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LAGRANGIAN FLOER THEORY ON COMPACT
TORIC MANIFOLDS, I

KENIJI FUKAYA, YONG-GEUN OH, HIROSHI OHTA, and KAORU ONO

Abstract

We introduced the notion of weakly unobstructed Lagrangian submanifolds and con-
structed their potential function (PO ) purely in terms of A-model data in [FOOO3].
In this article, we carry out explicit calculations involving 3 on toric manifolds
and study the relationship between this class of Lagrangian submanifolds with the
earlier work of Givental [G1], which advocates that the quantum cohomology ring
is isomorphic to the Jacobian ring of a certain function, called the Landau-Ginzburg
superpotential. Combining this study with the results from [FOOO3], we also apply
the study to various examples to illustrate its implications to symplectic topology of
Lagrangian fibers of toric manifolds. In particular, we relate it to the Hamiltonian
displacement property of Lagrangian fibers and to Entov-Polterovich’s symplectic
quasi-states.
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1. Introduction

The Floer theory of Lagrangian submanifolds has played an important role in sym-
plectic geometry since Floer’s invention [Fo] of the Floer cohomology and subsequent
generalization to the class of monotone Lagrangian submanifolds [O1]. After the in-
troduction of A ,-structure in Floer theory [F1] and Kontsevich’s homological mirror
symmetry proposal [K], it has also played an essential role in a formulation of mirror
symmetry in string theory.

In [FOOO1], we analyzed the anomaly 9> # 0 and developed an obstruction the-
ory for the definition of Floer cohomology and introduced the class of unobstructed
Lagrangian submanifolds for which one can deform Floer’s original definition of the
“boundary” map by a suitable bounding cochain denoted by b. Expanding the discus-
sion in [FOOO1, Section 7] and motivated by the work of Cho and Oh [CO], we also
introduced the notion of weakly unobstructed Lagrangian submanifolds in [FOOO3,
Chapter 3] which turns out to be the right class of Lagrangian submanifolds to look
at in relation to the mirror symmetry of Fano toric A-model and Landau-Ginzburg B-
model proposed by physicists (see [H], [HV]). In this article, we study the relationship
between this class of Lagrangian submanifolds and the earlier work of Givental [G1],
which advocates that the quantum cohomology ring is isomorphic to the Jacobian ring
of a certain function, which is called the Landau-Ginzburg superpotential. Combining
this study with the results from [FOOQO3], we also apply this study to symplectic
topology of Lagrangian fibers of toric manifolds.

While the appearance of bounding cochains is natural from the point of view of
deformation theory, explicit computation thereof has not been carried out. One of the
main purposes of this article is to perform this calculation in the case of fibers of toric
manifolds and to draw its various applications. Especially, we show that each fiber L(u)
at u € t* is weakly unobstructed for any toric manifold 7 : X — t* (see Proposition
4.3), and we then show that the set of the pairs (L(u), b) of a fiber L(u) and a weak
bounding cochain b with nontrivial Floer cohomology can be calculated from the
quantum cohomology of the ambient toric manifold, at least in the Fano case. Namely,
the set of such pairs (L(u), b) is identified with the set of ring homomorphisms from
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quantum cohomology to the relevant Novikov ring. We also show by a variational

analysis that for any compact toric manifold there exists at least one pair of (u, b)’s

for which the Floer cohomology of (L(u), b) is nontrivial.

We call a Lagrangian fiber (that is, a T"-orbit) balanced, roughly speaking, if
its Floer cohomology is nontrivial (see Definition 4.11 for its precise definition). The
main result of this article can be summarized as follows.

(1)  When X is a compact Fano toric manifold, we give a method to locate all the
balanced fibers.

(2)  Even when X is not Fano, we can still apply the same method to obtain a
finite set of Lagrangian fibers. We prove that this set coincides with the set
of balanced Lagrangian fibers under certain nondegeneracy condition. This
condition can be easily checked when a toric manifold is given.

Now, a more precise statement of the main results is in order.

Let X be an n-dimensional smooth compact toric manifold. We fix a T"-
equivariant Kdhler form on X, and we let 7 : X — t* = (R")* be the moment
map. The image P = 7w (X) C (R")* is called the moment polytope. For u € Int P,
we denote L(u) = 7~ '(u). The fiber L(u) is a Lagrangian torus that is an orbit of
the T"-action (see Section 2; we refer readers to, e.g., [Au], [Fu] for the details on
toric manifolds). We study the Floer cohomology defined in [FOOO3]. According to
[FOOO1] and [FOOO3], we need extra data, the bounding cochain, to make the defi-
nition of Floer cohomology more flexible to allow a more general class of Lagrangian
submanifolds. In the current context of Lagrangian torus fibers in toric manifolds, we
use weak bounding cochains. Denote by M yea(L(1); Ag) the moduli space of (weak)
bounding cochains for a weakly unobstructed Lagrangian submanifold L(u) (see the
end of Section 4).

In this situation, we first show that each element in H'(L(u); Ao) gives rise to a
weak bounding cochain, that is, there is a natural embedding

H' (L@); Ao) > Moyea (L) Ao) (1.1)

(see Proposition 4.3). Here we use the universal Novikov ring
o
A:{ZaiT*i’aieQ,AieR, Jimx,-:oo}, (12)
im1 1—> 00

where 7T is a formal parameter. (We do not use the grading parameter e used in
[FOOQO3] since it does not play much of a role in this article.) Then Ay is a subring of
A defined by

A()Z{Zaiﬂf eA‘kizo}. (1.3)
i=1
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We also use another subring
[e.¢]
A+={ZaiT*f eA‘ki>0}. (14)
i=1

We note that A is the field of fractions of A and that A is a local ring with maximal
ideal A . Here we take the universal Novikov ring over Q, but we also use the universal
Novikov ring over C or other ring R, which we denote A®, AR, respectively. (In case
R does not contain @, Floer cohomology over AX is defined only in the Fano case.)

Remark 1.1
If we strictly follow the way taken in [FOOO3], we get only the embedding
HY(L(u); Ay) — M yea(L()), not (1.1). Here

ﬂweak(l‘(u)) = ﬂweak(l‘(u); A+)

is defined in [FOOQ3, Definitions 3.6.29, 4.3.21]. (We note that # yea(L(1); Ay) F#
M e (L(1); Ag), where the right-hand side is defined at the end of Section 4.)
However, we can modify the definition of weak unobstructedness so that (1.1)
follows, using the idea of Cho [Cho, Section 2.1] (see Section 12).
For the rest of this article, we use the symbol b for an element of A e (L(u); A )
and ¢ for an element of A yea (L(1); Ag).

We next consider the quantum cohomology ring QH(X;A) with the universal
Novikov ring A as a coefficient ring (see Section 6). It is a commutative ring for
the toric case, since Q H(X; A) is generated by cohomology classes of even degree.

Definition 1.2

(1)  We define the set Spec(Q H(X; A))(A®) to be the set of A-algebra homomor-
phisms ¢ : QH(X; A) — AC. (In other words, it is the set of all AC-valued
points of the scheme Spec(Q H(X; A)).

(2)  We next denote by M(Lag(X)) the set of all pairs (r,u), u € IntP, ¢ €
H'(L(u); AS)/H"(L(u); 27 /—12Z) such that

HF((L@w), ), (L), p); A®) # {0).

THEOREM 1.3
If X is a Fano toric manifold, then

Spec( QH(X; A))(A®) = IM(Lag(X)).
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If QOH(X; A) is semisimple in addition, then we have

> " rankg Hy(X; Q) = #(M(Lag(X))). (1.5)
d

We remark that a commutative ring that is a finite-dimensional vector space over a
field (e.g., A in our case) is semisimple if and only if it does not contain any nilpotent
element. We also remark that a compact toric manifold is Fano if and only if every
nontrivial holomorphic sphere has positive Chern number.

We believe that (1.5) still holds in the non-Fano case, but we have been unable
to prove it to date. However, we can prove that there exists a fiber L(u#) whose Floer
cohomology is nontrivial, by a method different from the proof of Theorem 1.3. Due
to technical reasons, we can only prove the following slightly weaker statement.

THEOREM 1.4
Assume that the Kdhler form w of X is rational. Then there exists u € Int P such that
forany A" € R there exists t € H'(L(u); AgR) with

HF((L(u), x), (L), 1); Ay /(T")) = HT"R) @z Ay /(T).

We suspect that the rationality assumption in Theorem 1.4 can be removed. It is also
likely that we can prove 9(Lag(X)) is nonempty, but its proof at the moment is a
bit cumbersome to write down. We can, however, derive the following theorem from
Theorem 1.4, without rationality assumption.

THEOREM 1.5
Let X be an n-dimensional compact toric manifold. There exists uy € IntP such that
the following holds for any Hamiltonian diffeomorphism ¢ : X — X,

Y (L(uo)) N L(uo) # 9. (1.6)

If in addition ¥ (L(uy)) is transversal to L(uy), then
#(W (L(uo)) N L(ug)) = 2. (1.7

Theorem 1.5 is proved in Section 13.

We wish to point out that (1.6) can be derived from a more general intersection
result, [EP1, Theorem 2.1], obtained by Entov and Polterovich with a different method
using a very interesting notion of partial symplectic quasi-state constructed out of
the spectral invariants defined in [Sc] and [O3] (see also [V] and [O2] for similar
constructions in the context of exact Lagrangian submanifolds).
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Remark 1.6

Strictly speaking, [EP1, Theorem 2.1] is stated under the assumption that X is semi-
positive and w is rational because the theory of spectral invariant was developed in
[O3] under these conditions. The rationality assumption was removed in [O4] and
[Us], and the semipositivity assumption of w was removed in [Us]. Thus the spectral
invariant satisfying all the properties listed in [EP1, Section 5] is now established for
an arbitrary compact symplectic manifold. By the argument of [EP1, Section 7], this
implies the existence of a partial symplectic quasi-state. Therefore, the proof of [EP1,
Theorem 2.1] goes through without these assumptions (semipositivity and rationality),
and hence it implies (1.6) (see the introduction of [Us]). But the result (1.7) is new.

Our proof of Theorem 1.5 gives an explicit way of locating u,, as we show in
Section 9. (The method of [EP1] is indirect and does not provide a way of finding
such uy; see [EP2]. Below, we make some remarks concerning the Entov-Polterovich
approach in the perspective of homological mirror symmetry.) In various explicit
examples we can find more than one element 1 that have the properties stated in
this theorem. Following terminology employed in [CO], we call any such torus fiber
L(up) as in Theorem 1.4 a balanced Lagrangian torus fiber (see Definition 4.11 for its
precise definition).

A criterion for L(ug) to be balanced, for the case r = 0, is provided by Cho
and Oh [CO] and Cho [Cho] under the Fano condition. Our proofs of Theorems 1.4
and 1.5 are largely based on this criterion, and on the idea of Cho [Cho] of twisting
nonunitary complex line bundles in the construction of Floer boundary operator. This
criterion in turn specializes to the one predicted by physicists (see [HV], [H]), which
relates the location of i to the critical points of the Landau-Ginzburg superpotential.

A precise description of balanced Lagrangian fibers including the data of bounding
cochains involves the notion of a potential function. In [FOOQ3], the authors have
introduced a function

PO+ M yea(L) — Ao

for an arbitrary weakly unobstructed Lagrangian submanifold L C (X, w). By varying
the function %DL over L € {w~'(u) | u € Int P}, we obtain the potential function

PO : U Aweall) > Ao (1.8)

Le{m—'(u)|uclnt P}

This function is constructed purely in terms of A-model data of the general symplectic
manifold (X, w) without using mirror symmetry.

For a toric (X, ), the restriction of PO to H'(L(u); Ay) (see (1.1)) can be
made explicit when combined with the analysis of holomorphic discs attached to torus
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fibers of toric manifolds carried out in [CO], at least in the Fano case. (In the non-Fano
case, we can make it explicit modulo “higher order terms.”) This function extends to
H'(L(u); Ao).

Remark 1.7

In [EP3], some relationships between quantum cohomology, quasi-state, spectral in-
variant and displacement of Lagrangian submanifolds are discussed. Consider an
idempotent i of quantum cohomology. The (asymptotic) spectral invariants associated
to i give rise to a partial symplectic quasi-state via the procedure concocted in [EP3],
which in turn detects nondisplaceability of certain Lagrangian submanifolds. (The
assumption of [EP1] is weaker than ours.)

In the current context of toric manifolds, we could also relate them to Floer
cohomology and mirror symmetry in the following way. Quantum cohomology
is decomposed into indecomposable factors (see Proposition 7.7). Let i be the
idempotent corresponding to one of the indecomposable factors. Let L = L(u(1, i))
be a Lagrangian torus fiber whose nondisplaceability is detected by the par-
tial symplectic quasi-state obtained from i. We conjecture that Floer cohomology
HF(L(u((,1i),x), (L(u(1,1i), 1)) is nontrivial for some 1 (see Remark 5.8). This
bounding cochain ¢ in turn is shown to be a critical point of the potential function 39
defined in [FOOO3].

On the other hand, i also determines a homomorphism ¢; : QH(X; A) — A. It
corresponds to some Lagrangian fiber L(u(2, 1)) by Theorem 1.3. Then this implies
via Theorem 4.10 that the fiber L(u(2, i)) is nondisplaceable.

We conjecture that u(1, i) = u(2, i). We remark that u(2, i) is explicitly calculable.
Hence in view of the way u(1, i) is found in [EP1], u(1,i) = u(2,i) gives some
information on the asymptotic behavior of the spectral invariant associated with i.

We fix a basis of the Lie algebra t of 7" which induces a basis of t* and hence a coor-
dinate of the moment polytope P C t*. This in turn induces a basis of H'(L(u); Ao)
for each u € Int P and so identification H'(L(u); Ag) = (Ao)". We then regard the
potential function as a function

PO, ey XU, ey uy) s (M) X Int P — Ag
and prove in Theorem 4.10 that Floer cohomology H F((L(u), r), (L(u), r); A) with
r=(1,...,%),u = (uy,...,u,)is nontrivial if and only if (r, u) satisfies
PO
i(JC;M)=O, i=1,...,n. (1.9)

Bxi
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To study (1.9), it is useful to change the variables x; to
yi=e".
In these variables, we can write potential function as a sum
PO, vy X ULy ey Uy) = Z TPy, ..., Y,

where P; are Laurent polynomials which do not depend on u, and c;(u) are positive
real valued functions. When X is Fano, we can express the right-hand side as a finite
sum (see Theorem 4.5).

We define a function O of y;’s by

BO“ iy ey Yu) = BOX, ooy X3 Uty o ey Uy)

as a Laurent polynomial of n-variables with coefficient in A. We denote the set of
Laurent polynomials by

A[yl,---,Ynan17---,y;l]

and consider its ideal generated by the partial derivatives of 3", namely,

(affu;i - 1,...,n).

Definition 1.8
We call the quotient ring

Alyis oo Y vy ey 1
@BO"/ayii = 1,....n)

Jac(PO") =
the Jacobian ring of PO".

We prove that the Jacobian ring is independent of the choice of u up to isomorphism
(see the end of Section 6), and so we just write Jac(J3D) for Jac(JBO") when there is
no danger of confusion.

THEOREM 1.9
If X is Fano, then there exists a A-algebra isomorphism

Yt QH(X; A) — Jac(PO)
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from quantum cohomology ring to the Jacobian ring such that
Yu(c1(X)) = PO".

Theorem 1.9 (or Theorem 1.12 below) enables us to explicitly determine all the pairs
(xr, u) with HF((L(u), r), (L(u),); A) # 0 out of the quantum cohomology of X.
More specifically, Batyrev’s presentation of quantum cohomology in terms of the
Jacobian ring plays an essential role for this purpose; we explain how this is done in
Sections 7 and 8.

Remark 1.10

(1) The idea that the quantum cohomology ring coincides with the Jacobian ring begins
with a celebrated article by Givental (see [G1, Theorem 5(1)]). There it was claimed
also that the D-module defined by an oscillatory integral with the superpotential as its
kernel is isomorphic to S'-equivariant Floer cohomology of the periodic Hamiltonian
system. When one takes its WKB limit, the former becomes the ring of functions on
its characteristic variety, which is nothing but the Jacobian ring. The latter becomes
the (small) quantum cohomology ring under the same limit. Assuming the Ansatz
that quantum cohomology can be calculated by fixed-point localization, these claims
are proved in a subsequent article [G2] for, at least, toric Fano manifolds. Then the
required fixed-point localization is made rigorous later in [GP] (see also Iritani [11]).

In physics literature, it has been advocated that the Landau-Ginzburg model of
superpotential (that is, the potential function JBLO in our situation) calculates quantum
cohomology of X. A precise mathematical statement thereof is our Theorem 1.9 (see,
e.g., [HKKP, page 473]).

Our main new idea in the proof of Theorem 1.3 (other than those already in
[FOOO3]) is the way we combine them to extract information on Lagrangian sub-
manifolds. In fact, Theorem 1.9 itself easily follows if we use the claim made by
Batyrev that the quantum cohomology of a toric Fano manifold is a quotient of a
polynomial ring by the ideal of relations, called the quantum Stanley-Reisner relation
and the linear relation (this claim is now well established). We include this simple
derivation in Section 6 for completeness, since it is essential to take the Novikov ring
A as the coefficient ring in our applications. This version does not seem to have been
proven in the literature in the form that we need.

(2) The proof of Theorem 1.9 given in this article does not contain a serious study
of pseudoholomorphic spheres. The argument we outline in Remark 6.15 is based on
open-closed Gromov-Witten theory, and it is different from other various methods that
have been used to calculate Gromov-Witten invariants in the literature. In particular,
this argument does not use the method of fixed-point localization. We will present this
conceptual proof of Theorem 1.9 in a future sequel to this article.
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(3) The isomorphism in Theorem 1.9 may be regarded as a particular case of the
conjectural relation between quantum cohomology and Hochschild cohomology of
Fukaya category (see Remark 6.15).

(4) In this article, we only involve small quantum cohomology rings but we
can also include big quantum cohomology rings. Then, we expect, Theorem 1.9
can be enhanced to establish a relationship between the Frobenius structure of the
deformation theory of quantum cohomology (see, e.g., [M]) and the Landau-Ginzburg
model (which is due to K. Saito [S]). This statement (and Theorems 1.3 and 1.9) can
be regarded as a version of mirror symmetry between the toric A-model and the
Landau-Ginzburg B-model. In various literature on mirror symmetry, such as [Ab],
[AKO], and [U], the B-model is dealt with for Fano or toric manifolds in which
the derived category of coherent sheaves is studied, while the A-model is dealt with
for Landau-Ginzburg A-models where the directed A, -category of Seidel [Se2] is
studied.

(5) In [Ar], Auroux discussed a mirror symmetry between the A-model side of
toric manifolds and the B-model side of Landau-Ginzburg models. The discussion
of [Ar] uses Floer cohomology with C-coefficients. In this article, we use Floer
cohomology over the Novikov ring, which is more suitable for the applications to
symplectic topology.

(6) Even when X is not necessarily Fano, we can still prove a similar isomorphism

Y : QH®(X; A) = Jac(PO,) (1.10)

where the left-hand side is the Batyrev quantum cohomology ring (see Definition 6.4)
and the right-hand side is the Jacobian ring of some function 39 y; it coincides with
the actual potential function P39 “up to higher order terms” (see (4.9)). In the Fano
case PO, = PO; (1.10) is Proposition 6.8.

(7) During the final stage of writing this article, another article, [CL] by Chan
and Leung, appeared in which the above isomorphism was studied via SYZ transfor-
mations. Chan and Leung give a proof of this isomorphism for the case where X is
a product of projective spaces and use the coefficient ring C, not the Novikov ring.
Leung presented their result [CL] in a conference held at Kyoto University in January
2008, where Fukaya also presented the content of this article.

From our definition, it follows that the leading-order potential function 39, (see
(4.9)) can be extended to the whole product (AE)C " x R”" so that they are invariant
under the translations by elements in (27 J=1Zyr C (Ag)”. Hence we may regard
PO, as a function defined on

(AS/@aV=17))" x (R"Y* = (A§/Qrv/=12))" x R".
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In the non-Fano case, the function PO is invariant under the translations by elements
in 2m/—1Z)" € (AS)" but may not extend to AS/(2m+/—1Z))" x R". This is
because the infinite sum appearing in the right-hand side of (4.7) may not converge in
non-Archimedean topology for u ¢ Int P.

Definition 1.11
We denote by

Crit(PO,), (respectively, Crit(PO))
the subset of pairs
(xr,u)e (Ag/(va —1Z))an", (respectively, (r, u) € (Aé)c/(Zn N = IZ))”x Int P)

satisfying the equation

PO,
0

i

PO
(T u) =0, (respectively, i(;; u) = 0>’
B.X,‘

We define 9(Lag(X)) in Definition 1.2. (We use the same definition in the
non-Fano case.) In view of Theorem 1.12(2) below, we also introduce the subset

Mo (Lag(X)) = {(x, u) € Crit(PO,) | u € Int P}.

We also note that 9, = P in case X is Fano. The following is a more precise
form of Theorem 1.3.

THEOREM 1.12
(1) There exists a bijection

Spec(QH”(X; A))(A®) = Crit(PO,).
2) There exists a bijection
M(Lag(X)) = CriPO).

(3)  If X is Fano and ¢ is a critical point of POy, then u € Int P.
“4) If OH®(X; A) is semisimple, then

> rank, QH®(X; A) = #(Crit(BO)).
d
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Remark 1.13

(1) Theorem 1.12(3) does not hold in the non-Fano case. We give a counterexample

(Example 8.2) in Section 8. In fact, in the case of Example 8.2 some of the critical

points of PO, correspond to a point u € R” which lies outside the moment polytope.
(2) In the Fano case, Theorem 1.12(3) implies that

M(Lag(X)) = Crit(PO) = Crit(PO,).

We note that 39, is explicitly computable. But we do not know the explicit form
of PO. However, we can show that elements of Crit(J38,) and of Crit(BD) can be
naturally related to each other under a mild nondegeneracy condition (see Theorem
10.4). So we can use P9, in place of PO in most of the cases. For example, we can
use it to prove the following.

THEOREM 1.14
For any k, there exists a Kdihler form on X(k), the k-points blow-up of CP?, that is
toric and has exactly k + 1 balanced fibers.

Balanced fiber satisfies conclusions (1.6), (1.7) of Theorem 1.5 (see Definition 4.11
for the definition of balanced fibers). We prove Theorem 1.14 in Section 10.

Remark 1.15

The cardinality of r € H'(L(u); Ag)/Hl(L(u); 2 /—17) with nonvanishing Floer
cohomology is an invariant of Lagrangian submanifold L(u). This is a consequence
of [FOOO3, Theorem G] (equivalent to [FOOO2, Theorem G]).

The organization of this article is now in order. In Section 2, we gather some basic
facts on toric manifolds and fix our notation. Section 3 is a brief review of Lagrangian
Floer theory in [FOOO1] and [FOOO3]. In Section 4, we describe our main results on
the potential function 39O and on its relation to the Floer cohomology. We illustrate
these theorems by several examples and derive their consequences in Sections 5—-10.
We postpone their proofs until Sections 11-13.

In Section 5, we illustrate explicit calculations involving the potential functions
in such examples as CP", §? x S2, and the 2-point blow-up of CP?2. We also discuss
a relationship between displacement energy of Lagrangian submanifolds (see Defini-
tion 5.9) and Floer cohomology. In Sections 6 and 7, we prove the results that mainly
apply to the Fano case; in particular, we prove Theorems 1.3, 1.9, and 1.12 in those
sections. Section 7 contains some applications of Theorem 1.9, especially to the case
of monotone torus fibers and to the QQ-structure of the quantum cohomology ring. In
Section 8, we first illustrate usage of (the proof of) Theorem 1.3 to locate balanced
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fibers by the example of the 1-point blow-up of CPZ2. We then turn to the study of
non-Fano cases and discuss Hirzebruch surfaces. Section 8 also contains some dis-
cussion on the semisimplicity of quantum cohomology.

In Sections 9 and 10, we prove the results that can be used in all toric cases,
whether they are Fano or not. In Section 9, using variational analysis, we prove
existence of a critical point of the potential function, which is an important step
toward the proof of Theorems 1.4 and 1.5. Using the arguments of this section, we can
locate a balanced fiber in any compact toric manifold, explicitly solving simple linear
equalities and inequalities finitely many times. In Section 10, we prove that we can
find solutions of (1.9) by studying its reduction to C = Ag /A, which we call the
leading-term equation. This result is purely algebraic. It implies that our method of
locating balanced fibers, which is used in the proof of Theorem 1.3, can also be used
in the non-Fano case under certain nondegeneracy condition. We apply this method to
prove Theorem 1.14. We also discuss an example of blow-up of CP" along the high-
dimensional blow-up center CP™ in Section 10, giving several other examples and
demonstrating various interesting phenomena that occur in Lagrangian Floer theory.
For example, we provide a sequence ((X, w;), L;) of pairs that have nonzero Floer
cohomology for some choice of bounding cochains, while its limit ((X, ®), L) has
vanishing Floer cohomology for any choice of bounding cochain (Example 10.17).
We also provide an example of Lagrangian submanifold L such that it has a nonzero
Floer cohomology over A€ for some choice of bounding cochain, but vanishing Floer
cohomology for any choice of bounding cochain over the field A with a field F of
characteristic 3 (Example 10.19).

In Section 11, we review the results on the moduli space of holomorphic discs
from [CO] which are used in the calculation of the potential function. We rewrite
them in the form that can be used for the purpose of this article. We also discuss
the non-Fano case in this section. (Our result is less explicit in the non-Fano case,
but still can be used to explicitly locate balanced fibers in most of the cases.) In
Section 12, we use the idea of Cho [Cho] to deform Floer cohomology by an element
from H'(L(u); Ao) rather than from H'(L(u); A, ). This enhancement is crucial to
obtain an optimal result about the nondisplacement of Lagrangian fibers. In Section
13, we use those results to calculate Floer cohomology and complete the proof of
Theorems 1.4 and 1.5.

We attempted to make this article largely independent of our book (see [FOOO1],
[FOOO3]) as much as possible and also to make the relationship of the contents of
the article with the general story transparent. Here are a few examples.

(1) Our definition of the potential function for the fibers of toric manifolds in this
article is given in a way independent of that of [FOOO3] except for the statement
on the existence of compatible Kuranishi structures and multisections on the moduli
space of pseudoholomorphic discs, which provides a rigorous definition of Floer
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cohomology of single Lagrangian fiber. Such details are provided in [FOOQO3, Section
7.1] (equivalent to [FOOQO2, Section 29]).

(2) Similarly, the definition of A ,-algebra in this article on the Lagrangian fiber of
toric manifolds is also independent of the book except for the process going from A, k-
structure to A.o-structure, for which we refer to [FOOO3, Section 7.2] (equivalent
to [FOOO2, Section 30]). However, for all the applications in this article, only the
existence of A, g-structures is needed.

(3) The property of the Floer cohomology H F(L, L) detecting the Lagrangian
intersection of L with its Hamiltonian deformation relies on the fact that Floer coho-
mology of the pair is independent under the Hamiltonian isotopy. This independence
is established in [FOOOZ3]. In the toric case, its alternative proof based on the de Rham
version is given in [FOOOS5] in a more general form than we need here.

2. Compact toric manifolds

In this section, we summarize basic facts on the toric manifolds and set up our notations
to be consistent with those in [CO], which in turn closely follow those in Batyrev [B1]
and Audin [Au].

2.1. Complex structure

In order to obtain an n-dimensional compact toric manifold X, we need a combinatorial

object X, a complete fan of regular cones, in an n-dimensional vector space over R.
Let N be the lattice Z", and let M = Homy(N, Z) be the dual lattice of rank n.

Let Np = N QR, and let Mp = M Q R.

Definition 2.1
A convex subset ¢ C Ny is called a regular k-dimensional cone (k > 1) if there exist
k linearly independent elements vy, ..., vy € N such that

o={av+ - +av|a €R,a >0},

and the set {vq, ..., v;} is a subset of some Z-basis of N. In this case, we call
vy, ...,V € N the integral generators of o.
Definition 2.2

A regular cone o’ is called a face of a regular cone o (we write o’ < o) if the set of
integral generators of ¢’ is a subset of the set of integral generators of o.

Definition 2.3

A finite system ¥ = oy, ..., 0, of regular cones in Ny is called a complete n-
dimensional fan of regular cones if the following conditions are satisfied:

(1) ifoceXando’ <o,thenc’ € X;
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(2) ifo,0’arein X,theno’'No <o ando’ No < o’
3) Ng =0, U---Uog;.

The set of all k-dimensional cones in X is denoted by Z®),

Definition 2.4

Let ¥ be a complete n-dimensional fan of regular cones. Denote by G(X) =
{vi, ..., v,} the set of all generators of 1-dimensional cones in ¥ (m = Card V).
We call a subset Z = {v;, ..., v;,} C G(X) a primitive collection if {v;,, ..., v; }
does not generate p-dimensional cones in X, while for all k(0 < k < p) each
k-element subset of 2 generates a k-dimensional cone in X.

Definition 2.5

Let C™ be an m-dimensional affine space over C with the set of coordinates z1, . . ., Z
which are in one-to-one correspondence z; <> v; with elements of G(X). Let 2 =
{vi, ..., v;,} be a primitive collection in G(X). Denote by A(P) the (m — p)-

dimensional affine subspace in C" defined by the equations
iy =---=2z,=0.

Since every primitive collection Z has at least two elements, the codimension of A(Z)
is at least 2.

Definition 2.6
Define the closed algebraic subset Z(X) in C™ as follows:

zz)=JA@),
2

where £ runs over all primitive collections in G(X). Put
Ui)=C"\ Z(2).

Definition 2.7
Let K be the subgroup in Z™ consisting of all lattice vectors A = (Aq, ..., A,) such
that

)\,11)1 +--~+)\mvm =0.
Obviously, K is isomorphic to Z™~", and we have the exact sequence
0>K—272"57"—>0, 2.1

where the map 7 sends the basis vectors ¢; to v; fori =1, ..., m.
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Definition 2.8
Let ¥ be a complete n-dimensional fan of regular cones. Define D(X) to be the
connected commutative subgroup in (C*)™ generated by all 1-parameter subgroups

ay, : C* — (CH™,

t (M, .. ),

where A = (Ay, ..., Ay) € K.

It is easy to see from the definition that D(X) acts freely on U(X). Now we are ready
to give a definition of the compact toric manifold Xy associated with a complete
n-dimensional fan of regular cones X.

Definition 2.9
Let X be a complete n-dimensional fan of regular cones. Then the quotient

Xy =U(X)/D(X)
is called the compact toric manifold associated with X.

There exists a simple open covering of U (%) by affine algebraic varieties.

PROPOSITION 2.10
Let o be a k-dimensional cone in ¥ generated by {v;,, ..., v, }. Define the open subset
U()c C"as

Uo)={(z1,....zm) €C" |2; #0 forall j & {i1, ..., i}

Then the open sets U(o) have the properties

(1)
uE) = Juw);

ceEX
2) ifo <o/, then U(o) C U(o');
(3)  for any two cone 01,0, € X, one has U(oy) N U(oy) = U(o; N oy); in
particular,

Ux) = Z U(o).

oex™
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PROPOSITION 2.11

Let o be an n-dimensional cone in ™ generated by {v;,, ..., v; }, which spans the
lattice M. We denote the dual Z-basis of the lattice N by {u;,, ..., u; }, that is,
(Vi ui,) = Sk, (2.2)

where (-, -) is the canonical pairing between lattices N and M.
Then the affine open subset U(c) is isomorphic to C" x (C*Y"™", the action
of D(X) on U(0) is free, and the space of D(X)-orbits is isomorphic to the affine

space U, = C" whose coordinate functions y7, ..., yJ are n Laurent monomials in
Ly eves Tmt
(vr,ui;) (Ui )
yif — Zl LR Zm 1
(2.3)
(vr,uiy) (i, )
i =2z m
The last statement yields a general formula for the local affine coordinates y{, ..., yJ
of a point p € U, as functions of its “homogeneous coordinates” z1, . . ., Zy,.

2.2. Symplectic structure
In Section 2.1, we associated a compact manifold Xy to a fan X. In this section,
we review the construction of symplectic (Kdhler) manifolds associated to a convex
polytope P.

Let M be a dual lattice; we consider a convex polytope P in Mg defined by

{ue Mp|(u,v;)>x;forj=1,...,m}, 2.4)

where (-, -) is a dot product of Mg = R”"; namely, v ;’s are inward normal vectors to
the codimension 1 faces of the polytope P. We associate to it a fan in the lattice N as
follows. With any face I" of P, fix a point u in the (relative) interior of I and define

JF:Ur-(P—uo).

r>0
The associated fan is the family X (P) of dual convex cones
&r = {x € Ne|(y,x) >0 Vy € or} (2.5)
={x € Ng|(u,x) <(p,x) ¥pe PueT}, (2.6)

where (-, -) is dual pairing My and Ng. Hence we obtain a compact toric manifold
Xx(py associated to a fan X (P).
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Now we define a symplectic (Kéhler) form on Xyp) as follows. Recall the exact
sequence

0—>K-S>2Z" 57— 0.
It induces another exact sequence:
0> K —>R"/Z" — R"/Z" — 0.

Denote by k the Lie algebra of the real torus K. Then we have the exact sequence of
Lie algebras

0—>k—R" 5 R — 0.
We also have the dual of the exact sequence above:
0 — (R"Y* — (R™)* 55 k* = 0.

Now, consider C™ with symplectic form i /2" dz; A dZx. The standard action
T" on C" is hamiltonian with the moment map

P(Z1s ey Zm) = %(|zl|2, ezl Q2.7
For the moment map g of the K-action is then given by
ux =i*opu:C" — k*.
If we choose a Z-basis of K C Z™ as

01 =i, 0m)y -, Ok =(Quks - -+, Omr)

and {g', ..., ¢*} be its dual basis of K*. Then the map i* is given by the matrix Q’,
and so we have

1 m m - .
Ukl Zm) = 5(21 0ilz; 2 ...,Zleusz) eRF =k 2.8)
j= j=

in the coordinates associated to the basis {g', ..., g*}. We denote again by g the
restriction of g on U(X) Cc C™.

PROPOSITION 2.12 ([Au, Chapter VII])
Then for anyr = (r1, ..., mn_n) € ug(U(X)) C k*, we have a diffeomorphism

ug'(r)/K ZU(L)/D(E) = Xs. (2.9)
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And for each (regular) value of r € k*, we can associate a symplectic form wp on the
manifold X, by symplectic reduction (see [MW]).

To obtain the original polytope P that we started with, we need to choose r as follows.
Consider A; for j =1, ..., m which we used to define our polytope P by the set of
inequalities (u, v;) > A;. Then, foreacha =1,...,m —n, let

Vg = —Z Qja)"j-
j=1

Then we have
W' iy ooy P/ K = X (p),s
and for the residual 7" = T /K -action on X (py and for its moment map 7, we have
7(Xspy) = P.

Using Delzant’s theorem [D], one can reconstruct the symplectic form out of the
polytope P (up to T"-equivariant symplectic diffeomorphisms). In fact, Guillemin
[Gu] proved the following explicit closed formula for the T"-invariant Kihler form
associated to the canonical complex structure on X = Xy (P).

THEOREM 2.13 ([Gu, Theorem 4.5])
Let P, X5 p), wp be as above, and let

T Xz(p) d (Rm/k)* = (RH)*
be the associated moment map. Define the functions on (R")*

Li(u) =(u,v;) —A;j fori=1,...,m (2.10)

m

loo) =, vy) = <u v,-).

i=1 i=1
Then we have
wp = «/—185(n*<2)\i(10g£i)+£oo>> .11
i=1
onlnt P.

The affine functions ¢; play an important role in our description of potential function
as in [CO] since they also measure symplectic areas w(B;) of the canonical generators
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Bi of Hy(X, L(u); Z). More precisely, we have
o(Bi) =27t (u) (2.12)
(see [CO, Theorem 8.1]). We also recall that
P={ueMp|tiu)>0,i=1,...,m} (2.13)

by definition (2.4).

3. Deformation theory of filtered A, -algebras
In this section, we provide a quick summary of the deformation and obstruction theory
of Lagrangian Floer cohomology developed in [FOOO1] and [FOOQO3] for the reader’s
convenience. We also refer the reader to Ohta’s survey article [Oh] for a more detailed
review and to [FOOO3] for complete details of the proofs of the results described in
this section.

We start our discussion with the classical unfiltered A -algebra. Let C be a graded
R-module where R is the coefficient ring. We denote by C[1] its suspension defined
by C[1]¥ = C¥*+!. Define the bar complex B(C[1]) by

B (C[1) =C[1]®---® C[1], B(C[l]) = @ B (C[1]).

i k=0

Here By(C[1]) = R by definition. B(C[1]) has the structure of graded coalgebra.

Definition 3.1
The structure of A,-algebra is a sequence of R-module homomorphisms

my : Bu(C[1]) — C[1], k=1,2,...,

of degree +1 such that the coderivation d = Y °, Wy satisfies dd = 0, which is
called the A-relation. Here we denote by m; : B(C[1]) — B(C[1]) the unique
extension of my as a coderivation on B(C[1]), that is

k—i+1
M ® - ®x,) = Z D' @ - @mp(xiy ..., Xipk—1) @ - - @ xp, (3.1)

i=l

where * =degx; +---+degx;_; +1 — 1.
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The relation d d = 0 can be written as

n—1 k—i+1

Z Z (=D'my, 1 ®@ -+ - @My, .o, Xk 1) ® - - ® x,) =0,

k=1 i=1

where * is the same as above. In particular, we have mym; = 0 and so it defines a
complex (C, my).

A weak (or curved) A-algebra is defined in the same way, except that it also
includes the my-term my : R — B(C[1]). The first two terms of the A, -relation for
a weak A,-algebra are given as

m;(me(1) =0,  mymy(x) + (=D my(x, me(1)) + ma(mg(1), x) = 0.

In particular, for the case of weak A-algebras, m; does not satisfy boundary property,
that is, m;m; # 0 in general.
We now recall the notion of unit in A,,-algebra.

Definition 3.2
Anelement e € C° = C[1]7! is called a unit if it satisfies
(1) mk+](x],...,e,...,xk)=0fork220rk=0,

(2)  ma(e, x) = (—1)%¥m,(x, e) = x for all x.

Combining this definition of unit and (3.1), we have the following immediate lemma.
LEMMA 3.3

Consider an A-algebra (C[1], m) over a ground ring R for which my(1) = e for

some A € R. Then mym; = 0.

Now we explain the notion of the filtered A .-algebra. We define the universal Novikov
ring AO,nov by

)
Ai N
AO,nov = { E aiT €

i=1

a; € R,n; € Z, Ai € R207 hm A = OO}
1—> 00

This is a graded ring by defining deg T = 0, dege = 2. Let A(T,nov be its maximal
ideal, which consists of the elements 221 a;T"e" with A; > 0.

Let EBmeZ C™ be the free graded Ag no-module over the basis {v;}. We define
a filtration €,,., F*C™ on it such that {T*v;} is a free basis of ,,., F*C". Here
A e R, A = 0. We call this filtration the energy filtration. (Our algebra @, _, C™"

may not be finitely generated, so we need to take completion.) We denote by C the
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completion of ,,_;,
natural non-Archimedean topology on C.

A filtered Ao-algebra (C,m) is a weak A, -algebra such that A -operators m
have these properties:

C™ with respect to the energy filtration. The filtration induces a

(1)  my respect the energy filtration;

2)  my(l) e F*C" with A > 0;

(3)  the reduction m; mod Ay . : B.C[1] ® R[e,e”'] —» C ® R[e, ¢~ '] does
not contain e; more precisely, it has the form m; ® gR[e, e~'], where m; :
ka[l] — C is an R-module homomorphism (here C is the free R-module
over the basis v;).

For further details, see [FOOO3, Definition 3.2.20], which is equivalent to [FOOO2,

Definition 7.20].

Remark 3.4

(1) In [FOOO3], we assume that my = 0 for the (unfiltered) A,-algebra. On the other
hand, my = 0 is not assumed for the filtered A,.-algebra. The filtered A,.-algebra
satisfying my = 0 is said to be strict.

(2) In this section, to be consistent with the exposition given in [FOOQO3], we
use the Novikov ring A nov Which includes the variable e. In [FOOQO3], the variable
e is used so that the operations m; come to have degree 1 for all k& (with respect to
the shifted degree). But for the applications of this article, it is enough to use the
Z,-grading and so encoding the degree with a formal parameter is not necessary.
Therefore, we use the ring A in other sections, which do not contain e. An advantage
of using the ring Ay is that it is a local ring while A poy is not. This makes it easier to
use some standard results from commutative algebra in later sections. We note that a
Z-graded complex over Ag oy is equivalent to the Z,-graded complex over Ag.

Next we explain how one can deform the given filtered A.-algebra (C, m) by an
element b € F*C[1]° with A > 0, by re-defining the A.-operators as

b b b b b
mk(X],...,Xk):m(e , X1, € ,X2,€ , X3, ..., X, € )

This defines a new weak A -algebra for arbitrary b.

Here we simplify notation by writinge” = 1+b+bQb+---+b®---Qb+--- .
Note that each summand in this infinite sum has degree zero in C[1]. When the ground
ring is Ao nov, the infinite sum converges in the non-Archimedean topology since
b € F*C[1]° with A > 0.
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PROPOSITION 3.5
For Ay-algebra (C, mf), m(b) =0 mod Agnov{e} if and only if b satisfies

D (b, ....b)=0 mod Agnele}. (3.2)
k=0

We call the equation (3.2) the A,-Maurer-Cartan equation.

Definition 3.6

Let (C, m) be a filtered A.-algebra in general, and let BC[1] be its bar-complex. An
element b € F*C[1]° (A > 0) is called a weak bounding cochain if it satisfies the
equation (3.2). If the b satisfies the strict equation

ka(b,...,b)zo,
k=0

then we call it a (strict) bounding cochain.

For the rest of this article, we also call a weak bounding cochain just a bounding
cochain since we mainly focus on weak bounding cochains. In general, a given A.-
algebra may or may not have a solution to (3.2).

Definition 3.7
A filtered A -algebrais called weakly unobstructed if the equation (3.2) has a solution
b e F*C[1]° with A > 0.

One can define a notion of gauge equivalence between two bounding cochains as
described in [FOOO3, Section 4.3] (equivalent to [FOOO2, Section 16]).

The way a filtered Ay -algebra is attached to a Lagrangian submanifold L C
(M, w) arises as an A,-deformation of the classical singular cochain complex includ-
ing the instanton contributions. In particular, when there is no instanton contribution, as
inthe case m,(M, L) = 0, itreduces to an A ,-deformation of the singular cohomology
in the chain level including all possible higher Massey products.

We now describe the basic A-operators m; in the context of A,.-algebra of La-
grangian submanifolds. For a given compatible almost complex structure J, consider
the moduli space .#.+(B; L) of stable maps of genus zero. It is a compactification of

{(w, o, 21, ..., 20) | 0,w =0, z; € AD?, [w] =B inm(M, L)}/ ~,

where ~ is the conformal reparameterization of the disc D?. The expected dimension
of this space is givenby n + u(8) =3+ (k+ 1) =n+ u(B) + k — 2.
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Now given k singular chains [Py, fil, ..., [Pk, fix] € C«(L) of L, we put the
cohomological grading deg P; = n — dim P;, and we regard the chain complex C,(L)
as the cochain complex C4™£=*(L). We consider the fiber product

evo 1 Mis1(Bi L) Xev,,.ev) (Pr X -+ X P) — L,

where ev;([w, (zo, 21, - - -, Z0)]) = w(z).
A simple calculation shows that we have the expected degree

j=1

For each given 8 € mp(M, L) and k =0, ..., we define

Wy g(Py, ... PO = [Mlis1(BiL) Xew,...ev (P1 X -+ X P, evo] (3.3)

and m; = Zﬁem(M’L) myp - TeWB) o(B)/2

Now we denote by C[1] the completion of a suitably chosen countably gener-
ated (singular) chain complex with Ag oy as its coefficients with respect to the non-
Archimedean topology. (We regard C[1] as a cochain complex.) Then by choosing a
system of multivalued perturbations of the right-hand side of (3.3) and a triangulation
of its zero sets, the map my : B (C[1]) — C[1] is defined, has degree 1, and is con-
tinuous with respect to non-Archimedean topology. We extend m; as a coderivation
m; : BC[1] — BCJ1] by (3.1). Finally, we take the sum

d= Zfﬁk : BC[1] — BCI1]. (3.4)
k=0

A main theorem proven in [FOOO1] and [FOOO3] then is the following coboundary
property.

THEOREM 3.8 ([FOOQ3, Theorem 3.5.11], [FOOO2, Theorem 10.11])

Let L be an arbitrary compact relatively spin Lagrangian submanifold of an arbitrary
tame symplectic manifold (M, o). The coderivation d is a continuous map that satisfies
the A -relation dd = 0.

The A.-algebra associated to L in this way has the homotopy unit, not a unit. In
general, a filtered A ,,-algebra with homotopy unit canonically induces another filtered
unital A.-algebra called a canonical model of the given filtered A.-algebra. In
the geometric context of the A,-algebra associated to a Lagrangian submanifold
L C M of a general symplectic manifold (M, w), the canonical model is defined
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on the cohomology group H*(L; Agnov)- (See [FOOO4] for a quick explanation of
construction by summing over trees of this canonical model.)

Once the A-algebra is attached to each Lagrangian submanifold L, we then
construct a filtered Ao.-bimodule C(L, L’) for the transversal pair of Lagrangian
submanifolds L and L’. Here C(L, L’) is the free Ag ,oy-module such that its basis is
identified with L N L’. The filtered A,-bimodule structure is by definition a family
of operators

Wk, * B (CAL[]) ®a,,, C(L, L) B4y, Bi, (CLHI1]) - C(L, L)

for ki, ky > 0. (Here ®a,,,, is the completion of the algebraic tensor product.) Let
us briefly describe the definition of 1y, x,. A typical element of the tensor product
By, (C(L)[1]) ® g, C(L, L) ®n,,,, Bi,(C(L)[1]) has the form

Pli® QP QPP Q- ® Py,

with p € L N L'. Then the image 1y, 4, thereof is given by

Z TB e BP#( M (p, q; By Pry, ..., Py Pot, .oy Pay,))(q).

q.B

Here B denotes homotopy class of Floer trajectories connecting p and g, the summa-
tion is taken over all (¢, B) with

virdim A4 (p,q; B; Piyy ...y Pig; Poayoooy Pag,) =0,

and#(A(p,q;B; P11, ..., Pigs Paa, ..., Pry,))is the “number” of elements in the
“zero”-dimensional moduli space .#(p,q;B; Pi1,..., Pix; Po1, ..., Pay,). Here
the modulispace #(p, q; B; P11, ..., Pig; Pa, .., Pay,)isthe Floer moduli space
A (p, q; B) cut down by intersecting with the given chains P,; C Land P, ; C L'.

THEOREM 3.9 ([FOOQ3, Theorem 3.7.21], [FOOO2, Theorem 12.21])

Let (L, L") be an arbitrary relatively spin pair of compact Lagrangian submanifolds.
Then the family {0y, r,} defines a left (C(L), m) and right (C(L"), W) filtered An.-
bimodule structure on C(L, L').

What this theorem means is explained below as Proposition 3.10.
Let B(C(L)[1]) ®An,n.w C(L,L" ‘/X\’Ao,mw B(C(L")[1]) be the completion of the di-
rect sum of By, (C(L)[1]) ®x,,., C(L, L") ®, .. Bi,(C(L)[1]) over k; > 0, k, > 0.

We define the boundary operator d on it by using the maps 1y, , and my, m;, as in
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the following:

A ® - ®x)@xQ (x| ® - ®x)))
=2(x1®---®x,,)®x®(x{®---®x,/n)
4 (_1)degxl+...+degx,,+degx+n+l(xl ®--- ®xn) ® x ®ZI'\()C; Q- ®x’/n)

Y0 Y (mpterneE R G @ @ Xy,

ki<nky<m
& Nk (K41 ® - O X)) QX R (X @ -+ ® x7,))
® (X ® - ® ;).

Here d in the second and the third lines are induced from m and m’ by Formula (3.4),
respectively.

PROPOSITION 3.10
The map d satisfies dd = Q.

The A.-bimodule structure, which defines a boundary operator on the bar complex,
induces an operator § = 1ng o on a much smaller, ordinary free A ,o,-module C(L, L")
generated by the intersections L N L’. However, the boundary property of this Floer’s
“boundary” map § again meets obstruction coming from the obstructions cycles of
either L, L', or of both. We need to deform § using suitable bounding cochains of
L, L.

In the case where both L, L’ are weakly unobstructed, we can carry out this
deformation of n using weak bounding chains » and b’ of fibered A, -algebras
associated to L and L', respectively, in a way similar to m”; namely, we define
Spp : C(L, L")y - C(L, L") by

Spy(X) =Y Mgy (0% @ x ® b)) =T(e”, x, ).
ki,ka

We can generalize the story to the case where L has clean intersection with L/,
especially to the case L = L'. In the case L = L’, we have ny ;, = My, 44,+1. So in
this case, we have 8, (x) = m(e’, x, e”).

In general, §,; does not satisfy the equation 8 585,y = 0. It turns out that there
is an elegant condition for &, 8,y = O to hold in terms of the potential function
introduced in [FOOO3], which we explain in Section 4. In the case 8 ;8 1y = 0, we
define Floer cohomology by

HF((L,b), (L', b'); Aonov) = Ker 8y, /Im 8y .
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Let Ay be the field of fractions of Agne. We define HF((L, b), (L', b"); Anov)
by extending the coefficient ring Ag oy t0 Anoy. Then HF((L, b), (L', b'); Apoy) is
invariant under the Hamiltonian isotopies of L and L’. Therefore, we can use it to
obtain the following result about nondisplacement of Lagrangian submanifolds.

THEOREM 3.11 ([FOOQO3, Theorem G|, [FOOO2, Theorem G])
Assume that p ySpy = 0. Let ¥ : X — X be a Hamiltonian diffeomorphism such
that (L) is transversal to L'. Then we have

#(W(L)NL') = ranky, HF (L, b), (L, b); Apoy).

The Floer cohomology H F((L, b), (L', b'); Agnov) With coefficient Ag oy is not in-
variant under the Hamiltonian isotopy. However, we can prove the following Theorem
3.12. There exists an integer a and positive numbers A; (i = 1, ..., b) such that

b
HF((L’ b)’ (L/’ b/); AO’HOV) = Aga,?lov @ @(AO,nov/TAiAO,nov)
i=1
(see [FOOO3, Theorem 6.1.20], [FOOO2, Theorem 24.20]). Let ¢ : X — X be a
Hamiltonian diffeomorphismy; ||| is its Hofer distance (see [Ho]) from the identity
map.

THEOREM 3.12 ([FOOQO3, Theorem J], [FOOO2, Theorem J])
If Y (L) is transversal to L', then we have an inequality:

#(Y(L)NL) = a+2#{ | & = IV}

In later sections, we apply Theorems 3.11, 3.12 to study nondisplacement of La-
grangian fibers of toric manifolds.

4. Potential function

The Ayo-structure defined on a countably generated chain complex C(L, Ay) itself
explained in the previous section is not suitable for explicit calculations as in our
study of toric manifolds. For this computational purpose, we work with the filtered
Ao-structure on the canonical model defined on H(L; Ay) which has a finite rank
over A. Furthermore, this has a strict unit e given by the dual of the fundamental
class P D([L]). Recall that C(L, Ay) itself has only a homotopy-unit.
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Anelement b € H'(L; A) is called a weak bounding cochain if it satisfies the
A o-Maurer-Cartan equation

ka(b, ...,b)=0 mod PD(L]) 4.1)
k=0

where {my}72, is the A,-structure associated to L, [L] € H,(L) is the fundamental
class, and PD([L]) € H°(L) is its Poincaré dual. We denote by %We&k(L) the set of
weak bounding cochains of L. We say L is weakly unobstructed if %weak(L) #+ 0.
The moduli space .# .. (L) is then defined to be the quotient space of %weak(L) by
suitable gauge equivalence (see [FOOQO3, Chapters 3, 4] for more explanations).

LEMMA 4.1 ([FOOO3, Lemma 3.6.32], [FOOO2, Lemma 11.32])
If b € Myeax(L), then §pp 0 6p = 0, where 8y, is the deformed Floer operator
defined by

8pp(x) = mi(x) =: Z Mo (0%, x, b®Y).
k.00

For b € %Weak(L), we define

Ker(6p : C — C)
Im(8,,,h :C — C) ’

HF((L;b), (L; b)) =

where C is an appropriate subcomplex of the singular chain complex of L. When L
is weakly unobstructed (i.e., A e (C) # @), we define a function

%D : %weak(c) - A+
by the equation
m(e”) = PO®) - PD(L)).

This is the potential function introduced in [FOOOQO3].

THEOREM 4.2 ([FOOO3, Proposition 3.7.17], [FOOO2, Proposition 12.17])
Foreach b € M yen (L) and b’ € M yyear(L'), the map 8,1y defines a continuous map
Sppy 1 CF(L,L"Y — CF(L, L’) that satisfies 8, 6.y = 0, provided that

POBb) = POD). 4.2)
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Therefore, for each pair (b, ') of b € %Weak(L) and for b’ € %Weak(ﬂ) that satisfy
(4.2), we define the (b, b’)-Floer cohomology of the pair (L, L') by

Kerdy 4
Im 5;,’;,/ '

HF((L, ), (L', b); Anoy) =

In the rest of this section, we state the main results concerning the detailed
structure of the potential function for the case of Lagrangian fibers of toric manifolds.

For the later analysis of examples, we recall from [FOOO1] and [FOOO3] that
my is further decomposed into

— (B) ,u(B)/2
m = Z mp @ T e )
Bem(M,L)

Here p is the Maslov index.

First, we remove the grading parameter e from the ground ring. Second, to
eliminate many appearances of 2r in front of the affine function ¢; in the exponents
of the parameter 7 later in this article, we redefine T as T% . Under this arrangement,
we get the formal power series expansion

me= Y m@TeP, (4.3)
Bemy(M,L)

which we use throughout this article.

Now we restrict to the case of the toric manifold. Let X = Xy be associated
to a complete regular fan ¥ (in other words, X is the normal fan of X), and let
7w : X — t* be the moment map of the action of the torus 7" = 7" /K. We make the
identifications

t=Lie(T") = N. =ZR", = My = R"".

We use N and My exclusively instead of t (or R") and t* (or (R")*), as much as
possible to be consistent with the standard notation in toric geometry.

Denote the image of m : X — Mg by P C Mg, which is the moment polytope
of the 7"-action on X.

We prove the following in Section 11.

PROPOSITION 4.3
For any u € IntP, the fiber L(u) is weakly unobstructed. Moreover, we have the
canonical inclusion

H' (L(M), A+) — ﬂweak(l‘(u))'
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Choose an integral basis e} of N, and let e; be its dual basis on M. With this choice
made, we identify Mr with R” as long as its meaning is obvious from the context.
Identifying H\(T";7Z) with N = 7" via T" = R"/Z", we regard e; as a basis of
H'(L(u); Z). The following immediately follows by definition.

LEMMA 4.4

We write 1 = (my, ..., 7m,) : X = Mg using the coordinate of My associated to the
basis e;. Let Si1 C T" be the subgroup whose orbit represents € € H,(T"; 7). Then
7; is proportional to the moment map of Sl-1 -action on X.

Let
b= xiei € H' (L) Ay) C Myea (L(W)).
We study the potential function
PO H'(L(u); Ay) > Ay

Once a choice of the family of bases {e;} on H'(L(u);Z) for u € Int P is made
as above starting from a basis on N, then we can regard this function as a function
of (x1,...,x,) € (A" and (uy,...,u,) € P C Mg. We denote its value by
PO u) = PO(xy, ..., X5 Ug, ..., uy). We put

Let

be the decomposition of the boundary of the moment polytope into its faces of
codimension one. (9; P is a polygon in an (n — 1)-dimensional affine subspace of
Mg.)

Let £; be the affine functions

Li(uw)y=(u,v;) —A; fori=1,...,m

appearing in Theorem 2.13. Then the following hold from construction:
(1) E,-EOOHB,-P;
2 P={ueMr|tiu)=0,i=1,...,m}
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3) the coordinates of the vectors v; = (v; 1, .. ., v; ) satisfy

oy

= 52, (4.4)

Vi, j
and are all integers.

THEOREM 4.5

Let L(u) C X be as in Theorem 1.5, and let £; be as above. Suppose that X is Fano.
Then we can take the canonical model of A -structure of L(u) over u € Int P so that
the potential function restricted to

| H'(La):AL) = (AL xInt P

u€lnt P
has the form
5]39()(; u) = Z yi’“ - y’?l)i.n Q! 4.5)
i=1
=D et 4.6)
i=1
where (x;u) = (X1, ..., Xp3 U1, ..., Uy) and v; j is as in (4.4).

Theorem 4.5 is a minor improvement of a result from [CO] (see [CO, (15.1)] and
[Cho]): the case considered in [CO] corresponds to the case where y; € U(1) C {z €
C | |z] = 1}, and the case in [Cho] corresponds to the one where y; € C \ {0}. The
difference of Theorem 4.5 from those is that y; is allowed to contain 7', the formal
parameter of the universal Novikov ring encoding the energy.

For the non-Fano case, we prove the following slightly weaker statement. The
proof is given in Section 11.

THEOREM 4.6
Let X be an arbitrary toric manifold, and let L(u) be as above. Then there exist
c; eQ e;. € Zo, and p; > 0, such that )", 83 > 0 and

m
. Vi, i T i
EBD(.Xl,...,xn,Ml,...,Mn) - Zyl 1,,.y:l)« T w
i=1

v v / )
=S eyt @4
j=1
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where

m m
r i ro_ ip.
Vjik = Z‘?i”l»k’ ;= Z"’j&-
i=1 i=1

If there are infinitely many nonzero c¢;’s, then we have
lim £,(u) + p; = oo.
J—00

Moreover, p; = [w] Na; for some a; € wo(X) with nonpositive first Chern number
C1 (X) N [Olj].

We note that although B9 is defined originally on (AE)” X P, Theorems 4.5 and
4.6 imply that P3O extends to a function on (Ag)” X P in general, and to one on
(Ag)” X My for the Fano case. Furthermore, these theorems also imply the periodicity

of PO in x;’s,
BVOxy, ..., xi +27v—1, o s u) = PO(xy, ..., X5 00). (4.8)

We write
POy =D oy T 49)
i=1

to distinguish it from PO. We call PO, the leading-order potential function.
We focus on the existence of the bounding cochain x for which the Floer coho-
mology H F((L(u), ¥), (L(u), ) is not zero, and prove that critical points of the PO"

(as a function of yy, ..., y,) have this property (see Theorem 4.10).
This leads us to study the equation
PO
¥ My ..0y)=0, k=1,...,n, (4.10)
Yk

where 9); € Ag \ Ay
We regard 3" as either a function of x; or of y;. Since the variable (x; or y;) is
clear from the situation, we do not always mention it.

PROPOSITION 4.7
We assume that the coordinates of the vertices of P are rational. Then there exists
uy € IntP N Q" such that for each N there exists 91, ..., 0, € Ao \ A, satisfying

PO

M1, ..., 0,) =0, mod 7" k=1,...,n. 4.11)
Y
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Moreover, there exists V|, ..., ¥, € Ao \ Ay such that
PO
ks “,...,0)=0, k=1,...,n. (4.12)
Vi

We prove Proposition 4.7 in Section 9.

Remark 4.8

(1)  While ug is independent of 4", y; may depend on .4". (We believe it does not
depend on ./ but are unable to prove it at this time.)

(2) If[w] € H*(X;R) is contained in H*(X;Q), then we may choose P so that
its vertices are rational.

(3)  We believe that rationality of the vertices of P is superfluous. We also believe
there exists not only a solution of (4.11) or (4.12) but also of (4.10). However,
then the proof seems to become more cumbersome. Since we can reduce the
general case to the rational case by approximation in most of the applications,
we are content here to prove the above weaker statement.

We put
ri =logn; € Ay,
and we write

r=Y e € H'(L(uo); Ao). (4.13)

1

Since §); € Ao \ A4, logy; is well defined (by using non-Archimedean topology on
Ap) and is contained in Ay.

We note that 1; is determined from 1, up to addition by an element of 277 /—17Z.
It follows from (4.8) that changing x; by an element of 277 +/—17Z does not change
corresponding Floer cohomology. So we take, for example, Imy; € [0, 27) mod A
(see also Definition 1.2(2)).

Let ;o € C\ {0} be the zero-order term of v);, that is, the complex number such
that

Ui —_ Ui’o = 0 mOd AE.
If we make an additional assumption that ); g = 1 fori =1, ..., n, then g lies in

H'(L(uo); Ay) C H'(L(uo); Ao).
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Therefore, Proposition 4.3 implies that the Floer cohomology H F((L(uo),t),
(L(ug), r); Ao) is defined. Then (4.11), combined with the argument from [CO] (see
Section 13), implies that

HF ((L(uo), 1), (L(uo), 1); Ag /(T*")) = H(T"; AG /(T)). (4.14)

We now consider the case when 1), o # 1 for some i. In this case, we follow the
idea of Cho [Cho] of twisting the Floer cohomology of L(u) by a nonunitary flat line
bundle and proceed as follows.

We define p : H;(L(u); Z) — C\ {0} by

p(e)) =1;o. (4.15)

Let £, be the flat complex line bundle on L(u) whose holonomy representation is
p. We use p to twist the operator m; in the same way as in [F2], [Cho] to obtain a
filtered A-algebra, which we write (H (L(u); Ay), m”). It is weakly unobstructed
and A yeax (H (L(u); Ag), m?) 2 H'(L(u); Ay) (see Section 12).

We deform the filtered A.-structure m” to m?* using b € H'(L(u); A,) for
which m{""m{*” = 0 holds. Denote by H F((L(uo), p, b), (L(uo), p, b); AS) the
cohomology of m{ " We denote the potential function of (H (L(u); Ap), m”? ) by

PO! : H' (L) Ay) — Ay,

which is defined in the same way as D" by using m” instead of m.
Let ¢ be as in (4.13), and put

tio=lognio, b= (i —rioe € H (Lw);AL). (4.16)

Based on the definition, we can easily prove the following.

LEMMA 4.9
We have

PO“(b) = PO ().

As we note in the paragraph following Theorem 4.6, 3" has been extended to a
function on (Ag)” and hence the right-hand side of the identity in this lemma has a
well-defined meaning. (Lemma 4.9 is proved in Section 13.)

Now we have the following.
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THEOREM 4.10
Let t;, v; = €%, and let p satisfy (4.10), (4.13), and (4.15). Let ¥, 0 and b be as in
(4.16). Then we have

HF ((L(uo), p., b), (L(u), p, b); Ag) = H(T"; AF). (4.17)
If (4.11), (4.13), (4.15), and (4.16) are satisfied instead, then we have

HF((L(uo), p. b), (L(uo), p, b); Ag /(T)) Z H(T"; Ag/(T")).  (4.18)

Theorem 4.10 is proved in Section 13. Using this, we prove Theorem 1.5 in Section 13;
more precisely, we also discuss there the following two points.

(1)  We need to study the case where w is not necessarily rational.

(2)  We have only (4.18) instead of (4.17).

Definition 4.11

Let (X, w) be a smooth compact toric manifold, and let P be its moment polytope. We

say that a fiber L(ug) at ug € P is balanced if there exists a sequence w;, u; satisfying

the following:

€))] w; 1s a T"-invariant Kéhler structure on X such that lim;_, ., w; = w.

2) u; is in the interior of the moment polytope P; of (X, w;), and we make an
appropriate choice of moment polytope P; so that they converge to P and then
lim;_, oo u; = uy.

(3)  For each ./, there exist a sufficiently large i and ; € H'(L(u;); Ag) such
that

HF ((L(u:), 8, (L), 6 AS/(T)) = H(T™ C) @ A°/(T).

We say that L(ug) is strongly balanced if there exists x € H'(L; Ag) such that
HF((L(uo), 1), (L(u), ): AF) = H(T";Q) ® A§.

Obviously “strongly balanced” implies “balanced.” The converse is not true, in general
(see Example 10.17). We also refer the reader to Remark 13.9 for other characteriza-
tions of being balanced (or strongly balanced).

Theorem 4.10 implies that L(u) in Proposition 4.7 is balanced (see Proposition
13.2). We next prove the following intersection result in Section 13. Theorem 1.5 then
is a consequence of Propositions 4.7 and 4.12.

PROPOSITION 4.12

If L(uo) is a balanced Lagrangian fiber, then the following holds for any Hamiltonian
diffeomorphism ¢ : X — X:

¥ (L(uo)) N L(uo) # 9. (4.19)
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If, in addition, ¥ (L(uy)) is transversal to L(ug), then

#(Y(L(uo)) N L(ug)) > 2". (4.20)

Denoting r = b + Y_ 1, 0€;, we sometimes write HF((L(uO), 1), (L(ug), ); Ao) for
HF((L(uO), p,b), (L(ug), p, b); AO) from now on. We also define

ﬂweak(L(u); AO) = {(107 b) ‘ O 7T1L(M) - C \ {O}, b € eﬂweak(FI(L(M))s mp)}

Namely, it is the set of pairs (o, b) where p is a holonomy of a flat C-bundle over
L(u) and b € H(L(u); A,) is a weak bounding cochain of the filtered A..-algebra
associated to L(u) and twisted by p. With this definition of .# e, (L(1); Ag), we have
the following:

["Il (L(M), AO) - cﬂweak(L(M); AO)

5. Examples
In this section, we discuss various examples of toric manifolds that illustrate the results
of Section 4.

Example 5.1

Consider X = $? with standard symplectic form with area 27r. The moment polytope
of the standard S'-action by rotations along an axis becomes P = [0, 1] after a
suitable translation. We have £;(u) = u, £,(#) = 1 — u, and

(,BD()C;M) — exTu + e—le—u — yTu + y—lTl—u‘

The zero of
PO
(’13 — Tu _ y—ZTl—u
dy
isy = + 702072 Tf y # 1/2, then
1—2u
logy = log(£T)

is not an element of the universal Novikov ring. In particular, there is no critical point
in A§ \ AS.
If u = 1/2,then ) = 1. The case ) = 1 corresponds to x = 0. We have
HF((L(1/2),0), (L(1/2),0); Ag) = H(S"; Ag).

The other case, ) = —1, corresponds to a nontrivial flat bundle on S L
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Example 5.2
We consider X = CP". Then

P={(ulv"'7un)|0§uivul+"'+un51}7

is a simplex. We have

n
PO, vy X Uy ey Uy) = Zex’T”’ 4o XuTl-Xu

i=1

Weputu =ug=(1/(n+1),...,1/(n + 1)). Then
gﬂpDuo — (yl 4 Y 4 yflyf . y”—l)Tl/(n-H).
Solutions of the equation (4.10) are given by

1)1=-~=Un=€2”kﬁ/(n+l) k=0.....n.

Hence the conclusion of Theorem 1.5 holds for our torus. The case k = 0 corresponds
to b = 0. The other cases correspond to appropriate flat bundles on 7.

Remark 5.3
The critical values of the potential function is (n + 1)e>™=K/0+D k=0, ... n.
We consider the quantum cohomology ring

QH(CP"; Ag) = Aglz, T1/E" = T).
The first Chern class c; is (n 4 1)z. The eigenvalues of the operator
c: QH(CP") - QH(CP"),a > c;Ug

are (n 4+ 1)e>™=K/0+D k=0, ... n.It coincides with the set of critical values.

Kontsevich announced this statement at the Vienna conference on homological
mirror symmetry in 2006. (According to some physicists, this statement had been
known to them before; see [Ar].) In our situation of Lagrangian fiber of compact toric
manifolds, we can prove it by using Theorem 1.9.

In the rest of this section, we discuss 2-dimensional examples.

Let e, e, be the basis of H'(T?;Z) as in Lemma 4.4. We pute;, = e; Ue, €
H?(T?; 7). Let ey be the standard basis of H°(T?;Z) = Z. (The proof of Proposition
5.4 is found in Section 13.)
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PROPOSITION 5.4
Lety = ) rie; € H'(L(u); Ao), v; = e¥. Then the boundary operator mj is given
as

mi(e;) = 2, (n)ey,

HpO" ST
nﬂmﬁ=—§;%m%— 2h(mm, G-D
m! (ey) = 0.

We note that we do not use the grading parameter e, which was introduced in [FOOO3].

So the boundary operator mj is of degree —1 rather than +1. (Note that we are using

cohomology notation.) In other words, our Floer cohomology is only Z,-graded.
With (5.1) at our disposal, we examine various examples.

Example 5.5

We consider M = CP? again. We put u; = € + 1/3, uy = 1/3 (¢ > 0). Using
(5.1), we can easily find the following isomorphism for the Floer cohomology with
Ag-coefficients:

HF*((L(u), 0), (L(u), 0)) = HF*"((L(u), 0), (L(u), 0)) = Ao/(T'>7).

Let us apply [FOOO3, Theorem J] (equivalent to Theorem 3.12 above) in this situation
(see also Theorem 5.11 below). We consider a Hamiltonian diffeomorphism 1 :
CP? — CP?. We denote by ||| the Hofer distance of ¥ from identity. Then we
have

#(W(L@W) N Lw)) > 4

if || < 2m(1/3 —€) and ¥ (L(u)) is transversal to L(u). We note that o N [CP'] =
27 by (2.12).

We note that this fact was already proved by Chekanov [Che, main theorem].
(Actually, the basic geometric idea behind our proof is the same as Chekanov’s.)

Example 5.6
Let M = S%(a/2) x S?(b/2), where S*(r) denotes the 2-sphere with radius r. We
assume that a < b. Then B = [0, a] x [0, b], and we have

PO, xa5ur, uz) = YT + 3T 4y T 4y, ' T,
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Let us take u; = a/2, u, = b/2. Then

IPO” _ IPO"
PO ywHT?, O
8y1 8y2

= (1= T2,

Therefore, y; = +£1, y, = %1 are solutions of (4.10). Hence, we can apply Theorem
4.10 to our torus.
We next put u; = a/2,a < 2u, < b. Then

IPO" HPO"

— (1 _ y72)Tu/2’
CAY! : a2

= T4 _ y272Tb—u2‘

We put y; = y, = 1. Then a—?y% =0, % # 0. We find that

HF*((L(u), 0), (L(u), 0)) = HF*"((L(u), 0), (L(u), 0)) = Ao/(T").

Let : CP? — CP? be a Hamiltonian diffeomorphism. Then, [FOOO3, Theorem J]
(equivalent to Theorem 3.12 above) implies that

#(Y (L) N Lw) = 4

if V|| < 2mwu, and Y (L(u)) is transversal to L(u). Note that there exists a pseudo-
holomorphic disc with symplectic area wa (< 2w u,). Hence, our result improves a
result from [Che, main theorem].

Example 5.7
Let X be the 2-point blow-up of C P2. We may take its Kihler form so that the moment
polytope is given by

P = {(Ml,M2)| —1<u =1, -1<u, <lu+u < 1+0l},
where —1 < o < 1 depends on the choice of Kihler form. We have

POy, xo5uy, up) = ) T + 3, T 4y

—lpl—u —1 —1plda—u—u (5-2)
+n T “+y»n T e

Note X is Fano in our case.

Case 1: o = 0. In this case, X is monotone. We put uy = (0, 0). L(u) is a monotone
Lagrangian submanifold. We have

PO
ay

PPO™
ay>

==y =y 'yT.

==y =y "y T,
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The solutions of (4.10) are given by y, = 1/(y? — 1), y] + y§ — 2y} —2y? +1=0
in C. (There are 5 solutions.)

Case 2: a > 0. We put uy = (0, 0). Then

PO
ay

o a%DuO - -1,- o
Ll ; = (1 =y, )T — y; 'y 2T,
Y2

=1 —y T -y %y,

We consider, for example, the case y; = y, = t. Then (4.10) becomes
P — 71 —T¥=0. (5.3)
The solution of (5.3) with t =1 mod A is given by

1+ lTa 3T201 + IT'iot +i Tkoz
T = - - = —1- C .
2 8 2 ol

Let us put r = x;e; + x,e, with

1 <1+1T“ 3T2°‘+1T3“+ )eA
= = 10 — —_ = — .
X1 = X2 g 3 3 3 +

Then by Theorem 4.10 we have
HF((L(uo), ¥), (L(uo), v); Ao) = H(T?; Ao).

‘We point out that in this example it is essential to deform Floer cohomology using
an element ¢ of H'(L(u¢); A ) containing the formal parameter 7 to obtain nonzero
Floer cohomology.

At u, there are actually four solutions such that

0Ly =0, 1,1, -1),(-1,1),(-=1,-1) mod A,

respectively.
In the current case, there is another point u; = (o, @) € P at which L(ug) is
balanced.* In fact at u;, = (@, @), the equation (5.3) becomes

O — _(y1—2y2—l + yl—z)Tlfa + T1+Ol’ 0 — _(yl—1y2—2 + y2—2)T170t _|_ T1+0t.

*Using the method of spectral invariants and symplectic quasi-states, Entov and Polterovich discovered some
nondisplaceable Lagrangian fiber which was not covered by the criterion given in [CO] (see [EP1, Section 9]).
Recently this example, among others, was explained by Cho [Cho] via Lagrangian Floer cohomology twisted by
nonunitary line bundles.
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We put T = y; = y; to obtain
T -1 —-1=0.

This equation has a unique solution with T = —1 mod A (the other solution is
T?*t3> =1 mod A, for which Theorem 4.10 is not applicable).
The total number of the solutions (, u) is 5.

Case 3: a < 0. We first consider uy = (0, 0). Then

FPO™ FPO™
Byl 8y2

==y T+ =y )T, ==y 'y T A =3, )T.
We assume that y; satisfies (4.10). It is then easy to see that y; "= 0 or that vy '=0
mod A . In other words, there is no (y;, y,) to which we can apply Theorem 4.10.
Actually, it is easy to find a Hamiltonian diffeomorphism ¢ : X — X such that
W (L(uo)) N Lug) = 7.

We next take u;, = (o/3, «/3). Then

8%0% —2.,— o - —a
i G Sy Tt — e,

PO o . la
A% =(1-y 1)’2 Z)TIJr B Y2 Tl

By putting y; = y, = 7, for example, (4.10) becomes
TP —1=0. (5.4)

Let us put r = x;e; + x;e, with

X1 =x;=logt = log<1 + %sz"‘/‘z — %T*‘m + - ) € Ay,
where 7 solves (5.4). Theorem 4.10 is applicable. (There are actually three solutions
of (4.10) corresponding to the three solutions of (5.4).)
There are two more points u = (—«, «), (¢, —cr) where (4.10) has a solution in
(Ao \ Ay). Each u has one solution b.
Thus, the total number of the pair (¢, u) is again 5. We note that

5= Zrank HY(X;Q).

This is not just a coincidence but an example of general phenomenon stated as in
Theorem 1.3.
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We note that, as @ — 1, our X blows down to $?(1) x S?(1). On the other hand, as
a — —1, our X blows down to C P2. The situation of the case & > 0 can be regarded
as a perturbation of the situation of S?(1) x S2(1), by the effect of exceptional curve
corresponding to the segment u; + u, = 1 + «. The situation of the case ¢« < 0
can be regarded as a perturbation of the situation of CP? by the effect of the two
exceptional curves corresponding to the segments u; = 1 and u, = 1. An interesting
phase change occurs at o« = 0.

We note that H?(X; R) is 2-dimensional. So there is actually a 2-parameter family of
symplectic structures. We study the 2-point blow-ups of C P? more in Example 10.17.
The discussion of this section strongly suggests that Lagrangian Floer theory
([FOOO3, Theorems G, J] (equivalent to Theorems 3.11, 3.12 above) gives the optimal
result for the study of nondisplacement of Lagrangian fibers in toric manifolds.

Remark 5.8

Let X be a compact toric manifold, and let L(u) = w~'(u), u € IntP. We consider

the following two conditions.

(1) There exists no Hamiltonian diffeomorphism ¢ : X — X such that ¥ (L(u))N
L(u) = 0.

2) L(u) is balanced.

Here, (2) = (1) follows from Proposition 4.12. In many cases, (1) = (2) can be

proved by the method of [Mc]. However, there is a case in which (1) = (2) does not

follow, as we explain in Remark 10.18 and will prove in a future article using the bulk

deformation of Lagrangian Floer cohomology. We conjecture that after including this

wider class of Floer cohomology, we can detect all the nondisplaceable Lagrangian

fibers in toric manifolds, by Floer cohomology.

Using the argument employed in Example 5.6, we can discuss the relationship between
the Hofer distance and displacement. First, we introduce some notation for this pur-
pose. We denote by Ham(X, w) the group of Hamiltonian diffeomorphisms of (X, w).
For a time-dependent Hamiltonian H : [0, 1] x X — R, we denote by ¢}1, the time
t-map of Hamilton’s equation X = Xpy(#, x). The Hofer norm of ¢ € Ham(X, w) is
defined to be

1
Y] = inf / (max H, — min H,) dt
Hipp=v Jo

(see [Ho]).
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Definition 5.9
Let Y C X. We define the displacement energy e(Y) € [0, oo] by

e(Y) :=inf {||¢]l | ¥ € Ham(X, w), ¥ (Y)NY = ¢}.

We put e(Y) = oo if there exists no ¥ € Ham(X, w) with y(Y)NY = ¢.

Let us consider BO(y, ..., Yus 1, ..., uy) : (Ag\ Ay)" x P — A, as in Theo-
rem 4.5.

Definition 5.10
We define the number E(u) € (0, oo] as the supremum of all A such that there exists
D1, ..., 00 € (Ag \ Ay)" satisfying

PO
l(gl, e u)=0 mod T (5.5)
Ay
fori = 1, ..., n (here we consider universal Novikov ring with C-coefficients). We

call &(u) the PO-threshold of the fiber L(u). We put

Eu) = lim sup E(u;).
wi—>w,ui—>u
Here limsup is taken over all sequences w; and u; such that w; is a sequence of
T"-invariant symplectic structures on X with lim; .., w; = w and u; is a sequence
of points of moment polytopes P; of (X, w;) such that P; converges to P and u;
converges to u.

Clearly, @(u) > E(u). We give an example where E(u) # &(u) in Example 10.17
(10.16).

THEOREM 5.11
For any compact toric manifold X and L(u) = w~'(u), u € IntP, we have

e(L(w)) = 27 E(u). (5.6)
We prove Theorem 5.11 in Section 13.

Remark 5.12
The equality in (5.6) holds in various examples. However, there are cases in which
the equality in (5.6) does not hold. The situation is the same as in Remark 5.8.

We note that E(u), @(u) can be calculated in most of the cases once the toric manifold
X is given explicitly. In fact, the leading-order potential function 3£, is explicitly
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calculated by Theorem 4.5. We can then find the maximal value A for which the
polynomial equation

IPO,

——2(u;vy,...,9,)=0 mod T*
ayi

has a solution t); € Ag \ A;. In a weakly nondegenerate case, this value of A for
PO(u; .. .) is the same as the value for PO, (u;. . .) (see Section 10).

Remark 5.13

The appearance of a new family of pseudoholomorphic discs with Maslov index 2
after blow-up, which we observed in Examples 5.7, can be related to the operator ¢
that we introduced in [FOOQ3, Section 3.8] and [FOOQO?2, Section 13] in the following
way.

We denote by ﬂg‘fﬂ,(ﬂ) the moduli space of stable maps f : (¥,0%) — (X, L)
from bordered Riemann surface ¥ of genus zero with / interior and k£ 4+ 1 boundary
marked points and in homology class 8 (see [FOOO1, Section 3] and [FOOQO3, Section
2.1.2]). The symbol main means that we require the boundary marked points to respect
the cyclic order of dX. Let us consider the case when the Maslov index of 8 is 2n.
More precisely, we take the following class 8. We use the notation introduced at the
beginning of Section 11. Weput 8 = B;, +-- -+ B;,, where 9, PN---N9; P =pisa
vertex of P. We assume that [ f] € .# S‘j‘l“ (B) and that .# Omj‘ln 1(B) is Fredholm-regular
at f. The virtual dimension of .# Omfl“l(ﬂ) is 3n. Let us take the unique point p € X
such that w(p) = p. p is a T"-fixed point. Moreover, we assume that f(0) = p.
We blow up X at a point p = f(0) € X and obtain X. Let [E] € Hy,— 2(?) be
the homology class of the exceptional divisor E = 7~!(p). Now f induces a A map
f (X;0%) — (X L). The Maslov index of the homology class [f] € HZ(X L)
becomes 2. We put ,8 [f]

Since p is a fixed point of 7"-action, a T"-invariant perturbation lifts to a per-
turbation of the moduli space /%Omj‘l“o(ﬂ) Then any T"-orbit of the moduli space
M mamO(X ,B) of holomorphic discs passing through p corresponds to a 7" -orbit of

0+
M {)njlflo(X B) and vice versa. Namely, we have an isomorphism:

MG (B) o xx (P} = M (B (5.7

Here ev in the left-hand side is the evaluation map at the interior marked point.
(Actually we need to work out the analytic details of gluing construction and so forth.
It seems very likely that we can do it in the same way as the argument of [FOOO2,
Chapter 10]; see [LR].)

Using (5.7) we may prove that

Qixp(PD([pD;b, ..., b) = 3, ..., b),
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where

Quip(Qs Pry .oy Po) = eVo*(«/%foiﬁl(ﬂ) Xxxrky (Q X Py X -++ X Pk))

is defined in [FOOQO3, Section 3.8] and [FOOO?2, Section 13]. (Here Q is a chain in

X and P; are chains in L(u), and evy : ﬂ}c"fﬁ](ﬁ) — X is the evaluation map at

the zeroth boundary marked point. In the right-hand side, we take fiber product over
X x LK) This is an example of a blow-up formula in Lagrangian Floer theory.

6. Quantum cohomology and Jacobian ring
In this section, we prove Theorem 1.9. Let 39, be the leading-order potential func-
tion. (Recall that if X is Fano, we have P9, = 9.) We define the monomial

Ziw) =y ey T € Aglyrs oy Yo v v (6.1)
Compare this with (2.3). It is also suggestive to write z; also as
Ziw) = eMUITEY = (xy, .., x), v = e (6.2)

By definition, we have

m

PO, =D ziw), 6.3)
i=1
0z; _
yja_yj = vi,]‘Z,‘(H). (64)

The following is a restatement of Theorem 1.9. Let z; € H*(X;Z) be the Poincaré
dual of the divisor 7 ~(9; P).

THEOREM 6.1
If X is Fano, there exists an isomorphism

Y 1 QH(X; A) = Jac(BO)
such that ¥,(z;) = z;(u).

Since ¢;1(X) = Y,z (see [Fu]) and since PO, = Y i, Z;(u) by definition,
Theorem 1.9 follows from Theorem 6.1.

In the rest of this section, we prove Theorem 6.1. We note thatz; (i = 1, ..., m)
generates the quantum cohomology ring Q H(X; A) as a A-algebra (see Theorem
6.6). Therefore, it is enough to prove that the assignment v,(z;) = Z;(u) extends to
a homomorphism Vo Alziy ... zml — Jac(*PO;) that induces an isomorphism in
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QH(X; A). In other words, it suffices to show that the relations among the generators
in Alzy, ..., z,] and in Jac(PO;) are mapped to each other under the assignment
V.(z;) = 7Z;(u). To establish this correspondence, we now review Batyrev’s description
of the relations among z;’s.

We first clarify the definition of quantum cohomology ring over the universal
Novikov rings Ay and A. Let (X, w) be a symplectic manifold, and let « € m,(X). Let
M 3(a) be the moduli space of stable map with homology class « of genus 0 with 3
marked points. Letev : .#3(a) — X? be the evaluation map. We can define the virtual
fundamental class ev,[.#3(a)] € Hy(X?;Q), where d = 2(dim¢c X + ¢1(X) N ).
Let a; € H*(X; Q). We define a; Uy a, € H*(X; Ay) by the following formula.

(@1 Ug az,az) = ) T ev [ Ms@] N (@ x ay x ). (65)
Here (-, -) is the Poincaré duality. Extending this linearly, we obtain the quantum
product
Ug : H(X; Ao) ® H(X; Ag) = H(X; Ay).

Extending the coefficient ring further to A, we obtain the (small) quantum cohomology
ring QH(X; A).

Now we specialize to the case of compact toric manifolds and review Batyrev’s
presentation of quantum cohomology ring. We consider the exact sequence

0 — m(X) — m(X; L)) — m1(L(w)) — 0. (6.6)

We note that 7, (X; L(u)) = Z™, and we choose its basis adapted to this exact sequence
as follows. Consider the divisor 7 ~!(9; P), and take a small disc transversal to it. Each
such disc gives rise to an element

[B:] € Hy(X; 7w~ '(IntP)) = Hy(X; L(w)) = mo(X, L(w)). (6.7)

The set of [8;] withi = 1, ..., m forms a basis of 7,(X; L(1)) = 7Z™. The boundary
map [B] — [08] : ma(X; L(u)) — m1(L(u)) is identified with the corresponding map
Hy(X; L(u)) — H;(L(u)). Using the basis chosen in Lemma 4.4 on H{(L(u)), we
identify H,(L(u)) = 7Z". Then this homomorphism maps [8;] to

(081 =vi = (vi1, ..., Vin), (6.8)
where v; ; is as in (4.4). By the exactness of (6.6), we have an isomorphism:

Hy(X) = {B € Hy(X: L(w)) | [88] = 0} 6.9)
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LEMMA 6.2
We have

wN [Zk,ﬂi] =27 3 kit (w). (6.10)

If[ X kidp;] =0, then
de;
> ki—=0. (6.11)
dblj
In particular, the right-hand side of (6.10) is independent of u.

Proof
Here (6.10) follows from the area formula (2.12), w(B;) = 2m€;(1). On the other
hand, if [ }" k;0B;] = 0, we have

Xm: kivi =0.
i=1

By the definition of ¢;, €;(u) = (u, v;) — A;, from Theorem 2.13, this equation is
precisely (6.11), and hence the proof. i

Let Z C {l,...,m} be a primitive collection (see Definition 2.4). There exists a
unique subset ' C {1,...,m} such that ) ._,
spanned by {v; | i’ € 2'}, which is a member of the fan X. (Since X is compact, we
can choose such 2’; see [Fu, Section 2.4].) We write

Z v, = Z k,‘/'l}l'f. (612)

ie? i'e?’

v; lies in the interior of the cone

Since X is assumed to be nonsingular, k;: are all positive integers (see [Fu, page 29]).
We put

o(P) = Z 0;(u) — Z kil (u0). (6.13)

ie? i'e?’

It follows from (6.10) that 2w w(2) is the symplectic area of the homotopy class

BP) =D Bi— > kP maAX). (6.14)

ie? i'e?’

LEMMA 6.3
Let 2 be any primitive collection. Then w(Z2) > 0.
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Proof
Since the cone spanned by {v;/|i’ € %'} belongs to the fan X, we have

ﬂ 719, P) 0.

i
Then for any u’ € (), 0 P, we have £;(u") = 0. By the choice of k; in (6.12), we
have d8(#) = 0. Therefore, by Lemma 6.2 and by the continuity of the right-hand
side of (6.13), we can evaluate w(Z) at a pointu’ € ﬂi,ey, 7~1(9; P). Then we obtain

o(P) = Zﬁi(u’).
ie?

Since Z is a primitive collection, and in particular does not form a member of the fan,
there must be an element v; € £ such that £;(u’) > 0, and so w(#) > 0. This finishes
the proof. O

Now we associate the formal variables, z;, ..., 2, to vy, ..., v,, respectively.

Definition 6.4 ([B1, Definition 5.1, Theorem 5.3])
(1)  The quantum Stanley-Reisner ideal SR, (X) is the ideal generated by

P =[la-1""]]z" (6.15)
ie? i'e?
in the polynomial ring A[z1, ..., z,,]. Here 2 runs over all primitive collec-

tions.
(2)  We denote by P(X) the ideal generated by

Z Vi, jZi (6.16)
i=1

for j =1, ..., n. In this article, we call P(X) the linear relation ideal.
(3)  We call the quotient

_ Alzi, ..., Zm]
" (P(X) + SR,(X))

QH“(X;A) (6.17)

the Batyrev quantum cohomology ring.

Remark 6.5
We do not take closure of our ideal P(X) + SR,(X) here (see Proposition 8.6).

THEOREM 6.6 (see Batyrev [B1], Givental [G2])
If X is Fano, then there exists a ring isomorphism from Q H”(X; A) to the quantum
cohomology ring Q H(X; A) of X such that z; is sent to the Poincaré dual to w =" (9; P).
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The main geometric part of the proof of Theorem 6.6 is the following.

PROPOSITION 6.7
The Poincaré dual to w~"(9; P) satisfies the quantum Stanley-Reisner relation.

(We do not prove Proposition 6.7 in this article; see Remarks 6.15 and 6.16.) However,
since our choice of the coefficient ring is different from other literature, we explain
here for the reader’s convenience how Theorem 6.6 follows from Proposition 6.7.

Proposition 6.7 implies that we can define a ring homomorphism #
QH®(X;A) — QH(X;A) by sending z; to PD(nw~'(9; P)). Let FFQH(X; A)
be the direct sum of elements of degree < k. Let F*Q H*(X; A) be the submodule
generated by the polynomial of degree at most k/2 on z;. Clearly, A(F*Q H*(X; A)) C
FKQH(X; A).

Since X is Fano, it follows that

xUpy—xUye FlerTeey2g g(x; A).

We also recall the cohomology ring H(X; Q) is obtained by putting 7 = 0 in a

quantum Stanley-Reisner relation. Moreover, we find that the second product of the

right-hand side of (6.15) has degree strictly smaller than the first since X is Fano.
Therefore, the graded ring

gr(QH(X; A)) = €D FF(QH(X: M)/ F* (QH(X: A))
k

is isomorphic to the (usual) cohomology ring (with A-coefficient) as a ring. The same
holds for Q H*(X; A). It follows that % is an isomorphism. O

In the rest of this section, we prove Proposition 6.8 (Theorem 6.1 follows immediately
from Proposition 6.8 and Theorem 6.6).

PROPOSITION 6.8
There exists an isomorphism

Y 1 QH(X; A) = Jac(PO,)
such that ¥,(z;) = z;(u).

Note that we do not assume that X is Fano in Proposition 6.8. Note also that, for
our main purpose of calculating My(Lag(X)), Proposition 6.8 suffices. Proposition
6.8 is a rather simple algebraic result, and its proof does not require the study of
pseudoholomorphic discs or spheres.
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Proof of Proposition 6.8
We start with the following proposition.

PROPOSITION 6.9
The assignment

Vulz) = Z(w)
induces a well-defined ring isomorphism

< . A[Zh"'vzm]

w - — Alyvi, .., Yoo _1,..., -1
SR.(X) [y Yns Y1 Yyl

Proof
Let 2 be a primitive collection and &', k;» be as in (6.12). We calculate

l_[Zi(u) = 1_[ y;)i‘l . y:[,n TZ;(u)

ie? ie?

by (6.1). On the other hand,

—kyr kirvir kirvir ki€ (u)
HZ,‘/ (u)zl_[yl o Yn T !

i'e e
_ Vi1 Vin kir€ir(u)
e s

ie? i'e?

by (6.12). Moreover,

D i) =Y kil () = o(2)
ie? ie?
by (6.13). Therefore,

[[w=m""]]z"w

ie? i'e?

(6.18)

(6.19)

(6.20)

in Alyy, ..., Y, yfl, R yn‘l]. In other words, (6.18) defines a well-defined ring

homomorphism (6.19).
We now prove that v, is an isomorphism. Let

pr:Z" = my(X; L(w)) — Z" = 7 (L(w))

be the homomorphism induced by the boundary map pr([8]) = [08] (see (2.1)). We
note that pr(cy, ..., cn) = (dy, ..., d,) withd; =), c;v; ;. Let A =) ¢; 8 be an
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element in the kernel of pr. We write it as
Zaiﬂi - Z b;Bj,
iel jel
where a;, b; are positive and I N J = {J. We define
r(A) =[]z — T2t En00 ] Zf,f_ (6.21)
iel jeJ

We note that a generator of quantum Stanley-Reisner ideal corresponds to r(A), for
which [ is a primitive collection 2 and J = 2. We also note that the case I = {J or
J = @ is included.

LEMMA 6.10
We have

r(A) € SR,(X).

Proof

This lemma is proved in [B1, Theorem 5.3]. We include its proof (which is different
from the one in [B1]) here for the reader’s convenience. We prove the lemma by an
induction over the values

E(A) =Y aili(uo)+ Y _ b;€;(up).
iel jeJ

Here we fix a point u( € IntP during the proof of Lemma 6.10.

Since I NJ = @, atleastone of {v; | i € I}, {v; | j € J} cannot span a cone that
is a member of the fan . Without loss of generality, we assume that {v; | i € I} does
not span such a cone. Then it contains a subset # C [ that is a primitive collection.
We take &, k;» as in (6.12), and we define

c-[la-r [l 14 o

iel ieN? ie? e

Then Z lies in SR, (X) by construction. We recall from Lemma 6.2 that the values

Dot =Y kili(u) = o(P)

ie? ie?
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are independent of u and positive. By the definitions (6.21) and (6.22) of r(A) and Z,
we can express

r(A)—Z= T“’("y‘)“( ] zZ”)r(B)
heK
for an appropriate B in the kernel of pr and a constant c. Moreover, we have
EB)+2)_ nuly(uo) + o(2P) = E(A).
hekK

Since u € Int P, it follows that £, (1) > 0, which in turn gives rise to E(B) < E(A).
The induction hypothesis then implies that ¥(B) € SR, (X). The proof of the lemma
is now complete. g

COROLLARY 6.11
The element z; is invertible in

Alzi, ..., Zml
SR,(X)

Proof
Since X is compact, the vector —v; is in some cone spanned by v; (j € I). Namely,

—V; = ij Uj,
jel
where k; are nonnegative integers. Then
G+ ki) _ kj
T =z [[z) mod SR,(X)
jel
by Lemma 6.10. Since 74+Xi%i%® jg jnvertible in the field A, it follows that

k; . . . .
[1 jer 2 defines the inverse of z; in the quotient ring. |

We recall from Lemma 6.2 that €; (u) + > ; k;£;(u) is independent of u. We define

gl = TR L@ T Y (6.23)
jel
(Note that we have not yet proved that A[zy, ..., 2,]/SR,(X) is an integral domain;

this comes later in the proof of Proposition 6.9.)
Since vy, ..., v, generate the lattice Z", we can always assume the following by
changing the order of v;, if necessary.
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Condition 6.12

Let (v"/) be the inverse matrix of (v; ;), namely, 3, v*/v;; = & x. Condition 6.12
implies that each v/ is an integer. Inverting the matrix (v; ;), we obtain

y; = T—c,‘(u) l_[ Z:;'/ (624)
j=1

from (6.20), where ¢;(u) = Y v"/£;(u). Using Corollary 6.11, we define

Alzi, ...y zZm]

+1 —c;i(u) +o"/
V) =T | | : €
Puyi”) i % SR,(X)

More precisely, we plug (6.23) here if +v"/ is negative.
The identity ¥, o ¢, = id is a consequence of (6.24). We next calculate (¢, o
V) (zn) = ¢.(Z, (1)), and we prove that

(d)u o wu)(Zh) = TE"(”)¢u(y;)”'] .. y,f’”) — Te(h;u) HZT,’
j=1

where m; > 0 and

ve= Y myvs )= elhiu)+ Y ml;(w). (6.25)

To see (6.25), we consider any monomial Z of y;, z;, z;, T*. We define its multiplica-
tive valuation v,(Z) € R by putting

0, (yi) =0, 0,(2i) = 0,(z;) = Li(u), 0,(T) = a.
We also define a (multiplicative) grading p(Z) € Z" by
p(yi) = e, p(zi) = p(z;) = v, p(T*) =0

and by p(ZZ') = p(Z) 4+ p(Z"). We remark that v, and p are consistent with (6.1).
We next observe that both v, and p are preserved by /IZM, al, and by (6.23). This implies
(6.25).

Now we use Lemma 6.10 and (6.25) to conclude that

a = T <] € SR.(X).
j=1

The proof of Proposition 6.9 is now complete. O
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Next we prove the following.

LEMMA 6.13
Let P(X) be the linear relation ideal defined in Definition 6.4. Then
~ PO,
7.(Px) = ( fyiO;i:L...,n).
Proof

Let > " v; jz; be in P(X). Then we have

. m m m 8—[ 8 DH
1%(201‘,]‘2;‘)=Zvi,j3i=zyia_;=y.i bt
i=1 i=1 J

i=1 9y;

by (6.1) and (6.4). Since y;’s are invertible in Ay, ..., Y, yfl, e, yn"], this iden-

tity implies the lemma. O
The proofs of Theorem 6.1 and of Proposition 6.8 are now complete. O
Remark 6.14

Proposition 6.8 holds over A X-coefficient for arbitrary commutative ring R with unit.
The proof is the same.

We define
Yo u : Jac(POy) — Jac(‘ﬁBDg,)
by
V(@) = Zi@) = TH7507;aw). (6.26)
It is an isomorphism. We have

1pu/,u o wu = wu’-

The well-definedness of v, , is proved from this formula or by checking directly.

As long as no confusion occurs, we identify Jac(BO), Jac(iBDg/) by ¥, and
denote them by Jac(PO,). Since ¥, ,(Z: (1)) = Z;(u’), we write them Z; when we
regard it as an element of Jac()39,). Note that ¥, ,(y;) # y;. In case we regard
yi € Jac(POy) as an element of Jac(PO,)), we write it as y; (u) := ¥, ().
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Remark 6.15

The above proof of Theorem 6.1 uses Batyrev’s presentation of the quantum co-
homology ring, and it is not likely generalized beyond the case of compact toric
manifolds. (In fact, the proof is purely algebraic and does rot contain a serious study
of pseudoholomorphic curve, except Proposition 6.7, which we quote without proof,
and Theorem 4.5, which is a minor improvement of an earlier result of [CO].) There
is an alternative way of constructing the ring homomorphism 1, which is less compu-
tational. (This will give a new proof of Proposition 6.7.) We will give this conceptual
proof in a future article.

We use the operation

Qris © HOXG Q21 ® BeH (L(w); Q)11 — H(Lw); Q)[1],

which was introduced by the authors in [FOOQO3, Section 3.8] and [FOOQO2, Section
13]. Using the class z; € H?(X;Z) the Poincaré dual to 7 ~'(9; P), we put

Vulz) =) Y AP f Qs (20 ® x5 (6.27)
koi=1 L)

Here we put x = ) x;¢;, and the right-hand side is a formal power series of x; with
coefficients in A.

Using the description of the moduli space defining the operators q; . (see Section
11), it is easy to see that the right-hand side of (6.27) coincides with the definition of
Z; in the current case, when X is Fano toric. Extending the expression (6.27) to an
arbitrary homology class z of arbitrary degree, we obtain

%(z)=2 Z TN/ / Qixp(z ® x®). (6.28)

k Biu(B)=degz L(u)

Since u(B) = degz, then q; .4(z ® x®) e H"(L(u); Q). One can prove that (6.28)

defines a ring homomorphism from the quantum cohomology to the Jacobian ring

Jac(PO"). We may regard Jac(PO") as the moduli space of deformations of Floer

theories of Lagrangian fibers of X. (Note that the Jacobian ring parameterizes defor-

mations of a holomorphic function up to an appropriate equivalence. In our case, the

equivalence is the right equivalence, that is, the coordinate change of the domain.)
Thus (6.28) is a particular case of the ring homomorphism

QH(X) — HH(Lag(X)),

where H H(£ag(X)) is the Hochschild cohomology of Fukaya category of X. (We
remark that Hochschild cohomology parameterizes deformations of A-category.)
Existence of such a homomorphism is a folk theorem (see [K]), which has been
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verified by various people in various favorable situations (see, e.g., [Ar]). It has
been conjectured to be an isomorphism under certain conditions by various people,
including Seidel and Kontsevich.

This point of view is suitable for generalizing our story to more general X (to non-
Fano toric manifolds, for example) and also for including the big quantum cohomology
into our story. (We also need to use the operators ¢, ; mentioned above for £ > 2.)

These points will be discussed in future articles. In this article, we follow a
more elementary but less conceptual approach exploiting the known calculation of the
quantum cohomology of toric manifolds.

Remark 6.16

There are two other approaches to a proof of Proposition 6.7 besides the fixed-point
localization. One, written by Cieliebak and Salamon [CS], uses vortex equations
(gauged sigma model), and the other, written by McDuff and Tolman [McT], uses
Seidel’s result [Sel].

7. Localization of the quantum cohomology ring at the moment polytope

In this section, we discuss applications of Theorem 1.9. In particular, we prove The-
orem 1.12. (Note that Theorem 1.3 is a consequence of Theorem 1.12.) Theorem 7.1
and Theorem 1.9 immediately imply Theorem 1.12(1).

THEOREM 7.1
There exists a bijection

Crit(PO,) = HomJac(PO,); AS).

Here the right-hand side is the set of unital A®-algebra homomorphisms.
We start with the following definition.

Definition 7.2
For an element x € A\ {0}, we define its valuation v7(x) as the unique number A € R
such that T7*x € Ag \ A,.

We note that vy is a multiplicative non-Archimedean valuation; that is, it satisfies

or(x +y) > min(o7(x), v7(y)),
or(xy) = vr(x) + v7(y).
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LEMMA 7.3
For any ¢ € Hom(Jac(BO,,); AC) there exists a unique u € My such that

o7 (e(y; @) =0 (7.1)

forallj=1,...,n

Proof
We still assume Condition 6.12. By definition (6.1) of z;, the homomorphism property
of ¢, and the multiplicative property of valuation, we obtain

o7 (@) = L) + > v 07 (9(y;@))), (72)
j=1
fori =1,..., m. On the other hand, since ¢;(u) = (u, v;) — A; and (v; ;)i j=1,..n 1S

invertible, there is a unique u that satisfies

o7 (¢(@) = Liu) (7.3)

fori =1, ..., n. But by the invertibility of (v; ;); j=1,.., and (7.2), this is equivalent
to (7.1), and hence we have the proof. O

We note that obviously by the above proof the formula (7.3) automatically holds for
i=n+1,...,mand u in Lemma 7.3 as well.

Proof of Theorem 7.1
Consider the maps

n

Yi(p) = Z (log@(yi(u)))e; € H'(L(u); Ag), Us(p) = u € Mg,

i=1
where u is obtained as in Lemma 7.3. Since y;(u) € Ag \ A, it follows that we
can define its logarithm on A as a convergent power series with respect to the non-
Archimedean norm.

Set (x, u) = (W1(@), Wa(e)). Since ¢ is a ring homomorphism from Jac((PO,)) =
Jac(POy), it follows from the definition of the Jacobian ring that

PPO!

o, ® =0.

Therefore by Theorem 4.10, H F ((L(u), t), (L(u), r); A) % 0. We have thus defined

¥ : Hom(Jac(PO,); A®) — Crit(PO).
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Let (r,u) € Crit(PO,). We put ¢ = Y r;e;. We define a homomorphism ¢ :
Jac(PO,) — A by assigning

o (yi(w) = e,

It is straightforward to check that ¢ is well defined. Then we define ®(x, u) := ¢. It
easily follows by definition that & is an inverse to W. The proof of Theorem 7.1 is
complete. a

We next work with the (Batyrev) quantum cohomology side.
Definition 7.4
For each z;, we define a A-linear map Z; : QH®(X;A®) — QH“(X;AC®) by

Zi(2) = z; Ug 2, where Uy is the product in Q H*(X; A©).

Since Q H”(X; A) is generated by even-degree elements, it follows that it is commu-
tative. Therefore, we have

7,02 =72;0%. (7.4)
Definition 7.5
Fortv = (v, ..., m,) € (A®)", we put

QH’(X;w)={x € QH"(X; A®)| @ —10,)"x=0 fori =1,...,n and large N.}

We say that 1o is a weight of QH®“(X) if QH“(X; ) is nonzero. We denote by
W (X; w) the set of weights of Q H”(X).

We remark that 1v; # 0 since z; is invertible (see Corollary 6.11).

Remark 7.6

Since z;, i = 1,...,n generates Q H*(X; A) by Condition 6.12, we have the fol-
lowing. For each tv = (o4, ..., tv,) there exist tv,,;, . .., v,, depending only on tv
such that (Z; — tv;)¥x = Oalsoholdsfori =n+1,...,mif N is sufficiently large

and x € QH“(X; ).

PROPOSITION 7.7
@)) There exists a factorization of the ring

QH”(X; A®) = ]_[ QH“(X; ).

meW(X;w)
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2) There exists a bijection
W(X; ) = Hom(QH“(X; A); A©).

(3)  In addition, QH®(X; ) is a local ring and (1) is the factorization to inde-
composables.

Proof
Existence of decomposition (1) as a A®-vector space is a standard linear algebra,

using the fact that A is an algebraically closed field. (We prove this fact in Lemma
Al)Ifz € QH?(X;w)and 7 € QH®”(X;10’), then

(zi — ;)" Ug (zUg 2) = ((z — ;)" Ug 2) Up 2’ =0,
(zi =N Up (zUg 2) = ((zi —w))" Ug 2') Up 2 = 0.

Therefore, zUp 7' € QH®”(X;10)NQH®(X;w’). This implies that the decomposition
(1) is a ring factorization.

Letp : QH®(X;w) — AC be a unital AC-algebra homomorphism. It induces a
homomorphism QH®(X; A) — A€ by (1). We denote this ring homomorphism by
the same letter ¢. Let z € Q H“(X;tv) be an element such that ¢(z) # 0. Then we
have

(p(zi) — mi)N(P(Z) = ¢((zi —10)" Up z) = 0.
Therefore,

w; = ¢(z;). (7.5)

Since z; generates Q H”(X; A), it follows from (7.5) that there is a unique A®-algebra
homomorphism : Q H*(X; 1) — AC. Then (2) follows.

Since QH“(X;w) is a finite-dimensional A*-algebra and since AC is alge-
braically closed, we have an isomorphism

QHYXIW) o oy (7.6)
rad

for some k. (Here, rad equals {z € QH“(X;w) | z¥ = 0for some N}.) Since there
is a unique unital A®-algebra homomorphism Q H*(X;t) — AC, it follows that
k = 1. Specifically, Q H”(X; tv) is a local ring.

It also implies that Q H*(X; tv) is indecomposable. O

The result up to here also works for the non-Fano case. But Theorem 7.8 requires the
fact that X is Fano since we use the equality QH“(X; A) = QH(X; A).
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THEOREM 7.8
If X is Fano, then Crit(BO,) = M(Lag(X)).

Proof
Let to be a weight. We take z € QH“(X;w) C H(X; A®) = H(X;C) ® A®. We
may take an eigen vector z so that

ze (HX;O)®@ Af) \ (HX;C)® AT).
Since
ziUpz=1z Uz mod AE,

where U is the classical cup product (we use QH“(X; A) = QH(X;A) here), it
follows that

Wiz =(2)"(z) = (2)" Ugz = (z)"Uz mod AS.
Therefore, tv; € Ajcr as (z;)" Uz = 0. Then (7.3) and (7.5) imply that
£i(u) = vr(o;) > 0.
In particular, u € IntP. O

We are now ready to complete the proof of Theorem 1.12. Here (1) is Theorem 7.1; (2)
is a consequence of Theorem 4.10; (3) is Theorem 7.8. If Q H*(X; A%)is semisimple,
then (7.6) and k = 1 imply that

as a AC-algebra. Thus (4) follows from (7.7), Proposition 7.7(2), and Theorem 7.1.
The proof of Theorem 1.12 is complete. O

We next explain the factorization in Proposition 7.7(1) from the point of view of the
Jacobian ring. Let (¢, ) € Crit(39,).

Definition 7.9
We consider the ideal generated by

a0
B—‘BD(I;(Ul +wg, ..., 0, +w,) (7.8)
w;

i =1,...,n,inthering A[[wy, ..., w,]] of formal power series, where t = > r;e;
and 1; = e%. We denote its quotient ring by Jac(3O; ¢, u).
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PROPOSITION 7.10
(1)  There is a direct product decomposition

JacBO) = [ JacPOgir.w)
(z,u)eCrit(PO)

as aring.
(2)  If(x, u) € Crit(P,) corresponds to v € W(X; w) via the isomorphism given
in Proposition 7.7(2) and Theorem 7.1, then \, induces an isomorphism

Y, : QH(X; 1) = Jac(PBO; ¢, u).
(3)  Jac(POy;t, u) is 1-dimensional (over A) if and only if the Hessian
()
0y; 0y /i j=1,..n
is invertible over A at 1.
Proof

We putr = > r;¢; and y; = e*. Let m(z, u) be the ideal generated by y; — 1; in the
ring

Alyf, ... yE]
(vi(@PBOG/0y))

Since Jac(PO,) is finite-dimensional over A, it follows that

Jac(PO,) =

Jac(PO,) = l_[ Jac(PBOm( )

(x.0)eCrit(PO,)

where Jac(PO()m.u) is the localization of the ring Jac(PO,) at m(z, u). Using
finite-dimensionality of Jac(3O,) again, we have an isomorphism Jac(BO ) )m(x.u) =
Jac(PO,; r, u), which sends y; — y; to w;. Herer = ), 1;€; and y; = e*, and (1)
follows.

Now we prove (2). If z € QH®(X;tv), then (Z; — ,)Vz = 0. Let Teu °
Jac(PO) — Jac(PO,; r, u) be the projection. We then have

(Tz,-m)/y\ff.l - mi)Nﬂ;,u(lﬁu(Z)) =0. (7.9)
‘We note that

w; = THOy .y (7.10)

n
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if to; corresponds (r', #’) and y; are exponential of the coordinates of t'. We define the
operator y; : Jac(PO; ¢, u) — Jac(PO,: r, u) by

yi(c) = p;c.

By definition of Jac(PO; t, u), the eigenvalue of y; is b;. Therefore, (7.9) and (7.10)
imply that m, ,(¥,(z)) = O unless (r, u) = (¢', u’). Thus (2) follows.

Let us prove (3). We first note that A = AC is an algebraically closed field
(Lemma A.1). Therefore, dimy Jac(PO,; ¢, u) = 1 if and only if the ideal generated

by (7.8) (fori = 1, ..., n) is the maximal ideal m = (wy, ..., w,). We note that
m/m? = A" and that element (7.8) reduces to
PO,
(), o
0y;idy; / j=1,..n
modulo m?. So (3) follows easily. O

We recall that a symplectic manifold (X, w) is said to be (spherically) monotone if
there exists A > O such that c;(X)Nao = A[w] N« forall ¢ € m»(X). The Lagrangian
submanifold L of (X, w) is said to be monotone if there exists A > 0 such that
w(B) = Aw(p) for any B € m,(X, L). (Here p is the Maslov index.) In the monotone
case we have the following.

THEOREM 7.11
If X is a monotone compact toric manifold, then there exists a unique u such that

M(Lag(X)) C A x {u}
(i.e., whenever (¢, u) € M(Lag(X)), u = ug). Moreover, L(ug) is monotone.

Remark 7.12
Related results are discussed in [EP1].

Proof

Since X is Fano, we have QH“(X; A) = QH(X; A). We assume that ¢;(X) N =
Alw] N« with A > 0. Let U, be the contribution to the moduli space of pseudo-
holomorphic curve of homology class « € H,(X;Z) in the quantum cup product (see
(6.5)). We have a decomposition:

xUpgy=xUy+ Z TNV, y.
aem(X)\{0}
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Then
deg(x Uy y) =degx +degy —2¢c1(X)Na =degx +degy — 2ha N[w]. (7.11)
We define
Vuee(T?) =24,  0gee(x) = degx (forx € H(X;Q)).

Dgeg is @ multiplicative non-Archimedean valuation on Q H(X; A) such that bge(a Ugp
b) = vgeg(a) + v4eg (D), by virtue of (7.11). Moreover, forc € Aanda € QH(X; A),
we have Dgee(ca) = 2Ab7(c) + vgee(a). Now let to be a weight and x € Q H(X; tvo).
Since Dgeg(z;) = 2, it follows that

2)"r’T(tni) + t]deg(x) = Udeg(zix) =2+ t]deg(x)~

Therefore, if (x, u) corresponds to tvu, then ¢;(u) = vr(tv;) = 1/A, and thus u is
independent of tv. We denote it by u.

For B; € Hy(X, L(ug)) (i = 1,...,m) given by (6.7), we have w(f;) =
2ml;(ug) = 2m/A. Hence u(B;) = Aw(B;)/m. Since B; generates Hy(X, L(uyp)),
it follows that L(u) is monotone, as required. O

So far we have studied Floer cohomology with A©-coefficients. We next consider the
case of AT -coefficients where F is a finite Galois extension of Q. We choose F so that
all of the weights tv lie in (Ag )*. (Since every finite extension of A is contained in
such A”, we can always find such an F; see appendix.) Then we have a decomposition

QH®(X; AT) = ]_[ QH®(X;w; F). (7.12)

reW(X;w)

It follows that the Galois group Gal(F/Q) acts on W(X; w); it induces a Gal(F/Q)-
action on Crit(39,)) (we use Remark 6.14 here). We write it as (¢, u) — (o (r), o (u)).
We note the following.

PROPOSITION 7.13

D We have o (u) = u.

2) We write by y;(x) the exponential of the coordinates of . Then y;(x) € AT and
yi(o (®) = o (yi(r).

3) If QH®(X; AD) is indecomposable, there exists uy such that whenever (¢, u) €
Crit(BO,)), we have u = uy.
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Proof
Let tv,(x) correspond to (x, #). Then

(o)) = o7 (0;(o(x, u))) = o7 (o10;(x, u)) = vr (0;(x, 1)) = £;(w).

Thus (1) follows; (2) follows from the definition and (1); and (3) is a consequence of
(). O

A monotone blow-up of CP? (at one point) gives an example where the assumption
of Proposition 7.13(3) is satisfied.

It seems interesting to observe that the ring Q H(X; A?) jumps sometimes when
we deform the symplectic structure of X. The point where this jump occurs is closely
related to the point where the number of balanced Lagrangian fibers jumps. In the case
of Example 5.7, we have

(AQY o >0,
QH(X; AY) = { (AP x AQVD ¢ <,
AQYS o AF a =0,

where F = Q[x]/(x® — x — 1). We observe that x> + x* — 2x> — 2x2 + 1 =
(x? 4+ x — 1)(x*> — x — 1) (we also refer the reader to Example 10.10 for further
examples).

Remark 7.14

In Sections 11-13, we use de Rham cohomology of the Lagrangian submanifold to
define and study Floer cohomology. As a consequence, our results on Floer coho-
mology are proved over A% or AS but not over Aé()l) or Al (The authors believe that
those results can be also proved over AE)Q by using the singular cohomology version
developed in [FOOO3], although the detail of their proofs could be more complicated.)

On the other hand, Proposition 6.8 and Theorem 6.1 are proved over AE]Q. There-
fore, the discussion on quantum cohomology here works over AJ.

We also note that, though Proposition 7.13(3) is related to Floer cohomology, its
proof given above does not use Floer cohomology over A? but only Floer cohomology
over Ag and quantum cohomology over Aé)Q. In fact, the proof above implies the
following. If u € IntP and ¢ € H'(L(u); Ag) satisfy

HPOL

=0,
ox, ®

then u = ug. This is because

Jac(POY; AC) = Jac(POy; A%) @40 AC
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and
Jac(POL; AY) = QH(X; AD).

8. Further examples and remarks
In this section, we show how we can use the arguments of Sections 6 and 7 to illustrate
calculations of 9(Lag(X)) in examples.

Example 8.1
We consider the 1-point blow-up X of CP?. We choose its Kihler form so that the
moment polytope is

P={(u,u)|0<up,up, uy+uy <1, up <1 —aj,
0 < o < 1. The potential function is
;I;D — leul _|_ szuz + (y1y2)71T17u17u2 + y2—lT17a7u2'

‘We put Z] = leu], ZZ = szUz’ 23 = (ylyz)_] Tl—Lll—uz, 24 = y;lTl_a_uz.
The quantum Stanley-Reisner relation is

2 =ul n=T""° (8.1)
and the linear relation is
Z1—23 =0, Z2—23—24=0. (8.2)
We put X =7Z; and Y = Z,, and we solve (8.1) and (8.2). We obtain
XN(T*+X)=T'"", (8.3)

with Y = X 4+ T~%X?2. We consider valuations of both sides of (8.3). There are three
different cases to consider.

Case I: v7(X) > «. Here (8.3) implies that 307(X) + « = 1 + «, namely, v7(X) =
1/3. So @ < 1/3. Moreover, b7(Y) = 1/3. We have u; = v7(X) = 1/3, u, =
v7(Y) = 1/3 (see Lemma 7.3). Writing X = a,T'* 4 a,T*+ higher-order terms
with & > 1/3 and substituting this into (8.3), we obtain a? = 1, which has three
simple roots. Each of them corresponds to the solution for r by Hensel’s lemma (see,
e.g., [BGR, Proposition 3]). (It also follows from Theorem 10.4 in Section 10.)
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Case 2: v7(X) < «. By taking the valuation of (8.3), we obtain u; = v7(X) =
(1 + «)/4. Hence o« > 1/3. Moreover, u, = v7(Y) = (1 — «)/2. In the same way as
in Case 1, we can check that there are four solutions.

Case 3: v7(X) = a. We put X = a;T% + a,T*+ higher-order terms where A > a.

Case 3(1): a; # —1. By taking valuation of (8.3), we obtain u; = v7(X) = 1/3.
Then o = 1/3 and u, = vy (Y) = 1/3. So (8.3) becomes

al +a; —1=0. (8.4)

(In this case, X = a;T“ has no higher term.) There are four solutions. We note that
(8.4) is irreducible over Q, since it is also irreducible over Z,. Thus the assumption of
Proposition 7.13(3) is satisfied. Actually, X is monotone in the case « = 1/3. Hence
the same conclusion (the uniqueness of #) follows from Theorem 7.11 also.

Case 3(2): a; = —1. By taking valuation of (8.3), we obtain A = 1 —2«. Here A > «
implies that o < 1/3; u; = v7(Y) = 1 — 2« and u; = v7(X) = «. There is one
solution.

In summary, if @« < 1/3, there are two choices of u = («, 1 — 2a), (1/3, 1/3).
On the other hand, the numbers of choices of ¢ are 1 and 3, respectively.

If « > 1/3, there is the unique choice u = ((1 + «)/4, (1 — «)/2). The number
of choices of ¢ is 4.

We next study a non-Fano case, the Hirzebruch surface F,. Note that F) is a 1-point
blow-up of CP?, which we have already studied. We leave the case F, to the reader.

Example 8.2
We consider the Hirzebruch surface F,, n > 3. We take its Kéhler form so that the
moment polytope is

P={(uy,u2) |0 <uy,us, uy+nuy<n, uy <1—aj,
0 < @ < 1. The leading-order potential function is
;I;DO — leul + szuz + yl—lyz—nTnfulfnuz + yz—lTlfafuz‘

Weputz; = y,T", 7%, = y, T, 73 = yflygnTn—ul—nuz’ 7= y{lTl_“‘”Z.
The quantum Stanley-Reisner relation and the linear relation give

2173 = 7, T, oz =T'"", (8.5)

71 — 23 = 0, Zz — I’lZ3 - 24 =0. (8.6)
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Let us assume that n is odd. We put
=2" =2T"

(In case n = 2n’ is even, we put 7; = 7", Z4 = £ZT~“. The rest of the arguments
are similar and so are omitted.) Thenz, = T *Z% + nZ" and

Z'mzZ" 2+ T =T. (8.7)

Case 1: (n —2)v7(Z) > —a. In the first case, we have v7(Z) = (@ + 1)/4. (Then
(n—2)07(Z) > —a is automatically satisfied.) Therefore, u; = v7(z;) = n(a+1)/4,
uy = v7(z2) = (1 — a)/2. We also can check that there are four solutions. We note
that we are using PO, in place of PO. However, we can use Corollary 10.6 to
prove Lemma 8.3. This lemma in particular implies that L(n(«x + 1)/4, (1 — «)/2) is
balanced, which was already shown above in Example 8.1 for the case n = 1.

LEMMA 8.3

Let y' € Ao x Ao (i = 1,...,4) be critical points of PO, for u = (n(e +
1)/4, (1 — a)/2). Then there exists ' € Ay x Ao, which is a critical point of PO"
and y© =y mod A,.

We prove Lemma 8.3 in Section 10.

Case 2: (n — 2)v7(Z) < —a. We have vy (Z) = 1/(n + 2). This can never occur
since 1/(n+2)>0>—a/(n—2).

Case 3: (n —2)v7(Z) = —a. We put Z = a; T~/ 4 q,T*+ higher-order term.

Case 3(1): na’f’2 # —1.Then v7(Z) = (e + 1)/4. Since (o« + 1)/4 # —a/(n — 2),
this case never occurs.

Case 3(2): na"™? = —1. We have 4v7(Z) + (n — 3)vr(Z) + A = 1. Therefore,
1

_n—=24+n+1Da
B n—2 '

A

‘We have

no n—2+42u
U =UT(Z1)=—n_2, uy =vr(z) =1 —a—vr(zy) = —

Thus (u, u) is not in the moment polytope.
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In Example 8.2, we have
M(Lag(X)) = Mo(Lag(X)) # Crit(PO,).

On the other hand, the order of 9(Lag(X)) is 4 and is equal to the sum of Betti
numbers.

Remark 8.4
In a future article, we will prove the equality

) rank Hy(X; Q) = #(9M(Lag(X)))
d

for any compact toric manifold X (which is not necessarily Fano) such that Q H(X; A)
is semisimple. If we count the right-hand side with multiplicity, the same equality holds
without assuming semisimplicity.

We next discuss a version of the above in which we substitute some explicit numbers
into the formal variable T'. Let u € IntP. We define a Laurent polynomial

PO r— € Clyi, S U

by substituting a complex number ¢ € C\ {0}. In the same way, we define the algebra
QH?(X;T = t;C) over C by substituting T = ¢ in the quantum Stanley-Reisner
relation. The argument of Section 6 goes through to show that

QH“(X;T = 1;C) = Jac(POY ,_,). (8.8)

In particular, the right-hand side is independent of u# up to an isomorphism. Here
the C-algebra in the right-hand side of (8.8) is the quotient of the polynomial ring
Clyis--» Yus Y1 's -+, v '] by the ideal generated by POy 7, /3y i =1,...,n).
We remark that the right-hand side of (8.8) is always nonzero for small ¢ by
Proposition 4.7. It follows that the equation
e _ (8.9)
dyi
has a solution y; # 0 for any u: namely, as far as the Floer cohomology after T = ¢t
substituted, there always exists b € H'(X; C) with nonvanishing Floer cohomology
HF((L(u), b), (L(u), b), (C) forany u € IntP. Since the version of Floer cohomology
after substituting T = t is not invariant under the Hamiltonian isotopy, this is not useful
for the application to symplectic topology (cf. [CO, Section 14.2]).
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The relation between the set of solutions of (8.9) and that of (4.10) is stated as
follows. Let (yic)(t; u), ..., y,(l")(t; u)) be a branch of the solutions of (8.9) for ¢ £ 0,
where c is an integer with 1 < ¢ <[ for some [ € N. We can easily show that it is a
holomorphic function of t on C \ R_. We consider its behavior as t — 0. For generic
u, the limit either diverges or converges to zero. However, if (¢, u) € My(Lag(X))
andr = >_ x;e;, then there is some ¢ such that

limy“(iu) € C\ {0} and  y (u) =",
t—

To prove this claim, it suffices to show that if (r, u) € Crit(PO,) andr = ) _ x;e;,
yi=e", y = Zj yi; T*7, then ZJ. yijt*i converges for 0 < [t| < € (here € is a
sufficiently small positive number). This follows from Lemma 8.5 below. Let A™
be the ring

{ZaiTAi €Ay ‘ Je > 0 such that Z la;||7]* converges for |t| < E},
i ;

and let A“™ be its field of fractions. We put AP™ = AFP™ N A .

LEMMA 8.5
The field A" is algebraically closed.

We prove Lemma 8.5 in Section A.

We go back to the discussion on the difference between two sets My(Lag(X)) and
Crit(O,) (see Definition 1.11). The rest of this section owes much to the discussion
with Iritani and also to his articles [I11], [12]. The results we describe below are not
used elsewhere in this article.

We recall that we did not take closure of the ideal (P(X) 4+ SR, (X)) in Section 6.
This is actually the reason why we have Mo(Lag(X)) # Crit(PO,,); more precisely,
we have Proposition 8.6 below.

We consider the polynomial ring Az, ..., Z,,]. We define its norm || - || so that

| St
We take the closure of the ideal (P(X) + SR, (X)) with respect to this norm and

denote it by Clos(P(X) + SR,(X)). We put

_ A[Z],---,Zm]
"~ Clos(P(X) 4+ SR,(X))

= exp( — igf nr(a;)).

OH"(X; M) (8.10)

Let W&°(X;w) be the set of all weights such that the corresponding (r, u) satisfy
u € Int P. We note that o € W°(X; w) if and only if v7(tv;) > O for all i.
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PROPOSITION 8.6 (Iritani)
There exists an isomorphism:

OH (x;AS= [ oH"(X:w).

weWee(X;w)

Proof
Lettv € W(X;w) \ WE°(X; w). We first assume that v7(10;) = —A < 0. (The case
v7(10;) = 01is discussed at the end of the proof.)

Then there exists f € Ag\ A suchthat T* fro; = 1. Let x € QH?(X; ). We
assume that x # 0. We take k such that (Z; —tv;)*x # 0, (Z; —tv;)**'x = 0 and replace
x by (Z; — tv;)*x. We then have T* fZ;x = x. Since limy_o, |(fz:T*)N|| = 0, it
follows that x = 0 in ﬁw(X ; A©). This is a contradiction.

We next assume that b7 (tv;) > O for all i. We consider the homomorphism

¢ Alzi, ..., 2, — Hom, (QH"(X; 0), QH"(X; 10)),
defined by
©(z;))(x) = z; Ug x.

We have ¢(P(X) + SR,(X)) = 0. We may choose the basis of QH“(X;tv)
so that ¢(z;) is an upper-triangular matrix whose diagonal entries are all tv; and
whose off-diagonal entries are all zero or 1. We use it and v7(tv;) > O to show
that (p(Clos(P(X )+ SR, (X ))) = 0, and specifically, that ¢ induces a homomor-
phism from ﬁw(X ; A). It follows easily that the restriction of the projection
OH“(X; A®) — OH “(X; A®) to QH“(X;tv) is an isomorphism to its image.

We finally show that for u € 9 P, there is no critical point of PO, on (Ag\ A, )".
Let

ue US,P\UB,P,
iel i¢l

Then

POy =D v vy mod A

iel

We note that v; (i € I) is a part of the Z basis of Z", since X is nonsingular toric.
Hence by changing the variables to appropriate y/, it is easy to see that there is no
Vi1 Vin

nonzero critical point of Y ., y;"' -+ - y»"" = Y, ¥i. The proof of Proposition 8.6
is now complete. O
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To further discuss the relationship between the contents of Sections 6 and 7 and those
in [12], we compare the coefficient rings used here and in [I12]. In [12] (like many of
the literatures on quantum cohomology such as [G1]), the formal power series ring
QIlgi, - - - » Gm—n]]is taken as the coefficient ring (;m — n is the rank of H>(X; Q) and
we choose a basis of it). The superpotential in [12] (which is the same as the one used
in [G1]) is given as*

F= 3 (TTa TTs")- 8.11)

Here [, ; is a matrix element of a splitting of Hy(X;Z) — Hy(X, T";Z). We show
that (8.11) pulls back to our potential function PO, after a simple change of variables.
Let o, € H,(X;Z) be the basis we have chosen (we choose it so that [w] N «, is
positive).

LEMMA 8.7
There exists f;(u) e R (j =1, ..., n) such that

1 n
o ;la,i[w] Na, = 4;(u) — ; vij f().

Proof
We consider the exact sequence

0 — Hy(X;7Z) —> Hy(X, L(u); Z) —> Hy(L(w);Z) —> 0.

So(cy, ..., cm) € Hy(X, L(u); Z) is in the image of H»(X;Z)ifand onlyif ), c;v; =
0 (here v; = (viq,...,Vi,) € Z"). For a given a € Hy(X,Z), denote i, (o) =
(c1, ..., cn). Then we have

Y ol Neilgio = [0l Na =27 Y cili(u).
This implies the lemma. O

We now put
Gu = T[a)]ﬂola/Zﬂ’ S](M) = Tf/(u)yl (812)

*We change the notation so that it is consistent to ours; m, n, v; ; here corresponds to r + N, r, x;; in [12],
g sJ p B
respectively.
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We obtain the identity

Fy(s1@u), ..., ,(w)) = POG1s - -+ s Yu)- (8.13)

We note that if we change the choice of Kéhler form, then the identification (8.12)
changes. In other words, the study of quantum cohomology over Q[[g1, . .., gu_n]]
corresponds to studying all the symplectic structures simultaneously, while the study
of quantum cohomology over A focuses on one particular symplectic structure.

In [12, Corollary 5.12], Iritani proved the semisimplicity of a quantum cohomology
ring of a toric manifold with a coefficient ring Q[[q1, . .., ¢._»]]; it does not imply
the semisimplicity of our Q H“(X; A) since the semisimplicity in general is not
preserved by the pullback. (On the other way around, semisimplicity follows from
semisimplicity of the pullback.) However, it is preserved by the pullback at a generic
point. Specifically, we have the following.

PROPOSITION 8.8
The set of T"-invariant symplectic structures on X for which Jac(BOy)) is semisimple
is open and dense.

Proof
Here we give a proof for completeness, following the argument in [I2, proof of
Proposition 5.11]. Consider the polynomial

m
_ 2 Vi1 v;,
le ~~~~~ Wm — wiyl '”ynln’

where w; € C\ {0}. By Kushnirenko’s theorem [K], the Jacobian ring of F,,
semisimple for a generic wy, ..., w,. We put

wy, 18

.....

w; = exp(% Zla,,-[w] Na + Z Ui,jfj(u))'
a J

It is easy to see that when we move [w]Ne, and u (there are (m — n) and n parameters,
respectively), w; moves in an arbitrary way. Therefore, for generic choice of w and u,
the Jacobian ring Jac(3O) is semisimple. Since Jac(PO) is independent of u up
to isomorphism, the proposition follows. O

Remark 8.9
Combined with Theorem 1.9, this proposition gives a partial answer to [EP2, Section 3,
Question].
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9. Variational analysis of potential function
In this section, we prove Proposition 4.7. Let 3O be defined as in (4.7).

We define

si) = inf{t;w)|i=1,...,m}.

Here s, is a continuous, piecewise affine and convex function, and s; = 0 on dP.
Recall that if u € 9; P, then £;(u) = 0 by definition.

We put

S = sup{sl(u) | ue P},
P, Z{MEP‘SI(M)ZSl}.

PROPOSITION 9.1
There exist sy, Sk, and Py, with these properties:

(1) Py is a convex polyhedron in Mg. dim P, < dim Py,

(2)  siq1: Pe = Ris a continuous, convex piecewise affine function;

3)  sp(w) = inf{l;(w) | €;(w) > S} foru € IntPy;

@) sip1(w) = Si foru € P

(5)  Sks1 = sup{sp1(u) | u € Pl

©) Py ={u€ P |sipi(u) = S}y

@) Py C IntPy;

®) Sk, Sk, Py are defined fork = 1,2, ..., K for some K € Z., and Py consists
of a single point.

Example 9.2

Let P = [0, a] x [0, b] (a < b). Then sy(uy, uy) = inf{u,, u,a — u, b — u>} and
Si=a/2, Py ={(a/2, 1) | a/2 < us < b—a/2}, 5:(1/2, u3) = inf{us, b — us},
S, =b/2, P, ={(a/2,b/2)}.

Proof

We define s;, Si, and P inductively over k. We assume that s, Sy, and P; are
defined for k = 1, ..., ko so that items (1)—(7) of Proposition 9.1 are satisfied for
k=1,..., kg — 1.

We define sy,+1 by (3) and (4). We prove that it satisfies (2), using Lemma 9.3 for

this purpose.

LEMMA 9.3
Let u; € IntPy, and let lim;_, oo u; = Us, € 0 Py,. Then

lim sg, 1 (u;) = Sg,-
] =00
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Proof
We put

L= {ti | i(uoe) = Sk, }. ©.1)

By (6) for k = ko — 1, we find that sy (1) = Sk,- Then (3) for k = ko — 1 implies
that there is ¢; such that £;(u«) = S, Thus I is nonempty. We take the affine space
Ay, C Mg such that Int Py, is relatively open in Ay, .

Now since u, € d Py, we can take ue T, Ay, suchthat us, + €t ¢ Py, for any
sufficiently small € > 0. It follows from (7) for k = ko — 1 that u, + €u € Int Py,—1,
and hence u + eu € Int Py, 1 \ Py,

By definition, we also have sy, (1) < S, for all u € Py,_,. Therefore, we have

Sko(Uoo + €14) < S,
It follows that there exists ¢; € I; such that
Ci(Uoo + €lt) < Li(too) = Sy, < Li(Uoo — €ld). 9.2)

Since (9.2) holds forany u € T, Ay, Withus+e€u ¢ Py, itfollowsthateu := u;—u
for any sufficiently large j. We note that since u; € Int Py, C Ay, U; = Uoo — U, is
an “outward” vector as a tangent vector in 7, Ay, at us, € 9 Py,. Therefore, we have
Uso +Uij ¢ Py, Because u; = uo, — i, it follows from (9.2) that

Zi(uj) > Sko (93)
for any sufficiently large j. Therefore, we have
Sto1(u) = inf{€;(uy) | € € I, €;(uy) > Sk, } 9.4)

and lim;_, o Sgp1(u;) = lim;_, o £;(u;) = £;(Us) = Sk,. This finishes the proof of
the lemma. O

Lemma 9.3 implies that s, is continuous and piecewise linear in a neighborhood of
d P,. We can then check (2) easily.

We define Si,+1 by (5). Then we can define P, by (6) (in other words, the
right-hand side of (6) is nonempty); (7) is a consequence of Lemma 9.3. We can easily
check that Py satisfies (1).

We finally prove that Px becomes a point for some K. Let u; € Int Py, and put

L= {¢ |Ei(uk) = S} 9.5

Here k =1, ..., K. We remark that I, is independent of the choice of u; € Int P;.
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Note that we defined /;, by the formula (9.1). We have I;, C I . But the equality
may not hold in general. In fact, u, is in the boundary of Py, but uy, is an interior
point of Py,. Therefore, if £; € I, then ¢; is constant on Py,. But the element of 1, ,20
may not have this property.

In case some ¢; € I, 4 is not constant on Py, it is easy to see that dim Py 4 <
dim P,. There exists some £; ¢ | J,;, Ik, Which is not constant on Sy, unless Sy, is
a point. Therefore, if dim Sy, # 0, there exists k' > ko such that dim Py < dim Py,.
Therefore there exists K such that Py becomes zero-dimensional (namely, a point).
Hence we have achieved (8). The proof of Proposition 9.1 is now complete. O

Remark 9.4

In [Mc], McDuff points out an error in statement (1) of Proposition 9.1 in the previous
version of this article. We have corrected the statement and have modified the last
paragraph of its proof, following the corresponding argument in [Mc, Section 2.2],
and we thank her for pointing out this error.

The next lemma easily follows from construction.

LEMMA 9.5
If all the vertices of P lie in Q", then uy € Q". Here {ug} = Pg.

By parallel translation of the polytope, we may assume, without loss of generality,
that uy = 0, the origin. In the rest of this section, we prove that ‘BDO has a critical
point in (A \ A)". More precisely, we prove Proposition 4.7 for uy = 0 (we note
that if P and ¢; are given, we can easily locate u).

Example 9.6
Let us consider Example 8.1 in the case @ > 1/3. Atuy = (1 + «)/4, (1 — a)/2),
we have

PO = (y2 4 y; VT + (y1 + (iyo) )T
Therefore, the constant term ;.o of the coordinate y; of the critical point is given by
1—-1055=0, 1—=1bigb=0. (9.6)

Note that the first equation comes from the term of the smallest exponent and contains
only 9,.0. The second equation comes from the term which has the second smallest
exponent and contains both 1,9 and ),.9. So we need to solve the equation inductively
according to the order of the exponent. This is the situation we want to work out in
general.
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We observe that the affine space A; defined above in the proof of Lemma 9.3,
Mg=Ao2 A 2---2 A 1 2 Ax = {0},

is a nonincreasing sequence of linear subspaces such that Int P is an open subset of
Ak. Let

Al C (Mg)* = Ng
be the annihilator of A; C Mg. Then we have
{0} =Ay CA; C---C Ax | € Ax = Ng.
We recall that
I = {6 ] 6:0) = 5, ©.7)

fork=1,...,K.Infact,0 € P,; C Int P, fork < K.
We renumber each of I in (9.7) so that

{te;|i=1.....al)} = L. (9.8)
By construction,

sk(u) = infﬂk,j(u) (99)
J

in a neighborhood of 0 in P,_;. In fact, s;,_1(0) = S;—; < S = s5x(0) and
[t |i=1,....m}N(Si_1, S) = 0.

LEMMA 9.7
Ifu € Ay, then £ j(u) = ;.

Proof
We may assume that k < K. Hence 0 € IntP,. We regard u € Ay = ToAy. By (9.9),
we have

se(eu) = inf{€; j(eu) | j =1,...,a(k)}.
Since si(eu) = S; for eu € Py, it follows that £, ;(u) = S;. a

Lemma 9.7 implies that the linear part d{; ; of £, ; is an element of A,f C t = Ng.
In fact, if £; ; = £;, we have d{; ; = v; from the definition of £;, £;(u) = (u, v;) — A;
given in Theorem 2.13.
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LEMMA 9.8
Forany v € AL, there exist nonnegative real numbers c; > 0, j =1, ..., a(k) such
that
a(k)
v — chdzk'j € A]J(__l.
j=1
Proof

Suppose to the contrary that

a(k)

fv=Y et |e =0, j=1,....at} (4L, =0
j=1

Then we can find u € A;_; \ A such that
dlyj(u)y>0 (9.10)

forall j =1, ..., a(k).
Since eu € A;_1 \ Ay, it follows that

sp(eu) < S

for a sufficiently small ¢. On the other hand, (9.10) implies that d¢ ;(su) > O for all
e > 0, and so & j(eu) > £; ;(0) = S;. Therefore, by definition of s; in Proposition
9.1, we have

s(ew) > inf{€, ;(eu) | j =1,..., alk)}
> inf{e ;0| j=1,...,a(k)} = 5.

This is a contradiction. O

Applying Lemma 9.8 inductively downward starting from £ = k and ending at £ = 1,
we immediately obtain the following.

COROLLARY 9.9
Forany v € Akl, there existc;j > Oforl =1,...,k, j=1,...,a(l) such that

ka()

V= Z Z C[qjdglyj.

=1 j=1
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We denote
K
J={t]i=1....m\|JL (9.11)
k=1

It is easy to see that
L eJ = £0)> Sk. 9.12)

Now we go back to the situation of (4.7) and we use the notation of (4.7). In this
case, foreach k = 1, ..., K we also associate, in Definition 9.10, a set J; consisting
of pairs (¢, p) with an affinemap £ : Mr — Rand p € R,.

Definition 9.10

We say that a pair (£, p) = (£, p;) is an element of J if the following holds:

(1) Ifel #0,then ¢; € U_, I (note that £, = 3", €}¢,).

(2)  Item (1) does not hold for some i, j if we replace k by k — 1.

A pair (¢, p) = ((Z/j, p;) as in (4.7) is, by definition, an element of Jx; if it is not
contained in any of J;, k =1, ..., K.

LEMMA 9.11

(1) If(, p) €Ty, thendl € Af.

2) If(, p) € Ty, then £(0) + p > S;.
(3)  If (L, p) € Tk, then £(0) + p > Sk.

Proof
Item (1) follows from Definition 9.10(1) and Lemma 9.7.
If (¢, p) = (¢, p;) € Ty, then there exists e; #0,¢; = £ ;. Then

€0) + p > €54:(0) + p; > £;(0) = 5.
So (2) follows. The proof of (3) is the same. a

LEMMA 9.12
The vector space Ay is defined over Q.

Proof
The vector spaceAy is defined by equalities of the type £; = Sy on A;_;. Since the
linear part of ¢; has integer coefficients, the lemma follows by induction on k. O
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We put d(k) = dimA;_;, — dim Ak = dim A} — dim A= ,. We choose e, €
Hom(Mgp, Q) = Ng (i = 1, , j = 1,...,d(k)) such that the following
condition holds. Here Mg = M ® Q and Ng = N ® Q.

Condition 9.13

We have

(1) €. ....€ 44 isaQbasis of A N Ng;

@ dbj =D V. With Ve € 2

3) if(,p)eTorted then dt = Zk/ o Ve, )€ With e o jry € Z.

Note that d(k) = 0if Ay = Aj_;.

We identify R” with H'(L(u); R) in the same way as in Lemma 4.4, and we let
Xx,; € Hom(H Y(L(u); R), R) be the element corresponding to e ; by this identifica-
tion. In other words, if

_ *
€= E Ak, j):i € »
i
where e/ is as in Lemma 4.4, then we have

i= Zaac.j);txi-
i

We put y; ; = /. We define

K dk)

Yk, j) = ]_[ [Tvese. (9.13)

=1j'=1
And for (¢, p) € Ty or £ € J, we define

K dk)

v =T ]x (9.14)

k=1 j=1
By Theorem 4.6 there exists ¢(,,) € Q such that

K a(k)

PO’ =" (Z Y (k, j))TSk +Y rOr®

k=1 j=1 €3
9.15)
K+1

+Z Z C(Z,p)Y(E)TZ(0)+p’

k=1 (£,p)€Tk

where PO is PO* with u = 0.
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LEMMA 9.14
(1) Ifk' <k, then

YW, j
W T) . (9.16)
Oyr,j
Q) It p) € Tp, k' <k, then
Y (¢
©_ 9.17)
8yk,j

(3) I, p)e Ty then £0)+ p > S.
@) If.p)e Tkt then £(0) + p > Sk.
(5)  Ift €7, then £(0) > Sk.

Proof

Since d¢y ; € Ay by Lemma 9.7, it follows that v ;) «, ;) = O for k > k’. Then (1)
follows; (2) follows from Lemma 9.11(1) in the same way; (3) follows from Lemma
9.11(2); (4) follows from Lemma 9.11(3); and (5) follows from (9.12). a

Now equation (4.10) becomes

IPO°

0= .
Oy,

We calculate this equation using Lemma 9.14 to find that it is equivalent to

a(k) a(k’)

aY (k, j') ZZBY(k’ s
=3 el o
=1 VK. j K>k j'=1 ©.18)
K+1 '
3Y(£) s aY (£) 5
K=k (£,p)€Ty Yk.j tey OOk

Note that the exponents of T in the second, third, and fourth terms of (9.18) are all
strictly positive. So after putting 7 = 0, we have

a(k)

_ZBY(k J) 9.19)
ji=1 aykj .
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Note that the equation (9.19) does not involve 7" but becomes a numerical equation.
We call (9.19) the leading-term equation.

LEMMA 9.15

There exist positive real numbers Yy j.0, k =1,..., K, j =1,...,d(k), solving the
leading-term equations fork =1, ..., K.

Proof

We remark that the leading-term equations for &, j contain the monomials involving
only yy ; for k' < k. We first solve the leading-term equation for k = 1. Denote

a(l)

filxia, oo Xiaa) = ZY(l,j)-

Jj=1

It follows from Corollary 9.9 that for any (x; 1, ..., X1 41)) # 0, there exists j such
that

le,j(xl,l, ey de(])) > 0

Therefore, we have

lim fl(txl,l, ey [xl,d(l)) > lim C exp(tdﬂl,j(xl,l, ey xl,d(l))) = 4-00.
=00 1—>00
Hence fi(x11, ..., X1.4x1)) attains its minimum at some point of R¥". Taking its

exponential, we obtain 1 ;.o € R.
Suppose that we have already found v ;.o for K" < k. Then we put

a(k)
Frxin, oo Xagts -0 Xeaw) = Z Y(k, J)
j=1
and
JeCeeas oo Xeady) = Fr@@ia0s -« o T 1,dt—1):0> Xk 15 - - > Xk.d(k))s

where 1 j.0 = log Yy j.0. Again using Corollary 9.9, we find that

lim fk(lka ey lxk’d(k)) = 400
1—>00
for any (xk,1, ..., Xkaw) 7 0. Hence fi(xx1, ..., Xk qx)) attains a minimum and we

obtain t); j.0. Lemma 9.15 now follows by induction. O
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We next find the solution of our equation (4.11) or (4.12). We take a sufficiently large
A" and put

a(k) a(k’)
ot =S vy TS s
k'>k j'=1
+ 2 Yeres (9.20)
LeT, L0)y<AN"
K+1

+ > Cltpy Y (OT OS5k,

kK'=k+1 (€£,0)€T; ,£(0)+p<N"

We remark that (4.11) is equivalent to

9 )
&];‘ Yy, 90 =0 mod TS k=1,....K, j=1,...,ak).
Yk,
’ 9.21)
We also put
0 a(k)
PO, =D Yk, j).
j=1
It satisfies
TO, =PO! , mod A,. 9.22)

For given positive numbers R(1), ..., R(K), we define the discs
D(R(k)) = {(xk,h cee xk,d(k)) ‘ x]i] +---+ xlz,d(k) =< R(k)} C Rd(k)

and the polydiscs

K
D(R() =1_[D (R(K))
k=1

{(Xl Iy v oo s XK.d(K)) |X,3,1 +---+x]id(k) < R(k), k = 1,---,K}-

We factorize

K

R = [R®.

k=1
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—==0
Then we consider the Jacobian of ‘PO, or
——0
VPO, : R" - R/®,
that is, the map

OPO,

8xk,j

@11y - ka) < (IR --w?K,d(K)))

j=lnd(®)

——0
We remark that V3O, depends only on R/® x ... x RY® components.

Combining all V‘BD,?, k=1,...,K,(9.23) induces a map
VIO R" - R
defined by
——0 ——0 ——0
VBO = (VBO,,..., VPO,).
Lemma 9.16 is closely related to Lemma 9.15.

LEMMA 9.16

105

(9.23)

We may choose the positive numbers R(k) fork = 1, ..., K such that the following

hold: o
nH V‘B_D is nonzero on B(D(R(-))).

(2)  The map 3(D(R(-))) — S"~!
VPO
IVBD'|

) N d

has degree 1.

Proof
We first prove sublemma 9.17 by an upward induction on k.

SUBLEMMA 9.17

There exist R(k)’s for 1| < k < K such that, for any given 1 < ky < K, we have

f(xl.ls ceey Xko,d(ko)) >0

(9.24)
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if(xk,l, ey xk,d(k)) € D(R(k)) forall 1 < k < kg — 1 and (xko,l, ceey xko,d(ko)) (S
9 D(R(ko)).

Proof

In the case ky = 1, the existence of R(1) satisfying (9.24) is a consequence of Corol-
lary 9.9. We assume that the sublemma is proved for 1, ..., kg — 1.

For each fixed X = (x1,1, ..., Xk,—1,d—1))> We can find R(ko)x such that (9.24)
holds for (xg, 1, - - - » Xky.dtky) € RY \ D(R(ko)x/2). This is also a consequence of
Corollary 9.9.

We take the supremum of R(ky)x over the compact set x € ]_[i"z_l1 D(R(k)) and
obtain R(kg). The proof of Sublemma 9.17 is complete. O
It is easy to see that Lemma 9.16 follows from Sublemma 9.17. a

We now use our assumption that the vertices of P lie in Mgy = Q" and that p; € Q.
Replacing 7 by T'/% if necessary, we may assume that all the exponents of y;. ; and
T appearing in (9.20) are integers. Then

ng,w = 21392,”@1,1, e YAy T)

are polynomials of yx ;, y;. j' and T'. Define the set X by the set consisting of

M1 kak)3q) € R xR
that satisfy

PO
a—k”‘(m,l, e Dkawq) =0, (9.25)
Yk, j

fork=1,...,K,j=1,...,d(k). Clearly, X is a real affine algebraic variety. (Note
that the equations for y; are polynomials. So we need to regard y; (not x;) as variables
to regard X as a real affine algebraic variety.)

Consider the projection

T:X—=>R, 7M1, ....9%ax)39) =9,

which is a morphism of algebraic varieties.

LEMMA 9.18
There exists a sufficiently small € > 0 such that, if |q| < €, then

i@, ..., e | (xn, ..., x,) € DR} # 0.
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Proof
We consider the real analytic g-family of polynomials
POy g OV11s -0 Vi) = BOL Ot -+ Vkak)s @)-
Then
POL 1o =FO, - 9.26)

——0
Replacing PO, - by %5321 ,» We can repeat construction of the map
VRO’ R > R

for each fixed ¢ € R in the same way as we defined V3 0. Then the conclusion of
Lemma 9.16 holds for V‘BD?i,,.,q if |g| is sufficiently small (this is a consequence of
Lemma 9.16 and (9.26)). Lemma 9.18 follows from elementary algebraic topology. O

Lemma 9.18 implies that we can find

Do = (01,100 - - - » Vx.ak)0) € R

and a sequence

(Uha 61/1) = (U}]l,];()’ e U}}(,d(K);O;qh) eX - Rn+1,

h =1,2,..., such that g, > 0 and lim,_, (9, g») = (Yo, 0). Therefore, by the
curve selection lemma [Mi, Lemma 3.1] there exists a real analytic map

y :[0,e) > X

such that y(0) = (90, 0) and w(y(¢)) > O for t > 0. We reparameterize y (¢), so that
its g-component is #*/*, where a and b are relatively prime integers. We put 7 = 1¢/*
(i.e.,t = T?*), and we denote the y; ;-components of y(¢) by

o
Dk,j = Yk, jso + Z Uk,j;(zTM/a.

=1
Since y(t) € X, the element () j)i; € (A?f \ AE)" is the required solution of (4.11).
Since PO, contains only a finite number of summands, we can take PO, ;- =

PBO,. Therefore, we can find a solution of (4.12) for PO,
The proof of Proposition 4.7 is now complete. O
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10. Elimination of higher-order term in nondegenerate cases

In this section, we prove a rather technical (but useful) result, which shows that
solutions of the leading-term equation (9.19) correspond to actual critical points under
certain nondegeneracy condition. For this purpose, we slightly modify the argument
of the last part of Section 9. This result is useful to determine u# € Int P such that
HF((L(u);x), (L(u);x); Ag) # 0 for some 1 in non-Fano cases. (In other words, we
study the image of M(Lag(X)) — Int P by the map (¢, u) +> u.) In fact, it shows
that we can use PO, in place of PO in most practical cases. Note that we explicitly
calculate 39, but we do not know the precise form of 3O in non-Fano cases.

In order to state the result in a general form, we prepare some notation. Let
ugp € Int P. (In Section 9, u is determined as the unique element of P defined in
Proposition 9.1. The present situation is more general.)

We define positive real numbers S} < S, < --- by

[ty |i=1,....m}={S, S, ..., S} (10.1)

and the sets

I = {€; ] tiuo) = i}, (10.2)
fork =1, .... We renumber each of I; so that
{te;|i=1.....ak)} =I. (10.3)

Definition 10.1
Let Aj- be the linear subspace of Ng spanned by d¢; ; k <1, j < a(k). We define K
to be the smallest number such that Ax = Ng.

Our notation here is consistent with that in Section 9 in the case {1y} = Pg. We define
J and J; by (9.11) and Definition 9.10. Then Lemma 9.11 and (9.12) hold. We choose
e ; € Hom(Mg, Q) such that Condition 9.13 is satisfied (note that AlL is defined over
Q). Then x; ; and y; ; are defined in the same way as in Section 9. We define Y (k, j)
by (9.13) and Y (£) by (9.14). Then (9.15) and Lemma 9.14 hold.

We note that Corollary 9.9 does not hold in general in the current situation. In
fact, we can write

under the assumption of Corollary 9.9, but we may not be able to ensure that ¢; ; > 0.
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Definition 10.2
(1) Wecall

a(k)

Yk, j'
0=ZM, k=1,.. K, j=1,...,dK)

= Ok, j

the leading-term equation at uy. We regard it as a polynomial equation for
v, € C\{OL,k=1,...,K,j=1,...,d(k).

2) A solution y° = Dk, j:0)k=1,... k, j=1,...d) Of leading-term equation is said to be
weakly nondegenerate if it is isolated in the set of solutions.
3) A solution ° = Dk, j:0)k=1,... k, j=1,...ak) Of leading-term equation is said to be

strongly nondegenerate if the matrices

a(k)

(Z 82Y(k, j/) )
ot OYk, j1 0V, j, / jra=1....atk)

are invertible fork = 1, ..., K at °.
(4)  We define the multiplicity of leading-term equation in the standard way of
algebraic geometry, in the weakly nondegenerate case.

Example 10.3
In Example 9.6, the equation (9.6) is the leading-term equation.

Let PO° be either PO or PO.

THEOREM 10.4
For any strongly nondegenerate solution 1° = (b, j0) of leading-term equation, there
exists a solution ) = (O ;) € (Ag \ AE)" of

PPO™

S =0 (10.4)
Yk, j

such that vy ; = vy jo mod AS.
If all the vertices of P and u are rational, the same conclusion holds for weakly
nondegenerate v°.

We prove the following at the end of Section 13.

LEMMA 10.5

We assume that (0] € H*(X;Q), and we choose the moment polytope P such that
its vertices are all rational. Let ug € IntP such that PBO,° has weakly nondegenerate
critical point in (Ao \ Ay)". Then uy is rational.
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The following corollary is an immediate consequence of Theorem 10.4 and
Lemma 10.5.

COROLLARY 10.6
Let (x, u) € Mo(Lag(X)), and let u € Int P. Assume one of the following conditions:

)]

2

The corresponding solution of the leading-term equation is strongly nondegen-
erate.

The cohomology class [w] € H*(X;R) is rational, and the corresponding
solution of leading-term equation is weakly nondegenerate.

Then there exists t' such that (', u) € M(Lag(X)) and ' = mod AE.

Remark 10.7

6]

@)

3

“

&)

Using Proposition 10.8 below, we can also apply Theorem 10.4 and Corollary
10.6 to study nondisplacement of Lagrangian fibers for the weakly nondegener-
ate case, without assuming rationality (see the last step of the proof of Theorem
1.5 given at the end of Section 13).

The conclusion of Theorem 10.4 does not hold in general without weakly
nondegenerate assumption. We give an example (Example 10.17) where both
the assumption of weak nondegeneracy and the conclusion of Theorem 10.4
fail to hold.

In this section, we work with AC-coefficients, while in the last section we
work with AR-coefficients. We also remark that in the last section, we did nor
assume the weak nondegeneracy condition.

If we define the multiplicity of the element of Ny(Lag(X)) as the dimension
of the Jacobian ring Jac(3O; t, o) in Definition 7.9 (namely, as the Milnor
number), then the sum of the multiplicities of the solutions of (10.4) converging
ton® as T — 0 is equal to the multiplicity of y°.

In the strongly nondegenerate case, the solution of (10.4) with the given leading
term is unique.

PROPOSITION 10.8
Let (X, w) be a compact toric manifold with moment polytope P, and let uy € Int P.
Then there exist (X, w") with moment polytope P" and ug € Int P" such that

)]
2
3

limy,_, o @" = o, limy,_ oo Ul = ug;
the vertices of P" and ul' are rational;
the leading-term equation at ug is the same as the leading-term equation at u.

We prove Proposition 10.8 at the end of Section 13.

We first derive Theorem 1.14 and Lemma 8.3 from Theorem 10.4 before proving

Theorem 10.4.
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Proof of Theorem 1.14
We start with CP? and blow up a T>-fixed point to obtain CP*#(—C P?). We take a
Kihler form so that the volume of the exceptional CP' is 2me;, which is small. We
next blow up again at one of the fixed points so that the volume of the exceptional
CP! is 2me, and is small compared with €;. We continue k times to obtain X (k),
whose Kéhler structure depends on €, . . ., €. Note that X (k) is non-Fano for k > 3.
Let P (k) be the moment polytope of X(k), and let PO, be the leading-order
potential function of X (k). We remark that P(k) is obtained by cutting out a vertex of
P(k — 1) (see [Fu]).

LEMMA 10.9

We may choose €; (i = 1, ..., k) so that forl <k,

(1) the number of balanced fibers of P(l) is | + 1, and we write them as L(u"-")
i=0,...,[

2) ul=t0 =y fori <1 —1,u®” = (1/3, 1/3);

3)  u" isin an o(e;)-neighborhood of the vertices corresponding to the point we
blow up;

(4)  the leading-term equation of ‘BO,,_, at ul=10 is the same as the leading-
term equation of PO, at u"? fori <1 —1;

(5)  the leading-term equations are all strongly nondegenerate.

Proof

The proof is by induction on k. There is nothing to show for k = 0. Suppose that we
have proved Lemma 10.9 up to & — 1. Let w be the vertex of the polytope we cut
out which corresponds to the blow-up of X(k — 1). Let ¢;, £; be the affine functions
associated to the two edges containing w. It is easy to see that

Pk)={uePk—1)

GiQu) 4+ Lo (u) > €}
We also have
mgo’k — "BDO,kfl + Te,'(u)+f,-/(u)7€kyi)ul""vi’,ly;i,z“‘vi’,z'

Therefore, if we choose €, sufficiently small, the leading-term equation at u* =1 does
not change.
We take u*¥ such that

6™y = 6,*P) = €.
It is easy to see that there exists such u*% uniquely if ¢, is sufficiently small. We put

Vir2

o i (Vi2 ro__ v
N=y"Ds = N
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(We observe that v; and v; are Z basis of Z?, since X (k — 1) is smooth toric.) Then
we have

POL = (v + ¥, + yyDT¢ mod THA,.
Therefore, the leading-term equation is

l+y;=14+y,=0,

and hence it has a unique solution (—1, —1). In particular, it is strongly nondegenerate.
We can also easily check that there is no other solution of the leading-term equation.
The proof of Lemma 10.9 now follows by Theorem 10.4. O

Theorem 1.14 immediately follows from Lemma 10.9. O
Note that Theorem 1.14 can be generalized to CP" by the same proof.

Proof of Lemma 8.3
Letug = (n(ax + 1)/4, (1 — «)/2). We calculate

POG = (2 + 35 VT2 4 (v + yy 'y, HTEHVA,
The leading-term equation is
1—y{2=0, 1—yf2y;1=0.

Its solutions are (1, 1), (—1, 1), (+/—1, —1), (—+/—1, —1), all of which are strongly
nondegenerate. The lemma then follows from Corollary 10.6. O

We give another example demonstrating the way one can use the leading-term equation
and Theorem 10.4 to locate balanced fibers.

Example 10.10
Let us consider CP" with moment polytope P = {(uy, ..., u,) | u; >0, Zu,- <1}
We take CP"~¢ c CP" corresponding to u; = --- = u; = 0 (£ > 2). We blow up

CP" along the center CP"~* and denote the blow-up by X. (The case £ = n = 2 is
Example 8.1.) We take o € (0, 1) so that the moment polytope of X is

¢
P, = {(ul,...,un)e P| Zui Za}.
i=1

Below we use 39, in place of the potential function PO. Since all the critical points
of PO, are weakly nondegenerate, they correspond to the critical points of PO. (We
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thank D. McDuff for pointing out that this example is not Fano.) The function PO,
is given by

n
n ¢ PR
POo =Y Ty + T Em (e y) ™ F TRy ey,
i=1
We denote
n £
Zi = Tuiyiy Z(]:Tlizplui(yl"‘yn)ila Z:TZi:]uliayl.”yZ'
Then the quantum Stanley-Reisner relations are
Z]"'ZnZO:T, Zl"'ZK:ZTa-

IPO
ayi

By computing the derivatives y; ¢, we obtain the linear relations, which can be

written as
zi—20+z2=0 fori <{¥,
zi—z0=0 fori>¢.
Putting X = z9 — z, Y = z, we obtain

X forl <i<é,
i =
X+Y fori >fori=0.

We also have X! = YT and
X xe Tyttt =T (10.5)

Case 1: (£ — 1)v7(X) < «. In this case, we obtain

l4+amn—£€4+1)

nT(X)=n+1+(n_z+1)(€—1)'

The condition (¢ — 1)b7(X) < « then is equivalent to

-1

o > .
n—+1

‘We have

(X +Y)=071)=2o7(X) —a < b7(X)
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for i > £. At the point u = (uy, ..., u,) with u; = op(X) for 1 <i < £ and
u; = v7(X +Y)fori > £, we have

POG = T e+ + Y+ 1y v 3) F T+ 4 ).

To obtain the leading-term equation, it is useful to make a change of variables from

Viseoos YatO Y2, ooy Yo, y With y = yy -+ yp.
In fact, using the notation which we introduced at the beginning of this section,
we have

S =v7r(Y), S =v7r(X),

and A7 is the vector space generated by 9/0u;, (i = €+1,...,n)and d/0u; +---+
8/du,. We also have Ay = IR". Therefore, a basis satisfying Condition 9.13 is

d a T 0
du,” " du,’ duy duy
The variables corresponding to this basis is ya, ..., y,, . In these variables, POy

has the form
gpgg — TUT(Y)(ye+1 4+t + (yyZ-H A yn)’l + y),
+ TUT(X)(y(yZ .. y£)71 + Vo 4 ..+ ye)

Then the leading-term equation becomes

0=1—y"'yerr-y) ",
0=1—y "yye1---y)" fori > ¢,
0=1—y "y y)! for 2 <i<¢.

Its solutions are
yZ+1:"':yn:y:97 9”76+2:1
y2:...:ye:p’ p(f:e

It follows that this leading-term equation has £(n — £ + 2) solutions, all of which are
strongly nondegenerate.

Case 2: (£ — )o7(X) > . We have

1
=T
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We also have v7(Y) = £v7(X) — a > v7(X) and hence

1
vr( X+Y)=0,(X) = ——.
(X +7Y) 7(X) "

The condition (£ — 1)07(X) > o becomes o < (¢ — 1)/(n + 1). If we consider the
pointu = (uy, ..., u,) withu; = v7(X) = 1/(n+ 1) fori = 1,...,n, PO, has
the form

POy =T i 4 A Y+ y) D) H Ty ey,
and so the leading-term equation is obtained by differentiating
IR S GURERS A a
Its solutions are
V== y=6, ot =1
There are n + 1 solutions, all of which are strongly nondegenerate.
Case 3: (£ — DHop(X) = a.

Case 3(1): —X*"' £ T% mod T*A,. Wehave u; = v (X) =07(Y)=1/(n+ 1)
i=1,...,n),a=U—1)/(n+ 1).In this case,

PO = TV 4y + G- 3™ v )

This formula implies that the symplectic area of all discs with Maslov index 2 are
2 /(n 4+ 1).
The leading-term equation is

1_}%((y1...yn)*1_yl...yz):(), i=1,....,¢,

1—%(()}1--')}”)_1):0, i=0+1,...,n.
Its solutions are y; = --- =y, = p, Yeu1 = + -+ = y, = 0 with
pilp+p) =1, (10.6)

and & = p + p*. It looks rather cumbersome to check whether (10.6) has multiple
root. Certainly, all the solutions are weakly nondegenerate. The number of solutions
counted with multiplicity is £(n — £ 4 2).
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Case 3(2): —X'' = T* mod T*A_. We have
0=X+Y =T "X({T*+ X"
We put

o
o] =A>07(X)= ——.
7(20) > vr(X) 71

Using (10.5), we obtain
- —1— AL
=D —e+1)

The condition A > « /(£ — 1) becomes o < (£ — 1)/(n + 1). Wehave u; = vr(X) =
a/( —1),i <fLandu; =v7(Y)=A,i > £. We have

PO =T" O+ 4ye+ - y)+ T4+ v+ Gy
The first term gives the leading-term equation

1+y1/y\zy5=07 l=1,,€

Its solution is y; = --- = y; = p and p*~! = —1. The second term of PO gives

the leading-term equation
1=y 0 et -y ' =0, i=€+1,...,n
Its solutions are y, | = --- =y, = 6, with
plent+ = 1.

Thus the leading-term equation has (¢ — 1)(n + 1 — £) solutions, all of which are
strongly nondegenerate.

We note that (¢ — 1)(n +1 —€) 4+ (n + 1) = £(n — £ + 2). Hence the number
of solutions is always £(n — £ + 2), which coincides with the Betti number of X.
There are two balanced fibers for « < (¢ — 1)/(n + 1) and one balanced fiber for
a>U—-1)/(n+1).

By the above discussion and Theorem 6.1 (see also Remark 6.14), we can calculate
QH(X;A9) as

AR a>—1)/n+1),
QH(X; AD) = { AR a=—-1)/n+1), (10.7)
AB x AR o< —=1)/(n+1),
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where

Ry = Q[Z]/(Z2'"~ — 1,

R, =QIZ1/(ZNZ + Z")" ' = 1),

Ry = Q[Z)/(Z"" = 1),

R, =QIZ\, Z,1)(Zy ' + 1, 28z — 1),

Here we assume that (10.6) has only a simple root in case « = (£ — 1)/(n + 1). We
use Lemma 10.11 to show (10.7).

LEMMA 10.11
Lety = )" 1;€; be a critical point of PO\ We assume that 1.0 = € (where t; = X
mod A, ) is a strongly nondegenerate solution of the leading-term equation. We also
assume that 9,9 € F, where F C Cis a field.

Then v; = €% is an element of Af.

We prove Lemma 10.11 later in this section.
We are now ready to give the proof of Theorem 10.4.

Proof of Theorem 10.4

We first consider the weakly nondegenerate case. Let m be the multiplicity of H°. We
choose § such that the ball Bs(n°) centered at §° and of radius 8 does not contain a
solution of the leading-term equation other than y°. For y € 9 B;5(1°), we define

a(k) .
VIO = () Mw) eC.

AT, k=1, K, j=1,.sd (k)

The map

VO
N (‘B ) c S2n71
IVBOMI
is well defined and of degree m # 0 by the definition of multiplicity.
We define PO, | in the same way as (9.20). For ¢ € C, we define

PO, (- 5q) by substituting g to T. Then, in the same way as the proof of
Lemma 9.18, we can prove the following.
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LEMMA 10.12
There exists € > 0 such that if |q| < €, the equation

0
AU,

0= PO, (- 1q) (10.8)

has a solution in Bs(v°). The sum of multiplicities of the solutions of (10.8) converging
10 Yk j:0 ism.

Equation (10.8) is a polynomial equation. Hence multiplicity of its solution is well
defined in the standard sense of algebraic geometry.

Now we assume that all the vertices of P and ug are contained in Q". Equation
(10.8) also depends polynomially on g’ = T’, where T’ = T'/*' for a sufficiently large
integer 4. (We observe that % is determined by the denominators of the coordinates
of the vertices of P and of ug. In particular, it can be taken to be independent of .4".)

We denote y = (yy, ..., y,) and put

X={(.q)]|y € Bs(vn"), ¢’ with || < € and ¢ = (¢')*" satisfying (10.8)}.
We consider the projection
my: X —>{qg' €Cllq| <e€} (10.9)

By choosing a sufficiently small € > 0, we may assume that (10.9) is a local isomor-
phism on the punctured disc {g’ | 0 < |¢’| < €}; namely, 7, is an étale covering over
the punctured disc.

We note that for each ¢, the fiber consists of at most m points, since the multiplicity
of the leading-term equation is m. We put ¢” = (¢’)"/™". Then the pullback

mg X —>{q"€C|0<|q"l <€} (10.10)

of (10.9) becomes a trivial covering space; specifically, there exists a single valued
section of m,» on {¢g” | 0 < |g”| < €}. It extends to a holomorphic section of
{g" 119" < €}.

In other words, there exists a holomorphic family of solutions of (10.8) which
is parameterized by ¢” € {¢" | |q"| < €}. We put T” = (T’)"/™. Then by taking
the Taylor series of the ¢”-parameterized family of solutions at zero, we obtain the
following.
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LEMMA 10.13

If all the vertices of P and u are rational, then for each N~ there exists )" = (lj( A )

A N
Dy = Zni Ty

(lj,(ctj)] € C) such that

IPO

: W' H=0 mod (""" (10.11)
yk,]

and such that U;’lj)o = jo0-

We note that Lemma 10.13 is sufficient for most of the applications. In fact, it implies
that L(u) is balanced if there exists a weakly nondegenerate solution of leading-term
equation at uy. Hence we can apply Lemma 4.12.

For completeness, we prove the slightly stronger statement made for the weakly
nondegenerate case in Theorem 10.4. The argument is similar to one in [FOOO3,
Section 7.2.11] (equivalent to [FOOO2 Section 30.11]).

For each /", we denote by m((nk :0); A”) the set of all (Ij )k,j;l e C"", where
k=1, K,j=1,...,ak),l=1,..., 4 such that

N
oe =00+ D 0g T

satisfies (10.11).

By definition, {)\ﬁ((t)k, j0); A7) is the set of C-valued points of certain com-
plex affine algebraic variety (of finite dimension). Lemma 10.13 implies that
ﬁ((Uk, 7:0); A7) is nonempty. For 4"y > ./, there exists an obvious morphism

Ly, vy Sth((‘)k,j;o);r/Vl) — ﬁt((nk,jgo);WZ)

of complex algebraic variety.
To complete the proof of Theorem 10.4 in the weakly nondegenerate case, it
suffices to show that the projective limit

lln(gﬁ(t)h 05 4) (10.12)

is nonempty.
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LEMMA 10.14
We have

m Im/l # 0.

N>1

Proof

By a theorem of Chevalley (see [Mt, Chapter 6]), each Im/ - ; is a constructible set. It
is nonempty and its dimension dim Im/ - ; is nonincreasing as ./~ — oo. Therefore,
we may assume that dimIm/ -, = d for A/~ > A7}.

We consider the number of d-dimensional irreducible components of Im/ 4 ;.
This number is nonincreasing for .4/~ > _A". Therefore, there exists .4#", such that,
for /" > A",, the number of d-dimensional irreducible components of Im/ -,
is independent of A". It follows that there exists X ,- a sequence of d-dimensional
irreducible components of Im/ 4 ; such that X 1 C X 4. Since dim(X ,\ X y41) <
d, it follows from Baire’s category theorem that () ,- X - # ). Hence the lemma. O

LEMMA 10.15
There exists a sequence (U%;l)k,j;l n=1,2,3,..., msuch that

(n) (n—=1)
Iy n ((Uk’?j;l)k.j;l) = (Ukr,lj;l )k,j;l

forn =2,..., mand that

(Ug,nj);[)k,j;] S ﬂ ImI./V,m-

N'>m

Proof
The proof is by induction on m. The case m = 1 is Lemma 10.14. The inductive steps
are similar to the proof of Lemma 10.14 and so are omitted. ad

Lemma 10.15 implies that the projective limit (10.12) is nonempty. The proof of the
weakly nondegenerate case of Theorem 10.4 is complete.

We next consider the strongly nondegenerate case. We prove Lemma 10.16 by
induction on A". Let G be a submonoid of (R, +) generated by the numbers
appearing in the exponent of (9.18). In other words, it is generated by

Sp = Sk (K'> k), Luo) + p — Sk (€, p) € Ty, k' > k),
L(ug) — S; (£ € 7).

(10.13)
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Wedefine0 < A; < Ay < --- by
hl1i=12,..1=0G.

LEMMA 10.16
We assume that UO = (D, j:0)k=1,...K, j=1,...dk) 1S a strongly nondegenerate solution of
the leading-term equation. Then there exists

N
UV,) = D, jio T Z Okt T

=1

such that
a(k)
oYk, j)) (s y .
y e WE T e g ) =0 mod T, (10.14)
J=1 ki

Moreover, we may choose t),({":”j/) so that
(N A+D Aot
Ve =9y, mod T

Proof
The proof is by induction on .A". There is nothing to show in the case 4" = 0. Assume
that we have proved the lemma up to ./~ — 1. Then we have

a(k)

Zay(k ])((1—1) N

)\.'
5 ,...,UKd(K))_ck]MT1 mod T"'+,
Jj'=1

Consider t)( ) of the form
A 1 v
UL])—Uk] )+A AT}\

for some A ; 4. Then we can write

a(k)

aY(k, j) : _
Z ™ "+ A T U(I(1d(11<) + Aga)n TH)
j/ l J

(10.15)
a(k)

(Ck i+ Y FYk, 1) N ,V)T*' mod T*+1,
Jo 5 laykja)’k j”
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Since n° = Dk, j:0)k=1,... k, j=1,...dk) 1S strongly nondegenerate, we can find Ay j» 4 €
C so that the right-hand side becomes zero module 7**+!. The proof of Lemma 10.16
is complete. O

By Lemma 10.16, the limit lim_;-_, » tj,({f‘;) exists. We set

T (A7)
Uk,j = lim Uk,j .

N =00

This is the required solution of (10.4). The proof of Theorem 10.4 is complete. a

Proof of Lemma 10.11
We put

De.j = Dkjo + Z Ok ju T

=1

By assumption ;. ;.0 € F. We note that (10.15) gives a linear equation which deter-
mines by ;.; inductively on /. We use it to show 1 ;.; € F inductively on /. a

We next give an example where weak nondegeneracy condition is not satisfied.

Example 10.17
Consider the 2-point blow-up X (a, 8) of C P? with its moment polytope given by

P={,u)|0<u; <1, 0<ups<1—a, B=<uj+u <1}
We consider the case when 1 — « is sufficiently small. The potential function is
mD — Tuly1 4 Tu2y2 4 Tl—a—ugyz—l 4 Tl—ul—uzyl—lyz—l 4 Tu|+u2—ﬁy1y2‘

(We remark that X is Fano.) We fix o and move g starting from zero. When § is small
compared to 1 — «, there are two balanced fibers.

One is located at ((1 + «)/4, (1 — «)/2). This corresponds to the location of the
balanced fiber of the 1-point blow-up, which is nothing but the case 8 = 0. The other
appears near the origin and is (8, ). The leading-term equation at the first point is

1—-y;2=0, 1—y72y;'=0.

The solutions are (y;, y,) = (&1, 1), (=+/—1, —1), all of which are strongly nonde-
generate. The leading-term equation at the second point is

1+y1:1+y2:0

((—1, —1) is the nondegenerate solution). Thus we have five solutions.
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The situation jumps when 8 = (1 — «)/2. Denote By = (1 — «)/2 for the
simplicity of notation. In that case, the potential function at (8y, By) becomes

TR0+ 2+ yiva + 3 )+ TPyt
The leading-term equation is
l+y»=0, l+y—y’=0.

Its solution is (0, —1). Since y; = 0, it follows that there is no solution in (Ag \
A_)?. Hence there is no weak bounding cochain r for which the Floer cohomology
HF((L(/SO, Bo), 1), (L(Bo, Bo), 1); A) is nontrivial. In other words, the fiber L(8y, Bo)
in X (a, Bo) is not strongly balanced.

On the other hand, this fiber L(,, By) in X (o, By) is balanced because by choosing
B arbitrarily close to By and B < By we can approximate it by the fibers

L(B.p) C X(a, B)

for which the Floer cohomology H F ((L(,B , B), 1), (L(B, B), ;)) is nontrivial. In par-
ticular, L(By, Bo) in X (&, By) is not displaceable.
We can also verify that

E(Bo, Bo) = 00 in X(a, Bo), (10.16)

while (B, Bo) = Bo in X(ao, Bo)-

Now we examine where the missing solutions at 8 = B, have gone. We consider
(uy, (1 —a)/2) where By = (1 —«)/2 < u; < (1 4+ «)/4. The potential function is

Th(yy + 33 )+ TR+ yiyn) + T2y (10.17)
Here
M=ur—po<ra=14+a)/2—u — po.
The leading-term equation is
1—y,2=0, 1+ y,=0. (10.18)

The solution is y, = —1, and y; is arbitrary. Thus there are infinitely many solutions
of the leading-term equation. Therefore, these solutions of (10.18) are not weakly
nondegenerate.
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So we need to study the critical point of (10.17) more carefully. The condition
that (y;, y,) is a critical point of (10.17) is written as

{1_y22+TMyl—T“y1‘y22=0’ (10.19)

1+ y — T’\Z_’\‘yfzy;1 =0.

The leading-order term of y, should be —1. We need to study also the second-order
term. We can write

y2:—1+CTﬂ, Vi :d,
where ¢, d € Ay \ A,. Then we have

—2cT* +dT* =0 mod TmnlkriA (10.20)
¢TH +d=2T* % =0 mod Tmintkie—hlA (10.21)

Here (10.20) implies that & = A;; (10.21) then implies that A, — Ay = A;. It implies
that u; = 1/3. Furthermore,

A=—-1/4 mod Ay, d=2c mod A,. (10.22)

Since the three solutions of the C-reduction of (10.22) are all simple, we can show,
by the same way as that of the proof of Theorem 10.4, that all solutions correspond to
solutions of the equation (10.19). Therefore, L(1/3, By) is a strongly balanced fiber.
We observe that solutions of the leading-term equation (10.18) do not lift to
solutions of (10.19) unless u; = 1/3 and y, = —1. This shows that the weakly
nondegeneracy assumption in Theorem 10.4 is essential.
We note that at (1 + «)/4, (1 — «)/2) the leading-term equation becomes

1—y;2=0, 1+4+y—y2y'=o0.

Its solutions in (C \ {0})? are (£1/+/2, 1). The number of solutions jumps from four
to two here (2 + 3 = 5). So this is consistent with Theorem 1.3.

In summary, for the case of («, By) with By = (1 — «)/2, there are three balanced
fibers (1/3, Bo), ((1 4+ «)/4, Bo), and (Boy, Bo). The first two of them are strongly
balanced, and the last is not strongly balanced.

The balanced fiber L(1/3, By) C X(«, By) disappears as we deform X («, ) to
X (o, B) as By moves to nearby B. To see this, let us take B that is slightly bigger than
Bo =0 —«a)/2. Then (@ + B)/2,(1 —a)/2),and (1 — « — B, B) are the balanced
fibers. The leading-term equation at the first point is

1—92=0, y—y’y'=0.
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Hence there are four solutions (£1, £1). The leading-term equation at the second
point is

1+y, =0, yl—y2_2=0.

Hence the solution is (1, —1), and the total number is again five.
We remark that the Q-structure of quantum cohomology also jumps at 8 =
(1 — «)/2. In particular,

AQYTD 5 (A B is slightly smaller than (1 — «)/2,
OH (X(a, ) A%) = { AUVD x AU g = (1 —a)/2,
(AQy B is slightly larger than (1 — or)/2.

Remark 10.18

In [FOOOS], we prove that L(u;, (1 — «)/2) is not displaceable for any u; € ((1 —
«)/2,1/3) U (1/3,(1 + «)/4) in the case B = By. We use the bulk deformation
introduced by [FOOO3, Section 3.8] (equivalent to [FOOO2, Section 13]) to prove it.

The next example shows that Theorems 1.3, 1.4, and 10.4 cannot be generalized to
the case of a positive characteristic.

Example 10.19
Consider the 2-point blow-up X of CP? with moment polytope

P={.u)|0<u; <1—e Y u <1},

Since X is monotone for € = 1/3, it follows that X is Fano. We assume that € > 0 is
sufficiently small. Then the fiber at uy = (1/3, 1/3) is balanced.

Now we consider the Novikov ring A with F = [F; a field of charac-
teristic 3. We prove that there exists no element r € H(L(u); Af) such that

HF((L(uo). ¥). (L(uo). 1) A7) # 0.
The potential function at u is

PO =T (v + 32+ 1/0132) + T+ 95D
Therefore, the critical-point equation is given by

1—1/iny) =ty 2 =0 i=12, (10.23)
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where t = T'/3~¢. From this it follows that y; = 1 mod A . In fact, the leading-term
equation is g;aja, = 1 fori = 1, 2, which is reduced to

a=a, =a, a=1.

Obviously, this equation has the unique solution ¢; = a, = 1 in [F;.

Going back to the study of solutions of the critical-point equation (10.23), we
first prove that y; = y,. We put z; = y[_l. We assume that z; — z; # 0, and we put
zi —z; = t*¢ mod * A, with ¢ € F3 \ {0}. Then by (10.23), we have

(zi —zj))m122 +H(zi — 2;)(zi +2;) = 0.

This is a contradiction since the left-hand side is congruent to ct* modulo t*A[_F;.
We now put x = y; and obtain

X’ —tx—1=0. (10.24)
We prove the following.

LEMMA 10.20
Equation (10.24) has no solution in A]g".

Proof
We put x = 1 + #'/3x” and obtain

@) —t"Px —1=0.

1/3

This equation resembles (10.24) except that ¢ is replaced by ¢'/°. We now put

N
xy=1+ thﬁ:‘yi.
k=1

Then x3 = 1 + txy_;. Therefore,
(.XN)3 — Xy — 1= —II+ZiN=]37i.

Therefore, xy is a solution of (10.24) modulo HEL3T Ttis easy to see that there
N -
are no other solutions of (10.24) modulo ¢'+2Zi=13"",

However, since

>3
1+Z3—’ =3 <0,
i=1
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it follows that

lim x N

N—o00
does not converge in Ag“. Thus there is no solution of (10.24) over a field of charac-
teristic 3. O

Lemma 10.20 implies that the field of fraction of the Puiseux series ring with
coefficients in an algebraically closed field of positive characteristic is not alge-
braically closed. It is well known that this phenomenon does not occur in the case of
characteristic zero (see, e.g., [Ei, Corollary 13.15]). Since we could not find a proof of
a similar result for universal Novikov ring in the literature, we provide its proof
in the appendix for completeness (we used it in the proof of Theorem 1.12 in
Section 7).

11. Calculation of potential function

In this section, we prove Theorems 4.5 and 4.6. We begin with a review of [CO]. Let
7 : X — P bethe moment map, andlet d P = J/_, 9; P be the decomposition of the
boundary of P into (n — 1)-dimensional faces. Let 8; € Hy(X, L(u); Z) be elements
such that

1 ifi =},
0 ifi # j.
The Maslov index wu(8;) is 2 (see [CO, Theorem 5.1]).
Let 8 € my(X, L(u)), and let %kmf{‘(L(u), B) be the moduli space of stable
maps from bordered Riemann surfaces of genus zero with k + 1 boundary marked

points in homology class g (see [FOOO]1, Section 3], which is equivalent to [FOOO3,
Section 2.1.2]). We require the boundary marked points to respect the cyclic order of

BNz~ (@P)] = {

S! = 9 D?. (In other words, we consider the main component in the sense of [FOOOI,
Section 3].) Let /%;(nff’reg(L(u), B) be its subset consisting of all maps from a disc
(namely, the stable map without disc or sphere bubble). Theorem 11.1 easily follows
from the results of [CO]. In Theorem 11.1(3), we use the spin structure of L(x) which
is induced by the diffeomorphism of L(u) = T" by the T"-action and the standard
trivialization of the tangent bundle of 7.

THEOREM 11.1 ‘
() Ifu(B) <0, or u(B) =0, B #0, then M,"\\"*(L(w), B) is empty.

Q) B =2 B #Bi, .-, Bu then M5 (L(w), B) is empty.
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3) Fori=1,...,m, we have
AT (L), Br) = AN (L), B). (11.1)

Moreover, M ’I“ai“(L(u), B:) is Fredholm regular. Furthermore, the evaluation
map

ev : AT (L(u), B;) = L(u)

is an orientation-preserving diﬁ”epmorphism.
4)  Forany B, the moduli space M rlnam’reg(L(u), B ) is Fredholm regular. Moreover,

ev MV (L(u), B) — L(u)

is a submersion.
(5)  If MT(L(u), B) is not empty, then there exists k; € Z=o and o; € Hy(X; 7Z)
such that

B = Zkiﬂi-i'zaj

and o is realized by holomorphic sphere. There is at least one nonzero k;.

Proof
For the reader’s convenience and for completeness, we explain how to deduce Theorem
11.1 from the results in [CO].

By [CO, Theorems 5.5, 6.1], .4 ?j‘ln "8(L(u), B) is Fredholm regular for any S.
Since the complex structure is invariant under the 7"-action and since L(u) is T"-
invariant, it follows that T" acts on .4/} """ **(L(u), ) and

ev i M (L(w), B) — L(u)

is T"-equivariant. Since the 7"-action on L(u) is free and transitive, it follows that ev

is a submersion if .# ;{nf]” "¥(L(u), B) is nonempty. Item (4) follows.
We assume that .4, ~(L(u), B) is nonempty. Since ev is a submersion, it

follows that
n =dim L(u) < dim 473" (L(w), B) = n + u(B) — 2

if B # 0. Therefore, u(8) > 2, and (1) follows.

We next assume that ;(8) = 2 and that .# Z'j'ln "8(L(u), B) is nonempty. Then by

[CO, Theorem 5.3], we find that § = B; for some i, and (2) follows.
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We next prove (5). It suffices to consider a map f such that

[f1 € 4™ (L), B) \ AT (L(w), B).

We decompose the domain of f into irreducible components and restrict f there. Let
fi: D?> — M and g; : S> — M be the restriction of f to disc or sphere components,
respectively. We have

B=> 11+ lal

Theorem 5.3 in [CO] implies that each of f; is homologous to the sum of the elements
of B;. It implies (5).

We finally prove (3). The fact that ev is a diffeomorphism for 8 = g; follows
directly from [CO, Theorem 5.3]. We next prove that ev is orientation-preserving. Since
L(u), u € Int P, is a principal homogeneous space of 7", the tangent bundle 7" L(u) is
trivialized once we fix an isomorphism, 7" = S' x - - - x S'. Using the orientation and
the spin structure on L(u) induced by such a trivialization, we orient the moduli space
M 1(B) of holomorphic discs. If we change the identification 7" = S! x --- x §!
by an orientation-preserving (resp., reversing) isomorphism, then the corresponding
orientations on L(u) and .#{(B) are preserved (resp., reversed). Therefore, whether
ev : 4 (B;) — L(u) is orientation-preserving or not does not depend on the choice of
the identification 7" and S' x --- x S'.

Foreachi = 1, ..., m, we can find an automorphism ¢ of (C*)" and a biholo-
morphic map f : X \ U; 47 ~'(3; P) — C x (C*)"~! such that
(1)  f is ¢-equivariant;

(2)  f(L(@)) = Lgq, where Lyg = {(w1, ..., w,) € (CYf|wi]| = -+ = |w,| =
1}.
Under this identification, .#{(f;) is identified with the space of holomorphic discs

ze€D* > (C-z,wa ..., wy) €Cx (CH!, ¢eScC

where w, € C,k = 2,...,n with |w| = 1. Therefore, it is enough to check the
statement that ev is orientation-preserving in a single example. Cho [Cho] proved it
in the case of the Clifford torus in C P", and hence the proof.

To prove (11.1) and complete the proof of Theorem 11.1, it remains to prove
%Taf“’reg(L(u), Bi,) = MT(L(u), B;). (Here iy € {1,...,m}.) Let [f] €
AT (L(u), Bi,). We take k; and 5 as in (5). (Here B = B;)). We have

i, = > kidp:.
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Using the convexity of P, (5), and k; > 0, we show that the inequality

BuNw <> kpiNo (11.2)

holds and that the equality holds only if k; = 0 (i # i), k;, = 1, as follows. By (5)
we have

4, = Xm:kiﬁi +c,
i=1

where c is a constant. Since k; > 0 and ¢;(u") = O for u’ € 9,, P, it follows that
¢ < 0. (Note that £; > 0 on P.) Since B; N w = £;(u), we have the inequality (11.2).
Let us assume that the equality holds. If there exists i # j with k;, k; > 0, then

% P={ueP|t,u)=0}<{ueP|t;w)=1¢;u)=0}<3PNJP.

This is a contradiction since 9;, P is codimension 1. Therefore, there is only one
nonzero k;. It is easy to see that i = i and that k;; = 1.
On the other hand, since ; N w > 0, it follows that

Bi, Nw > Zkiﬂi Nw.
Therefore, there is no sphere bubble (that is ;). Moreover, the equality holds in (11.2).
Hence the domain of our stable map is irreducible; namely,
ﬂxlnain,reg(L(u)’ ,Bio) — ﬂrlnain(L(u)’ ,Big)-
The proof of Theorem 11.1 is now complete. |

Next we discuss one delicate point to apply Theorem 11.1 to the proofs of Theorems
4.5 and 4.6 (this point was already mentioned in [CO, Section 16]). Let us consider
the case where there exists a holomorphic sphere g : S — X with

ci(X)N g[8 < 0.

We assume, moreover, that there exists a holomorphic disc f : (D*,dD% —
(X, L(u)) such that

f(0) = g(1).

We glue D? and §? at 0 € D? and 1 € S? to obtain ¥; f and g induce a stable map
he(.9%) — (X, L(u)).
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In general, h is not Fredholm regular since g may not be Fredholm reg-
ular or the evaluation is not transversal at the interior nodes. In other words,
elements of .ZT"(L(u), B) \ /%Tai"’reg(L(u), B) may not be Fredholm regular in
general. Moreover, replacing g by its multiple cover, we obtain an element of
AL (u), B) \ ﬂrlnai“'reg(L(u), B) such that (B) is negative. Theorem 11.1 says
that all the holomorphic discs without any bubble are Fredholm regular. However, we
cannot expect that all stable maps in .# Tai“(L(u), B) are Fredholm regular.

In order to prove Theorem 4.6, we need to find appropriate perturbations of those
stable maps. For this purpose, we use the 7"-action and proceed as follows. (Note
that many of the arguments below are much simplified in the Fano case, where there
exists no holomorphic sphere g with c;(M) N g,[5?] < 0.)

We equip each of .#(L(u), B) with Kuranishi structure (see [FO] for the general
theory of Kuranishi structure and [FOOO1, Sections 17-18], [FOOO3, Section 7.1],
and [FOOO2, Section 29] for its construction in the context we currently deal with).
We may construct Kuranishi neighborhoods and obstruction bundles that carry 7"-
actions induced by the T"-action on X, and choose T"-equivariant Kuranishi maps
(see Definition B.4). We note that the evaluation map

ev: ./ (L(u), B) — L(u)

is T"-equivariant. We use the fact that the complex structure of X is 7"-invariant and
that L(u) is a free T"-orbit to find such a Kuranishi structure (see Proposition B.7 for
details).

We remark that the 7"-action on the Kuranishi neighborhood is free since the
T"-action on L(u) is free and ev is T"-equivariant. We take a perturbation (that
is, a multisection) of the Kuranishi map that is 7"-equivariant. We can find such a
multisection which is also transversal to zero as follows. Since the 7"-action is free, we
can take the quotient of Kuranishi neighborhood, obstruction bundle, and so forth, to
obtain a space with Kuranishi structure. Then we take a transversal multisection of the
quotient Kuranishi structure and lift it to a multisection of the Kuranishi neighborhood
of .4 (L(u), B) (see Corollary B.15 for details). Let sg be such a multisection, and
let .#(L(u), B)** be its zero set. We note that the evaluation map

ev: . (L), B)” — L) (11.3)

is a submersion. This follows from the T"-equivariance. This makes our construction
of systems of multisections much simpler than the general one in [FOOO3, Sec-
tion 7.2] (equivalent to [FOOO2, Section 30]) since the fiber product appearing in
the inductive construction is automatically transversal (see [FOOO3, Section 7.2.2],
[FOOQO2, Section 30.2] for the reason why this is crucial). More precisely, we prove
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Lemma 11.2 below. Let
forgety : AU (L(w), B) — AT (L(u), B) (11.4)

be the forgetful map which forgets the (first, . . ., kth) marked points. (In other words,
only the zeroth marked point remains.) We can construct our Kuranishi structure so
that it is compatible with forget, in the same sense as in [FOOO3, Lemma 7.3.8] or
[FOOO02, Lemma 31.8].

LEMMA 11.2

For each given E > 0, there exists a system of multisections Sg j4.1 on M Z“ﬁif(L(u), B)

for BN w < E with the following properties:

(1) They are transversal to 0.

2) They are invariant under the T"-action.

3) The multisection Sg i1 is the pullback of the multisection Sg | by the forgetful
map (11.4).

(@) The restriction of $p,1 to the boundary of M ?‘ai“(L(u), B) is the fiber product
of the multisections g i+ with respect to the identification of the boundary

TNL@w), B) = | AT (L), Br)ery X, AT (L), B).
Bi+p=p

(®)) We do not perturb %‘,“ai“(L(u), B fori=1,...,m.

Proof

We construct multisections inductively over wM . Since (2) implies that fiber products
of the perturbed moduli spaces which we have already constructed in the earlier stage
of induction are automatically transversal, we can extend them so that (1), (2), (3), (4)
are satisfied by the method we already explained above. We recall from Theorem 11.1
(3) that

%Tain(L(u)’ 131) — %rlnain,reg(L(u)’ ,Bi)a

and it is Fredholm regular and its evaluation map is surjective to L(u). Therefore,
when we perturb the multisection we do not need to worry about compatibility of it
with other multisections we have already constructed in the earlier stage of induction.
This enables us to leave the moduli space .# Ilmi“(L(u), B;) unperturbed for all 8;. The
proof of Lemma 11.2 is complete. O

Remark 11.3
We need to fix E and stop the inductive construction of multisections at some finite
stage. Specifically, we define sg 441 only for 8 with BNw < E. The reason is explained
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in [FOOOQ3, Section 7.2.3] or [FOOO2, Section 30.3]. We can get around this trouble
in the same way as explained in [FOOO3, Section 7.2] or [FOOO2, Section 30] (see
Remark 11.11).

Remark 11.4

We explain one delicate point of the proof of Lemma 11.2. Let @ € m,(X) be
represented by a holomorphic sphere with ¢;(X) N o < 0. We consider the moduli
space .# (o) of the holomorphic sphere with one marked point and in homology class
a. Let us consider § € m,(X; L(u)) and the moduli space .# ]‘("fﬁl(ﬂ) of holomorphic
discs with one interior and (k 4 1)-boundary marked points and of homotopy class §.
The fiber product

(@) xx AT (B)

taken by the evaluation maps at interior marked points are contained in .# ,Tff 1(B+a).
If we want to define a multisection compatible with the embedding

M) X x M (B) C M + ) (11.5)

then it is impossible to make it both transversal and 7" -equivariant in general. This is
because the nodal point of such a singular curve could be contained in the part of X
with nontrivial isotropy group.

Our perturbation constructed above satisfies items (1) and (2) of Lemma 11.2
and so may not be compatible with the embedding (11.5). Our construction of the
perturbation given in Lemma 11.2 exploits the fact that the 7"-action acts freely
on the Lagrangian fiber L(u) and is carried out by induction on the number of disc
components (and of energy) only, regardless of the number of sphere components.

The following corollary is an immediate consequence of Lemma 11.2.

COROLLARY 11.5
If u(B) < 0or w(B) =0, B # 0, then AMT*"(L(u), B)* is empty.

Now we consider 8 € m(X; L) with u(8) = 2 and 8 Nw < E, where E is as
in Lemma 11.2. One immediate consequence of Corollary 11.5 is that the virtual
fundamental chain of .# ‘lnai“(L(u), B) becomes a cycle. More precisely, we introduce
the following.

Definition 11.6
Let B € my(X; L) with u(B) =2 and B Nw < E, where E is as in Lemma 11.2. We
define a homology class c¢g € H,(L(u); Q) = Q by the pushforward

cp = ev*([%ﬁnam(lz(u% IB)S“])-
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LEMMA 11.7
The number cg is independent of the choice of the system of multisections gy
satisfying items (1)—(5) of Proposition 11.2.

Proof

If there are two such systems, we can find a 7"-invariant homotopy between them
which is also transversal to zero. By a dimension counting argument applied to the
parameterized version of .# rl“ai"(L(u), B) and its perturbation, we have the parameter-
ized version of Corollary 11.5. This in turn implies that the perturbed (parameterized)
moduli space defines a compact cobordism between the perturbed moduli spaces of
M ‘1“"““ (B) associated to the two such systems. The lemma follows. O

We note that cg, = 1 where 8; (i =1, ..., m) are the classes corresponding to each
of the irreducible components of the divisor 7 ~'(d P). If X is Fano, then cg = 0 for
B # B;. But this may not be the case if X is not Fano.

We now use our perturbed moduli space to define a structure of filtered Ayo-
algebra on the de Rham cohomology H(L(u); AéR) = (H(L(w), R)) ® Ag. We write
it as me".

We take a T"-equivariant Riemannian metric on L(u). We observe that a differ-
ential form p on L(u) is harmonic if and only if p is 7"-equivariant. So we identify
H(L(u), R) with the set of T"-equivariant forms from now on.

We consider the evaluation map

ev=(evy,...,evy, evp) : M (L), B)” — L),
Let py, ..., p be T"-equivariant differential forms on L(u). We define
mEE (o1, -0 o) = (@Voh(evi, ... evi) (o1 A A pp). (11.6)

We remark that integration along fiber (ev), is well defined and gives a smooth form
since ev is a submersion (this is a consequence of 7" -equivariance). More precisely,
we apply Definition C.7 as follows. We put .# = .4/ L(u), B), L, = L*, L, = L.
Thus evy, = (evy,...,evy) : M — L, ev, = evy : #M — L,. Thus we are in the
situation that we formulate at the beginning of Section C. Then using Lemma C.9 and
Remark C.8 (1), we put

mlg(o1s - o) = (M evs, eve, Sp)i(1 X - X ). (11.7)
We remark that the right-hand side of (11.7) is again 7"-equivariant since $g and so
forth are 7"-equivariant.
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Lemma 11.2(4) implies that

0.4 (L(w), )

= U U U//z;ari (L), Br)evy Xev A3 (L(w). Bo).

ki+ky=k+1 p1+po=p I=1

Therefore, using Lemmas C.9 and C.10, we have the following formula:

) Z( D*me (o1 M (oo e o) = 0. (11.8)

Bi+pa=B ki+ko=k+1 =1

Here x = Zizl(deg pi + 1) (see the end of Section C for sign). We now put

can

A Z TPPTmEs (o1, .. 1) (11.9)
B

We extend (11.9) to p € H(L(u); AE)R) such that it is Ag-multilinear. Then (11.8)
implies that it defines a structure of a filtered A -structure on H(L(u); A?) in the
sense of Section 3.

We also observe that our filtered A,-algebra is unital and that the constant zero
form 1 € H°(L;R) is a unit. This is a consequence of Lemma 11.2(3).

We next calculate our filtered A, -structure in the case when p; are degree 1-forms.

LEMMA 11.8
Fortr € H' (L), Ag) and B € my(X, L) with u(B) = 2, we have

can

MG ) = @8N D PD(LW)).

Here P D([L(u))) is the Poincaré dual to the fundamental class. In other words, it is
the n-form with fL(u) PD([L(w)]) = 1.

Proof
It suffices to consider the case t = p € H'(L(u);R) and to show that

C
WEp. ... p) = @B N D" (11.10)
L(u) :

Let

Ce={t,....00|0<, <--- < < 1}. (11.11)



136 FUKAYA, OH, OHTA, and ONO

We define an iterated blow-up, denoted by 6k, of C; in the following way. Let
S = dD be the boundary of the unit disc D = D? c C, and let Bp € Hy(C, S) be
the homology class of the unit disc. We consider the moduli space .#;,1(C, S; Bp)
and the evaluation map €V = (evy, ..., ev;) : M 11(C, S; Bp) — (S We fix a
point py € S C C, and we put

Cr = evy ' (po) C Mi11(C, S; Bp).
We make the identification S' \ {po} = (0, 1). Then év induces a diffeomorphism
Ci N AMEE(C, S; Bp) — Int Cy
given by
[w, Zo, . ... 2] = (W(z1) — w(zp), - . ., W(zx) — W(Zp)),
where
IntCy={(t,....00|0<t; < - <t <1} C Cr.

In this sense, ’C\k is regarded as an iterated blow-up of C; along the diagonal (that is,
the set of points where #; = ;| for some i). We identify 0D = § = R/Z = S'. We
have

AMEE(L(u), B)° = ™ (L(u), B)° x Cr. (11.12)

In fact, Corollary 11.5 implies that .#T"(L(u), B)° consists of finitely many free
T"-orbits (with multiplicity € Q) and .#/T"(L(u), B)° = .47"""*(L(u), B)*. By
Lemma 11.2(3), we have amap 4" *(L(u), B)°* — A" *(L(u), B)°. Itis easy
to see that the fiber can be identified with Cj.

Under this identification, the evaluation map €V is induced by

ev;i(uy by, ..., 1) = [£;08] - ev(uw) (11.13)

for (s 21, ..., 1) € AT (L(u), B) x Int C, C AT™(L(u), B) x @.

Here 08 € H;(L(u);7Z) is identified to an element of the universal cover Z(u) =
R" of L(u), and [1;08] € L(u) acts as a multiplication on the torus; ev(1t) is defined
by the evaluation map ev : ,ﬂrl"ai“(L(u), B) — L(u). We also have

evo(u; ty, ..., &) = ev(u). (11.14)
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We note that ev : %ﬁ““i“(L(u), Bi) — L(u) is a diffeomorphism (see Theorem
11.1(3)). Now we have

k
wfS(o. .0 = pvolCo( [ ) = haap o

L(u) ap

The proof of Lemma 11.8 is now complete. O

Remark 11.9

We can prove that our filtered A.-algebra (H (L(u); AéR), mfka“) is homotopy-
equivalent to the one in [FOOO3, Theorem A] and [FOOO2, Theorem A]. The proof
is a straightforward generalization of [FOOO3, Section 7.5] and [FOOO2, Section
33]; it is omitted here. In fact, we do not need to use this fact to prove Theorem 1.5
if we use the de Rham version in all the steps of the proof of Theorem 1.5 without
involving the singular homology version.

Remark 11.10

We constructed our filtered A-structure directly on de Rham cohomology group
H(L(u); A%R). The above construction uses the fact that the wedge products of har-
monic forms are again harmonic. This is a special feature of our situation, where our
Lagrangian submanifold L is a torus. (In other words, we use the fact that the rational
homotopy type of L is formal.)

Alternatively, we can construct filtered A -structure on the de Rham com-
plex Q(L(u))@RA§ and reduce it to the de Rham cohomology by homological
algebra; namely, we consider smooth forms p; which are not necessarily harmonic, and
we use (11.6) and (11.9) to define m,‘fR(pl, ..+ Pr). (The proof of the A, -formula
is the same.) Using the formality of 7", we can show that the canonical model of
(QULW)RrAY, m?F) is the same as (H(L(u); AY), m™). We omit its proof since
we do not use it here.

Using the continuous family of perturbations, this construction can be generalized
to the case of arbitrary relatively spin Lagrangian submanifold in a symplectic manifold
(see [F5]).



138 FUKAYA, OH, OHTA, and ONO

Proof of Proposition 4.3
Proposition 4.3 immediately follows from Corollary 11.5, Lemma 11.8, and Lemma
11.9. We just take the sum

chan . b) = i Z Twﬂﬂ/2rr can(b ,b)

k=0 Bemy(X,L(u))

i Z a)ﬁﬂ/anIidg . b)
2

k=0
=2
B

Note, by the degree reason, that we need to take sum over 8 with u(8) = 2.

Since b is assumed to lie in H'(L(u), A) and not just in H'(L(u), Ao), the
series appearing as the scalar factor in (11.15) converges in non-Archimedean topol-
ogy of Ao and so the sum Zk _omi(b, ..., b)is amultiple of PD([L(u)]). Hence
be M weak(L (1)) by definition (4.1). We remark that the gauge equivalence rela-
tion in [FOOO3, Chapter 4] is trivial on H'(L(u); Ao), and so H'(L(u); A}) <
M weac(L(1)). We omit the proof of this fact since we do not use it here. O

B
z—’g BN TP . PD([Lw)]). (11.15)

k=0

Proof of Theorem 4.5

Suppose that there is no nontrivial holomorphic sphere whose Maslov index is non-
positive. Then Theorem 11.1(5) implies that if u(8) < 2, B # Bi, B # 0, then
MM (L(u), B) is empty. Therefore, again by dimension counting as in Corollary
11.5, we obtain

m oo
men "7x)=ZZ wﬂﬁ,/Zn can x’“"x)
i=1 k=0
for x € H'(L(u), A). On the other hand, we obtain
(0B N )T

BVO(x;u) = Z Z

k‘l,_

i=1

Yy L

i=1 k=

~
(=)

TIH

{(v;, x) T“”)—Ze”’ b
i=1

(=)

from (6.8), (11.15), and the definition of J3O. Writing x = Y}, x;€; and recalling

Vi1

yi = €, we obtain eV"¥) = y,"' . -y, and hence the proof of Theorem 4.5. O
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Proof of Theorem 4.6
Let B € my(X), let w(B) = 2, and let M yea(B) # @. Theorem 11.1(5) implies that

B=> kop. B=D kp+) a.
i J
Hence

D TP iR b, . b)
k

becomes one of the terms of the right-hand side of (4.7). We remark that class 8 with
1(B) = 4 does not contribute to m;*'(b, ..., b) by the degree reason.
When all the vertices of P lie in (9", then the symplectic volume of all «; are in
2 Q. Moreover, w N B; € 2w Q. Therefore, the exponents 8 N w/27 are rational.
The proof of Theorem 4.6 is complete. i

Remark 11.11

We remark that in Lemma 11.2 we constructed a system of multisections only
for %kmf{‘(L(u), B) with B Nw < E. So we obtain only an A, g-structure in-
stead of a filtered A -structure. Here (n, K) = (n(E), K(E)) depends on E and
limg_ o (n(E), K(E)) = (00, 00). It induces an A, g-structure m® on H(L; Ag)
(see [FOOQ3, Section 7.2.7] or [FOOO2, Section 30.7]). In the same way as in
[FOOO3, Section 7.2] and [FOOQ2, Section 30], we can find (n'(E), K'(E)) such
that (n'(E), K'(E)) — (00, 00) as E — 00 and the following holds.

If E; < E,, then the A,,) k&, -structure m&) is (n'(E), K'(E))-homotopy
equivalent to m£2).,

This implies that we can extend mé? (regarded as an A,(g,) x/(&,)-structure) to
a filtered A .-structure by [FOOQO3, Theorem 7.2.72] and [FOOO2, Theorem 30.72].
(We also note that for all the applications in this article, we can use filtered A, g-
structure for sufficiently large n, K in place of filtered A..-structure.)

Moreover, we can use Lemma 11.7 to show the following. If z; € H'(L(u); Q),
then m,(fg(xl, ..., &) is independent of E. So in particular, it coincides to one of
filtered A,.-structure we define as above.

In other words, since the number ¢y is independent of the choice of the system
of T"-invariant multisections, it follows that the potential function in Theorem 4.6 is
independent of it. However, we do not know how to calculate it.

Remark 11.12

We used de Rham cohomology to go around the problem of transversality among
chains in the classical cup product. One drawback of this approach is that we lose
control of the rational homotopy type. Specifically, we do not prove here that the filtered
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A--algebra (partially) calculated above is homotopy-equivalent to the one in [FOOO3,
Theorem A] or [FOOO2, Theorem A] over Q. (Note that all the operations we obtain
are defined over Q, however.) Nevertheless, we believe that they are indeed homotopy-
equivalent over Q. There may be several possible ways to prove this statement, one
of which is to use the rational de Rham forms used by Sullivan.

Moreover, since the number ¢z is independent of the choices we made, the
structure of filtered A..-algebra on H(L(u), A?) is well defined (i.e., independent
of the choices involved). The Q-structure is actually interesting in our situation (see,
e.g., Proposition 7.13). However, homotopy equivalence of the Q-version of Lemma
11.9 is not used in the statement of Proposition 7.13 or in its proof.

12. Nonunitary flat connection on L(u)
In this section, we explain how we can include (not necessarily unitary) flat bundles
on Lagrangian submanifolds in Lagrangian Floer theory following [F2] and [Cho].

Remark 12.1

For our purposes, we need to use a flat complex line bundle due to the following reason.
In [FOOO3], we assumed that our bounding cochain b is an element of H(L; A,)
since we want the series

mp) = Ym0, x, b%)
k.t

to converge. There we used convergence with respect to the non-Archimedean norm.
For the case of Lagrangian fibers in toric manifold, the above series converges for
b € H'(L; Ay). The convergence is the usual (classical Archimedean) topology on C
on each coefficient of T*.

This is not an accident, and in general, it was expected to happen (see [FOOO3,
Conjecture 3.6.46] and [FOOO2, Conjecture 11.46]). However, for this convergence
to occur, we need to choose the perturbations on .Z* (L, B) so that it is consistent
with %Efﬂ‘}(L, B) (k' # k) via the forgetful map. We can make this choice for the
current toric situation by Lemma 11.2(3). In a more general situation, we need to
regard ./ ’I“ai“(L, B) as a chain in the free loop space (see [F4]).

On the other hand, if we use a complex structure other than the standard one,
we do not know if Lemma 11.2(3) holds. So in the proof of independence of Floer
cohomology under the various choices made, there is trouble in using a bounding
cochain b lying in H'(L; A¢). The idea, originally due to [Cho], is to change the
leading-order term of r by twisting the construction using nonunitary flat bundles
on L.
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Let X be a symplectic manifold, and let L be its relatively spin Lagrangian submani-
fold. Let p : H,(L;Z) — C\ {0} be a representation, and let £, be the flat C bundle
induced by p.

We replace the formula (11.9) by

mf,can — Z p(aﬁ) midg ® Tw(ﬁ)/Zn.
BeH>(M L)

(Compare this with (4.3).)

PROPOSITION 12.2
(H(L(u); AY), m{" ") is a filtered A.-algebra.

Proof

Suppose that [f] € ﬂkmji{‘(L, B) is a fiber product of [fi] € ﬂ?jif(L, B1) and
[f2] € /%,‘ffi;(L, B>). In other words, 8, + B8, = B and evy(f>) = ev;(f;) for some i.
Then it is easy to see that

p(3B) = p(3f1)p(3h2). (12.1)

Therefore, (12.1) and (11.8) imply the filtered A -relation. O

The unitality can also be proved in the same way. The well-definedness (that is, the
independence of various choices up to homotopy equivalence) can also be proved in
the same way.

Remark 12.3
We have obtained our twisted filtered A -structure on the (untwisted) cohomology
group H*(L; Ao). This is because the flat bundle Hom(£,, £,) is trivial. In more
general situations where we consider a flat bundle £ of higher rank, we obtain a
filtered A -structure on cohomology group with local coefficients with values in
Hom(£, £).

The filtered A .-structure m} "
from the expression of the potential function given in Lemma 4.9.

is different from m;*" in general, as we can see

In the rest of this section, we explain how Floer cohomology detects the Lagrangian
intersection; namely, we sketch the proof of Theorem 3.11 in our case and its gener-
alization to the case where we include the nonunital flat connection p.

Let i, : X — X be a Hamiltonian isotopy with 1y = identity. We put | = .
We consider the pair

LY=Lw, LY =vy(Lw)
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such that LV is transversal to L®. We then take a 1-parameter family {J;};cj0.1
of compatible almost complex structures such that J, = J, which is the standard
complex structure of X and J; = ¥.(J).

Let p,q € LY N LD, We consider the homotopy class of maps

9:Rx[0,1]—> X (12.2)

such that

(D lim;, oo @(7, 1) = p, lim;, 100 (7, 1) = g

2)  @(t,00e L9 ¢(r,1) e LD,

We denote by m> (LD, L©; p, q) the set of all such homotopy classes. There are
obvious maps

(LY, LY p, r) x 1LV, LO;r, q) — (L, L?; p, @),
(X5 L) x (LY, LY p, q) = m(LW, L p, g), (12.3)
(LY, LO; p, q) x (X5 L) — 1LY, LO; p, ¢).

We denote them by #.

Definition 12.4
We consider the moduli space of maps (12.2) satisfying (1), (2) above, in homotopy
class B € my(LW, L©; p, g), and that satisfies the equation

ap o

% .y (_> —0. 12.4

ar '\t (129
We denote it by .Z™¢(LY, L©; p, g; B). We take its stable map compactification and
denote it by .4 (LY, L9; p, g; B). We divide this space by the R-action induced by
the translation of T direction to obtain .#(LV, L9; p, g; B). We define evaluation
maps evyo : A (LY, LO; p, q; B) — LY by evio(p) = ¢(0, i), fori =0, 1.

LEMMA 12.5

The space M (LY, L©; p, q; B) has an oriented Kuranishi structure with corners. Its
boundary is isomorphic to the union of the following three kinds of fiber products as
spaces with Kuranishi structure:

1
ML, L p,r; B x MY, LV, g5 B").

Here B' € (LY, L9 p,r), B” € my(LWY, LO;r, ).
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()
(L@ B) ey Xevyay MLD, L p, g5 B").
Here B’ € m(X;LDV) = my(X; L(u)), B#B" = B. The fiber product is
taken over LY = L(u) by using evy : M (Lu);p) — L(u) and ev,o :
AMLD, LY p,q;B") — LV,
€)]
%(L(1)9 L(O); p7 q; B/) €V, (0) Xev(] %(L(u);ﬂ”).
Here B’ € my(X;LY) = my(X; L(u)), B#B" = B. The fiber product is
taken over L9 = L(u) by using evy : M (L(u);B") — L(u) and evio :
AL, LO; p, g3 B) — LO.
We have
dim.#(L", L; p, q; B) = w(B) — 1,
where

w(B1#B>) = u(By) + w(Ba),
w(B#B") = n(B") + w(B"),
w(B'#B") = w(B") + w(B").

Here the notation is as in items (1), (2), (3) above.
Lemma 12.5 is proved in [FOOO3, Section 7.1.4] and [FOOQ?2, Section 29.4].

LEMMA 12.6

There exists a system of multisections on M (LY, L9; p, q; B) such that

(D) it is transversal to zero;

2) it is compatible at the boundaries described in Lemma 12.5 (here we pull back
the multisection of #(LV, L©; p, q; B) to one on (LY, L p, q: B) and
use the multisection in Lemma 11.2 on 4 (L(u); B)).

Proof

We can find such a system of multisections inductively over f 5 @ by using the facts
that evy : #(L(u); B)° — L(u) is a submersion and Lemma 12.5(1) is a direct
product. O
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In the case when (B) = 1, we define
n(B) =#.4(L", L p,q; By € Q,

that is, the “number” of zeros of our multisection counted with sign and multiplicity.
We use it to define Floer cohomology.

Let CF(L™, L) be the free Ag,,,,-module generated by L© N L™, We define
boundary operator on it.

Let p; : m(L¥Y) — C* be the representation. We take harmonic 1-form h; €

HY(LY; C) such that
o) =exp( [ 1)

14

Letb, . € H(LO; A,) C 4 (LD). An element B € my(LY, L©; p, g) induces a
path 9; : [0, 1] — L@ joining p to g in LY fori = 0, 1. We define
C (B (ho, h), (o v by.»)) = exp(

(ho+ o)) exp( = | (i +b12)).

B a1 B

This is an element of Ay \ A. Itis easy to see that

C(Bi#By; (ho, hy), (bo 4., by 1))

(12.5)
= C(Bla (h07 hl)a (b0,+7 bl,+)) C(BZa (h07 hl)a (b0,+7 bl,+))s
and
C(B'#B"; (ho, hy), (bo +, b1 1))
) (12.6)
= C(B o o bro)exp( [ it o).
g
(Here B’ and B” are as in Lemma 12.5(2).) Now we define
(8(ho.). o151 (P)s 4)
(12.7)

= > n(B)C(B: (o, hy). (bo+. b1.1)).

Bemy (LW, LO;p,q);u(B)=1

For the case hy = ¥.(ho), b1+ = Vu(by), bo+ = by, we write C(B; hy, by) and
8"oP+, in place of C(B; (ho, hy), (bo.1, b1.+)) and 8u, ).y, b.,)» TESPECtively.

LEMMA 12.7
We have

8ot ).(bo.s-br1) © Stoshntbo b1y = (BOB)) — PO(b(0))) - id

where b(i) = h; + b; y € H'(L(u); Ao).
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Proof
Let p,g € LYV N L®, We consider B € m (L, LO; p, q) with u(B) = 2. We
consider the boundary of .# (LD, L©; p, q; B). We put

5 — 1 BemLD, LO;p, q), p=q,and B is the class of constant map,
B= 10 otherwise.

Then, using the classification of the boundary of .#Z(L"V, L; p, q; B) in Lemma
12.5, we have the equality

0= Z n(BHn(B") + Z Ccplp — Z cpdp, (12.8)

rB,B" B'.B" BB

where the summention in the first, second, and third terms of the right-hand side is
taken over the set described in items (1), (2), and (3) of Lemma 12.5, respectively, and
where cg is defined in Definition 11.6.

We multiply (12.8) by C(B; (hg, h1), (bo.+, b1.+)) and calculate the right-hand
side by using Formulas (12.5) and (12.6) and Lemma 11.8. It is easy to see that the
first term gives

(8(ho, ), (ho+,b1+) © Sho ), o+ b1 ) (P)s 4)-

The second term is 0 if p # ¢, and is
3o exp( / ho + bo,+> = PO (b(0))
B o

if p = g. The third term gives PO (h(1)) - id in a similar way. O

Definition 12.8
Let b(0) = hg + by and b(1) = ¥,.(b(0)). We define

Ker 8pn,
HEF (L. b)), (L. b(1)); Ag) =~
hoJh

This is well defined by Lemma 12.7 and by the identity PO (¥.(b(0)) =
PO((b(0))).

Now we have the following.
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LEMMA 12.9
We have
Ker mp can.b
HE((LO, bO), (L0, b1 Ao) @4, A = e @, A
1

Here p(y) = exp(fy h0> and
p,can,b
() = Z My e (0 x, D).
k1. k=0

Lemma 12.9 implies (the p twisted version of ) Theorem 3.11 in our case. We omit the
proof of Lemma 12.9 and refer the reader to [FOOO3, Section 5.3], [FOOO2, Section
22], or [FOOOS, Section 8].

13. Floer cohomology at a critical point of potential function

In this section, we prove Theorem 4.10 and so forth and complete the proof of Theorem
1.5.

Proof of Lemma 4.9

Let B € H,(X, L(ug)) with u(8) = 2, and let %?ai“(L(uo), B) be nonempty. We
have B = Y " ciBi + Zj o; by Theorem 11.1(5). Let p be as in (4.15). We have
p(0B8) =[] p(3B:)"". Note that 3p; = Z v;,;€;. Thus we have

P(3B) =Ny~ - 0,5,

,O(aﬁ) HHUC’U”. (131)

Therefore, for b € H'(L(uo); AS), we have
Zm” (b, b)Y =) 00 mih(b, ... b)
k=0

— Z EELOVil L pEn0Vin Z_f:(b N 3ﬂ)k [PD(L)]
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On the other hand, it follows from Theorems 4.5 and 4.6 that the left and the right
sides of this identity correspond to those in Lemma 4.9, respectively. This finishes the
proof of Lemma 4.9. O

Proof of Theorem 4.10
Letxt = (xf,....,x"), x, ..., xF € Ay. We put

@) =Y wo+xDe, b =) x'e.

From Lemma 4.9 we derive
BOL(b(x) =Y m " (b(x™), ..., b(x™)) N [L(uo)]
= > mi(x (), ... x(x D)) N L)l = PO (x(xT)).
Let ¢ be as in (4.13). Then we have
HPO™

x(xt)=r a 8x,

Ox +£BDMO( ( +))

T PO (5(5")

() =0,

x(xt)=¢ 8

where the last equality follows from the assumption (4.12). (In the case when (4.11)
is assumed, we have =0 mod 7+ in place of = 0.) On the other hand, we have

a
e P05 ()

x(xt)=¢

_ Z Zmp ,can b®l e, b®(k*l*1)) N [L(up)] (13.2)

= m{ ™ (e;) N [L(uo)].

Note that here and hereafter we write b in place of b(x™) with x(x™) = r; namely,

b=t—) tioe.
Hence we obtain

e o) { 0 if (4.12) is satisfied, (13.3)

0 mod T if (4.11) is satisfied.

We also note that, by the degree reason, m/ an’b(ei) is proportional to P D[L(ug)].
We next prove the vanishing of m{"“*" h(f) for the classes f of higher degree. We
prove the following.
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LEMMA 13.1
Forf e H*(L(up); Ag), we have

mp,can,b(f) =0 “ if (4.12) is satisfied,
LA =0 mod T if (4.11) is satisfied.

Proof
Letd = degf, andlet2¢ = u(B). Wesay (d, £) < (d', £)if ¢ < ' ord =10',d < d'.
We prove the lemma by an upward induction on (d, £). The case d = 1 is (13.3). We
note that my g = 0 if u(B) < 0.

We assume that the lemma is proved for (d’, £") smaller than (d, £), and we prove
the case of (d, £). Since the case d = 1 is already proved, we may assume thatd > 2.
Letf =f, Uf,, where degf; > 1. By the A -relation, we have

,can,b ,can,b ,can,b
m{E @ UR) = Y dm et (ml (), )
Bi+B=B

+ Z imi’g?“’b(fl,mwz(fz))
Br+B=p

,can,b
+ Z ﬂ:mf,;fm (mz,ﬁz (f] s fz)) .
Bi+B2=B.B#0

can.b : : .
We remark that m{";""™” = 0 since we are working on a canonical model.

The first two terms on the right-hand side vanish by the induction hypothesis since
degf; < degfand p(B;) < w(B). The third term also vanishes since u(8;) < w(p).

The proof of Lemma 13.1 is complete. O
Lemma 13.1 immediately implies Theorem 4.10. O
Proof of Proposition 5.4

Let us specialize to the case of two dimensions. In case dim L(uy) = 2, we can prove
mf”;a“’b = 0 for u(B) > 4 also by dimension counting. We can use that to prove

Proposition 5.4 in the same way as above. ad

Proof of Proposition 4.12

Let w;, u;, t;. + be as in Definition 4.11. We assume that i/ : X — X does not satisfy
(4.19) or (4.20), and we deduce a contradiction. We use the same (time dependent)
Hamiltonian as ¢ to obtain v¥; : (X, w;) — (X, w;). Take an integer ./~ such that
1|l < 2m A" for large i. Then for sufficiently large i, L(uf)) and ; does not satisfy
(4.19) or (4.20). In fact, if ¥ (L(ug)) N L(ug) = @, then for sufficiently large i, we
have wi(L(ué)) N L(uf)) = (. If ¥ (L(uyp)) is transversal to L(u) and if (4.20) is not
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satisfied, then
#(Y (L o)) N L(ug)) = #(Yre, (L(up)) N L(up)).
On the other hand, by Theorem 4.10 we have
HF((L(u;), 1), (L), 50003 AS /(T) = H(T"; AS /(T)).

It follows from the universal coefficient theorem that

b
HEF (L), 50, (L), 1003 AF) Z AF @ @D Ao/(T0) (13.4)

i=1
such that ¢(i) > A" and a + 2b > 2". This contradicts [FOOO3, Theorem J]. (In
fact, [FOOO3, Theorem J], which is equivalent to Theorems (3.12) and (13.4), imply
that (4.19) and (4.20) hold for L(u;) and y; with ||| < 2w ./".) Proposition 4.12 is
proved. O

Proof of Theorem 5.11
The proof is the same as the proof of Proposition 4.12 above. O

Now we are ready to complete the proof of Theorem 1.5.

Proof of Theorem 1.5
In the case where the vertices of P are contained in Q", Proposition 4.7 and Theorem
4.10 imply that L(u) is balanced in the sense of Definition 4.11. Therefore, Propo-
sition 4.12 implies Theorem 1.5 in this case. If the leading-term equation is strongly
nondegenerate, Theorem 1.5 also follows from Theorem 4.10, Theorem 10.4, and
Proposition 4.12.

We finally present an argument to remove the rationality assumption. In view of
Lemma 4.12, it suffices to prove the following.

PROPOSITION 13.2
In the situation of Theorem 1.5, there exists uy such that L(ug) is a balanced La-
grangian fiber.

Proof
Letm : X — P be as in Theorem 1.5. Let us consider s, S, and P, as in Section 9.
We obtain uy € P such that {u#y} = Pg. We prove that L(u) is balanced.

We perturb the Kihler form @ of X a bit so that we obtain «'. Let P’ be the
corresponding moment polytope, and let s,‘;’/, S,‘f/, and P,g”/ be the corresponding



150 FUKAYA, OH, OHTA, and ONO

piecewise affine function, number, and subset of P,,, respectively, obtained for ', P,y
as in Section 9.

PROPOSITION 13.3
wj

We can choose wy, so that wy, is rational and limy,_, o 5," = sg, limy— 00 S = S,
lim,_, o P = Py, dim P = dim Py for all k.

Proof

We write I,g"' for the set I defined in (9.7) for @', P’. We prove Lemma 13.4. We
observe that the set £ of T"-invariant Kéhler structure o’ is regarded as an open set
of an affine space defined on Q (i.e., the Kihler cone). We may regard K as a moduli
space of moment polytope as follows. We consider a polyhedron P’ each of whose
edges is parallel to a corresponding edge of P. Translation defines an R"-action on
the set of such P’. The quotient space can be identified with .

LEMMA 13.4

There exists a subset B of R which is a nonempty open subset of an affine subspace
defined over Q such that any element @' € B has the following properties:

(1)  dim P® =dim P® forl < k;

Q) 17 =1Iforl <k

Remark 13.5
In the case of Example 8.1, the set Pk"’/ and so forth jumps at the point « = 1/3 in the
Kihler cone. Hence the set 3, may have a strictly smaller dimension than K.

Proof of Lemma 13.4
Let A;‘)/ be the affine space defined in Section 9. (We put o’ to specify the symplectic

form.) We write £ El‘f’/ in place of ¢; to specify symplectic form and moment polytope.

We remark that the linear part of £ is equal to the linear part of E:.”/.
The proof of Lemma 13.4 is given by induction on k. Let us first consider the case
k = 1. We put

AV ={ue Mg |0\ )= =, ).

We remark that {£¢ |, ..., £, } = I{ and so AY = A?.
We put

P = {0 | dim AY = dim A?}.

It is easy to see that 3] is a nonempty affine subset of £ and that it is defined over Q.



LAGRANGIAN FLOER THEORY ON COMPACT TORIC MANIFOLDS, I 151

SUBLEMMA 13.6
If Ci)\/ e P and is suﬁ/‘i\ciently close to w, then P is an equidimensional polyhedron
in AY . In particular, AY = AY.

Proof
The tangent _space of A% is parallel to the tangent space of A®. Therefore, E‘]":j is
constant on A{ . We put

S =0 ()

for some u € Z‘l"

On the other hand, if £ ¢ I, then £’(«) > S{° on Int P;°. Therefore, if ' is
sufficiently close to w, we have E;"/(u) > §§” on a neighborhood of a compact subset
of Int P{”, which we identify with a subset of P’. This implies the sublemma. i

Conditions (1) and (2) of Lemma 13.4 in the case k = 1 follow from Sublemma 13.6
easily.

Let us assume that Lemma 13.4 is proved up to k — 1. We note that
s 6, Y = I?. We put

A ={ueAl | \w= =t w)
and
Tp = (o € Pp, | dimAY = dim A7),

Then ‘P}, is a nonempty affine subset of & and is defined over (Q. We can show that a
sufficiently small open neighborhood 13, of w in *P3; has the required properties in the
same way as the first step of the induction. The proof of Lemma 13.4 is complete. O

Proposition 13.3 follows immediately from Lemma 13.4. In fact, the set of rational
points are dense in L. O

Proposition 13.2 follows from Proposition 13.3, Proposition 4.7, and Theorem
4.10. O

The proof of Theorem 1.5 is now complete. O

Proof of Proposition 10.8

The proof is similar to the proof of Proposition 13.3. Let I; be as in (10.2). We write
it as Iy (P, up), where P is the moment polytope of (X, w). We define I,(P’, u;) as
follows.
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Let P’ be a polytope which is a small perturbation of P and such that each of
the faces are parallel to the corresponding face of P.Let u, € Int P’. Let us consider
the set & of all such pairs (P’, uy). It is an open set of an affine space defined over
Q. Each such P’ is a moment polytope of certain Kéhler form on X. (We remark that
Kahler form on X determines P’ only up to translation.)

For each P’ we take the corresponding Kéhler form on X, and it determines a
potential function. Therefore, I, (P’, u;) is determined by (10.2). We define AIL(P/, ug)
in the same way as Definition 10.1.

LEMMA 13.7

There exists a subset L, of R, which is a nonempty open set of an affine subspace
defined over Q. All the elements (P', u;,) of Q. have the following properties:

(1) dim Af‘(P’, ugy) = dim All(P, ug) forl < k;

2)  L(P',uy) = Li(P,ug) forl <k.

The proof of Lemma 13.7 is the same as the proof of Lemma 13.4 and is omitted.
Now we take a sequence of rational points (P, ug) € £y converging to (P, ug).

Lemma 13.7(2) implies that the leading-term equation at ug is the same as the leading-

term equation at u#(. The proof of Proposition 10.8 is complete. a

Proof of Lemma 10.5
Let [w] € H*(X; Q). We may take the moment polytope P such that its vertices are
rational. (This time we do not change P throughout the proof.) Let uy € Int P, and
assume that O has a nondegenerate critical point in (A \ AL)".

We define I, (P, u) as above. In the same way as in the proof of Lemma 13.7, we
can prove the following.

SUBLEMMA 13.8

The set Py of all u € Int P satisfying conditions (1) and (2) below contains an open
neighborhood u in certain affine subspace A of R". The affine space A is defined on
Q:

(1)  dim AF(P,u) = dim A}(P, up) foralll < k;

2) L(P,u) = I,(P, upy) foralll < k.

We omit the proof. We take K such that {d¢; | ¢; € [,(P,up) U --- U Ix(P, up)}
generates Ng. (Note that P C Ng = Mp.) By Sublemma 13.8 there exists a sequence
{u;}i=12.... of rational points u; in 2, which converges to u,.

Items (1) and (2) in Sublemma 13.8 imply that PO and PO, have the
same leading-term equation. Therefore by assumption, PO, has a critical point
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on (Ao \ Ap)". Since Jac(PO,; A) is finite-dimensional, it follows that we may

take a subsequence uy, such that uy, = uy, = ---. Hence ug = uy, is rational as
required. g
Remark 13.9

We can replace Definition 4.11(3) by
HF (L), tia)s (L), 10 ) AS/(T)) 2 AS /(T ).

In fact, the following three conditions are equivalent to one another:

(1) HF((L@), ), (Lw),r); A°/(T")) = HT";C)@ A°/(T");

) HF((L@),p), (L), 1); A°/(T")) 2 AC/(T);

(3) % =0, mod 7" k=1,...,n, atr.

Here (1) = (2) is obvious; (3) = (1) is Theorem 4.10. Let us prove (2) =
(3). Suppose that (3) does not hold. We put % = ¢T* mod T*A., where
c e C\{0}and 0 < A < N. Then (13.2) implies that 7" ~*PD[L(u)] = 0 in
HF((L(u), 1), (L), ); A°/(T"")). Since PD[L(u)] is a unit, item (2) does not
hold.

Remark 13.10
The proof of Theorem 4.10 (or of Lemma 13.1) does not imply that

My (o1, -, o) =0 (13.5)

for w(B) > 4. So it does not imply that the numbers cg (Definition 11.6) de-
termine the filtered A..-algebra (H (L(u);AO),m) up to homotopy equivalence.
However, we believe that this is indeed the case. In fact, the homology group
H(ZL(T™"); Q) of the free loop space £ (T") is trivial for degree > n. On the other
hand, dim .Z™"(L(u¢); B) = n + u(B) — 2. Hence if u(B) > 4, there is no nonzero
homology class on the corresponding degree in the free loop space. Using the argument
of [F4], it may imply that the contribution of those classes to the homotopy type of
filtered A -structure is automatically determined from the contribution of the classes
of Maslov index 2.

On the other hand, the pseudoholomorphic disc with Maslov index > 4 certainly
contributes to the operator g g introduced in [FOOO3, Section 3.8] and [FOOO?2,
Section 13]: namely, g p is the operator that involves a cohomology class of the
ambient symplectic manifold X (see Remark 6.15). It seems that tropical geometry
plays a role in this calculation.
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Appendices

A. Algebraic closedness of Novikov fields

LEMMA A.1

If F is an algebraically closed field of characteristic zero, then AT is algebraically
closed.

Proof
Let >, a;x* = 0 be a polynomial equation with A -coefficients. We prove that it
has a solution in A¥ by induction on n. We may assume that a, = 1. Replacing x by

”"n" , we may assume that @, = 0. (Here we use the fact that the characteristic

of F is zero.) We may assume furthermore that a; # 0, since otherwise zero is a
solution. We put

X —

v
¢c= inf T(ak).

We put x = Ty, by = T*"a;. Then our equation is equivalent to P(y) =
ZZ:O biy* = 0. We observe that b, = 1, b,_, = 0, by # 0. Moreover,

or(by) = clk —n) 4+ v7(ar) > 0.

Specifically, b, € Ay. We define by € F to be the zero-order term of by (i.e., to satisfy
by = b, mod A,). We consider the equation P(y) = o by* = 0. By our
choice of ¢ there exists k < n — 1 such that b, # 0 and b, = 1,b,_; = 0. Therefore,
P has at least two distinct roots. (We use the fact that the characteristic of F is zero
here.) Since F is algebraically closed, we can decompose P = QR, where Q and
R are monic, of nonzero degree, and coprime. Therefore, by Hensel’s lemma, there
exists Q, R € Ag[y] such that P = QR and deg Q = deg O, Q = Q mod A,
R=R mod A_.*

Since the degree of Q is smaller than the degree of P, it follows from induction
hypothesis that Q has a root in A”. The proof of Lemma A.1 is now complete. a

By a similar argument we can show that if F has characteristic zero, then a finite
algebraic extension of A’ is contained in AX for some finite extension K of F (we
used this fact in Section 7).

*A proof of Hensel’s lemma, in the case when valuation is not necessarily discrete, is given, for example, in
[BGR, page 144]. See also the proof of Lemma 8.5 given here.
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Proof of Lemma 8.5
In view of the proof of Lemma A.1, it suffices to show that A;°" is Henselian (namely,
Hensel’s lemma holds for it). Let

n—1
P(X) = Za,.xi + X" e AP™X].
i=0

We assume that its C-reduction P € C[X] is decomposed as P = QR, where Q and
R are monic and coprime. We put

conv
ai =a;0+aiy, ao€C, a e AT,

and

n—1

P(X)=) (aio+ Z)X' + X" € ClZy, ..., Z,11IX],
i=0

where Z; are formal variables.

The convergent power series ring C{Z, ..., Z,_1} is Henselian (see [N, Section
45]). Therefore, there exist monic polynomlals O,R € C{Zy,...,Z,_1}[X] such
that

OR=P

and the C-reduction of @ R are 0, R, respectively. On the other hand, itis easy to see
that Z; > aj ¢ induces a continuous ring homomorphism C{Z,, ..., Z,_;} — A™.
Thus Q R induce 0, R € AP™[X] such that QR = P. Hence A;™" is Henselian,
as required. O

B. T"-equivariant Kuranishi structure
In this section, we define the notion of 7"-equivariant Kuranishi structure and prove
that our moduli space .#}'%'(8) has one. We also show the existence of T"-equivariant
perturbation of the Kuranishi map.

Let .4 be a compact space with Kuranishi structure. The space .# is covered
by a finite number of Kuranishi charts (V,, Eq, Ty, ¥4, S¢), @ € 2 which satisfy the
following.

Condition B.1

(1) The space V,, is a smooth manifold (with boundaries or corners) and I, is a
finite group acting effectively on V,,.

) The map pr, : E, — V, is a finite-dimensional vector bundle on which T,
acts so that pr,, is I'y- equivariant.

3) The map s, is a I',-equivariant section of E,,.
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(4)  The map ¥, : s, '(0)/ Ty — ./ is a homeomorphism to its image.
(5)  The union of ¥, (s, '(0)/ I'y) for various « is ./ .

We assume that {(V,, E4, Ty, Yo, Se) | @ € 2} is a good coordinate system, in
the sense of [FO, Definition 6.1] or [FOOO3, Lemma A1l.11] and [FOOO2, Lemma
Al1.11]. This means the following. The set 2 has a partial order <, where either
o) < o or oy < oy holds for oy, a0y € A if

Vo (55(0)/ Ty ) N Y, (5,1 (0)/ T, ) # 9.

Letoy, ap € 2, andleto; < «,. Then there exists a I’ -invariant open subset V,, ,, C
Va,» asmooth embedding ¢y, o, : Vay.a, — Va,, and abundle map @y, 4, : Eolv,,. —
E,,, which covers ¢,, o,. Moreover, there exists an injective homomorphism éaz,m :
I'y, — I'y,. We require that they satisfy the following.

Condition B.2
(1) The Maps @a, o> Pay.a; Ar€ Py, o, -€quivariant.
(2)  The maps ¢q, o, and ¢, . induce an embedding of orbifold

— . Vaz,al N Vag (B 1)
Doy - r, I .
(3)  Wehave Sy, © @u.0; = Puycey © Sy -
_ Viey oy N5z (0)
(4)  Wehave Yo, 09, o, = Yo, ON —F—1—.

1
(5) Ifa <a < as, then ¢u,a, © Paya = Pasars 00 95y (Vo a,). AlSO @y, ©

(paz,al = q)ag,al and

o~
=

= =
(pot3.a2 © (paz,al = ¢a3,a1a

hold in the similar sense.
(6)  Also, Vi, a/ T, contains ¥ ' (Yo, (55 (0)/ Ta,) N e, (s, (0)/ Tuy)).

Condition B.3
The space with Kuranishi structure .# has a tangent bundle, that is, the differential of
Sq, in the direction of the normal bundle induces a bundle isomorphism

* Sk
. gD(leqﬂtl TVa2 gDthz,Otl E“Z
d .
TVG‘Zaal Eal

We say that ./ is oriented if V,, E,, is oriented, the I',-action is orientation-preserving,
and ds,, is orientation-preserving.
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Definition B.4

Suppose that .# has a T"-action. We say our Kuranishi structure on .# is T"-
equivariant in the strong sense if the following conditions hold:

@))] Vy has a T"-action which commutes with the given I'y-action;

2) E, is a T"-equivariant bundle;

(3)  the Kuranishi map s, is T"-equivariant and v, is a T"-equivariant map;

(4)  the coordinate changes @y, o, and ¢, o, are T"-equivariant.

Remark B.5

‘We note that Condition (1) above is more restrictive than the condition that the orbifold
Va/ 'y has a T"-action. This is the reason why we use the phrase in the strong sense
in the above definition; hereafter, we say 7"-equivariant instead for simplicity.

Let L be a smooth manifold. A strongly continuous smooth map ev : .# — L is a
family of I'y-invariant smooth maps

ev,:V,—> L (B.2)

which induce ev, : V,/ Iy — L such that evy, 0 ¢, ,, = €V, on V, o /Ty (Note
that I',-action on L is trivial.)
We say that ev is weakly submersive if each of ev, in (B.2) is a submersion.

Definition B.6
Assume that there exist 7"-actions on L and on .#. We say thatev : .#4 — L is
T"-equivariant if ev, in (B.2) is T"-equivariant.

Now we show the following.

PROPOSITION B.7
The moduli space M 1(B) has a T"-equivariant Kuranishi structure such that evy :
My11(B) — L is a T"-equivariant strongly continuous weakly submersive map.

Proof
Except for the T"-equivariance, this is proved in [FOOO3, Section 7.1] and [FOOO2,
Section 29]. Below we explain how we choose our Kuranishi structure so that it is
T"-equivariant. We also include the case of the moduli space .# ((8) with interior
marked points.

We first review the construction of the Kuranishi neighborhood from [FOOO3,
Section 7.1] and [FOOOQO2, Section 29].
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Letx = ((X,2), w) € My41.4(B). Let T, be an irreducible component of . We
consider the operator

Dy o0 : WP (S w (T X); L, Z,) > WOP(Z5w*(TX) @ A™Y). (B.3)

Here W'7(2,; w*(TX); L, Z,) is the space of section v of w*(TX) of W!7 class

with the following properties:

(1)  The restriction of v to 9%, is in w*(T L).

(2)  Also, Z, is the set of ¥ which is either singular or marked. We assume that v
is zero at those points.

Here A%! is the bundle of (0, 1)-forms on X,, and WoP(Z,; w*(T X) ® A%') is the

set of sections of the W% class of w*(TX) ® A%'. Also, D,, ,d is the linearization

of (nonlinear) Cauchy-Riemann equations (see [Fo]). The operator (B.3) is Fredholm

by the ellipticity thereof.

We choose open subsets W, of £, whose closure is disjoint from the boundary of
each of the irreducible component ¥, of ¥ and from the singular points and marked
points. By the unique continuation theorem, we can choose a finite-dimensional subset
Ey o of C3°(W,; w*T X) (the set of smooth sections of compact support in W,) such
that

ImD, 40 + Eoq = W (Za; w*(TX) @ A”Y).

When x has nontrivial automorphisms, we choose @a Ey , to be invariant under the
automorphisms.

We next associate a finite-dimensional subspace Eq,((X, Z), w’) for w’ which
is “CY close to w.” We need some care to handle the case where some component
(2., Z4) is not stable, that is, the case for which the automorphism group G, of
(24, Za) is of positive dimension. (Note that G, is different from the automorphism
group of ((2,, Z,), w|x, ). The latter group is finite.) We explain this choice of Eq
below following [FO, Appendix].

For each unstable component X, pick points z,; € £ (i = 1, ..., d,) with the
following properties.

Condition B.8

We have the following:

(D) w is immersed at 7, ;;

(2)  zg,; inthe interior of X, z,; # z4,; fori # jand z,,; ¢ Z;

3) (B GENT)UGars - Zag,) is stable;

(4)  letT' = I'(x) be the group of automorphisms of x = ((£, z), w), soif y € T,
y(Z,) = Ty, thend, = dyand {y(z,;) | i = 1,...,d,} = {zgi | 1 =
1,...,d,}.
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For each a, i, we choose a submanifold N, ; of codimension 2 in X that transversely
intersects with (X,, w) at w,(z,.;). In relation to Condition B.8(4), we choose N, ; =
Ny i it y(2ai) = 2000

We add extra interior marked points {z,; | a, i} in addition to Z on (X, 7), and
obtain a stable curve (¥, Z") (namely, 7+ = Z U {z,; | @, i}). (We choose an order of
the added marked points and fix it.)

We consider a neighborhood Uy of [X,ZT] in %}(“j}‘]“ » (i.e., the moduli space
of bordered stable curve of genus zero with k + 1 boundary and ¢’ interior marked
points). Let Iy be the group of automorphisms of ((£, z1), w). Now both I" and I’y
are finite groups and I' 2 TI'.

An element y € I induces an automorphism y : ¥ — X, which fixes marked
points in Z and permutes ¢ — ¢’ marked points {z,; | a,i} by Condition B.8(4).
Therefore, we obtain an element of [y.,.(Z, z1)] that is different from [, 7] only by
the reordering of marked points. We take the union of neighborhoods of [y,(%, Z27)]
for various y € " in ., and denote it by {i.

The space g is written as U/ Ty, where U is a manifold. Moreover, there exists
a manifold 0 on which T acts such that 0/ Ty = 4,0/ T = i,.

Furthermore, there is a “universal family” 91 — U, where the fiber Z(v) of
v € U is identified with the bordered marked stable curve that represents the element
[vl € B/ T C .4, . There s a I'-action on 9 such that M — U is I'-equivariant.

By construction, each member % (v) of our universal family is diffeomorphic to
¥ away from singularity. More precisely, we have the following.

Let ¥y = £\ §, where S is a small neighborhood of the union of the singular
point sets and the marked point sets. Then for each v there exists a smooth embedding
iy 1 ¥p — X2(v). The error of this embedding for becoming a biholomorphic map
goes to zero as v goes to zero. We may assume that v — i, is ['-invariant in an obvious
sense and that iy depends smoothly on v.

We may choose W, so that W, C X, for each a. Moreover, we assume that
D, Eo.o is invariant under the I'-action in the following sense : if y € I' and
X, = y(Z,), then the isomorphism induced by y sends Eg, to E¢ .

Now we consider a pair (w’, v) where

w1 (Z(v), 0Z(V) — (X, L).
We assume the following.

Condition B.9

There exists € > 0 depending only on x such that the following items hold:

(1) sup,y, dist(w’(iv(x)), w(x)) <e;

(2)  for any connected component D, of ¥(v) \ Im(iy), the diameter of w’(D,) in
X (with a fixed Riemannian metric on it) is smaller than €.
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For each point x € W,, we use the parallel transport to make the identification
Tw(x)X ® Ag’l(z) = Tw/(iv(x))X &® AE)V’(I/\)(E(V))
Using this identification, we obtain an embedding

Ivry : € Eoa — w*(TX) ® A (Z(v).

Via this embedding I ,,), we consider the equation

dw' =0 mod @ Iy, wy(Eo.q) (B.4)

together with the additional conditions
W'(Z4,i) € Nai- (B.5)

Let V(x) be the set of solutions of (B.4) and (B.5). This is a smooth manifold (with
boundary and corners) by the implicit function theorem and a gluing argument (see
[FOOO3, Section Al.4] and [FOOO2, Section A1.4] for the smoothness at boundary
and corner). Since we can make all the construction above invariant under the I"(x)-
action, the space V(x) has a I'(x)-action. (Note that we may choose N,; so that
{N,.; | a, i} is invariant under the action of I'(x).)

The obstruction bundle E is the space P, Eo , atx and P, Iv,u)(Eo ) at (v, w’).

We omit the construction of coordinate changes (see [FOOO3, Section 7.1] and
[FOOO2, Section 29], which in turn is similar to [FO, Section 15]).

The Kuranishi map is given by

((.2). w') > 9w’ € @) Eo.- (B.6)

a

We have thus finished our review of the construction of Kuranishi charts.

Now we assume that X has a T"-action, which preserves both the complex and
the symplectic structures on X. We also assume that L is a 7"-orbit.

We want to construct a family of vector spaces (v, w’) @a Iy wy(Eop ) so that
it is invariant under the 7"-action. We need to slightly modify the above construction
for this purpose. In fact, it is not totally obvious to make Condition (B.5) 7"-invariant.

For this purpose, we proceed in the following way. We fix a point py € L and
consider an element

X € evy ' (po) N M ig1,0(B).
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We are going to construct a 7" -equivariant Kuranishi neighborhood of the 7" -orbit of
x. Letv e Yand w : (Z(v), 3X(v)) = (X, L) be as before. We replace Condition
B.9 by the following.

Condition B.10

Let zo be the zeroth boundary marked point, and let g € 7" be the unique element

satisfying w'(z9) = g(po). There exists € > 0 depending only on x such that

() sup,y, dist(w'(iy(x)), gw(x)) < €

(2)  for any connected component D, of ¥(v) \ Im(iy), the diameter of w’(D,) in
X (with a fixed Riemannian metric on it) is smaller than €.

Now we define an embedding

Iy : P Eow — w™(TX)® A% (2(V))

as follows. We first use the g-action to define an isomorphism
gt Tun X @ AY(2) = Ty X @ AY(D).
Then we use the parallel transport in the same way as before to define
P 2.(Eoa) — w(TX)® A™ (Z(V)).

By composing the two we obtain the embedding Iy ,,-). Now we consider the equation

ow' =0 mod @ Iiv.u(Eoa), (B.7)

together with the additional conditions
W'(Za,i) € §(Na,i) (B.8)

as before. Clearly, these equations are T"-invariant. It is also I'(x)-invariant.

Note that the automorphism group I'(x) of x of our Kuranishi structure, which is
a finite group, acts on the source while T” acts on the target. Therefore, it is obvious
that two actions commute.

By definition the obstruction bundle has a T"-action. Moreover, (B.6) is T"-
equivariant. It is fairly obvious from the construction that coordinate changes of the
constructed Kuranishi structure is also 7"-equivariant.

The proof of Proposition B.7 is now complete. O
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Remark B.11

(1) From the above construction, it is easy to see that our 7"-equivariant Kuranishi
structure is compatible with the gluing at the boundary marked points. Under the
embedding

M +1(BD)evy Xev, Mi41(B2) C My 41,(B1 + B2)

the restriction of the Kuranishi structure of the right-hand side coincides with the
fiber product of the Kuranishi structure of the left-hand side. More precisely, we can
construct the system of our Kuranishi structures so that this statement holds: this
Kuranishi structure is constructed inductively over the number of disc components
and the energy of f.

(2) On the other hand, when we construct the 7" -invariant Kuranishi structure in
the way we described above, it may not be compatible with the gluing at the interior
marked point. By the embedding

MA(@) Xx Miir11(B) C Miir(B+ ) (B.9)

the restriction of the Kuranishi structure of the right-hand side may not coincide with
the fiber product of the Kuranishi structure of the left-hand side. This compatibility is
not used in this article and hence is not required (see Remark 11.4, where a similar
point is discussed for the choice of multisections).

However, contrary to the choice of multisections mentioned in Remark 11.4, we
note that it is possible to construct 7" -equivariant Kuranishi structure compatible with
(B.9). Since we do not use this point in the article, we do not elaborate it here.

We next review the multisections (see [FO, Section 3]). Let (V,, Ey, Ty, ¥, so) be
a Kuranishi chart of .#. For x € V,, we consider the fiber E, , of the bundle E,
at x. We take its / copies and consider the direct product E!, . We take the quotient
thereof by the action of symmetric group of order /!, and let ' (E,_,) be the quotient

space. There exists a map tm,, : V’(Ea,x) — Y'"™(E,.), which sends [ay, ..., aq]to
lai,...,a1,...,q,...,q].Asmoothmultisection s of the bundle E, — V,, consists
—_—— ——
m copies m copies

of an open covering | J; U; = V, and s; which maps x € U; to s;(x) € y’i(EW).
They are required to have the following properties.

Condition B.12
(1)  The open set U, is I',-invariant, and the map s; is I',-equivariant. (We note that
there exists an obvious map y : S%(E, ) — S%(E,, ) foreach y € Ty.)
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(2) Ifx € U;NUj, then we have
tmy, (5:(x)) = tmy, (5;(x)) € S (Eey).

(3)  Also, s; is liftable and smooth in the following sense. For each x there exists a
smooth section §; of E, @ - - - @ E, in a neighborhood of x such that
——————

I; times
500 = (5010 -5, M)y s () =sia()s ..o s, (O] (B.10)
We identify two multisections ({U;}, {s;}, {L;}), {U/}, {s/}, {{}) if
g (5i(0)) = tmy, (55(x)) € S (Eugy)

onU; N Ujf. We say that s; ; is a branch of s; in the situation of (B.10).
We next prove the following lemma, which we use in Section 11.

LEMMA B.13

Let M have a T"-action and a T"-equivariant Kuranishi structure. Suppose that the
T"-action on each of the Kuranishi neighborhood is free. Then we can descend the
Kuranishi structure to M | T" in a canonical way.

Proof

Let(V,, Ey, Iy, ¥y, S¢) be a Kuranishi chart. Since the 7" -action on V,, is free, V,, / T"
is a smooth manifold and E,/T" — V,/T" is a vector bundle. Since the I',-action
commutes with the 7"-action, it follows that it acts on this vector bundle. The 7"-
equivariance of s, implies that we have a section 5, of E,,/T" — V,,/T". Moreover,
since ¥ : 5, 1(0) — .# is T"-equivariant, it induces a map 5;1(0) — M/ T". Thus
we obtain a Kuranishi chart. It is easy to define the coordinate changes. O

Definition B.14

In the situation of Lemma B.13, we say that a system of multisections of the Kuranishi
structure of .# is T"-equivariant if it is induced from the multisection of the Kuranishi
structure on .# / T" in an obvious way.

COROLLARY B.15

In the situation of Lemma B. 13, we assume that we have a T" -equivariant multisection
at the boundary of M, which is transversal to zero. Then it extends to a T" -equivariant
multisection of M .
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This is an immediate consequence of [FO, Lemma 3.14], that is, the nonequivariant
version.

C. Smooth correspondence via the zero set of multisection
In this section, we explain the way we use the zero set of multisection to define smooth
correspondence, when appropriate submersive properties are satisfied.

Such a construction is a special case of the techniques of using a continuous
family of multisections and integration along the fiber on their zero sets so that a
smooth correspondence by the space with Kuranishi structure induces a map between
the de Rham complex.

This (more general) technique is not new and is known to some experts. In fact,
[R] and [F3, Section 16] use a similar technique and [FOOO3, Section 7.5], [FOOO02,
Section 33], [F4], and [F5] contain the details of this more general technique.

We explain the special case (namely, the case in which we use a single multisec-
tion) in our situation of toric manifolds for the sake of completeness and the reader’s
convenience.

Let .# be a space with Kuranishi structure and evy : .# — Ly, ev, : M —
L, be strongly continuous smooth maps (here s and ¢ stand for source and target,
respectively). We assume that our smooth manifolds Ly, L, are compact and oriented
without boundary. We also assume that .# has a tangent bundle and is oriented in the
sense of Kuranishi structure.

Suppose that L, has a free and transitive 7"-action and that L, and .# have
T"-action. We assume that the Kuranishi structure on .# is T"-equivariant and that
the maps evy, ev, are T"-equivariant.

Let{(Vy, Es, s, Y4, Sq)} be a T"-equivariant Kuranishi coordinate system (good
coordinate system) of .#. We use Corollary B.15 to find a T"-equivariant (system) of
multisection s, : V, — E, that is transversal to zero.

Let 6, be a smooth differential form of compact support on V,,. We assume that
0y is I'y-invariant. Let f, : V,, — L, be a I',-equivariant submersion. (The I ,-action
on L is trivial.) We next define integration along the fiber:

(Vs Eas Taos Wias 80), S fo), (6a) € QUgberrdimbi—dimtt(

We first fix o. Let (U;, 5,;) be a representative of s, (namely, {U; | i € I} is an
open covering of V,, and s, is represented by s, ; on U;). By the definition of the
multisection, U; is I',-invariant. We may shrink U, if necessary, so that there exists a
lifting 8, ; = (5.i,15 - - - » 8a.iy;) as in (B.10).

Let {x; | i € I} be a partition of unity subordinate to the covering {U; | i € I}.
By replacing y; with its average over I',,, we may assume that x; is I',-invariant.
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We put

5,1 (0) = {x € U;|5as;(x) = 0}. (C.1)
By assumption, 5;1 ;(0) is a smooth manifold. Since the 7"-action on L, is free and
transitive it follows that

eVz,a|§;}>j(0) : 5;}_‘,‘(0) — L; (C.2)

is a submersion.

Definition C.1
We define a differential form on L, by

((V(xa Eau Fav wo(, Sa), Sus eVZ,a)*(Qa)
1 1 I; 1
= #Fa Z 1 Z(th,a)!(X[@alg;b(o))'

i=1 j=

(C.3)

Here (ev, ,), is the integration along the fiber of the smooth submersion (C.2).

LEMMA C.2

The right-hand side of (C.3) depends only on (Vy, Ey, Us,s Yu, Sa), Sa» €V, and O,
but is independent of

(1)  the choice of representatives ({U;}, $4.;) Of $4;

(2)  the partition of unity ¥;.

Proof

The proof is straightforward generalization of the proof of well-definedness of inte-
gration on the manifold, which can be found in any textbook on manifold theory and
is left to the reader. O

So far we have been working on one Kuranishi chart (V,, E,, I'y, ¥, ). We next
describe the compatibility conditions of multisections for various «. During the con-
struction, we need to shrink V,, slightly several times; we do not explicitly mention
this point henceforth.

Let o < ap. For a; < a3, we take the normal bundle Ny, , Vo, of ¢u, o, (Va, o)
in V,,. We use an appropriate I',-invariant Riemannian metric on V,, to define the
exponential map

Exp,, o, : BNy,

g,

Voy = Vi (C4)

(Here B:Ny,,, Vo, is the e-neighborhood of the zero section of Ny,

g,y

Vear)
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Using Exp,, ,,, we identify B, Ny, ,
denote it by Uc(Vy,.0,/Ta,)-
Using the projection

. Vo, /T, to an open subset of V,, /Iy, and

PI'V

e

: Ué(Vazyal/Fal) - VO‘Zval/FD‘l

we extend the orbibundle E, to Uc(Vy, .o, /Tw,). Also we extend the embedding
Ey, = @} o Ea,» (Which is induced by @, o,) 10 Uc (Vi 0, /Tr))-

We fix a [',-invariant inner product of the bundles E,. We then have a bundle
isomorphism

~ @o o EDQ
Ey, =E, & —— (C.5)
E,,

on Ue(Ve,.a,/ Ta,). We can use Condition B.3 to modify Exp,, , in (C.4) so that the
following is satisfied.

Condition C.3
If y = Exp,, 4,(9) € Uc(Viy.0,/Ta)), then

dsy,(¥y mod TV,)=s,(y) mod E,,. (C.6)

Let us explain the notation of (C.6). We note that y € T, , ) Ve, for x = Pr(y) €
V.o, - Hence

T%Z o (%) Vaz

¥y modTV,, €
TX VC(]
Therefore,

(Eay)guy ()
(Eotl ).)C

Note that (C.6) claims that it coincides with s,, modulo (Ey, ).
We note that Condition B.3 implies that

dse,(¥ mod TV,,) €

Ty, o ) Ve (Eay)gy, o (x
[7] = dsq, (5 mod TV,,): brom @ To2 2y )
TV, (Eo)x

is an isomorphism. Therefore, we can use the implicit function theorem to modify
Exp,, 4, so that Condition C.3 holds.
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Definition C.4
A multisection §,, of V,, is said to be compatible with s, if the following holds for
CaCh y = Expaz,m (5}) € US(VOQ,OH /Fotl):

50,(y) = 5, (Pr()) ® dse,(§ mod TV,,)). (C.7)

We note that s, (w, Pr(¥)) is a multisection of 7 E,, and ds,,(y mod TV,,) is a
(single-valued) section. Therefore, via the isomorphism (C.5), the right-hand side of
(C.7) defines an element of 5””(Ea2)x (x = Pr(¥)), and hence it is regarded as a
multisection of 7% E,,. In other words, we omit @y, 4, in (C.7).

We next choose a partition of unity y, subordinate to our Kuranishi charts. To de-
fine the notion of partition of unity, we need some notation. Let Pry, o, : Ny, , Vo, —
V., be the projection. We fix a I'y, -invariant positive definite metric of Ny, , Va,.

Ve, = [0, 00) be the norm with respect to this metric. We

and we let ry, 4, © Ny,
fix a sufficiently small §, and we let x° : R — [0, 1] be a smooth function such that

)

@),y

0 >3,

s —
X(”_{l t<8/2.

Let Us(Va, .o,/ T'a,) be the image of the exponential map. In other words,
Us(Vay.a/ Toy) = {Exp(v) |v € Ny, Vo, / T | Fera (V) < 8.

We push out our function 7y, 4, t0 Us(V,, ,/ I's,) and denote it by the same symbol.
We call o, o, a tubular distance function. We require r, 4, to satisfy the compatibility
conditions for various tubular neighborhoods and tubular distance functions, which
are formulated in [Ma, Sections 5, 6].

Let x € V,. We put

le,-&- = {O[+ | X € Vot+,aa ap > O[}’
Ao ={o_ |[x mod Tyl € Us(Voo /T ), - <}

For o_ € 2, _, we take x,,_ such that Exp(x,_) = x.

Definition C.5
A system {x, | @ € 2} of I'y-equivariant smooth functions yx, : V, — [0, 1] of
compact support is said to be a partition of unity subordinate to our Kuranishi chart if

Xot(x) + Z Xa(ra,a,(xa,))Xa, (Pra,ot,(xot,)) + Z Koy (‘Pa+,a(x)) =1.

a_eAy - VAR,
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LEMMA C.6
There exists a partition of unity subordinate to our Kuranishi chart. We may choose
them so that they are T"-equivariant.

Proof

We may assume that 2l is a finite set since .# is compact. By shrinking V,, if necessary,
we may assume that there exists V~ such that V~ is a relatively compact subset of
V. and that E,, ¢4, «,, S«, and so forth restricted to V still defines a good coordinate
system. We take a I',-invariant smooth function x,, on V,,, which has compact support
and satisfies x, = 1 on V. We define

ha() = X0+ Y X (raa o)) Xe (Proa (e )+ D X (P a))-

a_ €Uy - oAy 4

Using compatibility of tubular neighborhoods and tubular distance functions, we can
show that A, is I',-invariant and that

hotz ((paz,al ()C)) = hoq (X)

if x € Vq, q,. Therefore,

Xa(X) = Xo(x)/ ha(x)

has the required properties. |

Now we consider the situation we start with; namely, we have two strongly continuous
T"-equivariant smooth maps

ev, : M — Ly, ev, : M — L,

and ev, is weakly submersive. (In fact, T"-action on L, is transitive and free.)

Let a differential form 4 on L, be given. We choose a 7"-equivariant good
coordinate system {(V,, Ey, [y, ¥y, s,)} of # and a T"-equivariant multisection
represented by {s,,} in this Kuranishi chart. Assume that the multisection is transversal
to zero.

We also choose a partition of unity {,} subordinate to our Kuranishi chart. Then
we put

00( = Xa(evs,ot)*hv (C8)

which is a differential form on V.
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Definition C.7
Define

(M3eve, v )u(h) = 3 ((Vie: Tas Eais Vi 50). e V1) (0). (C.9)

o

This is a smooth differential form on L,. It is T"-equivariant if & is T"-equivariant.

Remark C.8

D Actually, the right-hand side of (C.9) depends on the choice of
(Va, Eo, Ty, Yo, Sa), 5. We write § to demonstrate this choice and write
(M evg, evy, 5).(h).

(2)  The right-hand side of (C.9) is independent of the choice of partition of unity.
The proof is similar to the well-definedness of integration on manifolds.

In case .# has a boundary d.#, the choices (V,, E4, ['y, ¥, S¢), S, On .# induce one
for 0.4 . We then have the following.

LEMMA C.9 (Stokes’s theorem)
We have

d((Mevy, evy, 8).(h)) = (M3 evs, evy, 8),(dh) + (0.4 evs, evy, 8),(h). (C.10)
We discuss the sign at the end of this section.

Proof

Using the partition of unity ¥, it suffices to consider the case when .# has only one
Kuranishi chart V,,. We use the open covering U; of V,, and the partition of unity again
to see that we need only to study on one U;. In that case, (C.10) is immediate from
the usual Stokes’s formula. O

We next discuss composition of smooth correspondences. We consider the following
situation. Let

eVt My —> Ly, Vit My —> Ly
be as before such that 7" -action on L, is free and transitive. Let

€Vyys  Mys —> Ly, Vs Mrs = Ly
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be a similar diagram such that 7" on L; is free and transitive. Using the fact that ev.,
is weakly submersive, we define the fiber product

M rs ey, Xevyy Mst

as a space with Kuranishi structure. We write it as .#,,. We have a diagram of strongly
continuous smooth maps

eV, o My — Ly, eVyyy o My —> L.

We next make choices s*, ™ for .#; and .4 ,. It is easy to see that it determines
a choice "' for M ,,.
Now we have the following.

LEMMA C.10 (Composition formula)
We have the following formula for each differential form h on L,.

(M 115€Vr1, €V, 5”)*(//1)

(C.1D
= ((M y15 V351, Vps51, 8 )i O (M rg3 Vg, @Vgips, 87°),) ().
Proof
Using a partition of unity it suffices to study locally on .#,,, .. In that case it
suffices to consider the case of usual manifold, which is well known. O

Finally, we discuss the signs in Lemmas C.9 and C.10. It is rather cumbersome to
fix appropriate sign conventions and show those lemmas with signs. So, instead,
we use the trick of [FOOQO3, Section 8.10.3] and [FOOO2, Section 53.3] (see also
[F5, Section 13]) to reduce the orientation problem to the case already discussed in
[FOOQ3, Chapter 8] and [FOOO?2, Chapter 9], as follows.

The correspondence h +— (.4 ;evy, ev,, 5).(h) extends to the currents s that
satisfy appropriate transversality properties about its wave-front set (see [Hm]). We
can also represent the smooth form 4 by an appropriate average (with respect to certain
smooth measure) of a family of currents realized by smooth singular chains. So, as
far as sign concerns, it suffices to consider a current realized by a smooth singular
chain. Then the right-hand side of (C.3) turns out to be a current realized by a smooth
singular chain which is obtained from a smooth singular chain on L, by a transversal
smooth correspondence. In fact, we may assume that all the fiber products appearing
here are transversal, since it suffices to discuss the sign in the generic case. Thus the
problem reduces to finding a sign convention (and orientation) for the correspondence
of the singular chains by a smooth manifold. In the situation of our application, such
sign convention (singular homology version) was determined and analyzed in detail in
[FOOO3, Chapter 8] and [FOOO2, Chapter 9]. Especially, existence of an appropriate
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orientation that is consistent with the sign appearing in A, formulas and so forth was
proved there. Therefore, we can prove that there is a sign (orientation) convention
which induces all the formulas we need with sign, in our de Rham version, as well
(see [FOOO3, Section 8.10.3] and [FOOO?2, Section 53.3] or [F5, Section 13] for the
details).
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