l 21400 — k) Po(log) 21,k\/NQ(] )P (L )

| . ) o 1 o 0
Cik = ﬁlﬂ’l 1(b, )Mo, p(j —k)i(k)(pj* +q) + ﬁl’l (L) )M12,;4(j— k) (Pj* +q) +

1 .. . ) 1 o
—=P1(l,})ijMa ;p(j — k)i(k) + —=Pa1 (L2, j) M2, jG(j — k),

VN VN

31



1

N i(/)i(k) Y, 0*Mi1 oMi2,0p(j — @)p(0 — k) (po® +7) +

L. vy . _ _
NI(J)lZlel,wMIZ,wP(]_w)Q(w_k)(Pw2+q)+
o

1., .. . . _ _
Nl<k)lZlel,wM12,wQ(]—w)p(a)—k)(pw2+q)+
0]

1 N R _ _
N;Mll.,wMH,wQ(] — 0)§(0—k)(po* +q) +
1. g . :
Z(UZMZL(»NP(J — 0)i(j)Ma2,0p(@ —k)i(k) +
(0]
1. g .
L i0Ma1 0P (j = 0)i())Mr,0d(@ — k) +
(0]

L, . : . :
ZMZLwNCI(J — 0)iOM (@ — k)i(k) +
(0]

. .
Zle,wﬁfJ(J — 0)M2 0g(0 — k)
()

L., .. N R _ _
N ()i(k) Y 0*Mi1 oMi2,0p(j — ©)p(0—k)(po* +§) +
(O]
1 . .
N i(j)i(k) szMZI,wp(] — 0)M2 p(0—k) +
w
L. .. o . _ 2
NI M oM, 0p(j— ®)§(0 — k) (pO* +4) +
w
L. .. . .
NI(J)lZwle,wP(J — 0)M og(® —k) +
0]
L, .. o . _ _
ﬁl(k)lZ(OMleMmmCJ(J—w)p(a)—k)(pm2+q)+
0]
1 . s R
ﬁi(k)’ZMZI,wQ(J — 0) M op(O —k) +
0]
1 : R _ 1 o X
v LMioMi2,04(j = ©)4(0 = k) (p0* +3) + 1 ) Ma1,04(j — ©)Mn,0d(@ — )
@ )
1 . R _ _
N i()i(k)Y, 0*p(j— ©)p(@ —k) (M11,0M12,0(PO* +§) + Ma1 oM o) +
w

1 . s N _ _
ﬁi(j)lz 0p(j — ©)4(® — k) (M11,0Mi2,0(pO* +§) + Mot oMa2.0) +
w

1 . N _ _
Ni(k)iz 0§(j — ©)p(@ —k) (M11,oM12,0(pO* +§) + M1 oM ) +
w

1

N ZC?(J —0)§(0—k) (M117wM127a)([50)2 +q) +M21,a)M227a)) .
)

32



To get an upper bound for ||G12 |-, we use the following bounds on P;; and M;;  :
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From these bounds, we obtain
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Working out these summations as done in the proof of Lemma 3.2.1, we get

1Gialle < Cirzpl

@||ooAf+C12,p2||ﬁ||goAtN+
A1l s 112
C12,pg|Plleo| Gl + C3 g2 |G AL

Using the same approach, the matrix G in (3.4) satisfies a similar bound.

3.3 Putting It All Together

We prove that the first-order KSS method applied to (1.1), (1.2), (1.3) is unstable.

Theorem 3.3.1. Assume p(®) =0 and §(®) = 0 for |®| > @max. Then the solution operator
P satisfies

1Pllc < 1+ (CpllplleN +Cqll]--) At (3.16)
Proof. Because |G|« is the maximum row sum,
[Gll Glz]
G2 G
Then the whole operator is bounded by ||P||c = ||B]l2 < v/[|Glle < V/[|G11leo + [|G12][co-
Using the results from Lemma 3.2.1 and Lemma 3.2.2, we have

< max{||G11Hoo + HGQHM, ||G21 oo + HGzzHoo}. (3.17)

[

[Glle < 148N (Cia pll Pl + Cpg | 512) +APN2 (Cr1 pl| Pl + Coy 152 +
A (Cr2, gl + 1o gl Pl + Cr 2112 +

2 5 5 ~ ~112
A (Cuglldllen+ Crt gl Allelllo+ 1y 21111 ) (3.18)
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Let
- ~12 ~ TR ~112
R=N (Crapll e+ Cra 2| 51) +Cio glldlle + Co gl 1l 12+ 122112

and

S =N (Cr1pllplle+Cr1 2 I1512) + Cut g+ Crt 17wl +Co1 2 12

Let T = max{S'/2,R/2}. Then T > R/2, so 2T > R. We have
I1Pllc € VGl < 14 TAt < 14 (Cp||pl|eN + Cy|]|oe) At
from which the result follows. [
Corollary 3.3.2. Assume the leading coefficient p(x) is constant. Then,
IPllc < 1+ (Cyllgllo)Ar.

Proof. The leading coefficient p(x) is constant which means p(x) =0. Then p=p—p =0,

where p is the mean of p. Then from (3.18), we now have
Gl < 1+ A (Cragldlle+ Ciop12) + 8 (Cut g1l +Cry 2 d112)

Let R = Ciaglldlle + C12,211Gl12, S = Ci1,4lldlleo + C1y 211112, and T = max{S'/2,R/2}.
Then T > R/2, so 2T > R. We have

1Bl2 < VI[Glleo < 14 TAr < 1+ (Cyl|q]|eo) At

Therefore, a first-order KSS method applied to (1.1), (1.2), (1.3) under the assumption that

the leading coefficient is constant is unconditionally stable. 0
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Chapter 4

CONCLUSION

We have proved that a first-order KSS method applied to the variable coefficient wave
equation with periodic boundary conditions is not stable with respect to the norm induced
by averaging the coefficients We have also proved that the same KSS method applied to the
wave equation with periodic boundary conditions is unconditionally stable in the case of
a constant leading coefficient.. This is the first result proving unconditional stability for a
KSS method with prescribed nodes applied to the wave equation, as opposed to nodes of
Gauss quadrature rules.

Ideas for future work include: 1) to prove the same result holds if coefficients are not
bandlimited but sufficiently smooth, 2) complete the convergence analysis for the constant
leading coefficient case to include consistency and convergence results, 3) generalize the
analysis to higher-order KSS methods or higher space dimensions with other boundary
conditions, 4) modify the KSS method to ensure stability, and 5) complete a stability analysis
of a second-order KSS method applied to the same variable coefficient wave equation using
the L-norm.
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