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and Shosuke MORINO

(Manuscript received December 3, 1968)

Abstract

An experimental study was made of the behavior of single bay three-storied frames,
using 1/30-scale models with rectangular cross-sections. Frame models were cut from a
sheet of mild steel. A varying horizontal force and constant vertical loads were applied
at the top of columns. The horizontal force-displacement relations show the remarkable
dependence of frame behavior on the existence of vertical loads; the behavior is charac-
terized by a gradually increasing lateral displacement, first under a growing load and later
under a diminishing load, the slope continuously decreasing in the horizontal force-displace-
ment relation.

Elastic-perfectly plastic type of analysis underestimated the restoring force in the large
deformation range. An approximate elastic-strain hardening analysis was attempted in order
to gain access to the real behavior of frames, and a reasonable agreement is seen with
the experimental results.

1. Introduction

It is often necessary or advisable to rely on sufficient ductility or the defor-
mation capacity of a structure beyond the elastic limit without causing a cat-
astolophic failure, when we design a tall building to withstand intense earth-
quake excitations. The response analysis of a structure requires the establish-
ment of the load-deformation relation from which the restoring forces are
determined at various deformation stages. The recent development of the
plastic analysis of structures has clarified the ultimate state or the real strength
of a structure”, under such circumstances that the assumptions of ample duc-
tility and perfect plasticity are pertinent and that instability or geometrical
change is negligible ; it facilitates the approximate determination of the restor-
ing-force characteristics in the elastic-plastic range under such circumstances.
The change in geometry, however, may be extremely important and may have
either a strengthening or a weakening effect®?. The state of framed structures
during earthquake motion is characterized by constant vertical loads and vary-
ing horizontal forces. In multi-storied frames, the accumulation of dead loads
amounts to a large compressive axial force in the columns of the lower stories,
and this somehow induces an unstable feature in the restoring-force character-
istics. The adoption of high strength steel accelerates the importance of the
destabilizing effect in moderm multi-storied frames. Not a few theoretical
studies have been made on this point on the basis of perfect plasticity. Ex-
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tensive reviews on these studies are found in the literature®*. Onat has
shown, however, theoretically that even a slight amount of strain hardening
considerably increases the load necessary for quasi-static deformations, when
the compressive axial forces are negligible?. The effects of instability and
strain hardening are incorporated approximately for the behavior of pitched
roof frames by assuming a rigid-plastic-rigid or rigid-plastic-strain hardening
type of stress-strain relation®®. Davies related the increment in moment to
the rotation across a plastic hinge assuming the relation for rigid-plastic-rigid
material”. Wakabayashi, Nonaka and Matsui took an approximate account to
the strain-hardening effect, after the arising of tbe mechanism state, which
perfect plasticity predicts, for one bay, one- and two-storied rectangular frames,
to be in reasonable agreement with experimental results®. At present, no
rigorous solution seems to be available in the elastic, plastic, strain-hardening
range, except for a cruciform frame for which analysis was made on the basis
of a trilinear moment-curvature relation®”. This approach involves too much
labor in computation to be applied to multi-storied frames.

More urgent is the need for expzrimsntal studies on the restoring-forcz charac-
teristics of multi-storied frames under large vertical loads. Former tests with
wide-flange sections involved some ambiguities in connection with beam-to-
column connections and with residual stresses rocked in the frame models®~'?.
In the tests to be described in this paper, a frame model of single bay, three
stories was cut out from a sheet of metal, having rectangular cross-sections,
so that a nice continuity of connections, uniformity of model and absence of
residual stresses could be assured. Theoretical assessment is also made of the
horizontal force-displacement relation, persuing the plastic-hinge concept and
relating the incremental moment to the rotation across a plastic hinge, based
on an assumed distribution of plastic strains at the plastic hinge.

2. Description of the Test

2.1 Test Program

The model was a single bay, three-storied, rigid-jointed frame with a rectan-
gular cross-section. A constant vertical load was applied symmetrically on the
top of the upper columns, and a varying horizontal force was applied in a
quasi-static manner at top floor level.

The experimental program consisted of twelve tests. Specimens were design-
ed to the common dimensions as shown in Fig. I. The beam depth and vertical
load were varied so that there were six combinations as shown in Table 1.
Two different materials, A and B, were used for each combination. The first
two figures of the specimen number refer to the beam-to-column section modulus
ratio and the last two to the vertical load-column yield load ratio. A test
specimen was taken by machining from a 60 mm-thick steel sneet, which was
annealed, so that the thickness constituted the width of a frame member. A
typical stress-strain relation, which was observed in a tensile test, is shown
in Fig. 2. The average material properties are as shown in Table 2.

2.2 Experimental Apparatus
The experimental arrangements were similar to those in ealier experi-
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TABLE 1. TABLE 2.
Test program. Properties of the material.
Specimen Numbef . 2n/20 ’ _P"/P Series A'Series B
. o, (kg/cm?) 2174 1698
0520 A i
0520 B ‘ 0.49 ‘ 0.2 on (kg/cm?) | 25 ¢ 3910
e 0.4 0.4 €on %108 5263 4977
2000A 1.96 i 0 Elongation (%) p 35.3 38.3
2000 B | : ’ U _ _
2020 A ' gy : Yield stress.
1.96 0.2 v 1 S
20208 or : Ultimate stress.
2040 A , : X . .
5040 B ! 1.96 0.4 &g, : z:::z at which strain-hardening

zr: Section modulus of beam.
zo: Section modulus of column.
P : Vertical load.

Py: Column yield load.

Fig. 3. Experimental Apparatus.
1. Specimen 2. Testing machine (100 ton capacity) 3. Oil jack (10 ton capacity)
4. Loading frame 5. Load cell 6. Load cell 7. Dial gage 8. Roller bearings

ments®'¥.  The general arrangement is shown in Fig. 3. The test spascimen
was fixed on the L-type supporting frame at the frame foot with 6 high-tension
bolts. The supporting frame was set on an oil pressure testing machine. Rol-
lers were placed between the supporting frams and the testing machine bed,
in order to allow the supporting frame to move horizontally. The vertical
load, measured by the testing machine dial and a load cell, was first set to and
maintained at the assigned value during a test. The horizontal force was then
slowly varied by adjusting the oil jack, and measured by a load cell. The load
measurements were checked by means of wire strain gauges pasted near the
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3. Theoretical Analysis 2R

We seek for the relation between the horizon- T
tal force H and the displacement § of the frame i
in equilibrium under the loading condition shown

in Fig. 4. The vertical load P is constant in /

beam-to-column connections. P P

direction and magnitude. First an elastic-perfectly

plastic type of analysis is briefly introduced and

then an elastic-strain hardening analysis at- / } -
) {

tempted.
3.1 Elastic-Perfectly Plastic Analysis _| -‘

o pa—

The main assumptions are as follows:

1° The frame is composed of one-dimensional 1 &
members with centroidal axes as member lines. '

2° Although the geometrical change is taken Fig. 4. Frame and Loading.
into account, the deflections are so small that the cosine of the slope angle can
be approximated as unity.

3° No out-of-plane deformation or local buckling phenomena occur.

4° Members are subjected to flexural deformation only, the axial and shear-
ing deformation being negligible.

5° The change in axial forcas is negligible. Beams have no axial force, and
columns have constant axial force P.

6° The effect of shear on the fully plastic condition is negligible.

7¢° The moment-curvature relation is elastic-perfectly plastic, and an inde-
finite change of curvature can occur under the full plastic moment which,
together with the axial force, satisfies a full plastic condition.

Because of the anti-symmetric property, which is based on the assumption
5°, we only have to consider the right or left half of the frame with hinges on
the mid-span. When the loads are so small that the condition of linear elasticity
is satisfied throughout the frame, the problem is solved by applying the slope-
deflection equations with consideration of the axial force, which relate, for a
member, the end-moment and shear with the end rotations and relative dis-
placement between the ends®. Equilibrium conditions of moment at each joint
and of horizontal force on each story, provide sufficient numbers of equations
for the unknown quantities.

When the load attain such a magnitude that a full plastic moment is reached
at a member end*, forming a plastic hinge there, the end moment is set, in
magnitude, to the full plastic moment of that member. We proceed to de-
termine the elastic deformation of the rest of the frame till full plastic moment

* Because of the loading condition, the bending moment takes an extreme value at the
member end. An actual frame member has finite depth, and the dimensjons of a joint
panel are not negligibly small in comparison with the member length. In the analysis,
therefore, it is assumed that a member has the fictitious full plastic moment which
would occur at the beam-to-column joint of the center lines on the basis of linear dis-
tribution of moment, when the end section has the full plastic moment of that member.
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is reached at another point. A
similar process is continued. Fig.
5 shows the order of the forma-
tion of plastic hinges in the
frames tested.

It is interesting to note that in
the frames in which the beams
are stronger than the columns,
the columns of the upper two
stories decrease their inclination
after the arising of the mecha-
nism state, although the horizont-
al displacement of the top story
keeps increasing because the
lowest columns gain much incli-
nation (Fig. 7(b)).

3.2 Elastic-Strain Hardening Ana-
lysts

Observing the stress-strain re-
lation in Fig. 2, we see that the

aforementioned assumption of perfectly plastic behavior will not fully describe
the true behavior of a frame over a large deformation range because of the
appreciable strain-hardening effect. Since a complete analysis for the frame
of strain-hardening material is extremely difficult owing to computational com-
plexities, we shall now make an attempt to include the strain-hardening effect
in an approximate manner. Assumptions 1° to 6° of the elastic-perfectly plastic

type analysis are retained.

Instead of assumption 7°, we assume that the

moment-curvature relation is elastic and linear until the full plastic moment

2

(@)
Fig. 6.
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=

(By*26) H6y*b)

)

{b)

Assumption of Strain Hardening Plastic Hinge.
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is reached, when a plastic hinge is formed, whence the full plastic moment
increases in accordance with the discontinuity in slope 4§ across the plastic
hinge. Plastic strains are assumed to occur, when a full plastic moment is
reached, only at plastic hinges.

Suppose that the beam end of Fig. 6 reaches the state of full plasticity in
pure bending. We assume that a plastic hinge is formed at a point half the
beam depth apart from the end-section, and that plastic strains are uniformly
distributed in the isosceles-right triangular region of the tention and compres-
sion sides, Fig. 6(a). There is a jump 4@ in the slope angle across the plastic
hinge, Fig. 6(b). Velocity fields are assumed in the triangular regions so as
to match this relative rotation. The extentional plastic strain Je of a horizontal
element on tension side at distance d from the neutral axis (Fig. 6(a)) is ob-
tained as the ratio of the relative displacement component d- 46 in the horizont-
al direction to length 2d to be 4§/2. Similarly on the compression side ge=
—40/2. These uniform plastic strains provide uniform stress distribution,
unless unloading takes place, as shown in Fig. 6(¢). If the increment 4o in
stress has a linear relation 4o=FE,-4¢ with the strain increment after the
arising of the plastic hinge, then the moment increment AM is linearly related
with 46 as,

AM = ill-bhzda= b‘i_ﬁEn'df-—- En 'SW 46, )

where b is the width and % is the depth of the beam. We thus assume that
the full plastic moment is increased near the beam end by the amount given
from Eq. (1), and that the rest of the frame remains elastic. We also use Eq.
(1) approximately for a column, where b and % are the linear dimensions of
the column section and 4M is the increment of moment from the full plastic
moment under the existence of an axial force. This may be permissible when
the axial force is sufficiently small as compared with the limit force in pure
tension or compression.

The foregoing assumption of the strain-hardening plastic hinge has several
defects from the point of view of the continuum theory, but makes the strain-
hardening analysis considerably simple. A similar assumption has already
been made about strain-rate dependent analysis in the coexistence of bending
moruent and axial force'¥, and reasonable agreement was seen with the ex-
perimental results',

In the actual analysis, it is assumed that the initia] full plastic moment of a
member is the one which would occur at the beam-to-column joint of the center
lines on the basis of the linear distribution of moment, when the initial full
plastic moment of the member is reached at the plastic hinge. Henceforth,
the distance between the joint and the plastic hinge is neglected in comparison
with the member length. The analysis after the formation of a plastic hinge
in the frame is the same as that in the elastic-perfectly plastic type of analysis
except that there are additive unknowns, 4§'s, and equations of type (1) which
are equal in number,
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4. Results and Discussion

4.1 Deformed Shape of the Specimens

Photos. (a) to (d) show the defcrmed shapes of the specimens after testing.
Three specimens in each photograph have the same dimensions, and each of
the columns was subjected to vertical loads equal to 0, 20 and 40 percent of the
column yield lead, respectively, from the left.

ki e

" (a) 05--A ) (b) 20-+A

(d) 20--B
Photos : Specimens after Test.

i () e

Photos. (a) and (¢) show specimens of type 05 after testing. Since this type
has slender beams and the restraining effect of the beams on the deformation
of the columns is small, the columns tend to curve in a single curvature like a
single member of full height. Large deformations are observed at both ends
of each beam. In the case of specimen 0540, which was subjected to the largest
value of vertical load, the horizontal displacement at the bottom beam level
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was reversed after a certain displacement was attained. These characteristics
were found in both A and B series. Photos. (b) and (d) show specimens of
type 20. Large deformations are seen at both ends of the bottom column in
each specimen. This is particularly noticeable in frames which were subjected
to the largest vertical load.

These characteristics of the mode of the deformation appeared most notably
in the specimens which were subjected to the largest value of vertical loads,
regardless of types and series. To emphasize this point, Figs. 7(a) to (d) are

3rd Floor —-— - ——-— 3rd Floor [—-—— —_— —_—
) p 20 3% g T &"
/ " 4 [ |
2nd Floor +— f———+r ——+ —— 2ndFloor — -— - e
Ist Floor —— — - ————-——— st Floor — b _—
0540A 2040A
0 10 5 20 10 b 20 (i)
isplacement{mm) —— Displacement(mm
(a) (b) .
3rd Floor [—— 5 ~———3rd Floor |—-— —_—— -
. Jr i, b ", ,T
2nd Floor — r——+————-—-— 2ndFloor — = _— —
ist Floor -——— ——+————-— {5t Floor —_— - — _—
05408 20408
0 10 20 0 10 oi gD (mam)
—— Displace t — Displacement(mm
(C) isp men t{ mm) (d)
Fig. 7. Displacement Distribution.
constructed. In these figures, the displacement distributions of 4 specimens with

the largest vertical load are shown with the parameter of magnitude of the
horizontal force. The ordinates of these figures show the level of beams, and
the abscissas show the displacements. It can be observed from these figures
how the displacements at the beam levels increase with the varying horizontal
load after it has reached the maximum. The characteristics of deformation
described above can be seen in these figures. In addition, the locations at
which large deformations were found by inspection after testing, show reaso-
nably good agreement with the locations of plastic hinges as shown in Fig. 5,
which is drawn from the results of the analysis.

4.2 Horizontal Force-Displacement Relalion
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H(t)
1.0t —————  EXPERIMENTAL
—————————— ELASTIC-PERFECTLY PLASTIC ANALYSIS
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! \osooa
0 10 20 30 S(mm)
(a) 0500
H(t)
1.0
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0520A
‘d
0 d(mm)

(b) 0520

Fig. 8. Horizontal Force-Displacement Relations.
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Figs. 8(a) to (f) show the relationships between horizontal force H and dis-
placement § at top floor level. Each figure contains the results of two speci-
mens which have the same vertical load-column yield load ratio. Only the
properties of the material differ from each other; the yield stress of series A
is higher than that of series B as shown in Fig. 2. Solid lines, dashed lines
and dash-and-dot lines refer to the experiment, elastic-perfectly plastic analysis
and elastic-strain hardening analysis, respectively. The two theoretical curves
coincide in the elastic range. Elastic-perfectly plastic analysis under-estimates
the restoring force in the large deformation range; elastic-strain hardening
analysis has a reasonable agreement with experiment.

It is observed from these figures that in the absence of vertical loads the
restoring force of frames continues to increase as the displacement does. In
the case of the frames with a vertical load of 20% of the column yield load,
the restoring force decreases slightly in type 05, while it maintains a certain
value in type 20, under the deformation range give here. These observations
are true for both series A and series B. This difference between type 05 and
20 is, of course, caused by the contribution of the beams to the restoring force ;
the slenderness ratio for a frame of type 05 is almost twice as much as that
of type 20 as shown in Table 3.

4.3 The Effect of the Vertical Load
Figs. ¥(a) to (d) are drawn in order to show the effect of vertical loads. In

%
- 08064
1o
0.5
0520A
L Q5404
bl 05 10 a5 [ 0 05 .10 15 [
(a) 05--A (b) 20--A
20008
kh 28208 %>
10 0 10208
0s osf
03208
05408 " 20423
0 05 10 15 [z 0 0s 10 15 5/{
(¢) 05--B (a) 20--B

Fig. 9. Horizontal Force-Displacement Relations in Dimensionless Form.



78 M. WAKABAYASHI, T. NONAKA and S. MORINO

each figure, the test results are compared for specimens of the same material
and the same dimensions under different values of vertical loads. The ordinate
represents the ratio of horizontal restoring force H to plastic collapse load H,
which is predicted by the theory of perfect plasticity in the absence of vertical
loads ; the abscissa represents the ratio of the horizontal displacement § at the
top to the height /(=15cm) between the beam levels.

It is clearly seen that vertical loads reduce the restoring force, and induce
instability of the frames; the larger the vertical load, the smaller the slope.
For all specimens without vertical load the ratio H/H, exceeds unity, regard-
less of types and series, due to the effect of strain-hardening.

4.4 The Ejffect of Dimensions and Material

Each of the figures (2) to (¢) in Fig. 10 contains the test results for the same
value of vertical loads; the effects of the differences in the material and in the
beam dimensions are to be observed. The ratio H/H, is taken for the ordinate,
and 6/, for the abscissa. H, and d, are the horizontal force and displacement
at which yield point stress is reached somewhere in a specimen frame.

In Fig. 10(a), the results of the specimens on which no vertical force was ap-
plied are shown. It is worth noting that the difference in the curves of mate-
rials A and B, which was quite appreciable in Fig. 8, is small in this plot.

Wf‘b _’
=—20208
20 2020A
05208
1.0 N 0520A
%’ 0 5.0 10.0 15.0 3‘/;'
(a) P/P,=0 (b) P/Py=0.2
Y,
20
Fig. 10. Horizontal Force-Displacement
Relations in Dimensionless Form.
1.0
05408 '204CA 20408
1) 50 BT 50 &
. Y %,

(c) P/P,=04
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The difference between type 05 and 20 is concerned with plastic hinge forma-
tion or the collapse mechanism (Fig. 5) of perfect plasticity. Figs. 10(b) and
(c) show that the instability effect of vertical loads is much more pronounced
in the frame models with thinner beams than those with thicker beams.
Mention is also made of the point that in the case of the former frame models
under the largest vertical loads, the maximum horizontal force was reached
before the frames were reduced into the collapse mechanism. This was ob-
served not only in the elastic-perfectly plastic analysis, but also from the strain
data recorded during the tests.

4.5 The Maximum Horizontal Force

In Fig. 11 is plotted the ratio of maximum horizontal force H . to plastic
collapse load H, against the ratio of column load P to elastic buckling load
P... The straight line in the figure is a generalized Rankine formula,

Hres | 20208
1H0P .2040B
‘ 020A  -0520B

2 i L L ]

0 1 2 3 4 5 Pp,

Fig. 11. Interaction Between Horizontal and Vertical Loads.

Hmu.z/Hp"‘P/Pcr:l.O.

This formula seems to be a reasonably good lower bound for the maximum
horizontal restoring force of frames under a constant vertical load. The actual
values of H pes, P, P, etc. for each frame are shown in Table 3.

4.6 Ductility Factor

Table 3 also includes the experimental ductility factors at the top beam level.
This is here defined as the ratio of the top horizontal displacement at which
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the horizontal force reaches its maximum to the displacement at which the
first yielding occurs somewhere in the frame. The ductility decreases with the
increase of the vertical loads. It is clearly shown that frames with thicker
beams have more ductility. A rather peculiar thing js that the ductility factor
thus defined is larger in specimens of materials B than material A which has
larger yield point stress, as seen in Table 2.

5. Summary and Conclusions

In this experimental study, the horizontal force-displacement relations were
observed for steel single-bay three-storey frames with rectangular sections sub-
jected to constant vertical loads.

The horizontal force-displacement curves show an initial linear relation fol-
lowed by a gradual decrease in slope, and the slope becomes negative beyond
a certain amount of displacement, indicating the importance of dead loads for
the horizontal restoring forces in tall buildings. The instability phenomena
become significant as the vertical loads get larger and the horizontal displace-
ments increase; even when the vertical loads are small, the instability is of
considerable importance for a large deformation. It was confirmed that the
instability effect is more pronounced in frames with weaker beams. The duc-
tility was smaller in frames of material with larger yield point stress.

Theoretical assessment was also made of the elastic-perfectly plastic analysis
and 2an approximate elastic-strain hardening analysis. The former assumed
the moment-curvature relation of linear elastic type followed by the perfectly
plastic type, and hence adopted the plastic-hinge concept; the latter linearly
related the increment in moment after the formation of a plastic-hinge to the
discontinuity in slope angle across a plastic hinge, based on an assumed distribu-
tion of plastic strains. The elastic-perfectly plastic analysis underestimated the
restoring force by a considerable amount for a large deformation ; the elastic-
strain hardening analysis had a reasonable agreement with the experimental
results. However, further studies remain to be carried out on the validity of
the latter approach, before it can be applied to other frames with general
dimensions under general loading condition.
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