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ASYMPTOTIC STABILITY, CONCENTRATION, AND
OSCILLATION IN HARMONIC MAP HEAT-FLOW,
LANDAU-LIFSHITZ, AND SCHRODINGER MAPS ON R?

STEPHEN GUSTAFSON, KENJI NAKANISHI, AND TAI-PENG TSAI

ABSTRACT. We consider the Landau-Lifshitz equations of ferromagnetism (in-
cluding the harmonic map heat-flow and Schrédinger flow as special cases) for
degree m equivariant maps from R? to S?. If m > 3, we prove that near-minimal
energy solutions converge to a harmonic map as t — oo (asymptotic stability),
extending previous work [12] down to degree m = 3. Due to slow spatial decay
of the harmonic map components, a new approach is needed for m = 3, involving
(among other tools) a “normal form” for the parameter dynamics, and the 2D
radial double-endpoint Strichartz estimate for Schrodinger operators with suffi-
ciently repulsive potentials (which may be of some independent interest). When
m = 2 this asymptotic stability may fail: in the case of heat-flow with a fur-
ther symmetry restriction, we show that more exotic asymptotics are possible,
including infinite-time concentration (blow-up), and even “eternal oscillation”.
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1. INTRODUCTION AND RESULTS

The Landau-Lifshitz (sometimes Landau-Lifshitz-Gilbert) equation describing the
dynamics of an 2D isotropic ferromagnet is (eg. [13])

@ = ai(ATG + |Vi)*0) + axit x A,  a; >0, ap €R (1.1)

where the magnetization vector i = u(t,z) = (uy, us, uz) is a 3-vector with normal-
ized length, so can be considered a map into the 2-sphere S%:

@:00,T) xR —= §* :={u e R*| |i] = 1}. (1.2)

The special case ay = 0 of (1.1) is the very well-studied harmonic map heat-flow into
S?, while the special case a; = 0 is known as the Schrodinger flow (or Schridinger
map) equation, the geometric generalization of the linear Schrodinger equation for
maps into the Kahler manifold S?.

In order to exhibit the simple geometry of (1.1) more clearly, we introduce, for
@ € S?, the tangent space

T8 =it ={{eR®|i-£=0} (1.3)
to the sphere S? at . For any vector ¢ € R®, we define two operations on vectors:
JU=ox,  PYi=—JJ"% (1.4)

For @ € S?, P¥ projects vectors orthogonally onto T;S?, while J7 is a 7/2 rotation
(complex structure) on T3S?. Denoting

a=a +tay € C, (1.5)
the Landau-Lifshitz equation (1.1) may be written
i, = P'A@,  P%:=a,P"+ ayJ" (1.6)
The energy associated to (1.1) is simply the Dirichlet functional
£ (i) — % [ Ivitda (1.7)

and (1.6) formally yields the energy identity
t
E(u(t)) + 2a1/ |PEAG(s, z)*dxds = E(i(0)) (1.8)
0 JR2

implying, in particular, energy non-increase if a; > 0, and energy conservation if
a; = 0 (Schrodinger map).
To a finite-energy map @ : R? — S? is associated the degree

1 -
deg(u) := 4—/ Uy J Uy, d. (1.9)
R2

™

If limyg o0 %(2) exists (which will be the case below), we may identify @ with a
map S? — S?, and if the map is smooth, deg(#) is the usual Brouwer degree (in
particular, an integer). It follows immediately from expression (1.9) that the energy
is bounded from below by the degree:

1 _
£(i) = ; /R iy — Ty [? + A deg() 2 47 deg(@), (1.10)
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and equality here is achieved exactly at harmonic maps solving the first-order equa-
tions

Uy, = J i, (1.11)
which, in stereographic coordinates
S?5 4 “11 T2 C U {oo) (1.12)

are the Cauchy-Riemann equations, and the solutions are rational functions. These
harmonic maps are critical points of the energy £ and, in particular, static solutions

of the Landau-Lifshitz equation (1.1).
In this paper we specialize to the class of m-equivariant maps, for some m € Z*:

i(t,x) = e™ it r), 7:00,T) x [0,00) — S? (1.13)
with notations
R:=JF =Fkx, k=(0,0,1), (1.14)
and polar coordinates
Ty 4 izy = re®. (1.15)

In terms of the radial profile map ' = (vy, v9,v3), the energy is
o) 2
E(il) = 7r/ (|17T|2 + m—Q(vf - vg)) rdr. (1.16)
B r

Finite energy implies ¢ is continuous in r and lim,_ 0¥ = ilg, lim, .U = +k
(see [11] for details). We force non-trivial topology by working in the class of maps

S = {@ = e™R5(r) | £(@1) < o0, 7(0) = —k, T(c0) = k}. (1.17)
It is easy to check that the degree of such maps is m:
deg [z, = m. (1.18)

The harmonic maps saturating inequality (1.10) which also lie in %, are those
corresponding to 5z™ (G € C* = C\{0}) in stereographic coordinates (1.12). In the
representation S C R3, the harmonic map corresponding to 2™ is given by

mOR
e™"h(r), h=(hy,0,h3), h4=—"—, h3=—-—7-. 1.19
(r) (n 3 ! rm 4 rTm ’ rm 4 rTm ( )
The full two-dimensional family of m-equivariant harmonic maps in 3, is then
generated by rotation and scaling, so for s > 0 and a € R, we denote

p=mlogs+io, hlu]=eTh°, h*=h(r/s). (1.20)

The harmonic map e™?%h[u] corresponds under stereographic projection to e #2™.
We are concerned here with basic global properties of solutions of the Landau-
Lifshitz equations (1.1), especially the possible formation of singularities, and the
long-time asymptotics.
For finite-energy solutions of (1.1) in 2 space dimensions, finite-time singularity
formation is only known to occur in the case of the l-equivariant harmonic map
heat-flow (ag = 0) — the first such result [5] was for the problem on a disk with
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Dirichlet boundary conditions (this was extended to ¥; on R? in [10]). Examples of
finite-time blow-up for different target manifolds (not the physical case S?) are also
known (eg. [22]).

For the Schrodinger case (a; = 0), it is known that small-energy solutions remain
regular (this was proved first in [6] for equivariant maps, and then in [2] without
symmetry restriction). In the present setting, the energy is not small — indeed
by (1.10) and (1.18),

& s, = 4mm. (1.21)

A self-similar blow-up solution, which however carries infinite energy, is constructed
in |7].

I[n]the recent works [12, 10, 9], it was shown that when m > 4, solutions of (1.1)
in ¥,, with near minimal energy (£(@) ~ 4mm) are globally regular, and converge
asymptotically to a member emeRE[,u] of the harmonic map family. In particular,
the harmonic maps are asymptotically stable. The analysis there fails to extend to
m < 3, due to the slower spatial decay of %fl[u] (a point which we hope to clarify
below). With a new approach, we can now handle the case m = 3 as well:

Theorem 1.1. Let m > 3, a = aj + iay € C\{0}, and ay > 0. Then there
exists 6 > 0 such that for any u(0,z) € ¥, with £(1(0)) < 4mm + 62, we have a
unique global solution @ € C([0,00); Xp,) of (1.1), satisfying Vi € L7, ([0,00); ).
Moreover, for some p € C we have

la(t) = €™ Rl + aE(a(t) — ™ Fhlu]) = 0 as t — oo, (1.22)

In short, every solution with energy close to the minimum converges to one of
the harmonic maps uniformly in z as ¢t — co. Even for the higher degrees m > 4,
this result is stronger than the previous ones [12, 10, 9], where the convergence was
given only in time average.! Note that in the dissipative case (a; > 0), solutions
converge to a harmonic map also in the energy norm, while this is impossible for
the conservative Schrédinger flow (a; = 0).

The analysis for the case m = 2 seems trickier still, and we have results only in
special case of the harmonic map heat-flow (ay = 0) with the further restriction that
the image of the radial profile map #(r) remain on a great circle: v, = 0 (though
of course the map w(x) itself covers the full sphere m times) — this is a condition
which is preserved by the evolution only for the heat-flow. These results show, in
particular, that the strong asymptotic stability result of Theorem 1.1 for m > 3 is no
longer valid; instead, more exotic asymptotics are possible, including infinite-time
concentration (blow-up) and “eternal oscillation”:

Theorem 1.2. Let m = 2 and a > 0. Then there exists 6 > 0 such that for any
(0, 2) = e2R5(0,7) € Xy with E(i@(0)) < 87+62, and v9(0,7) = 0, we have a unique
global solution i € C([0,00);%,) satisfying Vi € Li,,.([0,00); Ly®). Moreover, for
some continuously differentiable s : [0,00) — (0, 00) we have

[ @(t) — e™Fh(r/s(t))|| 1 + E(E(E) — €™BR(r/s(t)) — 0 as t —oco.  (1.23)

IThe statements in the previous papers do not follow directly from Theorem 1.1, but are implied
by the proof in this paper.
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In addition, we have the following asymptotic formula for s(t):

o
2 0,
(1+ 0(1))log(s(t)) = ;/ “l(r ") gr +0.(1), (1.24)
1
where as t — 00, o(1) — 0 and O.(1) converges to some finite value. In particular
there are initial data yielding each of the following types of asymptotic behavior:
(1) s(t) — EI S0 € (0, 00).
(2) s(t) —
(3) s(t) —
(4) 0= lim 1nfs(t) < limsup s(t) < oo.
(5) 0 < liminf s(¢) < limsup s(t) = oo.
(6) 0 =liminf s(¢) < limsup s(t) = oo.

Estimate (1.23) shows that these solutions do converge asymptotically to the
family of harmonic maps. However, the evolution along this family, described by
the parameter s(t), does not necessarily approach a particular map in ¥, (although
it might — case (1)). The solution may in fact converge pointwise (but not uniformly)
to a constant map +Fk (which has zero energy, zero degree, and lies outside ¥5) as
in (2)-(3) (this is infinite-time blow-up or concentration), or it may asymptotically
“oscillate” along the harmonic map family, as in (4)-(6).

Note that the above classification (1)-(6) is stable against initial “local” pertur-
bation. Namely, if two initial data v*(0) and v*(0) satisfy

00 1 2
/ |Ul(07T) U1(07T>|dr < 00, (125)
1 r

the corresponding solutions have the same asymptotic type among (1)-(6). More
precisely, the difference of their scaling parameters converges in (0, 00). The point
is that the energy just barely fails to control the above integral.

In particular, the oscillatory behavior in (4)-(6) is driven solely by the distribution
around spatial infinity. In fact, if we replace the domain R? by the disk D = {z €
R? | |z| < 1} with the same symmetry restriction with m = 2 and the same boundary
conditions v(t,0) = —k and v(¢,1) = k, then it is known [1] (see also [8]) that all
the solutions behave like (2), namely they concentrate at x = 0 as t — oo, provided
that v3(0,7) has only one zero. The formula (1.24) suggests that we should always
have (2) on D without the additional condition. Also, if we replace the domain R?
by S?, then we can rather easily show in the dissipative case a; > 0 that the solution
converges to one harmonic map for all m € N, by the argument in this paper, or
even those in the previous papers. We state the result on S? in Appendix A with a
sketch of the proof.

We should mention that existence of eternal oscillation of the same type was first
shown in [18] for the semilinear heat equation of u(t,z) : [0,00) x RY — R

— Au = |u|Pu, (1.26)

for very high dimensions and power? (N > 11 and p > 4/(N — 4 — 2¢/N — 1)), by
using the comparison principle, but they did not obtain an asymptotic formula valid

2The power is bigger at least than the H® scaling critical exponent.
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for all solutions, nor the asymptotic stability of the family of stationary solutions in
a solution class containing the eternal oscillations.

There is another example in [21, Section 5] with less similarity to ours, but for
the harmonic map heat flow, which shows existence of “eternal winding” around a
compact 1-parameter family of harmonic maps from S? to S? x R? with some warped
metric, where the analysis is reduced to an ODE on the target by the special choice
of initial data. In this case, the weird behavior of the solutions is entirely due to the
artificial choice of the metric on the target.

Compared with those results, we have the following advantages:

(1) The setting is very simple and physically natural.
(2) The asymptotic formula is explicit in terms of the initial data, and valid for
all general solutions under the symmetry condition.

We want to emphasize also that our analysis works in the same way in the dissipative
(ap > 0) and the dispersive (a; = 0) cases. We need as = 0 in Theorem 1.2 only
because the angular parameter «(t) gets beyond our control (hence we remove it by
the constraint), but the rest of our arguments could work in the general case.?

1.1. The main difficulty and the main idea. The standard approach for asymp-
totic stability is to decompose the solution into a leading part with finite dimensional
parameters varying in time, and the rest decaying in time either by dissipation or
by dispersion. In our context, we want to decompose the solution in the form

3(t) = Blu(®)] + o(t) (1.27)

such that the remainder ©(t) decays, and the parameter u(t) € C converges as t — 0o
(at least for Theorem 1.1). In favorable cases (the higher m, in our context), we can
choose pi(t) such that all secular modes for ©(t) are absorbed into the time evolution
of the main part h[u(t)]. This means that the kernel of the linearized operator for
(t) is spanned by the parameter derivatives of h[u], and hence we can put that
component of 9,7(t) into 8;h[u(t)]. This is good both for #(t) and u(t), because

(1) o(t) will be free from secular modes, and so we can expect it to decay by
dissipation or dispersion, at least at the linearized level.

(2) The decomposition is preserved by the linearized equation. Hence fi(t) is
affected by ¥ only superlinearly, i.e. at most in quadratic terms.

In particular, if we can get L? decay of © in time, then fi(t) becomes integrable in
time, and so converges as t — oo. This is indeed the case for m > 3.

However, the above naive argument does not take into account the space-time be-
havior of each component. The problem comes from the fact that the decomposition
and the decay estimate must be implemented in different function spaces, and they
may be incompatible if the eigenfunctions decay too slowly at the spatial infinity.

In fact, the parameter derivative of h (1] is given by

dh] = B5e“R[(h3, 0, —h3)dp + (0,1, 0)dpus) (1.28)

3We will use the parameter convergence in the proof of Theorem 1.1 in the dispersive case a; = 0
to fix our linearized operator. However it is possible to treat the linearized operator even with
non-convergent parameter and a; = 0, if we assume one more regularity on the initial data. We
do not pursue it here since the wild behavior of a(t) prevents us from using it.
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and hence the eigenfunctions are O(r~™) for r — oo, i.e. slower for lower m. On
the other hand, the spatial decay property in the function space for the time decay
estimate is essentially determined by the invariance of our problem under the scaling

U(t, x) — (N, ), (1.29)

which maps solutions into solutions, preserving the energy. If we want L? decay in
time (so that we can integrate quadratic terms in f), then a function space with the
right scaling is given by

i/r € L2L™. (1.30)

To preserve such norms in x under the orthogonal projection, the eigenfunction
must be in the dual space, for which m > 3 is necessary. Indeed, this is the essential
reason for the restriction m > 4 in the previous works [11, 12, 10]. We emphasize
that the above difficulty is common for the dissipative and dispersive cases, since
they share the same scaling property. That is, the dissipation does not help with
this issue, even though it gives us more flexibility in the form of decay estimates.
The main novelty of the present approach is the non-orthogonal decomposition

Ly = (h) ® (¥*)", (1.31)

where ¢®(r) is smooth and supported away from r = 0 and from r = oo, so that
the (non-orthogonal) projection may preserve the decay estimates. This is good
for the remainder v, but not for the parameter y —the decomposition is no longer
preserved by the linearized evolution, since they have no particular relation. This
implies that we get a new error term in fi(¢) which is linear in 9(t) (see Section 6).
This contribution is handled by including it in a sort of “normal form” for the
dynamics of the parameters u(t), explained in Section 7. In particular, it is this
new term which drives the non-trivial dynamics for the m = 2 heat-flow given in
Theorem 1.2.

For the purely dispersive (Schrédinger map) case, one tool we use should be of
some independent interest: the 2D radial “double-endpoint Strichartz estimate” for
Schrodinger operators with sufficiently “repulsive” potentials (in the absence of a
potential, the estimate is false). The proof is given in Section 10.2.

1.2. Organization of the paper. In Section 2, we use the “generalized Hasimoto
transform” to derive the main equation used to obtain time-decay estimates of the
remainder term. Section 3 gives the details of the solution decomposition described
above, and addresses the inversion of the Hasimoto transform. The estimates for
going back and forth between the different coordinate systems (the “Hasimoto” one
of Section 2 and the decomposition of Section 3) are given in Section 4. Section 5
is devoted to establishing the time-decay (dispersive if a; = 0, diffusive if a; > 0)
of the remainder term, using energy-, Strichartz-, and scattering-type estimates.
The dynamics of the parameters p(t) are derived and estimated in Section 6. The
leading term in the equation for £ is not integrable in time, and so Section 7 gives
an integration by parts in time to identify (and estimate) a kind of “normal form”
correction to p(t), whose time derivative is integrable. At this stage, the proof of
Theorem 1.1 for m > 3 is complete. A more subtle estimate of an error term for
m = 3 is done in Section 8, completing the proof in that case. Finally, in Section 9,
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the normal form correction is analyzed in the case m = 2, a; = 0, v9 = 0, in order to
prove Theorem 1.2. Proofs of certain linear estimates (including the double-endpoint
Strichartz) are relegated to Section 10. Appendix A states the analogous theorems
for domain S? and sketches the proofs.

At the end of each of the main sections, we will put a proposition summarizing
the main contents of that section.

1.3. Some further notation. We distinguish inner products in R* and C by

3
@-b=> aybe, a-b=ReaReb+Imalmb. (1.32)
k=1

Both will be used for C? vectors too. The L? inner-product is denoted

(719)= [ 1@i@s (1.33)

while (f, g) just denotes a pair of functions. For any radial function f(r) and any
parameter s > 0, we denote rescaled functions by

fo(r) = f(r/s),  fr) = f(r/s)s™". (1.34)

We denote the Fourier transform on R? by F, and, for radial functions, the Fourier-
Bessel transform of order m by F,,:

FNE = 5= [ 1@ (FF0) = [ Iuleo)fodr (135

T o

where J,, is the Bessel function of order m. For m € Z we have

,]m<7") 1 /7r eime—ir sin Gde, F[f<7,)eim9] ——i (fmf)ezme (136)

T on

We denote the Laplacian A, on the subspace spanned by d-dimensional spherical
harmonics of order m by

Agm) =P+ (d—-1Dr 0. —m(m+d—2)r 2 (1.37)

—T

Finally, the space L? is the dyadic version of LP(rdr) defined by the norm
171 = P2 <7 < 2 H oo sy (1.38)

2. GENERALIZED HASIMOTO TRANSFORM

In this section, we recall from the previous papers [11, 10, 9] the equation for
the remainder part, which is written in terms of a derivative vanishing exactly on
the harmonic maps, and so independent of the decomposition. The equation was
originally derived in [6] in the case of small energy solutions (hence with no harmonic
map component), and called there the generalized Hasimoto transform.

Under the m-equivariance assumption (1.13), the Landau-Lifshitz equation (1.6)
is equivalent to the following reduced equation for (r,t):

Oy

- m2
v, = P7 {83 +— FPE] . (2.1)
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Define the operator 93 on vector-valued functions by
05 = 0, — ~JR. (2.2)
r

Since for any vector b, J'Rb = k(7-b) — (k- #)b, we have J'R = —uv; on the tangent
space T3S? = #+. For future use, we denote the corresponding operator on scalar

functions by

%:@+%? (2.3)
Then equation (2.1) can be factored as
U, = — PP D3040, (2.4)
where
D := P%9pP? (2.5)

will always denote a covariant derivative (which acts on T3S*-valued functions), and
* denotes the adjoint in L*(R?). Denote the right-most factor in (2.4) by

@ = 057 = T, — L PF. (2.6)

”
Then (2.4) becomes @, = —P? D, and applying Dy to both sides yields
Dyt = — PP Dy Db, (2.7)

Now we rewrite the equation for @ by choosing an appropriate orthonormal frame
field on T;S?, realized in C3. Let e = e(t,r) satisfy

Ree € 5, |Ree|=1, Ime= J"Rece. (2.8)
Let S, T be real scalar, and let ¢, v be complex scalar, defined by
@ =qoe, P'k=vee, Dje=—iSe, D,e=—iTe. (2.9)
Then we have the general curvature relation
[D,, DiJe =i(T, — S,)e =idet (U 0, 0)e. (2.10)
Using the equation (2.4) for ¢, we get
T,— S, = (@ + gpﬁlz) . PP D, (2.11)
Now we fix e by imposing
D,e=0, e(r=oc)=(1,40). (2.12)

(The unique existence of such e will be guaranteed by Lemma 4.1.) Then (2.11)
yields

m
-5, =(qg+ ?y) o (iaL%q). (2.13)
A key observation is that in the Schrodinger (non-dissipative) case a = i, we can
pull out the derivative on ¢: S, = (8, + 2)(5]q|* + Zv - q), and so
m mws

< dr 1 1, .
S=-Q +/ 2Q—, Q:==lq¢*+—veq= |’ + . (2.14)
. r 2 r 2 r
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The evolution equation (2.7) for w yields our equation for ¢:

(& +iS)q = —aLzLiq, S = / T+ %1/) o (iaL%q)dr. (2.15)
This is the basic equation used to establish diffusive (a; > 0) or dispersive (a; = 0)

decay estimates. The operator acting on ¢ can be expanded as

(m—1)°  2m(1-vy) m (2.16)

LgL: = 8:87« + 2 5 —Ws.
r T T

Following is a summary of this section:

Proposition 2.1. Let m € N and ii(t,z) = e™EG(t,r) be a (local) solution of the
Landau-Lifshitz equation (1.1), and let e(t,r) be a complex orthonormal frame field
on TsS? satisfying

D,e=0, e(r=o0)=(1,40), (2.17)
where D denotes the covariant derivative (2.5). Define W, q¢ and v by
w:@—?zﬁ%, g=1w-e, v=Pk-e. (2.18)
Then they solve equations
(0, +1iS)g = —alL,L}q, S= /Oo(q + %u) o (iaL;q)dr, (2.19)

where L, = 0, + mvs/r and L is its adjoint. If a = i, the equation of S can be
rewritten as
> _ dr 1, o m
S=-Q+ [ 20—, Q=g+ —veq (2.20)
, r 2 T
We will use the above equations to derive decay estimates on the remainder 7—h (1]
via ¢q. The following two sections are devoted to the correspondence between ¢ and

the remainder (including the existence of e), and then in Section 5 we derive the
decay estimates.

3. DECOMPOSITION AND ORTHOGONALITY

In this section, we investigate the interplay between the decay estimates and
the orthogonality condition for the decomposition into the harmonic map and the
remainder, illuminating the difference between the higher and the lower degrees.

We introduce coordinates for the decomposition of the original map

= hlp]+, (3.1)
or more precisely for the remainder ©, and a localized orthogonality condition which
determines the decomposition. The choice of coordinates is the same as in the
previous works [12, 10, 9], while the decomposition itself is different.

For each harmonic map profile ﬁ[u], 1= mlog s+ia, we introduce an orthonormal
frame field

f=f[u] = e (=h® x j + if). (3.2)
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on the tangent space Tﬁ[u} S?, such that the parameter derivative of l_i[,u] is given by
dh[p] = hidpef. (3.3)

We express the difference from the harmonic map in this frame by
z:=0-f. (3.4)

In other words PAMG = zof, or i = zof + 'yﬁ[,u], where we denote
v = VT = 1= —O(2]). (3.5)
As explained in the introduction, the orthogonality condition in the previous works
(z[h1) =0 (3.6)

would not work for m < 3 due to the slow decay of hj for » — oo. Hence instead
we determine the parameter p by imposing localized orthogonality

(z¢%) =0, ¢ =¢p(r/s), (3.7)

with some smooth localized function ¢(r) € C§°((0,00); R), satisfying (hy | ¢) = 1.
The fact that e™®h[u] solves (1.11) means that

8:h =0, (3.8)
and so we have
0 = O = B+ (i + 757) = L0 + g (3.9)
Hence
Lsz:Lsz?'f+17~frzu7'f—?ﬁngr?hf'y. (3.10)

In order to estimate z by w (or equivalently ¢), we introduce a right inverse of the
operator L* = 0, + " h3, defined by

R g = 2mhi(r) /00 /T R (") L (P dr" @ (v RS (v ) dir! (3.11)
o Jw
Then we have
L’Rig=g,  RL°g=g—hi(g|e"), (3.12)
hence R = (L*)~! on (¢*)*. Moreover we have the following uniform bounds
Lemma 3.1. For all p € [1,00] and |0] < m, we have
1B75gllo e S Mlplli=ozt, lgllrosrry, (3.13)

where the Lh norm is defined in (1.38). Moreover, the condition on ¢ is optimal in
the following sense: if ¢ > 0, then ¢ € r‘lLllj, is necessary for R to be bounded
re_lL;O — D'(0, 00).
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We give a proof in Section 10. Note that the above bounds are scaling invariant:
denoting D, f := f(r/s), we have

R} =sD,R,D;', L°=s'D,L'D". (3.14)
We can combine the estimates of the Lemma with the embedding
2 2
TOILZII C T92L§§ — — — 91 = — — 92, P1 > P2, q1 < qa. (315)
b1 P2

The above lemma is used as follows. First note that the orthogonality (¢® | z) = 0
implies that z = R L°z because of (3.12). For the energy norm, we choose 6 = 0
and p = 2 in Lemma 3.1. Then

1z/rll2 S llzllee S NellegllL®2llry S IL°2] L2 (3.16)
Since |L* — 0,| < 1/r, we further obtain
RS 'L =X, (1] <m), (3.17)
where the space X is defined by the norm
I2llx = [lz/7llzz + NIzl 2- (3.18)
The Sobolev embedding X C L is trivial by Schwarz:
120175 < l2/rllez 2l s (3.19)
Hence we get by using (3.10),
Izllx S IL%20 e < Nlallee + Nzl 2]l x - (3.20)

For L? estimates of z, we use Lemma 3.1 with § = 1 and p = oo. Then we have
12/l S Noll-rrill L7z lery S 11L°2]| 2ze (3.21)
for any p € [1, 00], and so by using (3.10),
||Z/7"||L§Lgo < ||Q||L§Lg° + ||Z||L?f;||z||L?L;°~ (3.22)

If we were to use hy instead of ¢, then we would need m > 3 for the Strichartz-
type bound (3.22), and m > 2 for the energy bound (3.16), by the last statement of
the lemma.

As a summary of this section, we have

Proposition 3.2. Let m > 2, 9(r) € ¥, and, for some p=mlogs +ia € C,

—

U=nhlul+v, z=0-f, (3.23)
where f is the orthonormal frame on TEMS2 defined in (3.2). Suppose that
(2l¢%) =0, ¢":=¢(r/s) (3.24)
for a fized ¢ € Cy(0,00) satisfying (hi|¢) = 1. Then we have the estimates
12llx == llz/rllez + lzeliez S llallez + l12lcee 2l x,
12/7llege S llalleg + ll2llellzllge (1 <p < o00), (3.25)

12llee S M2l

where ¢ = - e is the same as in Proposition 2.1.
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In the next section, we see that such an orthogonal decomposition uniquely exists
for v € ¥, with energy close to the ground one, with small norms for ¢ and z, so
that we can dispose of the quadratic terms in the above estimates.

4. COORDINATE CHANGE

Before beginning the estimates for the evolution, we establish in this section the
bi-Lipschitz correspondence between the different coordinate systems: ¢ and (u, q),
including unique existence of the decomposition. It is valid for any map in our class
Y with energy close to the ground states.

For that purpose, we need to translate between the different frames e and f. At
each point (¢,7), we define M =f ® e € GLg(C), a real-linear map C — C, by

Mz:=f-(e-2z). (4.1)

Its transpose ‘M = e ® f, defined by ‘Mz = e - (f+ 2), is the adjoint in the sense
that (Mz)ow = 2o (“Muw). For any b, c,d € C* we have

b-(ced)=(Reb-c)od+ (Imb-c)-d. (4.2)
Since f(o0) = e~ *®e(00), and £ L hfy], we have
M(o0) = e, Asz@eW+ﬂ®e:—f®®®-@%—?ﬁ@@e. (4.3)
Then e can be recovered from M by
e = PMle + (Afu] - )] = ME — (14 7) " (M=)hu], (44)
provided that |y| < 1. We further introduce some spaces with (pseudo-)norms.
Em(T) = E(™RG(r)), |ule = min(|Re p|, 1) + dist(Im p, 277Z),
Izllx = ll2/7llzz + llzllzz, 1My = [Mellzr@r + M ]| g

R . 4.5
Y (0) =A{v(r) : [0, 00] — S? | 9(0) = —k, U(c0) =k, &E,(V) < dmm + 52}, (45)
L*(6) = {q(r) : [0,00) = C | [|qllz2 < V26}, C =C/2miZ.
The metric on C is defined such that
1h[u'] = hlp®llx ~ [R'] = Blp?]llze ~ |t — 1?c (4.6)

The following lemma is the goal of this section.

Lemma 4.1. Let m € N and ¢ € C}(0,00) satisfy (¢ | h1) = 1. Then there exists
0 > 0 such that the system of equations

F=Flu+6, 2=0-fl, (z]¢)=0, 7=yI-[P-1,

g=e- (@ — ~PF), De=0, eloo)=/(Li,0),
r
defines a bijection from ¢ € ,,(8) to (u,q) € C x L*(5), which is unique under
the condition ||z||pe < 0. 0, 2z and e are also uniquely determined. Moreover, if
(07,...,€7) with j = 1,2 are such tuples given in this way, then we have

[0 — 0% ||x + ||2' = 2%(|x + [le! — €|l + [[M" = M?|ly

ST = x ~ |1t = pPle + = @,
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where M7 =7 @ &7,
In particular, we have pointwise smallness
[0l ~ NIzl S 6 <1, (4.9)
so that we can neglect higher order terms in z or v.

Proof. We always assume (3.9), (3.4) and (3.5), which define the maps
T = qoe, (Tp)m oz, (B.0) -7 (4.10)

with the Lipschitz continuity

I = @ S 7 = Pl It =2l S = P =
17" = @[lx = 10" = o°[lx| < I’ = #le. '
The energy can be written as
m 2 m -2
26,(7) = |72, + H—Rﬁ‘ = 15,2 + |2 PR
’ r L3 ’ r L3 (4.12)

= l@ilFs + 2m(@, | P°k/r) = |[a@l|Z; + dmlvs(c0) — v (0)].

Since | PEo]| x < En(#)/2, X C L2 and |§] = 1, the boundary conditions vs(0) = —1
and v3(co) = 1 make sense in the energy norm.
Next we consider a point orthogonality. Let v € 3,,(J). Since v3(0) < 0 < v3(00)

and v3(r) is continuous, we have ¥(sg) = e’ ?h(1) for some 1y = mlog sy + iayg, s0

—

that ¥ = h[u] + v is a decomposition satisfying (z | ¢*°) = 0 if ¢(r) = d(r — 1). In
this case ¥ is recovered from (i, ug) by solving the ODE:

- m _ m.
Lz =0 - fpo] — U3z - 7h1°’y, z(s9) = 0, (4.13)
or the equivalent integral equation
S - m. m., s
c=R3 [w o] = Tz + Thlw] . (4.14)

The uniform bound on Rg(rq) can be localized onto any interval I 3 sg, because z

is the solution of the above initial value problem. Hence we get, in the same way as
in (3.16),

HZHrLgngO(I) S ||Q||L§(I) + HZ||Lg°(I)HZ||rL§(1)- (4.15)
Since z(sg) = 0 and ||¢q||;2 < ¢ < 1, we get by continuity in 7 for I — (0, 00),
2l xnzee S llalle S0 (4.16)

Thus every 7 € £,,(6) is close at least to some h[ug], and we have 7' — 72 € X by
(4.11). X,,(0) is a complete metric space with this distance.

Now we take any ¢ € C}(0, 00) satisfying (o | hy) = 1, and look for p around gy
solving the orthogonality

F(p) = (0 £y | @) = (0-£[u] | ¢") = (z | ¢") = 0. (4.17)
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Its derivative in p is given by

AF = — (@ hif(u] | ¢")du — (7 W5t | @ — (5 £l | (0, +2)")
— —dp— (- Blu] | B@")du— (5 - €] | (1D, + 2)g7ds/s + ihyp"da) 18
= —dy + O(6]dp)).
In particular we have
oF
) $6. 5(m) = =1 +000). (1.19)

In addition, both F(u) and 0, F are Lipschitz in ¥. Therefore by the implicit map-
ping theorem, if § > 0 is small enough, there exists a unique u € C for each v such
that Fi(u) = 0 and |pu — uo| < 6, and ¥+ g is Lipschitz. Then

Il S 18 = Aluol |z + o — pl S 6 <1, (4.20)
and so by the same argument as for (4.16), we get ||z]|x < 6, and in addition,
I2" = 22llx S lu' = Pl + 0" — @ . (4.21)
If we have two such p = py, e with ||27]] 1= < 6, then
1 = pzle ~ IRli] = hlpallle S 1 = Alullleee + 17 = hlpa] o S 6, (4.22)

and so the implicit mapping theorem implies that p; = pe. Thus we get a bijection
+— (u,w) with the Lipschitz continuity

17" = &*l|x ~ 1" = o + 10" — @7 2. (4.23)

For the frame field e, we consider the matrix M = f ® e, together with the
equivalent set of equations (4.3) and (4.4). Integrating (4.3) from r = co, we get

IM = ey S lo/rlle2l1F; ]2z + 10/7 ]2 llbi /e <6,

. Y ) > (4.24)
IME = MPly S |t = il + 01T = *[lx + dlle’ — e[l + 0" — 07|,
while (4.4) provides
le" — e[z S IM" = M|l + 1 =yl + 128 = 27| e (4.25)

Hence for fixed ¥ € 3,,,(0) (and p), we can get (M, e) € Y x L™ by the contraction
mapping principle for the system of (4.3) and (4.4). Moreover we get

M= My + Jle" — el S 17" = 7°|1x. (4.26)
If (11, q) € C' x L*(d) is given, we consider the system of equations (4.3), (4.4) and
AL Tz + i (4.27)

which is equivalent to the ¢ equation in (4.7) under the orthogonality (2 | ¢¥) = 0.
The last equation provides, through the uniform bound on R,

I28 = 2%llx S et = ple + lla" = *llz + OIMY = MP[ly +d]l2" — 2% (4.28)
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Combining this with (4.24) and (4.25), we get (z, M, e) for any fixed (u,q) by the
contraction mapping, and moreover they satisfy

I = 2%lx + [IM" = MP|ly + e — e[z S ' — plo+ llg" — ¢*llzz- (4.29)
O

So far we have derived estimates at each fixed ¢, for the energy norms in the above
lemma, and for the dispersive norms in Proposition 3.2. Now we turn to the main
part of this paper, the analysis of the global dynamics.

5. DECAY ESTIMATES FOR THE REMAINDER

In this section, we derive dissipative or dispersive space-time estimates of the
remainder ¢ in terms of z, from the equation (2.15) for ¢. First by the smallness of
z, we obtain from (3.20) and (3.22),

1zOlx < lla@llze 6 Nz/rllege < llallege (5.1)
for all p € [1,00]. Next we estimate the factor S, by using
/ Fodrle 3D 2 fglnipnasy ~ gl < Ifl2llglle (5.2)
JEZ k>j
Then from the expression in (2.15) for S, we have
1Sz SISO rze S Qlallzz + I2lhzz + DllLiallz S Esallz. (5.3)
In the dispersive case a; = 0, we avoid the derivative by using expression (2.14)
1Sz S N1SO1-1ree S lallzz + zllrz + Dllallzg < llallege (a1 =10). (5.4)

For the time decay estimates, we treat the dissipative and the dispersive cases sep-
arately.

5.1. Dissipative L? estimate. Here we assume a; > 0. By the equation (2.15) of
q, we have

Oillallz: = —2a1(|Liq|l7, (5.5)
hence
lallzsorz + 11 L5l zre < Nlg(O)]z2 ~ 0. (5.6)
Since R L** = I and R : L — rL? by Lemma 3.1 and duality, we have
lallrez < 127 qllzz S 1115002 + 10/l llgllrz2- (5.7)
Since the last term can be absorbed by (4.9) smallness of 0, we get
lallx < llg/rllez + 1117 qllez < 1 L5allzz- (5.8)
So by using the bound (3.17) on R, we obtain
Izl zex S Nlallezx S 1Lsalicz, < Ng(0)llzz ~ 4, (5.9)

and also from (5.3),
15]| 2222 < 0. (5.10)
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5.2. Dissipative decay. Next we show the convergence ¢ — 0 as t — oo, by
comparing it with the free evolution. For 7" > 0, let

(m—1)
q"=q— e (). (5.11)

Then we have
g —aAy" V" = (iS—aV)q, ¢"(T) =0, (5.12)

where the potential V (¢, z) is given by
Mo (5.13)
r

Multiplying the equation with g7, we get the energy identity
t

1 t m—1 .
§HqTHi;+/ al(HQinngHTqTHig)dt:Re/(—qu+qu\qT)dt, (5.14)

T T
and hence by Schwarz, and using estimate (5.3) to put S € L?L?,

[rairrs ez x S Na/rllee. 2 + 1Sql| 2 L§3+||Q||i;‘>TL§

t>T t>T t>T t>T (515>
S la/rllez ez + ldalleezllallz_x — 0 (T — o0),

. : m—1)
Hence [|q(t)||z2 can not converge to a positive number, since elt=T)asy™ ™ q(T) — 0
as t — oo for all 7" > 0. Thus we obtain

Iz x < lla®)llzz =0 (& — o0). (5.16)

5.3. Dispersive L? estimate. Next we consider the case a; = 0 (and ay # 0). We
set (with no loss of generality) a = 4. Since the energy identity provides only L2
bound on ¢, we have to work with the Strichartz estimate in a perturbative way.
Denoting H® := L*L**, the equation of ¢ is given by

g +iH* ¢ = Ny + Ny, (5.17)
where
Ny = —ZQMMQ, Ny :=15q — 2am%q — am%q, (5.18)
and S is given by (2.14). We have
IN1| S |hs(s(t)/5(0))llal/r*, (5.19)
and so
HN1HL§L§ S th(s(t)/s(O))HLgoHqHLngo. (5.20)
Using (5.4), we have
1Sallizz < SN2z llallzre < ||€I||%§Lgo (5.21)

The other terms in Ny are bounded in L} L? by
aningo + ||Z/7"||L§Lg°||QHL§Lg° S HQH%ngO (5.22)

Now we need the endpoint Strichartz estimate for H*® with fixed scaling s:
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Lemma 5.1. Let H* = L°L** = —AY"™ 4+ 2mr=2(1 — h3) and m > 1. Then we
have

e —Hr 90||L°°L20L2L°° S ||90||L2

o (5.23)
|| / D F@ A e g S 1 ey,

uniformly for any fixed s > 0.

This Lemma will be proved in Section 10.2. Hence if |log(s(t)/s(0))| < 1 for all
t, then we have

lall e r2nrzrge S la(0)|[r2 ~ 6, (5.24)
and also from (5.4)
1SN z222 < 6. (5.25)

5.4. Dispersive decay. Next we prove the following asymptotics of scattering type
for ¢ and z:

e_itAém_l)q(t) — 3¢, in L2, z—0in L (t — 00). (5.26)
For the scattering of ¢, we further expand the equation
4t — iAém_l)q = No + Ny, (5.27)
where Nj is as in (5.18), and
1 —h3
No == —2am—; 2q (5.28)
r

Then the global Strichartz bound implies that
HN0HL2L1 (T.00) — 0, HN2HL1L2 (Tyo0) — 0 (5.29)

as T'— oo. By Strichartz (for A ) once again, we get the scattering of q.
For the vanishing of z, we use the inversion formula

z=Rg, g=Mq+r'm(hiy—sz). (5.30)

Since R is bounded L2 — L, the latter two terms contribute at most with
|z]|zee||2/7]|L2 < [|2]|zee, hence we may drop them. Also we may replace ¢ by

. . . A m—1) .
its asymptotic free solution ¢ := eitAs q+. Moreover we may approximate g,

by nicer functions. Hence we assume that q:= F,,—1q;+ € C5°(0,00). Then we may
further replace the free solution with the stationary phase part:

G (t, 1) = Cpt i/ ) / Tma(rp/(26)e#*/Wq, (p)pdp
0

= Ot~/ q(r/(2) + R,
where the error is bounded by Plancherel

RNz ~ 11(1 =€/ q, |12 S ¢ |Irgy ]2z — 0. (5.32)

(5.31)
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Now that spatially local vanishing is clear (eg. it follows from |[RSMq(t)|lrr~ <

~Y

¢ (t)|[z= — 0), we may extract the leading term of R, for large x. We assume
that s(t) € L° and supp ¢* C (0,b) for a fixed b € (0,00). Then for r > b we have

" hs r " "
()0 = o)+ [ g0
b (5.33)
=o(1) + / (r'/r)™g(r")dr' as r — oo.
b
Thus we are reduced to showing that
Gx = / (p/T)" M(t, p)t 1"/ Wy (p/t)dp — 0 in L° (5.34)
b

for any y € C5°(0,00). By partial integration on (p/t)e’’/D | we have
G = (i/2)[p" 7 M(p)e”Ox (/)]
- /b [(m = D) M(p)x(p/t)/p + M(p)X'(p/1) /1

+ M, (p)x(p/t)] p e W dp,  (5.35)

The right hand side is bounded by r™/t, using |x(p/t)| < p/t for the first, second
and fourth terms, |x/(p/t)] < 1 for the third, and M, € L®L'(dr) for the fourth
term. Thus we obtain [|z(t)|| 1 — 0.

Thus we have obtained the following a priori estimates in this section

Proposition 5.2. Let m > 2 and i(t,r) = e™Fvu(t,r) be a solution of (1.1) on
0 <t <T withu(0) € ,, and E(w(0)) < dmm + 62 for some small § > 0. Let q, z, S
be as in Proposition 2.1, and let u(t) be given by Lemma 4.1.

(1) If ay > 0, then we have

HZHLtOO(O,T;X)ﬂLf(O,T;rX) S HCI“LgO(QT;Lg)mLf(o,T;X) S la(0)[fzz ~ 4. (5.36)
Moreover, if T = oo then
lz@llx Slla®)llzz =0 (¢t — o0). (5.37)
(II) If ay = 0 and s(t) = s(0) + O(0), then we have
HZ”L?(O,T;X)HL?(O,T;TLSO) S ||Q||Lg°(o,T;L§)mL$(0,T;LgO) S [la(0)][rz ~ 6. (5.38)
Moreover, if T = oo and s(t) converges ast — oo, then
lx®lls =0, lla(®) =" gl » 0, (t—o0)  (5:39)
for some radial q, € L2. Agmfl) is the (m — 1)-equivariant Laplacian, see (1.37).

Note that the decay of z is transferred to the remainder v by Lemma 4.1. By
using the above arguments and Lemma 4.1, it is easy to see that the solution is
global unless s(t) — 0 in finite time (for a detailed proof, see [11, Section 3]). The
remaining sections are therefore devoted to the analysis of the parameter dynamics,
which is the most novel part of this paper.
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6. PARAMETER EVOLUTION

It remains to control the asymptotic behavior of the parameter p(t) of the har-
monic map part of the solution. Its evolution is determined by differentiating the
localized orthogonality condition

0="0(2]¢") = (0 -£]¢")+ (V-1 | ¢°) + (2| 0®), (6.1)

and each term on the right is expanded by using
O = U — hipli = —(aLjg) ce — hijief,
s (6.2)
f, = —ihsaf — hiphlu), O’ = —;T@rgos.
Plugging this into the above and then dividing it by s?, we get
fr=—(MaLiq | ") = (hjry | ") = (= | (5210, —ifish3)”). (63)

The last two terms are bounded by

Elllz ][z (el e + llrdrellzr), (6.4)

and so absorbed by the left hand side since ||z]|z~ < 0 < 1.
Since |v| = |PYk| < h§ + |0] and hence

(0| S lal + [2/r + By /r, (6.5)
we get from (4.3),
M| S lgzl + |2/ + 2R3l /r. (6.6)

The leading (first in the r.h.s) term in (6.3) can be estimated, using [Ma, L%] =
M., .a, as follows

[(MaLzq | 9")] S s (M ez + M) llall ez
S s (lallzz + /722 + Dllallzz.
Hence using that |2z S [|2]lx Slallre S0 < 1, we get
lsillzz S Nla/rllez, < llallpzrge- (6.8)
Then the last two terms of (6.3) are bounded in L} by

(6.7)

. ¥
Isiellzllz/rllzzeg (rlel + r2len)) e < llallZ pe (6.9)
where we used (5.1). Thus we have obtained

Proposition 6.1. Let U, q, p, ¢ and M as in Proposition 5.2 and Lemma 4.1.
Then pu(t) satisfies

fr = —(MalLyq | ¢) + error, (6.10)
where Ly = —0, — 1/r +mus/r, and
||5ﬂ||L$(0,T) S ||CI||L§(0,T;L§0)7 ||€7“7“07“||Lt1(0,T) S ||Q||%§(O,T;Lgo)7 (6.11)

Thus our problem is reduced to the global behavior of the above term on the
right, which is linear in q.
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7. PARTIAL INTEGRATION FOR THE PARAMETER DYNAMICS

Now we want to integrate in ¢ the right hand side of (6.3), which is not bounded
in L}. The key idea is to employ the ¢ equation (2.15), by identifying a factor of
LiL%q, through a partial integration in space.

For the spatial integration, we first freeze the phase factor M. Since ﬁ[u] =0 =
—k at 7 = 0, we have M(t,0) = €@, i.e. £(t,0) = e'¥e(t,0) for some real &(t). Then
Df(t,0) =ia/(t)f(¢,0) —iS(t,0)f(¢,0), and so

a'(t) = S(t,0) +a'(t). (7.1)

We decompose
M =@+ M, (7.2)
and rewrite the leading term of (6.3) as follows. Let ¢ = ||hy|;3. Since Ly =

L* +muvg/r and L°h§ = 0, we have
(MaLyq | ¢”) = ae(Lsq | ¢7) + (MaLjq | ¢%)
= ae’[(Liq | (¢ — ch1)?) + (mqos/r | chn?)] (7.3)
+ (Magq | Lsp”) + (M,aq | ¢7).

The second term is bounded by ||qor=2|1 < |l¢/r|lrzllz/r?||r2, and the last two
terms are bounded by

lg/rllze (1M /rllzz + [M/7]|ze)- (7.4)
where the last factor is further bounded by using that M =0 at 7 = 0
Ml S 1Mo/l € lafrloe + 2/0 sz € llalg (7.5)
We further rewrite the remaining (main) term. By the definition of ¢, we have
(¢ —chi | h) =1—c[[h]7: =0, (7.6)
and so we have
©° —chi = L™ R (¢® — chi), (7.7)
where the operator R; was defined in (3.11). Let
Y= Ro(p—chy) = _mc_ 17’1”” +0(' ™) (r — o0), (7.8)

where the asymptotic form easily follows from the fact that

V(1) = —c(hy(r)r) ™ /00 hi(r')r'dr’ (r>>1). (7.9)

T

Then we have, by using equation (2.15) for ¢,
(—aLzgl(p — ch)’) = (=aL*Lyq | °/s)
= (¢ — 1Sq | ¢*/s) + (amq | Lgvgr™'¢*/s),
and, using (3.9), the last term is bounded by
la(lal +1o/r)r2Iley < la/7llez + 12/7%]122)* < llallzge- (7.11)

(7.10)
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For m > 2,4 € L2, and so

1(Sq 1 ¢°/s)liey S SNzezllallizrs < dllallzzrg, (7.12)
either by (5.10) or (5.25). Thus we have obtained
i = e (ar | ¥*/s)lley < dllall g (7.13)

Integrating by parts in ¢, the leading term is rewritten as
(g | ¥°/s) = 0(eq | ¥°/s) —i(sa+ sS(t,0))(eq | )
+5(eq | (ro, + 1)g7).
The last term can be bounded in L} by using (6.8),
Isitll2ll(q | (0 + D9z S llallzzesell(a | (0 + 197 |l 3. (7.15)

If m =2 or m > 3, then (rd, + 1)1 € L', and so the above is further bounded by
1q]132, . When m = 3, we need some extra effort to bound the last factor in L7 —
t—2

(7.14)

this is done in the next section.
If m > 2, we have for the leading term

(g | 9°/3)| < llallezll9llzz < la(0)l] .z (7.16)

while for m = 2 this term can be infinite from the beginning. We will show in
Section 9 that the time difference [(¢?®q | 1*/s)]} can be controlled for finite ¢, but
still may become unbounded as ¢t — oo for some initial data.

This also means that the second last term of (7.14) is beyond our control when
m = 2, and so in this case we force it to vanish by making the assumptions a; = 0
and vy = 0. For the other cases (m > 2), we should estimate S(t,0), for which we
use in the Schrédinger case (a = i) that

S=-Q+ [ . Q=P+ Zus=OaP + 12/ +ali/r),  (T17)
since |ws| < |q||1:| and |v| < h§ + |z]. Thus we get at each ¢, using (5.1),
1Sz < llaliige + 57 llallz. (7.18)
Then the second term in (7.14) is bounded in L}
lallZ 5o (a1 9°/9)llaze + (scillzz + Nall e 1 (a | 971z

S llallzenge (0 + 1I(q | W/)”Lg),

where we used (6.8). If m > 3, then ¢ € L' and hence the last factor ||(q | ¥7)||r2
is bounded by ||q|[2p5 S 0. Its estimate for m = 3 is deferred to the next section.
In the dissipative case a; > 0, we estimate simply by (2.15) at each ¢

1Sz < (lg/rllzz + l2/r* M2 + 11A3/r*l|2) | Liall 2. (7.20)

and hence the second term in L} is bounded by

(7.19)

lall ez g Nallcax + (Isitll oz + llallczx) N (a | 7)1z
S llallzeg 6+ lIa | 97)ll2),
where we used (6.8) and (5.9).

(7.21)
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Thus we have obtained all the necessary estimates to prove Theorem 1.1 when
m > 3. In summary, we have

Proposition 7.1. Under the same assumptions as for Proposition 6.1, we have
1 = 0,(eq|y*/s) — isa(eqyp?) + §(e%q|(r0, + 1)1b7) + error, (7.22)

where |lerror|ior) S 0llqllL2(0,r;050)- Moreover, if m =2 orm > 3, then the second
last term can be included in the error.

The proof of Theorem 1.1 for m = 3 will be complete once we show

(a1 7)1z + (g | (0 + 1))z S 6, (7.23)

which will be done in Section 8. This estimate together with the above proposition
implies the convergence of u(t) = p(0) + O(4), closing all the estimates and the
assumptions in the previous sections. For Theorem 1.2, it remains to derive the
asymptotic formula (1.24) from the leading term (¢ | ¢*/s), and to show that all of
the asymptotic behavior (1)—(6) can be realized by choice of the initial data @(0, z)
— this is done in Section 9.

8. SPECIAL ESTIMATES FOR m = 3

In this section we finish the proof of Theorem 1.1 by showing (7.23). It suffices
to estimate the leading term for r — oo:

1r=2x(r) | @)llez <9, (8.1)

with y € C* satisfying x(r) = 0 for » < 1 and x(r) = 1 for r > 2, since the rest
decays at slowest O(r=8) € L., for which we can simply use ¢ € L2L°. Once the
above is proved, we can conclude that

[ellee S 11(0)] + gl e r2nrzrse- (8.2)

The boundedness of 1 and the scattering of ¢ imply that the “normal form” correc-
tion (e'®q | ¥*/s) converges to zero, and so u(t) is convergent as t — oo.

To estimate (8.1), we use perturbation from the free evolution eaths”,
§—alyg= Ny + Ny, (8.3)
where Ny and N, are as in (5.28) and (5.18), satisfying
Ny er~2(r/s\*L2L®, N, e L'L2. (8.4)

For the contribution of Ny as well as the initial data, we use the following estimate.

Lemma 8.1. For anyl > 0, any a € C* withRea > 0, and any functions g(r), f(r),
and F(t,r), we have

@
(g | €22 Pl 20.00) S gl | Iz

' a(tfs)A(l) 2 (85)
gl [ e Ployds) iz S gl [ Fllogze
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Proof. We start with the estimate for the free part. Let g = F;g and f: Fif. The
above L? norm equals by Plancherel in space,

~| _—atr? - —ato
1@ e Pllz0me ~ | / e~ G(0)do | 13(000). (8.6)
0

where we put

—~

G(o) = g(o*) f(o?). (8.7)
If a; > 0, then (8.6) is bounded by Minkowski

<] / e~ |G(0)|do | 2000y < / e |1G (0 /1) | 200y
0 0

- (8.8)
= A ] [« s
0
If a; = 0, then as # 0 and (8.6) is bounded by Plancherel in ¢,
<[ e G@slim ~ [Clizom (59
0

Thus in both cases we obtain

a (1) -~ N o
(g [ e Allz0,00) S NG @2z S NGl llfllzz ~ gl flzz. (8:10)

Then the first desired estimate follows from

. & dr
01 < [ 1AEla0lrdr < gl [ IO ~ Igle @10

since |J;(r)| < min(r!, r=/2) for r > 0.
By duality, the estimate on the Duhamel term is equivalent to

> as Q)
H/ A(s + 1)e™22 g(x)ds| ez S Ir?glliee M 22, (8.12)
0
which is equivalent to
o <>
I a0 @)t 5 1%l Nz (8.13)
which is dual to the first estimate. O

For the potential part Ny, we transfer the equation to R% by u = r~2¢ and consider

Uy — aAéo)u =7r"2Nj. (8.14)
Then thanks to the decay of the potential, we have
r?No € LLYT(R) € L H, )/ (RY), (8.15)

as long as s(t) is away from 0 and co. Then by the endpoint Strichartz or the energy
estimate on RS, the correspondmg Duhamel term is bounded in L?H; Y °(R%), and
since |V,r~*x(r)| < 775, we have r~*y € H51/4(R6) C H;//S(RG) Thus to summarize,
we have

1r=*x T a)llzz < Na(0)llzz + Nallzegs, - (8.16)
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Completion of the proof of Theorem 1.1: Let initial data «(0) be specified
as in Theorem 1.1. The existence of a unique local-in-time solution (¢) in the
given spaces can be deduced by working in the (u,q) variables (using the bijection
of Lemma 4.1) and using estimates similar to those of Sections 5 and 6. The details
are carried out in the Schrodinger case (a = ¢) in [12], and carry over to the general
case in a straightforward way (in fact, there are well-established methods for energy-
space local existence in the dissipative case, starting with the pioneering work [19]
on the heat-flow). It follows from this local theory that the solution continues as
long as u(t) is bounded and ¢ is bounded in L{°L2 N L7 L.

For m > 3, the estimates of the previous four sections give the boundedness of ¢
and g which ensure the solution is global, as well as the convergence of p(t). The
convergence to a harmonic map then follows from the estimates of Section 5. [J

9. SPECIAL ESTIMATES FOR m =2, a >0, vy =0

Let m = 2 and (with no further loss of generality) a = 1. By the bijective
correspondence U < (u,q), it is clear that vy = 0 is equivalent to pu,q € R. It
remains to control the leading term for the parameter dynamics

(g [9°/s). (9-1)

In particular, we will show that this can diverge to 0o, or oscillate between them
for certain initial data.
First by the asymptotics for r — oo, we have 1 + cr;} € L2, where we denote

4yt (r>a) o )t (r<b) )Tt (a<r<b)
Ta< = {O (r <a) b = {O (r>0b) Ta<h = {O (otherwise) (5:2)

Hence we may replace s~'¢® by —cr;2 modulo o(1)Lg®.

. M
Next we want to replace ¢ by the free solution ¢° := SAYY q(0). For that we use
the following pointwise estimate to bound ¢ — qo:

Lemma 9.1. Let Rea > 0 and | > 1. Then for any function g(r) satisfying
lg(r)| < (r)~", we have

0
€% g(r)] < min(L,1/r. /). ©-3)
Proof. Let a; = Rea. By using the explicit kernel we have
a ) C o0 & _ar272r cos 9+q2 i
62 tA, g(?”) — 7 / / e 4‘1]: 9 leg<q>qd9dq, (94)
0 —7
and the integral in @ can be rewritten by partial integration on e as
i T . 7'27 rq cos 6 q2 .

/ % qin oot 19 (q)qdAdg. (9.5)

The double integral for |¢ — r| > r/2 is bounded by using the second form by

o0 r2102 )2
/0 Z—ge’al T min(q, 1)dg < re 4 min(t’lﬂ, t7Y) <min(1,r/t,1/r),  (9.6)
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and that for |¢ — r| < r/2 is bounded by using the first form by

T e B . —1,1/2 N1/2 -
t e t e st dfmin(r, 1)dg <t t/=(t/r7) min(r, 1)
0 —T

(9.7)
S min(1, 1/7),
and by the second form by < r?/t x 1/r = r/t. O
The nonlinear part of ¢ contributes as
_ NG P
2 la=d) = = [ V@ 99
where the potential term is given by
2m(l —wv m 2m(1 — hj
v o)y, < P o) 1 0. (99

The contribution from the last two parts is estimated with the r—! bound from the
above Lemma, thus bounded by

(los/r ez, + lla/rllez Ma/rllez, < llaO)lZz- (9.10)

We need to be more careful to estimate the other term ¢(1 — hj)/r?. First by
Schwarz and the pointwise estimate, we have

t 2
a (m=1)/, 1\ _ s
/ (erd2 t)rs(t)< | r72q(1 — h3))dt’
0

(9.11)

< lla/rlizz, / /Ooo min(s(t) L, 7/ — )2 /s(t)) " Lt

where we also used that |1 — hg(r)| < (r)">™. It suffices to bound the last double
integral. Let 7 =¢ —t. For 0 < 7 < s(t)?, the r integral is bounded by

/5 2 gy s® 1 dr * 1 dr
—— — —— < s(t)72(1 + log(s(t)? 9.12
[EE e o m T S0, 012

hence its 7 integral is bounded by

r

s(t)? 1
/ s(t)72(1 + log(s(t)*/7))dr = 1 +/ | log 0]df < co. (9.13)
0 0
For s(t)> < 7, the r integral is bounded by
S(tl) 2 0 2 N4m N2
/ T_Qﬁ +/ - S2(t4) i S S(t2) ) (9.14)
0 TS T sy T°T moor T

and its 7 integral is bounded by square of

Is() /Tl 22y S Ns(@) /Tl 2wz + 1(5(8) = st = 7)) /7| 2520

1
<1 +/ $(t — 07) || 2gs02.0d0
i [15( M 22y (9.15)

1
<1 +/ 5] 20~/2d6 < 1.
0
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Thus we obtain
((rome L a =) S lla/rllez, (los/r?le2 + 13l z2 + 1) S [lg(0)]| 2, (9.16)
) : :

namely we may replace g by the free solution ¢” in the leading asymptotic term.
Furthermore, we can freeze the scaling parameter because

e = Tatye | OO S iy = oy llz ()2

. t (9.17)
< Illog sJo|'*o(1) < o(1)(|[log sJo| + 1).

Thus we obtain
(1+o(1)[2log sly = —c[(r3g)< | 4°)]6 + O(1),  (t — o0) (9.18)

where O(1) is convergent.
The leading term is further rewritten in the Fourier space by using that

Al o) =07 [ nieyi (9.19)

= p " Jo(s(0)p) = P;}/s(o) +5(0)R(s(0)p), 3R e L.
Let qo := F1q(0). By Plancherel we have {|¢(0)| 12 = ||qo||z2 and

[=(ry0)< 1aM)]s = (1 —e*”) 2 | @) +0(1)
= (" vic/s0) \q0)+0( )
(‘Flrl/\f<1/s(0) | ¢(0)) + O(1) (9.20)

Vit
= 27?/ q(0,7)dr + O(1).
s(0)

Thus we obtain (using that ¢ = ||hy[|[7 = 772),

Vit

(1+ o(1))[log s, = % / q(0,7)dr + O(1), (9.21)
5(0)

and the error term O(1) converges to a finite value as ¢t — oo.

Completion of the proof of Theorem 1.2: As in the proof of Theorem 1.1,
we now have all the estimates to conclude the solution is global (in particular, pu(t)
remains finite by the above formula and estimates), and the convergence to the
harmonic map family follows from the estimates of Section 5. It remains to consider
the asymptotics of s(t).

Since ¢(0) € L2 does not require [, |q(0,7)|dr < oo, it is easy to make up
q(0) € L2, for any given s(0) € (0, 00), such that the first term on the right of (9.21)
attains arbitrarily given limsup > liminf € [—o00, 0] as ¢ — co. In particular, all
of the asymptotic behaviors (1)-(6) in Theorem 1.2 can be realized by appropriate
choices of (¢(0), s(0)), for which Lemma 4.1 ensures existence of corresponding initial
data u(0) € 3.

Using that vo = 0, we can further rewrite the leading term in terms of ¢. Since
e = (vs, 1, —vy1), we have

. 2v 2v
qg=1w-e=uvvs — 11311174—1—71 = —ﬁ,,—l—Tl, (9.22)
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where (3 is defined by v = (cos 3,0, sin (3). Hence we have
2 Vi (0,r
e e

© "

L+ 0(1), (9.23)

where O(1) converges as t — oo.
0

10. PROOFS OF THE KEY LINEAR ESTIMATES
10.1. Uniform bound on the right inverse R,.
Proof of Lemma 3.1. Let s =1 and omit it. It suffices to prove
||R<p9||r9Loo S ||‘P||r—9L1||9||r9+1L}>O,

« 10.1
VR Fllo-r2m < lll-on I flloz (10.1)
From this we get by duality,

IRoglhose S I@l-ons lglloriss, 03

HR;.]C“T*Q*lLfO ~ HQOHT*OLleHTfGLl,

and the bilinear complex interpolation covers the intermediate cases.
It remains to prove (10.1). We rewrite the kernel of R,

// o ) xX(r, ', 7" )@ () ha ()1 g (") dr " dr, (10.3)

where x(r) is defined by

1 (r' <" <),
x(r ' r"y =< -1 (r<r” <7, (10.4)
0  (otherwise).
We decompose the double integral dyadically such that r ~ 27, " ~ 2% and 7’ ~ 2!,
and let
Aj = 27| Rogll i rnziys By = 20| R fl e o)

_o— (10.5)
o1 =2"0ll s g6 =20 gl prgmarys fo = 2% Fll L)
For R,, we have
Aj 5 Z 2—m\j\—9j+m|k|+9k—m\l|—0[solgk‘ 06
J—1<k<i+1 (10.6)
I—1<k<j+1

The sums over k are bounded for j — 1 < k <[+ landforl—1<k < j+1
respectively by

max (2797 1) max(20m+0 1),

2—m\j\—0j—m|l|—9l _
max (270! 1) max(2m+9)7 1),

o1 s%p g X { (10.7)

and since the exponential factors are bounded, after summation over [ we get

IRpgllyor S El:sgp P19k, (10.8)
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as desired. For R in (10.1), we have

j|+0j—m|k|—0k—m]|l| -0
B; < Z gm|j|+0j—m|k| mll=0l e £

k1<l (10.9)
1-1<5<k+1
Then the sums over k and [ are bounded in both cases by
2"V sup @) f min(277%, 1) min (277, 1), (10.10)
k,l

and hence || R} f[|,~o-170c S sup;, @igx, as desired.

Next we show the optimality. Let b € Z, and choose any g which is piecewise
constant on each dyadic interval (27,27%1) suppg C [2%,00), and g > 0. Then for
0 < r < 2% we have

Reglr) =h) [ [ 106 plah(alag(s)asda

j—1 (10.11)
2 h(r) Y > amktOh g om0, > h(r) Y g1,
j=b k=b j=b
where we denote gp = ||gl[;o-1700(2r) and @; = ||@|l,-011(rn0iy. Choosing a test

function ¢ € Cg°(0,00) satisfying 1 > 0, suppy C (0,2°) and (h | ¥) = 1, we
see that ¢; € E?l (j > b) is necessary since we can choose arbitrary non-negative
gr € %(k > b). Similarly by choosing supp g C (0,2°] and supp v C (2, 00), we see
that ¢, € K? (7 < b) is also necessary. O

10.2. Double endpoint Strichartz estimate. Lemma 5.1 holds for more general
radial potentials. We call

t
O T (10.12)
0 Li. 7
the Kato estimate for the operator H, and
lull 2 zsey S Nu(0) 22 + lliwy + Hull L2y (10.13)

the double endpoint Strichartz estimate for H. Lemma 5.1 is a consequence of the
following.

Theorem 10.1. For any m > 0, the double endpoint Strichartz (10.13) holds for
radially symmetric u(t,z) = u(t,|z|) and H = Aém) =02+ 1710, —m*r—2.

Lemma 10.2. Suppose Hy and H = Hy + V' are both self-adjoint on L*(R?) and
|22V (x) € L>®(R?). Assume that the Kato estimate (10.12) holds for H, and that the
double endpoint Strichartz estimate (10.13) holds for Hy. Then we have the double
endpoint Strichartz also for H. The same is true when we restrict all functions to
radially symmetric ones, if V is also symmetric.

Corollary 10.3. Let V = V(|z|) € CYR*\{0}) be a radially-symmetric function
with |z[*V € L>®(R?), and suppose H = —A +V s self-adjoint on L*(R?). Let
f(t,x) = f(t,|x|) be radial. Then
(1) the Kato estimate (10.12) holds for H if and only if the double-endpoint
estimate (10.13) holds for H,
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(2) both estimates hold provided
. 2 . 2
712%7" V(r) >0, ir>1(f) re(rV(r)), > 0. (10.14)

Since our linearized operator H*® satisfies (10.14), the above implies Lemma 5.1.

Proof of Corollary 10.3. The first statement follows directly from Theorem 10.1 and
Lemma 10.2. For the second statement: the methods of [4], adapted to the 2-
dimensional radial setting (detailed in [12]), imply that conditions (10.14) yield
the resolvent estimate (10.15), hence the Kato estimate, and the double endpoint
estimate. 0

Remark 1. While the double-endpoint estimate (10.13) always implies the Kato
estimate (10.12), the reverse implication does not hold in general. For example,
consider H = —A acting on 2D functions with zero angular average. The Kato
estimate in this case can be verified, for example, by using the methods of [4] to
establish the resolvent estimate

iilg”(H — N7l 2 S llell 20, (10.15)

from which the Kato estimate follows by Plancherel in ¢ (see [12] for details). On the
other hand, if the double-endpoint estimate were to hold for zero-angular-average
functions, so would the endpoint homogeneous estimate. Since the latter is known
to hold for radial functions (see Tao [20]), it would therefore hold for all 2D func-
tions, which is false (see Montgomery-Smith [16], also see [20]). Alternatively, a
constructive counter-example is given by placing delta functions of the same mass
but opposite sign at (1,0) and (0,1) in the plane.

Proof of Theorem 10.1. Following [15], we use the identity

a+3r
// F(s,t)dsdt = C’/ dT/ / ds/ dtF(s,t),
<t R a—3r

for the decomposition, where C' > 0 is some explicit positive constant. Define the
bilinear operators I; for j € Z by

s = [ da/ s [ e ),

where f and g are radial (i.e. f(s) = f(|z|, s), etc.).
The desired estimate follows from

DL S I lezrallgllrars-

JEZ

Using the 1/t decay for ||e”A || 111, we can easily bound the supremum of the
summand. To get summability, we need decay both faster and slower than 1/t. In
fact we have, for ¢ = p(|z|) radial,

4 A (M) _
128 o S 1l pn, —m < < 12 (10.16)

This follows easily from the explicit fundamental solution

itA;m) _ C_m = i(r24p? /4tJ P d
@ =2 [ (2) 6(p)pdp

t 2t
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(cm a constant) in terms of the Bessel function J,, of the first kind, for which
—m < pu<1/2.

sup s*J,,(s) < o0,
s>0
Next, when the decay is slower than 1/t, namely if we choose p > 0 in (10.16)
then we get a non-endpoint Strichartz estimate using the Hardy-Littlewood-Sobolev
(10.17)

inequality in time:

I [ o fs)dslaz S 1l

for0<a<1/2and 1/p=1/2 —a/2.
Now the rest of the proof follows along the lines of Keel-Tao [14]. We will prove
(10.18)

that
LIS 22N ) paprellgl 2 a0
for
—-m<a=0<0 (10.19)
and for
0<a,pB<1/2 (10.20)

For the first exponents (10.19), we use the decay estimate (10.16) and the L%

LY~ duality at each (s,t). Then we get
L1 ~a|lg(t )”L};*"‘

2g+1 a+3r ||f H
<
Li(f, 9] S / /R / / —s[tme
2J+1
/ /_2ja||f||m (a-sra—rszb= ) 191l 2 @rratanst o)

3r<t—a< r;L;’_a)||gHLi,t(r<t7a<3r;Lglc’ )

~Y

27 +1
dr _.
< ar el
L e,
S 2ja||f||L§L;’*“||g||L§L;v*%

where we used Holder for s,t, a.

For the second exponents (10.20), we use the non-endpoint Strichartz (10.17) for
both integrals in s and ¢, after applying the Schwartz inequality in x. Then we get

2J+1
f g | </ /_HfHLp (a—3r,a—r; L7 ”gHL‘Z (atr,a+3r;Ly~%)
2J+1
dr [ da . 9
/2 /sz(aJrﬁ)/ ||fHL?(a,3r7a,T;L;v*5)HgHLf(a+r,a+3r L™y

and the rest is the same as above, where 1/p’ = 1/2 + «/2 and 1/¢' = 1/2 + (/2

Thus we get (10.18) both for (10.19) and (10.20). By bilinear complex interpolation
3) to the convex hull:

(10.21)

(cf. [3]), we can extend the region (
m 1 1
(ﬁ__) 6>m+%( )7 Cl{,ﬁ<§.

a > 1
m+§



32 STEPHEN GUSTAFSON, KENJI NAKANISHI, AND TAI-PENG TSAI

The only property we need is that this set includes a neighborhood of (0,0), where
we are looking for the summability.
Now we use bilinear interpolation (see [3, Exercise 3.13.5(b)] and [17])

T:XiXXj_>Y;+j (Zvjal+j€{071})
= T : Xgyry X Xoyry = Yo,4000m0 1/70=1/r14+1/19,

where Xy, := (X, X1), denotes the real interpolation space.
The above bound (10.18) can be written as

I1(f, 9)||g;<a+5)/2 S ||f”L§L;v*a||9||L§L;fﬁ7
where £ denotes the weighted space over Z:
[alley := HQjaaj“eg(Z)
Hence the bilinear interpolation implies that
(s ) pmormrre SN 2 pyellgll iz o (10.22)
for all (a, ) in (10.21), where

ol Eps =D 1250l % gty
kEZ

and we used the interpolation property of weighted spaces (cf. [3]):
(€5 C)og = 670 a3,

(LPe LPP)gq = LEUTOH00 o o 3,
By choosing o = = 0 in (10.22), we get the desired result. O

Proof of Lemma 10.2. By time translation, we can replace the interval of integration
in (10.12) and (10.13) by (—oo,t). Then by taking the dual, we can also replace
it by (t,00). Adding those two, we can replace it by R. Then the standard TT*
argument implies that

iHOtSOHL?(LgO) S llelfze-

t
u :/ e = £(5)ds

Then the Duhamel formula for the equation
tug + Hyou = f —Vu

le™ ol 221y S llellzz, e
Now let

implies that

u = /t el=Ho(f _Vay)(s)ds.

—00

Applying (10.12) for H and (10.13) for Hy, and using L*>! C Ll we get
HUHLf(LgO) SIf = VUHL%(L;)
S ||f||L3(L;) + ||T2V||L§°||u||L§(L2v*1) S Hf”Lf(L?vl)'

Then by duality we also get

(10.23)

HUHLf(L%—l) S HfHL,%(L;)-
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Feeding this back into (10.23), we get

||U||L§(Lgo) S ||f||L§(L;)-
The estimate on e’y is simpler, or can be derived from the above by the TT*
argument. 0

APPENDIX A. LANDAU-LIFSHITZ MAPS FROM S?

The same stability problem on S?, instead of R?, is much easier in the dissipative
case, because the eigenfunctions get additional decay from the curved metric on S2.
Indeed we have convergence for all m > 1:

Theorem A.1. Let m > 2, a € C and Rea > 0. Then there exists 6 > 0 such that
for any 4(0,z) € X, with £(1@(0)) < 4mm + 62, we have a unique global solution
i € C([0,00);%,,) satisfying Vu € L?,,.([0,00); L>). Moreover, for some py € C
we have

t,loc

[(t) = """ Rlpoc | nee + E@(t) — €™ hlpioc]) = 0 (£ — 00). (A1)
Our proof does not give a uniform bound on ¢ if m = 1, but we have

Theorem A.2. Let m =1, a € C, Rea > 0 and po € C. Then there exists § > 0
such that for any @(0,z) € 1 with E(@(0) — huo]) < 6%, we have a unique global
solution 4 € C([0,00); %) satisfying Vi € L7,,.([0,00); L) Moreover, for some
oo € C we have

l@(t) — €™ hlpoc)ll e + E@(E) — €™ hlps]) =0 (t—o00).  (A2)
The proof is essentially a small subset of that in the R? case, so we just indicate
necessary modifications.

Outline of Proof. By the stereographic projection, we can translate the problem to
R? with the metric g(x)dz?, where g(z) = (1+7?/4)72. The harmonic maps are the
same, while the evolution equation is changed to

=iSq—alLzg 'Liq, S = / (q+ —1/ ojalzqdr. (A.3)
In this setting we can use the “standard” orthogonality to decide p:
0= (= gh3), (A.4)
since ghy € (r)"'L'. The energy identity
Aillqll7z = —2a1(97 " Liq | Liq) (A.5)
implies the a priori bound on ¢:
lgllzgezz + lg™Liall 22 < la(0) 2 ~ 6. (A.6)

Since g=1/? 2 r, we get (by using ¢ = RS L**q as on R?),
lallzz < llrLigllee < llg™ "2 Liallz € L. (A7)
Then by the orthogonality (A.4) we have z = R, L°z with
s = s"g(rs)hu/(ghi | hi), (A8)
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and so
12/rllz S L%z 2| @] Ly- (A.9)
Since
oo . 72
/ g(rs)min(r, 1/r) " rdr ~ m%n(l,is Z (m >2) : (A.10)
0 min(s~!, s7?) (m=1)
we have
1 (m > 2)
Al ~ . A1l
Il {mMWﬁn<m:w (A1)

Anyway, if § is small enough (depending on s), we get by the same argument as on
R2?,
lellx S lallzz € L2 N L. (A12)

Differentiating the orthogonality, we get

Al | ght) = —(MaLiq | B}) = (92 | (5310, + ifiohi) )
m?v}g

= —((My + 2 Mag | 1) (A.13)

— (92 | {E2 0, + m) + dfia (3 — 1)} 1),
where on the second equality we used that LA = 0 and (gz | h]) = 0. Using that
|(r0, + m)ha| + |(hs — 1)ha| S min(r™= r=71) < (r) 7 (A.14)

~

we can bound the last term in (A.13) by
|l [|2]| Lo min(s?, 1), (A.15)

which is much smaller than the term on the left. The second last term in (A.13) is
bounded at each ¢ by

lallzz 175 llee < NlallZs- (A.16)

If m > 1, we can improve this for s < 1 as follows. By the same argument as on R2,
we have

lalleg, S IL3allee S g™ Liall e, (A.17)

2 N

where we need m > 1 for the boundedness of Rj_: r?L} — rL° and RZ rLy — L.
Then we can replace the above estimate in the region r < 1 by

lallenzz [Pl 2o S Nlall 72 min(s®, 1). (A.18)
Thus we obtain
52 (m > 2)
) < -7, A.19

and hence if § > 0 is small enough, we get the desired convergence as on R2. 0
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Remark 2. It is a natural question whether one can prove a weaker asymptotic
stability as in Theorem A.2 also on R2. It is impossible in the energy space, at least
in the heat flow case (a > 0), because of the presence of blow-up solutions arbitrarily
close to the ground state, together with the scaling invariance of the energy space.
It is however quite likely that the stability holds for sufficiently localized initial
perturbation. This requires weighted estimates on the linearized evolution, which
will be pursued in a forthcoming paper.
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