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Integral representation for functionals
defined on SBDP in dimension two

March 19, 2021

Sergio Conti', Matteo Focardi?, and Flaviana Iurlano!

U Institut fiir Angewandte Mathematik, Universitit Bonn
53115 Bonn, Germany

2 DiMal, Universita di Firenze
50134 Firenze, Italy

We prove an integral representation result for functionals
with growth conditions which give coercivity on the space
SBDr(Q), for Q@ C R?* a bounded open Lipschitz set, p €
(1,00). The space SBDP? of functions whose distributional
strain is the sum of an L? part and a bounded measure sup-
ported on a set of finite H#!-dimensional measure appears nat-
urally in the study of fracture and damage models. Our result
is based on the construction of a local approximation by W1»
functions. We also obtain a generalization of Korn’s inequal-
ity in the SBDP setting.

1 Introduction

The direct methods of I'-convergence are of paramount importance in study-
ing variational limits and relaxation problems since their introduction in the
seminal paper by Dal Maso and Modica [30]. They focus on the study of ab-
stract limiting functionals F(u, A), obtained for instance using I'-convergence
arguments; one key ingredient is the proof of an integral representation for
F(u, A). Here u : Q — R¥ is an element of a suitable function space 2 (£2),
and A runs in the class A(2) of open subsets of a given open set 2 C R". The
notion of variational functional is at the heart of the matter: F, regarded as
depending on the couple (u, A) € Z°(2) x A(2), has to satisfy suitable lower
semicontinuity, locality and measure theoretic properties (for more details
see properties (i)-(iii) in Theorem 1.1). The specific growth conditions of the
functional determine the natural functional space in which the function u
lies. Under these assumptions F'(u, A) can be written as an integral over the
domain of integration A with respect to a suitable measure. The integrands
may depend on z, u(z) and Vu(x), and possibly on other local quantities
of u, such as higher order or distributional derivatives. Furthermore, as first
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shown in some cases in [31] and then generalized in [12], the corresponding
energy densities can be characterized in terms of cell formulas, i.e. asymptotic
Dirichlet problems on small cubes or balls involving F' itself, with boundary
data depending on the local properties of w.

Integral representation results have been obtained in several contexts with
increasing generality: starting with the pioneering contribution by De Giorgi
for limits of area-type integrals [32], it has been extended to functionals
defined first on Sobolev spaces in [44, 17, 14, 16, 15] and on the space of
functions with Bounded Variation in [27, 10], and then to energies defined on
partitions in [2] and on the subspace SBV in [13] (we refer to [15, 28, 12, 11]
for a more exhaustive list of references). The global method for relaxation
introduced and developed in [12, 11] provides a general approach that unifies
and extends the quoted results.

In this paper we address the integral representation of functionals defined
on the subspace SBDP(2) of the space BD({2) in the two dimensional setting.
The space of functions of bounded deformation BD(f) is characterized by
the fact that the symmetric part of the distributional gradient Fu := (Du +
Du®)/2 of u € L*(©,R™) is a bounded Radon measure, namely

BD(Q) == {u € L} (4 R") : Bu € M(; R},

sym

where 2 C R™ is an open set, see [45, 46, 4]. BD and its subspaces SBD and
SBDP constitute the natural setting for the study of plasticity, damage and
fracture models in a geometrically linear framework [45, 46, 48, 6, 38, 24]. In
particular, SBD?, p € [1,00), is the set of BD functions such that the strain
Eu can be written as the sum of an absolutely continuous measure with
respect to £ Q, with density e(u) in LP(Q, R"*™), and a singular measure
concentrated on the set J, of jump points of u, that is (n — 1)-rectifiable and
with finite H" !-measure, see [9, 18, 19, 21]. We recall that each function
u € BD(Q2) has an approximate gradient Vu(x) for £L"-a.e. z € €, and that
the density e(u) is exactly its symmetrized part (see [4, Theorem 7.4]).

For functionals with linear growth defined on SBD an integral represen-
tation result was obtained by Ebobisse and Toader [34]. These functionals,
however, lack coercivity on the relevant space. Integral representation for
functionals defined on BD was studied in [8], lower semicontinuity and re-
laxation in [43]. The situation of functionals defined on SBDP and with
corresponding growth properties is open. We give here a solution in two
dimensions.

Theorem 1.1. Let Q C R? be a bounded open Lipschitz set, p € (1,00),
F :SBDP(Q) x B(2) — [0,00) be such that

(i) F(u,-) is a Borel measure for any u € SBDP(Q);
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(ii) F(-, A) is lower semicontinuous with respect to the strong L'(Q,R?)-
convergence for any open set A C €;

(111) F(-, A) is local for any open set A C Q, in the sense that if u,v €
SBDP(Q) obey u=v L?-a.e. in A, then F(u,A) = F(v, A);

(iv) There are o, 5 > 0 such that for any u € SBDP(Q2), any B € B(Q),
oz(/B le(u)|Pdx + /J mB(l + |[u])dH') < F(u, B)
<3 et + 0de+ [ (4 [l (1)

JuNB

Then there are two Borel functions f : Q x R? x R¥? — [0,00) and g :
QO x R? x R?* x S' — [0,00) such that

F(u, B) :/Bf(x,u(x),Vu(x))dx—i—/Bm g(x,u™ (2), ut (z), v,(z))dH" .
' (1.2)

Above and throughout the paper we will refer to the book [5] and to
the papers [4, 9] for the notation and results about BV and BD spaces,
respectively. In particular, B(€) is the family of Borel subsets of €.

The proof of Theorem 1.1, which is given in Section 4, follows the general
strategy introduced in [12, 11]. Their approach was based on a Poincaré-type
inequality in SBV by De Giorgi, Carriero and Leaci, which is not known in
SBDP (see [5]). Our main new ingredient is the construction of an approx-
imation by WP functions, discussed in Section 3, which permits to bypass
the De Giorgi-Carriero-Leaci inequality. The approximation is done so that
the function is only modified outside a countable set of balls with small area
and perimeter. In each ball, we give a construction of a WP extension
for the SBDP function by constructing a finite-element approximation on a
countable mesh, which is chosen depending on the function u, see Section 2.

Our WP approximation result also leads naturally to the proof of the
following variant of Korn’s inequality for SBDP functions.

Theorem 1.2. Let Q C R? be a connected, bounded, open Lipschitz set and
let p € (1,00). Then there exists a constant ¢, depending on p and ), with the
following property: for every uw € SBDP(QQ) there exist a set w C Q of finite
perimeter, with H'(0w) < ¢H'(J,), and an affine function a(z) = Az + b,
with A € R**? skew-symmetric and b € R?, such that

[ — all pr@wre) < clle(u)|| Lo rzx2),
HVU - A||LP(Q\W,R2X2) S C||€(u)”LP(Q7R2X2).
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This improves a result of [36] to the sharp exponent. Variants of the
first inequality were first obtained in [20, 35]. Another consequence of the
approximation discussed in Section 3 is the possibility to prove existence of
minimizers for Griffith’s fracture functional in two dimensions, which will be
discussed elsewhere [23].

2 Approximation of SBD? functions with small
jump set

In this Section we prove the following approximation result.

Theorem 2.1. Letn =2, p € [1,00). There existn > 0 and ¢ > 0 such that
if J € B(Bsy,), for some r > 0, satisfies

HY(J) < 2rn, (2.1)

then there ezists R € (r,2r) for which the following holds: for every u €
SBDP(By,.) with H'(J, N By, \ J) = 0 there exist ¢(u) € SBDP(Ba,.) N
WP (Br,R?) such that

(i) H'(J,NOBg) = 0;

(i1) le(d(u))|%dx < 6/ le(u)|%dx, for every q € [1,p|;

Bgr Br
(i) s — (u) 12 3ty < CRIEw|(B);
(iv) u= ¢(u) on By \ Br, H'(Jsw) NOBg) = 0;
(v) if w € L>(By,, R?), then [|¢(u)|| (s, r2) < [l oo By, 72)-

Proof. We follow an idea of [26, 25], which we first summarize. The basic
strategy is to construct a triangular grid, see Figure 1, which refines towards
the boundary of By, and to define ¢(u) as the piecewise linear interpolation
of the values of u at the grid nodes. If the grid nodes are chosen appropriately,
in the sense of having values of u close to the local average, ¢(u) turns out
to be close to u. Further, the choice of the grid nodes can be done in such a
way that all grid segments do not intersect the jump set of u, and that the
average of |e(u)| along the segment is not significantly larger than its average
in a neighborhood of the segment. In turn, this implies that e(¢(u)), which
is constant in each triangle, can be estimated by the average of |e(u)| in a
neighborhood of the triangle itself, leading — after summing over all triangles
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— to the desired W1 estimate for ¢(u). The critical point is the construction
of the grid, which is obtained by iteratively choosing the vertices, after having
globally selected the radius R in such a way that the density of the jump set
around 0Bp is controlled on any scale.

For some 1 > 0 chosen below, given r > 0 and a Borel set J € B(By,)
with H(J) < 2rn, we first claim, following [26, Lemma 4.3], that there exists
R € (r,2r) such that for §; := R27* we have

H'(JNOBg) =0, (2.2)
HY(J N (Bg\ Br_s,)) < 10ndy, for every k € N. (2.3)

To prove this, we first observe that (2.2) holds for all but countably many R,
therefore it suffices to show that the set of R € (r,2r) for which (2.3) holds
has positive measure. We consider the family of intervals

{[R =6, R : H'(J N (Br\ Br_s,)) > 1006}

and we define I as the union of all intervals of the family, with R € (r, 2r),
k € N. By Vitali’s covering theorem, there exists a countable set (R;, k;)ien
such that the corresponding intervals [R; — dx,, R;] are pairwise disjoint and
five times their total measure is greater than or equal to the measure of I,
5% ien Ok = LY(I). Therefore by (2.1) we obtain

2rn > H'(J N By) > Y H'(JN(Bg, \ Br—s,,)) > Y 1006, > 2nL(I).

1€N ieN

Since the first inequality is strict, we conclude that £'(I) < r and therefore
there is R € (r,2r) \ I such that (2.2) holds. Since R ¢ I, by the definition
of I we obtain H'(J N (Bgr\ Br_s,)) < 10nd;} for all k € N. Therefore (2.3)
holds as well. The value of R is fixed for the rest of the proof.

Let u € SBDP(By,) be such that H'(Ba, N J, \ J) = 0. From (2.2) we
deduce that (i) holds. We define Ry, := R—Jj, and Ty, ; := Ry(cos %, sin 22%),
j=1,...,2%. We say that Tj; and Ty ; are neighbors if either k = &’ and
j = j' £ 1, working modulo 2%, or (up to a permutation) & = k&’ + 1 and
j € {25 —1,24',25' + 1}, again modulo 2*. Connecting all neighbors we
obtain a decomposition of By into countably many triangles, whose angles
are uniformly bounded away from 0 and 7, see Figure 1.

We will construct ¢(u) as a linear interpolation on a triangulation whose
vertices are slight modifications of 7, ;. Following the idea of [25, Proposition
2.2], we next show how to construct the modified triangulation. We start
off considering two neighboring points T and ¥ in {Zy; } 1 j, connected by the

segment Sz C ERk-H\BRk—l for some k, and notice that ¢;0, < [T—7| < 26
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Figure 1: Sketch of the construction of the grid in the proof of Theorem 2.1.

for some ¢; € (0,1), ¢ > 1 independent from k. Let a := ¢;/(8¢2) and
consider the convex envelope

Oz 7 = conv (B(Z, ady,) U B(y, ady)). (2.4)

Let azy denote the infinitesimal rigid movement appearing in the Poincaré’s
inequality for u on the set

Qzy = {§ € Br : dist(§, Sz5) < [T —7|/(8c2)},

so that ||u — azgllL1(@. w2 < | Bul(Qzy); since the sets Qzy all have the
same shape the constant is universal.

We will now choose points (z,y) € B(Z, adx)x B(Y, ady) such that u does
not jump on the segment S, joining them, and such that the longitudinal

component has a controlled derivative. To make this precise, we define by
12

u’(t) := u(z + tv) - v the slice of u along the line of direction
r—y
Vi= ————, 2.5
'l 25
and passing through
z:=(Id—v®v)r € Rv-n(z+Ry) (2.6)

where Ry is the linear space orthogonal to v, see Figure 2. We denote by
Szy C R the segment defined by z + s, ,v = S, ,. Given ¥ € (0,1), we will
prove that for n sufficiently small and ¢ sufficiently large, depending only on

¥, there exists a subset F' C B(T, ady) x B(y, ady) with %‘2@ < ¥, such

that for every (x,y) ¢ F the one-dimensional section u” has the following
properties:
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Figure 2: Slice along the line of direction v = (x —y)/|z — y| passing through
z in the proof of Theorem 2.1.

(P1) u? € SBV (s44);
(P2) HO(Jur) =0, so that u? € W (s,,);

(P3) / VYt < _/ u)|da

c
(P4) [u(§) — az5(8)| < 5—|Eu|( zg), for & =z,y;
(P5) x and y are Lebesgue points of u.

The proof of (P1)-(P4) is based on the properties of slicing of SBD
functions; (P5) obviously holds for almost all choices. We recall that by [4,
Theorem 4.5] for any fixed v € S* the following holds: there is an H'-null set
N, C Rut such that for all z € Ryt \ N, the section u” is in SBV (s), where
s C Ris the set of t € R such that z4tv € Oz, the jump set of u” coincides
almost everywhere with the section of the jump set of u (intersected with
the set of points where [u] - v # 0), and its distributional derivative obeys
Vul(t) = v-e(u)(z + tv)v for almost every t € s.

We now show that for almost every pair (z,y) € B* := B(T, ady) X B(7, ady)
property (P1) holds. To see this, consider the change of variables given by
x = z+tv, y = z+t'v, corresponding to the map ¢ (z, v, t, t') := (z+tv, z+t'v).
This is a locally Lipschitz map from R? x R? x R x R to R*. Let M :=
{(z,v,t,;t') € RS : v € S' 2 € N,} denote the exceptional set. By Fubini’s
theorem and H!'(N,) = 0 for all v one obtains H*(M) = 0, and since 1 is
locally Lipschitz the set F} := (M) is also a H*null set. Therefore for
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almost every choice of (z,y) € B* the above slicing properties, including in
particular ¥ € SBV (s), hold and (P1) is proven.

In order to obtain property (P2) we first define the measure p,, =
HOL(Ju N syy) and we observe that, by the change of variables y = z + tv,

/ P,z (S2,y)dx dy
B(E,aék)xB(y,adk)

— / / / XB(G,a0) (@ + 1) 2 (Sp zren )t dE dHl(u) dx .
B(z,0k) stJo

We observe that, since o < 1 and |T — 7| < 20y, the characteristic function
vanishes for ¢t > 3c¢y0y,. For any fixed z € B(T,ad;) and v € S, we define z
as in (2.6) and (Oz5)% C R as the set of ¢ such that z+tv € Oz, so that, by
convexity of the latter set, s, ;14 C (Ozz) for all ¢ for which xp@g ae,) (@ +
tv) # 0. Therefore the integral in ¢ can be estimated by c¢dzu((Ozz)%), and

/ poalsdody <ot [ [ u((0sp)) dn i),
B(Z,adk ) x B(y,ady) St B(z,0dk)
(2.7)

By Fubini’s theorem the last term in the previous inequality is less than or
equal to

[ W) [ (0 () < ulOsp) (28)

where g := H'L(J, N Oz3). Now (2.3) implies
/ HO (Jur N 84y )dz dy < cbpm, (2.9)
B(E,a&k)xB@,acsk)

and hence the set F5 of points (z,y) for which H(J,v N s,,) > 1/2 satisfies

% < 19/16, for n small enough. This proves property (P2). Note that

this is the only step which requires the hypothesis on the dimension n = 2.
In order to prove (P3), for (z,y) € B(T, ady)xB(y, ady) \ (F1 U Fy) we

repeat the argument in (2.7) and (2.8) above redefining
foz = [D(u7)].

By the previous steps the function u” belongs to W'(s), and by the proper-
ties of slicing its weak derivative obeys Vu?(t) = v - e(u)(z + tv)v for almost
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every t € s. Repeating the same procedure as above we find that for (z,y)
out of a small (in the previous sense) set F3 one has

D) < - [ et (2.10)

k

for ¢ large enough.

Analogously property (P4) can be derived. From the argument above it
is straightforward that for many points = € B(T, ady), still in the sense of a
large ¥-fraction of B(Z, ady), there are many points y € B(¥y, ady) for which

(z,y) ¢ F.

Let us construct now the modified grid with an iterative process (see
also [25, Proposition 3.4]). We will use the notation B; to indicate the balls
B(Ty;, ad), lexicographically ordered.

We start by fixing a point x¢ € By for which there are many good choices
in each neighboring ball. This means that for any neighbor ¥y of xq, the
set of y € B(y,ady) such that (zo,y) does not have properties (P1)—(P4)
has measure smaller than ¥£?(Bas,). We next select x; € B; among the
points which are good choices for xy and which have many good choices in
each neighboring subsequent ball B;, 1 > 2. Iterating the process, the point
Tm € B, will be taken among the good choices for the neighboring previously
fixed z;, © < m, and with the property that have many good choices in the
neighboring subsequent B;, @« > m. Since each ball can have at most seven
neighbors, at each step we select x,, avoiding just a small subset of B,,.

We call S the set of points obtained by this process and we construct
a new triangulation, with x,y neighbors if and only if Z, ¢ are neighbors.
Notice that again

10 < |z —y| < by, (2.11)

for every couple of neighboring points z,y, with the same £ as for the corre-
sponding reference points = and 7, and suitable ¢1, ¢y > 0 independent from
k. We finally define ¢(u) as the linear interpolation between the values of
u(z), x € S on each triangle of the triangulation.

Fixed a triangle T" and any couple of its vertices x,y, we compute a
component of the constant matrix e(¢(u)) on T' by

|z — 9 ‘

where v and z are defined in (2.5) and (2.6). We used the fact that u and
d(u) agree on x and y and that u is W' (s,,) by the choice of z and y. By
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(2.12), (2.11), and property (P3) above it follows

le(é(w))w - v| < (;2 /& le(u)|da,

.y

where Oz is defined in (2.4). We recall that here and henceforth ¢ can
possibly change. Letting v vary among the directions of the sides of T', we
obtain a control on the whole |e(¢(u))| thanks to (2.11)

)] < 55 [ lefulds (2.13)

where Cr denotes the convex envelope
Cr := conv (UB(Z, ady))

and the union is taken over the three vertices T in the old triangulation
corresponding to the three vertices of T. We remark that B(Z, ady) C Bg,,, \
Bp,_, for all T € 0Bg,, therefore there is a universal ¢ > 0 such that any
x € Bp is contained in at most ¢ of the Cr.

We are ready to prove property (ii). By Jensen’s inequality and (2.13)
we have for 1 < ¢ < p (changing again the value of ¢)

e(w)da’)’
< E/CT le(u)|?dz’, (2.14)

| Ietotuniras’ = cDetor < eccn(f

Cr

and finally summing up on all triangles T" we get the conclusion.
In order to prove properties (iii) and (iv) we estimate

/|u— u)|dx’ </|u az.glda’ +/|axy u)|da, (2.15)

where T is again a triangle of the modified triangulation with vertices x, v, z,
while 7, ¥, Z denote the three corresponding vertices of the old triangulation,
azy is the infinitesimal rigid motion appearing in the Poincaré’s inequality
for w on Qz5 (see item (P4) above).

Let us study first the second term in (2.15). Since azy — ¢(u) is affine, it
achieves its maximum on a vertex & of T, therefore

/T lazg — d(u)lda’ < cdilazg(§) — ¢(w)(€)] = cdilazz (&) — u(8)]-
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Notice that if £ = 2z then by taking into account that azz, azy are affine and
item (P4) above we find

Splazg(€) — u(€)| < 0¢lazg(€) — aze(E)] + Oilaze(€) — u(é))
lu — az5(&)|dx" + c/ lu — az¢(§)|da’ + co| Eul(Qz¢)
Qz.e

<[ ang — aselde’ + el Eul(@s)
B(E,a&k)
<c /
Qz
< eyl Eu|(Qzy) + ¢y Eul(Qze) < cop|Eul(Qr), (2.16)
where Qr = Qz7 U Qzz U Qzz. Instead, if £ € {z,y} we may directly apply
item (P4).
For what the first term in (2.15) is concerned we first use Poincaré’s
inequality on T, obtaining for a rigid motion ar that |[u — arp|[z1(rre) <

co|Eu|(T). Since the angles of T' are uniformly controlled the constant is
universal. We then estimate as follows:

/|u—ax,y|dx/g/|u—aT|dx'+/|ax,y—aT|dx/gcakyEu|<T). (2.17)
T T T

By (2.15)-(2.17), we conclude

U

/T|u — ¢(u)|dz" < cop|Eul(T), (2.18)

Finally summing up over 7" we obtain property (iii).

We prove now property (iv), property (v) holding true by (P5) and con-
vexity of the Euclidean norm. We define ¢(u) := u outside By and know that
d(u) € WHP(Bgr,R*)NSBD(By,). It remains to prove that the traces on 9Br
coincide, or, equivalently, that H'(Js) NOBr) = 0. Let ¢, € C°°(Bpg, [0, 1])
be such that ¢, = 0 on Bg,, ¥» = 1 in a neighborhood of dBp, and
V| < ¢/6k. We define vy := (u — ¢(u))ihp € SBD(Bg) and we prove that
v, — 0 strongly in BD, this implying in turn vg|sp, — 0 in L'(9Bg,R?) in
the sense of traces and therefore property (iv). Clearly

/ log|dx < / lu — ¢(u)|de — 0
Br BRr\Bg,,

by the dominated convergence theorem. Finally, using (2.18) and the fact
that the triangles have finite overlap,

|Evil(Br) < IE(U—cb(U))I(BR\BRkHé—i/B\B u = ¢(u)|dx

< E(u—¢(u))|(Br \ Br,)-
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Since Bp is open, by monotonicity the last term tends to 0 and this concludes
the proof of property (iv).
The thesis follows choosing 1 and ¢ such that (2.9), (2.10), and (2.14)
hold.
O

3 Regularity of SBD? functions with small
jump set

We first discuss how SBDP functions can be approximated by W» functions
locally away from the jump set (Section 3.1), and then how they can be
approximated by piecewise WP functions around the jump set (Section 3.3).
Our approximation result also leads to the Korn inequality stated in Theorem
1.2. The key ingredient for all these results is the construction of Theorem
2.1. Throughout the section n € (0, 1) will be the constant from Theorem 2.1
and n = 2.

3.1 Approximation of SBD? functions with W1!? func-
tions

We will show that the construction of Theorem 2.1, using a suitable covering
argument, permits to approximate SBDP functions by W' functions which
coincide away from a small neighborhood of the jump set. The neighborhood
is the union of countably many balls, such that each of them contains an
amount of jump set proportional to the radius. Before discussing the covering
argument in Proposition 3.2, we show that (away from the boundary) almost
any point of the jump set is the center of a ball with the appropriate density.

Lemma 3.1. Let s € (0,1). Let J € B(Bsy,), for some p > 0, be such that
HY(J) < n(l — s)p. Then for H'-a.e. x € J N Ba, there exists a radius
r. € (0, (1 — s)p) such that

H'(JN OB, (x)) =0, (3.1)
nry < H! (J N Brz(x)) < Hl(Jﬂ Bzrz(x)) < 2N7y. (3.2)

Proof. We fix x € JNBas,, choose A, € (p, 2p) such that H' (JNIBa. o+ (7)) =
0 for all £ € N, and define

ry = max{X/2* : k € N, Hl(J N Bax, jor (35)) > U)\xzik}-
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The set is nonempty for H!-almost every x because n < 1. The estimates
(3.2) hold by definition. To conclude that r, < (1 —s)p it is enough to notice
that the opposite inequality would give the ensuing contradiction

H'(J) > H (I N B, (2) > nre > (1= s)np > H(J).
O

We are now ready to prove the main result of the section via a covering
argument, Lemma 3.1, and Theorem 2.1.

Proposition 3.2. Let p € (1,00), n = 2. There exists a universal constant
¢ > 0 such that if w € SBDP(Bs,), p > 0, satisfies

H' (J.N Byy) <n(1—s)p

forn € (0,1) as in Theorem 2.1 and some s € (0,1), then there is a countable
family F = {B} of closed balls of radius rg < 2(1—s)p, such that their union
is compactly contained in Bsy,, and a field w € SBDP(B,,) such that

(i) p7 27 L2(B) + X5 H'(OB) <y H! (Ju 0 Byy);
(ii) H'(J, N UzOB) = H'((J, N Bay,) \ UrB) = 0;
(iii) w=u L2-a.e. on By, \ UzrB;
(iv) w € WP(Bagy, R?) and H(Jy \ Ju) = 0;
(v)
AﬂymwmmsC/’|dwmm; (33)

UrB
(vi) lu—w||p(prey < crp|Eu|(B), for every B € F;
(vii) if, additionally, u € L°°(Ba,, R?) then w € L>(Ba,, R?) with
[l oo (Bapr2) < [Jtl| oo By, m2)-
Before giving the proof we show an immediate consequence of this result.

Corollary 3.3. Under the same assumptions and notation of Proposition
3.2, there is an affine map a : R? — R? such that

/ Vi — VaPdz < ¢(p) / le(u)Pde (3.4)
Basp\w Bs,
and
/’ ju—aPrdz < e(p)? [ Je(u)Pdr, (3.5)
Basp\w Bs,

where w := UrB.
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Proof. By Korn’s inequality applied to w on the ball By, there is a skew-
symmetric matrix A such that

/ Vw — APPdx < c(p)/ le(w)[Pdz,
B25p

BQSp

and by Poincaré’s inequality applied to x — w(z) — Az on the same domain
there is d € R? such that

/ lw(x) — Az — d]Pdz < c(p)p” Vw — AlPdz.
BQsp

BQSp

To conclude the proof we define a(z) := Az + d and for the left-hand side
observe that w = u, Vw = Vu on By, \ UrB (more precisely Vu = Vw
L" a.e. on {u = w} by [5, Proposition 3.73]), and instead use (v) from
Proposition 3.2 to estimate the right-hand side. ]

Proof of Proposition 3.2. By Lemma 3.1 we find a family F’ of open balls
covering H'-a.e. J, N Bag, that satisfies (3.1) and (3.2). Since the inequality
H'(J N OB,,(x)) = 0 is strict, we can further assume that they are all
contained in By, for some p’ < p. Setting J = J,, to every B € F' we
associate a new ball B* C B with the properties (i)-(v) of Theorem 2.1. Let
F* be the family of the new balls B*, this is still a cover of J. Further, the
balls B* can be taken to be closed. By the Besicovitch covering theorem
[5, Theorem 2.17] there are £ countable subfamilies F; = { B }ien of disjoint
balls. Therefore, setting F := U§:1.7-"J’. we have H'((J, N Ba,,) \ UrB) = 0.
In addition, by (3.1) the first condition in item (ii) is satisfied as well, so that
(ii) is established. Furthermore,

Z H'(OB) =27 Z B (3;) 2 Z H'(J, N B)

BeF BeF BeF

2 2
<€ H! (Ju N Uper B) < € H! (Jun By).

The volume estimate follows since rg < p implies Zr% < p> rg. We
remark that a quadratic volume estimate also follows by > 7% < (3 rg)%

Let ¢(u) be the function given by Theorem 2.1 on the balls of the first
family F] and define for every h € N a function

U otherwise

w%:{ww Bi.i<h
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such that w} € SBDP(By,), wl € W'P(U,<;, Bi; R?) with w} = u L%a.e. on
By \ Ui By and H'(Jyn \ J,) = 0. In addition by item (i) in Theorem 2.1

| letwhipdo= [ je@ypds [ e(w)P da

Ba, U;<pBi Bap\Uj<p Bl

< 5/ le(u)|P dx —I—/ le(u)|P de < (1+ é)/ le(u)|P dz, (3.6)
UighBiL BQp\UiShBi B

2p

and
Bull(Ba) < |Bul(Boy\UinB) ¢ [ fe(wde
Ui<n B}
Moreover, recalling that the Bi’s are disjoint and that wl™! = on B!, item
(iii) in Theorem 2.1 gives
lwi = w1 (Boym2) = lwi = ullpprge) < cp|Eul(BY),

in turn implying that for all A > k > 1

h

[w} — Wl (mym) < D llwh — wi™ | pasrmey < p|Bul( Urncicn BY).
i=k+1

Thus, w} — wy in L'(Bay,; R?) with

wy = .

u otherwise.

The BD compactness theorem then yields that w; € BD(By,). In turn, by
(3.6) and since H'(J,» \ Ju) = 0, the SBD compactness theorem implies
that actually wy € SBDP(Bs,,) (see also [29, Theorem 11.3]). Furthermore,
since

/Hl(Jw? NUg B) = H'(Ju N Uizni1 By),

we may conclude that

H' (Juy NUgB) < liminf 7' (J,p N Uz B) =0,

and therefore w, € WLP(U]_‘:’[B, R?). Finally, by construction w; = u L*a.e.
on ng \ U]:{B and Hl(le \ Ju) = 0.

By iterating the latter construction, for all 1 < k£ < £ and for every h € N
we find

E-— .
Wh_1 otherwise

wh . {¢(wk—1> Bllcv i<h
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such that w € SBDP(By,), wy € W'P(U;<, Bi; R?), wl = wy_y L%-a.e. on
Bs, \ U<y Bj. . Hl(Jwg \ Ju,_,) = 0. In addition, arguing as above, wl — wy,
in L'(Ba,, R?) with

Wy = {¢(wk—1) Uz B

Wh_1 otherwise,

wy, € SBDP(Bsy,), wy, € WP(U;j< U, B;R?), wy = wy—1 L*a.e. on By, \
Ur B and H' (Ju, \ Ju,_,) = 0.

Set w := wg, then w € SBDP(By,), w € W' (UzB; R?), w = u L*-a.e. on
By, \UzrB, H'(J,\ J.) = 0. Tterating estimate (3.6), inequality (3.3) follows
at once with ¢ := max{1 + ¢, 27} £, with ¢ the constant in Theorem 2.1.

Finally, it is clear that also items (vi) and (vii) are satisfied in view of
properties (iii) and (v) in Theorem 2.1. O

3.2 Korn’s inequality in SBD?

Proof of Theorem 1.2. By standard scaling and covering arguments it suffices
to prove the assertion for a special Lipschitz domain. Precisely, let ¢ : R — R
Lipschitz with minp[(—1,1)] = 2, and set U := {z : x; € (—2,2),25 €
(=2,¢(z1))}, and U™ := {z : 2y € (—1,1),29 € (—1,¢(x1))}. It suffices
to show that for any u € SBDP(U) there are w with H!'(0w) + L*(w) <
¢H'(J,) and an affine function a : R* — R? such that |lu — al| e grinn o r2) +
Vu = Va| po@innwre)y < crplle()| prwrex2), with ¢ depending on p and the
Lipschitz constant L of ¢. Obviously we can assume H'(J,) to be small.

Consider first two squares ¢; = y; + (—r;/2,7;/2)* and Q; = y; +
(—=rj,7;)* contained in U, and let n be the constant from Proposition 3.2.
If w € SBDP(Q;) obeys H'(J, N Q;) < nr;/8, then by Proposition 3.2
and Corollary 3.3 with p := 7;/2 and s := 1/1/2 there are a measurable set
w; C @; and an affine function a; : R? — R? such that H*(Ow;)+r; ' L2 (w;) <
H' (J,NQ;) and 177 |uj = ajl| Lo (g \w, k) H [ Vit = V| o g0, m2x2) < plle(u)[|o(, m2n2),
with a constant which depends only on the exponent p. If instead H!(J, N
Q;) > nr;/8 we define w; = ¢;, a; = 0, and trivially obtain the same esti-
mates.

To pass to the estimate on U™ one uses a Whitney cover with pairs of
open cubes ¢; C Q; C U such that the exterior ones have finite overlap and
the interior ones cover U™, as done for example in proving the nonlinear
Korn’s inequality in [37, Theorem 3.1]. We can additionally require that
Qo = (—2,2)2, qo = (—1,1)2, and that if ¢ Ng; # 0 then cL%(¢; N gq;) >
L3(q;) + L3(g;). Following [36], if H'(J, N Q;) > nr;/8 we define P; :=
(yj + (=rj,7;) X (=rj,00)) N U, otherwise P; = () and wj, a; are obtained as
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above. Notice that H'(9P;) < cpr; by the properties of Lipschitz functions
and of the Whitney covering.

By a triangular inequality for any pair of overlapping squares ¢; and g;
such that P, = P; = () we obtain that clr < r; < cr; and

rj_l||aj_ai||Lp(qjﬂqi\(w]-Uwi),R2)+||vaj_vai||Lp(qjﬂqi\(ijwi),R2X2) < Cp”e(u)HLP(QJ-UQi,R?X?)'

By the properties of the covering, for any i and j such that ¢; N ¢; # 0 one
has £2(q; N q;) > cr?. If n is sufficiently small, the bounds on w; and w; give
L2(g; N g\ (wj Uw;)) > er? and, since a; — a; is affine,

T‘j_1||aj — aiHLp(qjmqi,R% -+ ||VCLj — Vai||Lp(qjmqi7szz) S Cp||6(u)||Lp(QjUQi7R2><2).

Fix now a partition of unity 6; € C?(g;) with |D6;| < ¢/r;, and define
a* € C*(U,R?) by a* := 3. 0;a;. Since Y, D; = 0, for x € ¢; we obtain
Da*(x) = 32, g, 20(0iDai(z) + (a; — a;) ® D;(x)), and correspondingly

ri|D*a*|(x) <c¢ > (r'|a; — ajl(x) + |Da; — Day|(x)).

i:qiNg; 70

At the same time, by the properties of the covering r; can be estimated with
the distance from the boundary, which in turn, since U is a Lipschitz set,
behaves as p(r1) — x3. Taking the LP norm we conclude

Jo, (P = 1D P < o) -
J

At this point we apply a weighted Poincaré inequality, as was done in [37,
Theorem 3.1]. The inequality we use states that for any bounded, connected
open Lipschitz set 2, any p € [1,00) and any f € VVI})CP(Q) there is f, € R
such that

/ lf = fulP(z)dz < c/ dist?(z, 0Q)| D f|P(z)dz
Q Q

where the constant may depend on p and €2, see [41, Theorem 1.5] or [39,
Theorem 8.8] for a proof. In one dimension, this corresponds to the fact that
for any function f € C°([s,t)) N W ?((s, t)) one has

loc

/|f P d:)s<c/ 2 — 1P| P ()

Since the cube Qy = (—2,2)? was not removed one has a* = ag in ¢y =
(—1,1)% and application of the one-dimensional weighted Poincaré inequality
to Da*(x1,-) on the segment (—2,p(x1)) leads to the assertion, with w :=
U, (P;Uw;) and a := ag. Equivalently, in the last step one may use a Poincaré
or Korn inequality on John domains, as done in [36, Theorem 4.2]. O
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We remark that the nonoptimality of the exponent in [36, Theorem 4.2]
is only consequence of the nonoptimal local estimate employed there (see [36,
Theorem 3.1]).

3.3 Reflection

In this subsection we establish a technical result instrumental for the iden-
tification of the surface energy density in Section 4.3. To this aim, given
u € SBDP(2) and a point xy € J, we set

(3.7)

g (2) 1= ut(zg) if (x — xo, V) >0,
T L u () if (= @, va,) < 0.

Lemma 3.4. Let p € (1,00), u € SBDP(Q), Q C R? open. For H!'-a.e.
xg € J, and any p > 0 sufficiently small there is v, € SBDP(Bs,(xg)) N
SBVP(B,(x), R?) such that:

p—0

(i) Tim %Hl(Bp(xg) T\ ) = 0;

1
(i1) lim — |Vv,|Pdz = 0;

P=00 J B, (x0)

(i) lim 53 (x € By(a0) : u £ 0,}) = 0

1
(iv) lim —/ |v, — uldx = 0;
(

2
p=0p By(xo)

. 1
(U) /lJl—r>I(1) F /Bp(xo) |UP - ux0|pdx =0;
o1 1
(vi) lim — [v,] = [u]|dH* = 0.

p=0 P JB,(z0)N T,

Proof. Since J, is (H!',1) rectifiable, there exists a sequence (I;)$2, of C*
curves such that H(J, \ U2, T;) = 0. For H'-a.e. zy € J, we have

1

oo |l 0! = )] +1,
lim - (Ifull + DM = |[ul (o)) + 1,

p—02p JuNTNB,(z0)
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for one of the aforementioned curves I'. Therefore

1
lim — (|[u]| + 1)dH' =0 (3.8)
p=0 2 J (7, AT)AB, (z0)
and for p small I separates Bg, (o) into two connected components. It is not
restrictive to assume that I' N Bg,(x) is the graph of a function h € C*(R).
Moreover the following properties hold for H!-a.e. x5 € J,

1
lim — le(u)|Pdz =0, (3.9)
p=0 P By (z0)
.1
i 551 Bl (B (o)) = |[u] © vul (o), (3.10)

5 / lu — u* () |dz = 0. (3.11)
P=0 P% J B, (x0)n{£(x2—h(z1))>0}
Indeed, the first one follows from |e(u)|P € L'(R2) and £21L.Q L H'L J,, the
second one from [4, Eq. (4.2)], and the third one from [7, Prop. 4.1, Eq.
(4.2)].

For simplicity we next assume that the point xzqg = 0 satisfies all the
previous properties (3.8)-(3.11), with h(0) = A'(0) = 0. We also set 7, :=
|2l L (Bs,) and note that 7,/p — 0 as p — 0. We now define the reflections
of u with respect to the lines {xs = #£7,}, in the sense of [42, Lemma 1].
More precisely, define @} on the set By, N {zy < 7,} by

{(a:)1<$1, .CIZ'Q) = —2U1(£L'1, 3Tp — 2{132) + 3U1<£L'1, 2Tp — 33'2)

(a;)2<$1, x2> = 4U2($1, 3Tp - 21‘2) — 3U2<LE1, 2Tp — I‘Q)

and by u otherwise in Bj,. Note that @} € SBDP(B,,) and that

1,
lin 5 H (Ui 01 Bay) = 0. (3.12)
le(@;)|| (B, r2x2) < clle(w) || Lr(Bs, r2x2), (3.13)

for a universal constant c¢. Using a similar reflection we define 4, in By, N
{(z1,22) : w2 > —7,} and we set @i := u otherwise in By,.

By (3.8) and (3.12) for p small we have that 17% satisfy the hypotheses of
Proposition 3.2 on By, with s = 1/2. Thus, there exist w¥ € SBDP(By,) N
Whr(B,,R?), for which properties (i)-(vii) hold true. Finally let us define
v, € SBDP(Bs,) by

o w;“ in By, N {xy > h(x1)},
- ; in ng N {ZL’Q < h(flfl)}
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Since wy, € W'?(B,, R?) we obtain v, € SBV?(B,, R?) with
Duv,L B, =Vw! L2 B, N {xy > h(z1)} + (w —w,) @ rH'LT N B,
+ Vw, £2I_Bp N{xe < h(xy)}.
We next check that v, satisfies the properties in the statement in the ball

B,. Property (i) comes straightforwardly from (3.8) and from the fact that
J, € I'. Moreover (3.13), (3.3), and (3.9) yield

lim — / le(w ]pdx—O (3.14)

p—0 P

As for property (iii), we observe that
2 _
Lim p—/i ({z € B, : u(z) # vy(x)}) < EE%(CE + SH!((J, \T) N Byy)) =0,

where we have used Proposition 3.2 (i) and (3.8).
Let us now prove property (iv). By the definition of v, and ﬁf and by
triangular inequality we obtain

1
—2/ v, — uldx <
P~ JB

P

1 . 1 .
P jwi —a |de + = a7 — u|dz+
Bpon{h(z1)<za} P™ JB,n{h(z1)<z2<T,}
1 1
— lw, =, |dr + — |4, —uldv. (3.15)
P~ J Byn{za<h(z1)} P J Byn{—rp<aa<h(z1)}

By the definition of w; and Proposition 3.2 (vi) we can estimate
1 + et C\ ey c
2 [ Ny = lde < Z1EG [(By) < Z1Eul(Bo \ T).
P

By (3.8) and (3.9) we conclude that the first term of (3.15) tends to 0.
Clearly, the same argument can be applied to the third term there. So, it
remains to treat the second term in (3.15), being the fourth one similar. By
triangular inequality and a change of variable we infer
1
- af — uldr <
p Bpﬂ{h(:r1 <x2<7’p}
1
—/ i, — u'(zo)|dx + — |u (o) — uldz <
P~ J Byn{h(z1)<z2}

< [u* (20) — ulde,
Y BgpoN{h(z1)<z2}
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and the last term tends to 0 by (3.11), hence property (iv) follows.
Let us prove now property (v). By Korn’s inequality and Poincaré’s
inequality in W7, there exists an affine function a,(z) := d, + 8,2 such that

e / wj — Pl < ety (3.16)
We first claim that
limd, = u*(x). (3.17)
p—0

Let wi = B, N {u = wl} N {xy > h(x)}. Since |wi|/p* = 7/2, and q, is
affine, by [22, Lemma 4.3] we obtain, for p small,

& C
o =@l < 37 [ Vo bt 5 [ ot ol

P

The right hand side above is infinitesimal by (3.16), (3.14) and (3.11), thus
we conclude

limsup |d, — u™(x0)| < hm la, — U+(5170)HL00 Btr2) =0,
p—0

which proves (3.17).
Next we prove that

limp|ﬁp|p =0, (3.18)

hmp v ]d —ut(z0)] = 0. (3.19)

p—0

To establish (3.18), we fix § > 0 small and we consider p such that

/ le(w |pdx ) for p < p, (3.20)

note that this is possible by (3.14). For p < p we define pj, := (2¥p) A p and
we adopt the notation k in place of py for the subscriptions. As above, using
[22, Lemma 4.3] and the triangular inequality we infer

lar — ak+1||Loo(Bjk,R2) <
p—1

C C —
+ P
/ . (w1 — arpalde < cop,”
{u=wi }

\wii — ag|dz +
k2 Jfu=uwiy i
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where the last estimate follows by Holder’s inequality, (3.16), and (3.20).

Therefore .

p—1
|dy, — dia| < flax, — ak+1HL°°(B:{k,R2) < cdp,” (3.21)

and hence once more by [22, Lemma 4.3] and by the triangular inequality we
conclude

_1
1Bk — Bry1| < cdpy, "
Collecting these estimates as k varies we obtain

k-1
~ p N
A8l < p(1814+ 318 = Benal) < e + cplBP,
k=0

where k is the first index such that pi = p and B = B;. = B5. This proves
(3.18) as p — 0 and 0 — 0.
We next prove (3.19). Similarly to the previous estimate, summing (3.21)
gives
d, = dp| < e85

for all 0 < p < p < ps, with § arbitrary and ps depending only on §. Taking
p — 0 and using (3.17) yields

Pt (2g) — d| < b
which, since ¢ was arbitrary, proves (3.19) and therefore (v).
At this point we turn to property (ii). Korn’s inequality implies that
||Vw;f||Lp(Bp’szz) < ||Vw;f — /BpHLp(Bp’R2><2) —+ cp2/1’|ﬂp|
< clle(w;)lzos,m2xz) +cp™ |5,

where ¢ > 0 is a universal constant. This, together with (3.14) and (3.18)
and the corresponding estimates for w, implies property (ii).
We finally show property (vi). Note that by the trace theorem we have

1
—/ ]vpi —uF|dH <
P JrnB,
c c
- v, — uldz + —|E(v, —u)|(B,\T') <
P”JB, P
c c

C C
v—udx+—/ e(v d:r+—/ e(uw)|dx + / ul|dH*
FQLJP e [ etz + 5 [ i+ S [

and all terms in the last expression approach 0 respectively by (iv), (3.9),
(3.14) and (3.8).
[
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4 Integral representation

4.1 Preliminaries

In this Section we prove Theorem 1.1, along the lines of [11, Section 2.2].

Before starting we specify that property (ii) means that if u;, u € SBDP(S)
obey u; — u in L'(Q,R?), then F(u, A) < liminf; , F(u;, A) for any open
set A. By property (iii), if u,v € SBDP(2) obey u = v L?-a.e. in A, then
F(u,A) = F(v, A). The functions f and g are defined in (4.1) and (4.2) be-
low. We recall that any u € SBDP(2) (actually, also any function in BD(£2))
for £L2-a.e. z € Q has an approximate gradient Vu(z) € R**2, defined by the
fact that

lim lﬁz({y € B,(z) - [uly) — ulz) - Vu(z)(y —2)| _ 6}) _0

p=0 p? ly — x|

for every € > 0 (see [4, Theorem 7.4]). It is easy to see that this definition
implies e(u) = (Vu + Vu)? /2.
The family of balls contained in §2 is denoted by
A*(Q) = {B.(x) : x € Q,e > 0,B.(x) C Q} .

Let B € A*(2). We can identify any v € SBDP(B) with its zero extension
uxp € SBDP(Q), and correspondingly write F'(u, B) for F(uxg,B). By
locality, for any other extension the value of the functional is the same.

For B € A*(Q2) we define
m(u, B) := inf{ F(w, B) : w € SBD?(B), w = u around 0B}

where the condition w = u around 9B means that a ball B’ CC B exists, so
that w =w on B\ B’. For § >0, A € A(2), we set

m’(u, A) :=inf{ > m(u, B;): Bi € A", BiNB; =, B; C A,
=1

diam (B;) < 6, u(A\ | B:) =0},

i=1

where p = L2 Q + (1 + |[u]|)H'L(J, N Q).
Since § — m®(u, A) is decreasing, we can define

m*(u, A) == }sig(l) m(u, A).
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Moreover, we set

m(uo + &(- — xg), Be(x))

,€) =1 4.1
f(@o, u0,€) imn sup 2B (4.1)
g(zg,a,b,v) ;= limsup Mo, Be(20)) (4.2)

e—0 2e ’

where g, 0, is defined as

(2) a if (x —xzo,v) >0,
Ugg,a,bp\T) ‘=
b b if (x —xo,v) <O.

In the next Lemmas we will see that F' is equivalent to m, in the sense
that the two quantities have the same Radon-Nykodym derivative with re-
spect to i, see Lemma 4.3 below. This will then be used in the next Section
to determine the structure of F', separately for the diffuse part, which is abso-
lutely continuos with respect to £2, and the jump part, which is orthogonal
to it. We start by showing that F© = m* on open sets (Lemma 4.1) and
determining continuity of m in the radius of the ball (Lemma 4.2).

Lemma 4.1. For alluw € SBDP(2) and A € A(QY), F(u, A) = m*(u, A).

Proof. By definition, m(u, B) < F(u, B) for any ball B. Since F(u,-) is a
measure, we obtain m®(u, A) < F(u, A) for any § > 0. Therefore m*(u, A) <
F(u, A).

To prove the converse inequality, let § > 0, pick countably many balls B?
as in the definition of m?(u, A), such that

Zm(u,Bf) <m®(u, A) + 4.

i=1
By the definition of m there are functions v? € SBDP(B?) such that v¢ = u
around B¢ and F(v?, B?) < m(u, BY) + 0L*(B?). We define

o= o g
i=1
where N§ := Q\ U; BY.
By the BD compactness theorem v° € BD(f2) and by the SBD closure
theorem (see also [29, Theorem 11.3]) we conclude that v € SBDP(f2) and

Ev’ =Y EvlLB]+ EuL N,

i=1

int_repr-rev-final-VQR.tex 24 [MARCH 19, 2021]



with
|Ev®|LN° =0, u(N°) =0, F(®,N°) =0

where N° := AN N¢. Further,
F(',A) =Y F(v],B}) + F(’,N°) <m’(u, A) + 5 + 6L*(A).
i=1

We claim that v° — w in L}(Q,R?). Since F(-, A) is lower semicontinuous,
this will imply

F(u, A) < liminf F(v°, A) < liminf m®(u, A) = m*(u, A).

6—0 6—0

To prove v° — u, we observe that by Poincaré’s inequality (see for example
[33, Proposition 1.7.6]), or [47, Theorem 2.2]), since diam B? < § and v° = u
on B¢ we obtain

0¥ — ullpr o ey < €| Ev® — Bul(BY)
Therefore

[0° = wllazey < 316 = ull o s < BUEV|(A) + | Bul(4))

<co(F(v°, A) + F(u, A)).
Since F(v?, A) has a finite limit as § — 0, this proves v® — win L'(,R?). O
Lemma 4.2. For any ball B,(x¢) C 2 and § > 0 sufficiently small we have

(i) (lsl_rgm(u, BT—5<IO)) = m(uv BT(I(J));

(i) m(u, Bri5(x0))) < m(u, Br(x0)) + ﬁ/B o )(1 + le(u)[")dz +

B (1 + [[u][)dH".

JumBT'+5 (IO)\BT(ID)

Proof. We drop z from the notation. Choose vs € SBDP(B,_s) with vs = u
around 0B,_s and F(vs, B,_s) < m(u, B,_s) + 6. We define

( ) U(;(ZL’) ifxe B,_y,
ws\r) =
i wz) ifzeQ\B._;.
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We have
m(uv Br) SF(UJ(S, Br) < F(”é; Br—ﬁ) + F(’w(y, Br \ Br—d)
<m(u, B,_s)+ ¢

+8 (le(u)|P + 1)dz + 3 (14 |[u]|)dH .

BT\BT—(S JumBr\Brfé

Since (14 |e(u)|P) L2 Q+ (1+]|[u]|)H L J, is a bounded measure, we conclude
that
m(u, B,) < liminf m(u, B,_s) .
0—0

Conversely, for any € > 0 there is v. € SBD?(B,) with v. = u around 0B,
and F(v., B,) < m(u, B,) + . For § > 0 sufficiently small one has v. = u on
B, \ B,_ss and therefore m(u, B,_5) < F(ve, B,_s) < m(u, B,) + €. Taking
first § — 0 and then ¢ — 0 concludes the proof of (i). The proof of (ii) is
analogous. O

Lemma 4.3. For p-a.e. xy € €,

o P Belan)) _ - mla, Belan)
e—0 ﬂ(BE(xo)) e=0 Hf(Ba(xO))

where, as above, p:= L2+ (1 + |[u] )H'L(J, N Q).

Proof. From m(u, B-(x¢)) < F(u, B:(x¢)) one immediately obtains

. m(u, Be(ﬂio)) im su F(“a BE(J:O»
s = Boao)) 5P (B (a0))

for any x( € ). To prove the converse inequality, we define for ¢ > 0 the set

Ey :={x € Q : there is g5, — 0 such that
F(u, B:, (z)) > m(u, B, (x)) + tu(Be, (x)) for all h}.

From this definition one immediately has

.. F<U7B5<*TO)) imin m(uvB€(x0))
lim inf 1(B. (o)) < liminf 1(B-(x0))

If we can prove that

+t forallzgyeQ\ E;.

w(Ey) =0 forall t >0 (4.3)

F(u,B:(z0))

WCACYE exists p-almost everywhere, the proof

then, recalling that lim._,q
is concluded.
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It remains to prove (4.3) for an arbitrary ¢ > 0. For 6 > 0 we define

X% :={B.(z) : € <6, Be(x) CQ, p(dB(z)) =0,
F(u, B:(x)) > m(u, Be(x)) + tu(Be(x))}

and

U= ﬂ{az 3 > 0s.t. Bo(x) € X°}.
§>0

We first show that £, C U*. Let € E;. Then for any 6 > 0 thereise € (0,0)
such that F'(u, B:(z)) > m(u, Bo(x))+tu(B:(z)). By Lemma 4.2 the function
e — m(u, B:(z)) is left-continuous; F'(u, B.(x)) is left-continuous because
F(u,-) is a measure, therefore the same inequality holds for all & € (£”,¢).
In particular, there is one which additionally obeys u(0B.(z)) = 0, so that
re U

It remains to show that pu(U*) = 0. We fix a compact set K C U* and
0<0<n. Let U := | J{B.(x) : B.(x) € X"} and

Y? :={B.(z):e <6, B.(x) c UM\ K, u(0B.(x)) = 0} .

By definition, X° is a fine cover of K and Y° of U"\ K. Therefore there are
countably many pairwise disjoint balls B; € X° and B; € Y° and a set N
with u(N) = 0 such that

Un = (LEJNB> U (g&) UN.

F(u,U") :ZF(U,Bi)+ZF(u,Bj)+F(u,N)

J

> Z(m(u, B;) + tu(By)) + Zm(ua BJ)

Then

= Z m(u, B;) + Z m(u, Bj) + tp(U; B;)

>m® (u, U") + tu(K)

where in the last step we used the definition of m°. For § — 0, the definition
of m* and Lemma 4.1 give

F(u,U") > m*(u, U") + tu(K) = F(u, U") + tu(K) .

Therefore p(K) = 0, and by the regularity of u we conclude p(U*) = 0.
[l
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4.2 Bounds on the volume term

In this subsection we identify the volume energy density in the integral repre-
sentation for F' to be the function f defined in (4.1). Throughout the whole
subsection we consider a fixed map u € SBDP(2). Our first result shows that
the local volume energy density can be computed with a WlP-approximation
to the blow-ups of u (see (4.7-4.8) below), in the sense that

ac?

(zo) = lim (4.4)

We will however not need (4.4), but only the apparently more complex version
in (4.5)-(4.6). Taking a diagonal subsequence they imply (4.4).

Lemma 4.4. For L*-almost any o € ), any € > 0, and any s € (0,1) there
are functions w: € WP (B, (xq); R?) which obey

dF(u,-) e e m(“’Sa Bsa(xo))
g (o) S il = -
and
5 B, .
Jim sup hmsupm(wf’ (z0)) _ dF(u,) (4.6)

s—1 e—0 £2(Bs€) o d£2 (x[))

and which approzimate the affine function y — Vu(xg)(y — xo) + u(xg) in
the sense that

1 .
i =5 /BE%) le(w?) — elw) (o) [Pdz = 0 (4.7)
and
1
| o o
i oy [ )~ alow) — Voo — stz =0, (49

We remark that the ball in (4.6) has radius s®¢ instead of se. The estimate
would also hold on B,., the variant we chose is more convenient in the proof
of Lemma 4.7 (cp. (4.12)).

Proof. Let xy € Q be such that

lim — /Ba(xo) le(u)(z) — e(u)(xo)|Pdz =0, (4.9)
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1
nm_2/ (1 + |l )dH! = 0. (4.10)
Bs(xo)ﬁJu

and
lim — w(z) — u(zg) — Vu(zg)(x — x9)|de = 0. 4.11
/Bg(mo)‘ (z) (20) (zo)( )| ( )

By [4, Th. 7.4], £?-almost every x( obeys (4.11), the other two are standard.

By (4.10), for sufficiently small £ one has H'(J, N B-(xg)) < n(1 —s)e/2,
where 7 is the constant from Theorem 2.1. By Proposition 3.2 applied to
u —u(wg) — Vu(zo)(- — x0) there is w? € SBDP(B.(xg)) N W'P(By.(z0); R?)
with properties (i)-(vii), then we set w? := w2 + u(xy) + Vu(xy)(- — xo). In
particular, (4.7) follows from (3.3) and (4.9), while (4.8) follows from Lemma
4.5 below applied to w¢, estimating the right-hand side with (4.7), (vi), and
(4.9)-(4.11).

We first prove (4.6). By the very definition of m and the fact that F'(w?, -)
is a positive measure, it follows

m(ws, Bee(xg)) < F(wi, Bee(xg)) < F(ws, Be(xo)) . (4.12)

Let (B;)ien be the balls from Proposition 3.2. For M € N we define

wM =y + Xum B, (W —u).

Then wM € SBDP(B.(x)) and wi — w? in L' as M — co. Further,

M
F(w?™, B.(x0)) <F(w2™, B.(wo) \ U, Bi) + > F(w™, By)
i=1

<Pl Blan) \ UM B) 83 [ (1 fe(w?))da

since wM = w? is a WP function on each B;. By monotonicity and lower

semicontinuity of F' we obtain

Pt Bulan)) <F(u Bulon) + Y [ (1 le(uws) Py
<F(u, Bo(w0)) + cL2(U;B;) (1 + |e(w) [P (x0))
c e(w?) — e(u)(xg)|Pdx
" /Bs(m)ug) (u)0)]
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and, recalling Proposition 3.2 (i), conclude the proof of (4.6) by (4.7) and
(4.9).

It remains to prove (4.5). Let v. € SBDP(Bs.(xg)) be such that v. = w?
around OB (o) and F(v., Bs:(70)) < m(w?, Bs(xg)) + 3. We define

5. () ve(x)  if @ € By(xo)
V() := _
wi(z) if z € Be(xg) \ Bse(o) .
By definition of m and additivity of F' we obtain
m(u, Bs(m())) SF(ﬁa’ Bs(xo)) = F(ﬁea Bsa(xo)) + F(T)sa Ba(xo) \ Bss(x0>)
where by locality of ' and definition of v,
F (02, Bse(20)) = F(ve, Bse(9)) < m(w, Bee (o)) + €°
and, since U. = w¢ outside By (o) and H'(J;. N dBs(xy)) = 0, recalling
(3.3) we obtain
F(0e, Be(x0) \ Bse(10)) <f (1 + |e(w?)[?)dx
Be(x0)\Bse (o)

+ (1 + |[u]])dH!

JuNBe(z0)\B,2_(z0)

<cBL*(B:)(1 = s*)(1+ [e(u)(x0))
+cf le(w?)(x) — e(u) (o) [Pd

Be(zo)

+ 3 (14 |[u]])dH? .

JuﬂBg(xo)
Dividing by £%(B.) and taking the limit as e — 0 gives

. m(u, Bs(xo)) s . I]L(U}g, BS€($0)>
TA% Pel\P0))
oy ST e

+eB(1 = 8*)(1 + le(w)["(x0)) ,

where we used (4.7) and (4.10). Recalling Lemma 4.3 we obtain

dF(u,-) m(u, Be(x0)) (w2, By (0))

Ta Wy SR g,
This concludes the proof of (4.5). O

The next Lemma is a reverse-Holder estimate for functions with small
strain, of the form |[v]|, < rlle(v)]], + /% |jv]];.
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Lemma 4.5. For any p > 1 there is ¢ > 0 (depending on n and p) such that
for any v € W'P(B,;R") one has

vlPdx < ¢ e(v)|Pdz + c vldx | .
TP f g ™ JB, L Jg,

Proof. By scaling it suffices to consider r = 1. By Korn’s inequality there is
an affine function a such that

v —alPdx <c [ l|e(v)Pdz.
Bl Bl

Since a is affine,

p p
laPdz < ¢ (/ ]a|dx) <c (/ ]v|dx) +c | |v—alfdx.
B1 B1 By By

A triangular inequality concludes the proof. O]
Lemma 4.6. For L*-a.e. xy € €,

dF (u,-)
ar? (o) < (2o, u(wo), Vu(zo))

where f was defined in (4.1).

Proof. Let xp, w? be as in Lemma 4.4, for s € (0,1). We choose v¢ €
SBDP(By2.(x0)) such that v(x) = u(zo) + Vu(zg)(x — xo) around 0B (xo)
and F(v:, B (7)) < m(u(zo) + Vu(zg)(- — z0), Bs2o(70)) +&3. We extend it
to R? setting it equal to u(zg) + Vu(zo)(- — xo) outside B,z.(x) and choose
© € CP(Bse(xo)) with ¢ = 1 on Bge.(z9) and ||D¢lle < ¢/(s(1 — s)e). We
define

22 = vl + (1= p)w?.

We remark that zf = v® on By (7g) and 25 € WHP(By.(z0) \ Bs2e(z0); R?).
Then

m(w?, Bse(0)) <F(2Z, Boe(0)) < F(vZ, Bs2e(20)) 4+ F(22, Bse(20) \ Bs2e ()
<m(u(zo) + Vu(xo)(- — o), Bee(g)) + €3

L8 / (1+ le(=2)P)dz
Bse (l‘())\BSQE(.Z’O)

In order to estimate the error term, we observe that in By (x¢) \ Bs2.(x¢) one
has

V2l —Vu(xg) = (u(zo) + Vu(zo)(- — 20) —w) @V + (1 — ) (Vw? — Vu(zy))
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which implies
/ (1+ le(2)P)dz <e(1 — 8)L*(Be)(1 + |e(u)["(x0))
Bss($0)\BS2€(a:0)

+ C/Bsg(a:o) le(w?) — e(u)(zo)|[Pdx

N c/ lu(zo) + Vu(xg)(z — x0) — wj]pdx.
B (0) ePsP(1 — s)P

Therefore, recalling (4.7) and (4.8),

F(22, Bse(wo) \ B(20))

s = < L= ) (1 ()P (eo)
and
lim sup m(ws, Bee(xo)) < lim sup m(u(zo) + Vu(zo)(- — o), Bs2:(20))

e—0 EZ(BSE) e—0 £2(Bsa)
+e(1 = s)(1+ |e(u)]” (o))
=s"f (0, u0, V(o)) + c(1 — 5)(1 + [e(u) " (z0)) -

Since s was arbitrary, this concludes the proof. n
Lemma 4.7. For L?-a.e. zo € 1),

dF(u,-)
f(@o, ulzo), Vu(zo)) < d—£2<x0)

where f was defined in (4.1).

Proof. We choose xy and w? as in Lemma 4.4, for s € (0,1). We let v¢ €
SBDP(Bgz.(0)) be such that v = w? around 0Bz, () and F(v?, Be.(x0)) <
m(w?, Be.(x9)) + €%, and extend it to By (rg) setting it equal to w? out-
side Bg.(xg). We choose ¢ € C°(By(xg)) with ¢ = 1 on By (xy) and
|ID¢|loo < ¢/(s(1 — s)e) and define

25 = vl + (1 — @) (u(z) + Vu(zo)(x — x0)) .
Then

m(u(zo) + Vu(zo)(- — 20),Bse(20)) < F (22, Bse(w0))
=F(vZ, Beo(20)) + F (22, Bse(20) \ Bs2c(70))
<m(w?, Bg.(x0)) + 3+ F (2, Bse(x0) \ Bs2:(20)) -
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In order to estimate the error term, we observe that in By (x¢) \ Bs2.(x¢) one
has

V22 = Vu(z) = —(uwo) + Vu(zo) (- = w0) —w2) @ Voo + p(Vw? — Vu(zo))

which leads as in the proof of Lemma 4.6 to

. F(Zsa Bss($0) \ Bs%(xO))
1 13
P L2(B,.)

We conclude that for any s € (0,1)

. m(u(zo) + Vu(zo) (- — xg), Bse(x0))
fimsup C2(B..)

<timsup Z ) (1= 5)(1+ el (o).

Since s was arbitrary, this concludes the proof. O

< c(1=8)(1+ le(u)[(20)) -

4.3 Bounds on the surface term

In the current subsection we identify the function g in (4.2) to be the surface
energy density in the integral representation of F. As above, we work with
a fixed map u € SBDP(Q2).

We first prove a technical result.

Lemma 4.8. For H'-a.e. xg € J, there are functions w. € SBV?(Bsy. (1), R?)
satisfying for all t € (0,2)

(4.13)

Proof. 1t suffices to consider points zy such that the conclusions of Lem-

mata 3.4 and 4.3 hold true, the Radon-Nikodym derivative %(m) exists
finite,
B.(x
tim A0 ol (4.14)
e—0 25
and
.1 1
lim ( / e(u)Pdz + — ule) —uldr) =0, (415)
=70V JB.(a0) €% J Be(a0)

where u,, is the piecewise constant function defined in (3.7). In view of all
these choices and thanks to Lemma 4.3 we may conclude that

dF(u,") (20) = lim F(u, B.(xy)) — lim m(u, Bs(aco)).

4.16
dH'L J, e—0 2e e—0 2e ( )
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For € > 0 small enough the function vy, introduced in Lemma 3.4 belongs
to SBDP(By.(xg)) N SBV?(Ba.(z0),R?) and it satisfies properties (i)-(vi).
We set w, := vqe, we are left with proving that for all ¢ € (0, 2)

dF(u, ) . m(wsa Bts(xo))

I S > .
driL g, (o) = s T 7
) () < lim it T2 BrelT0)) (4.18)

dH'L J, e—0 2te
For the sake of notational simplicity we will prove inequalities (4.17) and
(4.18) only for ¢t = 1.
We start off with (4.17). Let (g;); be a sequence such that
m(w€j7BEj (:CO)) m(waBs(IO))

li =1 _ 4.19
Jim =5 msup o (4.19)

Items (iii) and (iv) in Lemma 3.4 and the Coarea formula yield for a subse-
quence not relabeled for convenience that for £L'-a.e. s € (0,1)

lim — / (14 |u—w.,|)dH" =0, (4.20)
7799 &5 J0Bse ; (wo){utwe ; }
11(0Bse; (x0)) = H' (0Bie, (w0) N Ju,,) = 0. (4.21)

We choose z; € SBDP(B,,(x¢)) such that z; = u around dB,.,(7() and
F<Zj7 Bséj (xo)) S m(u’7 Bséj (xo)) + 6?7
and define

YT V., B (w)\ Bus (0).

The definition of z;, the growth conditions in (1.1), and the locality of F
yield

m(we;, Be,(20)) < F(G, Bz, (o))

{Zj Bsaj (5150)

< F(z, By, (z0)) + 8 (1+ |6<w5j)|p) dx
Baj (‘TO)\BSEJ' (o) ,
)
+4 (1+ |u—w€j|)d7-[1+6 (1+ stj]])d'Hl
6355]- (:vo)ﬂ{ufng } (st (a:o)\Bsgj (:co))ﬁJij
=:I](.2) =:I](3)

< m(u, B, (o)) + &2+ IV 4 12 4 16,
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We note that IJQ) and ];2) are o(g;) as j — oo thanks to Lemma 3.4 (ii) and
(4.20), respectively. Instead, employing Lemma 3.4 (vi) and (4.14) to bound

I ;3) we infer that

[(3)

lim sup =Z— < lim sup B (14 |[u]])dH?
oo 26j T oo 285 J(Be,(w0)\Bu, (@)
) p((Be,(x Bge;(10)) N Ju
= ptimanp MNP DAY _ (4 5004 ). (02)
j—ro0 j

Therefore, by (4.16) we conclude

m(u, By, (20))

m(we,, Be,;(20))

jli_)rgo - < lijrg(i)gf >, + (1 = 5)B(1 + [[u](x0)])
_ dF(u,-)
= Sm(%) + (1= )81 + [[ul(zo)])-

Estimate (4.17) follows at once by (4.19) and by letting s 1 1 in the last
inequality.
Let now (¢;); be a sequence such that

(4.23)

Let A € (1,2), arguing as for (4.20) and (4.21), up to a subsequence depending
on A and not relabeled for convenience we may assume that for £Ll-a.e. s €
(0,1)

1
lim —/ (14 |u—w.,|)dH" =0, (4.24)
Jroo 8-7 8Bs>\s]- (Io)ﬂ{u;ﬁ’ng}
and
U(aBs)\aj (.230)) = 7‘[1 (038,\5]. (.2?0) N Jwaj) =0. (425)

Given z; € SBDP(Biyc,; (o)) with z; = w,, around 0B, (7o) and such that

F(Z]a Bs/\aj (ZEO)) < m(ng, Bs)\aj (x0>) + 5]2'7

C‘ ‘: Zj Bs)\sj (l’o)
. u B/\sj (l’o) \ Bs/\sj (l’o)

define
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Using (; as a test field for m(u, By, (z0)), by the locality of F' and its growth
conditions in (1.1)

m(u, Bxc,(20)) < F((j, Bxc, (w0)) < m(w.,;, Boc,(20)) + €5

+ 4 (1+ |e(w)|P)dz+ (1+|u—w5j|)d7-[1
B)\Ej (CEO) aBS)\E]. (iﬂo)r‘l{u#’ng}
IEZ) Igg)
+ (| [u]paH .
(Bkaj (xO)\Bs/\Ej (xO))mJu
{9

The terms I]@) and I](fr’) are o(e;) by (4.15) and (4.24), respectively. The term
[](6) can be estimated thanks to (4.14). Hence, we get by (4.16)

dF(U, ) ((L’ ) — lim su m(ua B>\€j (Jfo))
dHIL T, Y TP T
E')BS Ej
< lim sup e 2)\; ]<$0))+<1 — 8)B(1 + [[u][(x0)).  (4.26)
Jj—oo J

Next, by choosing s € (0, 1) for which (4.24) and (4.25) hold and s\ > 1, we
may use Lemma 4.2(ii) to infer

m(ijJ Bs)\sj (ZEO)) Sm(wsj, st (1’0)) + ﬁ/ (1 + |e(w5].)|p)dx
Bsksj (xO)\BEj (IO)

+5/ (14 [Jwe |)dH'. (4.27)
(Bsksj (IO)\BEJ' (IO))meaj

Clearly, the first integral is o(e;) by Lemma 3.4 (ii), while the other one can
be dealt with as I\* in (4.22). Thus, (4.26) and (4.27) give

AP ) @y < L gy e By (20))

g () < 3 Jim S = 1B [l (eo)])

In conclusion, by taking into account (4.23), we deduce (4.18) by taking first
the limit as s 1 1, for s € (0,1) chosen as explained above, and then as A | 1
in the latter inequality. O]

We are now ready to show that the function g in (4.2) is the surface energy
density of F'. This task will be accomplished by proving two inequalities.
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Lemma 4.9. For H'-a.e. xy € J,,

dF(u,-)

dHIL T (‘CEO) < g(mo,u+(x0),u_($0), Vu(ﬂfo))
where g was defined in (4.2).

Proof. We consider the same z( as in Lemma 4.8. In view of (4.13) and the
definition of ¢ in (4.2) it suffices to show that

€ BE . oo BE
o P B20) (g, B(0)
e—0 25 e—0 26

, (4.28)

where w, is the function introduced in Lemma 4.8. To prove such a claim
consider any sequence (g;);, we have that for £'-a.e. s € (0,1)

11(0Bs.; (x0)) = H' (0Bse, (x0) N Jy,) =0, (4.29)

where we have set w; := w;.
Fix s € (0,1) as above and a test field z; € SBDP (B, (o)) with 2; = uy,
on 0B, (xo) such that

F(zj, Bse,(w0)) < Mgy, Bse,; (10)) + 5?.

Consider a cut-off function ¢ € C°(B,(x0),[0,1]) such that ¢ = 1 on
By, (20) and [|[Ve| e < ﬁ Define (; := ¢z; + (1 — ¢)w;, with the
convention that z; is extended equal to u,, outside Bsaj(aro). Therefore, by

using (; as a test field for m(w;, Be,(20)) we infer from the growth condition
in (1.1) and the locality of F

m(wj, Be,; (o)) < F((j, B, (w0)) < F(z), Bse; (20))

C
o[ (0t bt ) e O 0y — P
N Be; (xo)\BSEj (zo) . \<<1 - 8)€j) Be; (20)\Bse, (o) _
=17 1
+ CH((Be, (w0) \ By, (20)) N ) +C / 1G] a7
N — ” (Be; (20)\Bae,; (0))NJg,
=19 - J
- =710
J

< MUy, Bee, (x0)) + &3+ IV + I + 17 + 1119 (4.30)

with C = C(8,p) > 0.
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By taking into account Lemma 3.4 (ii) and (v) we deduce that I ;7) +1 ;8) =
o(e;j) as j — co. Moreover, as

H1<<B6j (xo) \ Bssj <$0)) N JCj \ (Juxo U ij>> =0,

item (i) in Lemma 3.4 together with (4.14) give

1
lim sup j? < O(1 = 8)(1+ [[u](xo)]).
Jj—o0 J

Furthermore, for H!-a.e. z € Je; M (Be,;(20) \ Bse,;(20)) it holds
|G < Metawo][X gy e, + il X, nae, < 2l[uag]Ixa, + 1ws] = [uag][x0, -

In turn the latter inequality implies by (4.14) and (4.29)

(10)
1i§gsogp ;gj < C(1 - s)|[u](z0)]
+C limsup — ([w;] = [u](o)]) dH"

j—oo 4Ej (B (z0)\Bse; (z0))NJ¢;

< O(1 = )[[u] (o),

thanks to item (vi) in Lemma 3.4.
Finally, we obtain from (4.30)

m<wj7 BEj (ili'o)) m(uwov BS€j (SL‘()))

ljrgég ng <s IEILS(;I:I) 286]' +C( S)( —|—HU](I'Q)D
€T 7BE
< slimsup m(u 025 (20)) +C(1 = s)(1+ |[u](z0)]),
e—0

and the claim in (4.28) follows at once by letting s — 1 in the inequality
above. O

The reverse inequality is established arguing in an analogous fashion,
therefore we provide a more concise proof.

Lemma 4.10. For H'-a.e. xy € J,,

dF(u,-)

) ) 2 g, ). (o) (o)

where g was defined in (4.2).
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Proof. We consider the same points x( as in Lemma 4.8. Take any infinites-
imal sequence (g;); such that

m(Ug,, Be, (@
(a0, o (0), U™ (), Vo)) = lim o0 B (70)
J—00 2€j

9

and recall that (4.29) is valid for L'-a.e. s € (0,1) (as usual w; = w,,).
Having fixed such an s, let z; € SBDP(B,., (7)) with z; = w; on 9B, ()
be such that

F(zj, By, (20)) < m(wj, Bse, (20)) + 5?.
Let ¢ € C(B;,(x0),[0,1]) be a cut-off function such that ¢ =1 on B, (z)
and [|V|lre < ﬁ Define ¢ := ¢ z; + (1 — ¢)u,,, with the convention
that z; is extended equal to w; outside B, (o). By using (; as a test field for

m(Ug,, B, (70)) we infer from the growth condition in (1.1) and the locality
of F

m(ul"m BEj (SCO)) < F(ij BEj (x0)> < m(wj7 BSEj (l’o)) + 82’

J
%
‘c (1+]e(uw;) ) dx+—p/ w0y —uy, [P
BEj (IO)\BSEj (zo) ((1 - 8)8]) st (x())\BssJ- (z0)

+0/ (1+ [ dH,
(st (fEO)\Bssj (IO))QJ(J'

where C' = C(5,p) > 0. Arguing as in the corresponding estimate in
Lemma 4.9 (cf. (4.30)), and by taking into account the choice of (g;); we
conclude that

(wj, Bse, (o))

9o, ut (20), u (20), (o)) < lim inf +C(1=s)(1+[u](z0)])

J—00 2€j
= Sm(%) + C(1 = 8)(1 + [[u](x0)]).

The last equality follows from (4.13). The conclusion is achieved by letting
s 1 1 in the last inequality, with s € (0, 1) satisfying (4.29). O]

4.4 Proof of Theorem 1.1

Proof of Theorem 1.1. The conclusion straightforwardly follows by Lemmata
4.6, 4.7, 4.9, and 4.10. O

Proposition 4.11. The assertion in Theorem 1.1 holds also if property (iv)
s replaced by the weaker
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(iv’) There are o, 5 > 0 such that for any u € SBDP(Y), any B € B(f),

a(/B e(w)Pdz + (1,1 B)) < F(u, B)

< / (le(u)l? + 1)da + / O e,

Proof. Given F satisfying properties (i)-(iii) and (iv’), we define for 6 > 0 a

(i)-(i
functional Fs: SBDP(Q)) x B(2) — [0, 00) by

Fs(u,B) := F(u,B) + ¢ |[u]|dH*,
JuNB
for u € SBDP(2) and B € B(Q2). Since Fj satisfies properties (i)-(iv) of
Theorem 1.1, there are two functions f and gs such that Fjs can be represented
as in (1.2). The family of functionals Fj is pointwise increasing in 6, therefore
there exists the pointwise limit g of gs as 6 — 0. We conclude that the
representation (1.2) holds for F' with densities f and g. O

Remark 4.12. Since F is lower semicontinuous on WP, the integrand f is
quasiconvezx [1, /0]. Since F is lower semicontinuous on piecewise constant
functions, g is BV -elliptic [2, 3].

Remark 4.13. If the functional F additionally obeys
F(u+a,B) = F(u,B),

for everyu € SBDP(Q), every ball B C Q, and every affine function a : R* —
R? such that e(a) = 0, then there are two functions f : Q x R**? — [0, 00)
and g : Q@ x R* x S* — [0, 00) such that

F(u, B) / flz,e(u da:—l—/ g(x, [u](z), vy (z))dH" .
BN,
Remark 4.14. The bulk density f satisfies the growth conditions

a§+§TP 5_'_€Tp
2

< flx u£><5 1+

(4.31)

for L? a.e. © € Q and for all (u,&) € R* x R**2.

In particular, with fivzed u and = for which (4.31) holds, if f(x,u,-) turns
out to be convex then the restriction of f(xz,u,-) to the subspace of skew-
symmetric matrices is constant. Therefore, f(z,u,-) depends only on the
symmetric part of the matrixz & rather than on the whole matrizx.
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Instead, if f is not convex in & the growth condition in (4.31) does not

prevent the dependence on the skew-symmetric part of €. As an example, the
integrand f : R**? — [0, 00) defined by

F(6) = (€ + &) +/(Eh + )2 +1 - 2det(€)  (4.32)
satisfies . )
116 +EP < f(6) < 5l +ETP+1

for every & € R?*2, but evidently f(€) depends also on the skew-symmetric
part £ —ET. In particular, f is not convex; note that f is actually polyconvex.

We do not know if there is g such that the functional F defined as in
(1.2) with f given by (4.32) satisfies the growth condition (1.1) and is lower
semicontinuous.
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