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Abstract

The generation and propagation of chemical waves in the Belousov– Zhabotin-

sky (BZ) reaction were investigated using a cation-exchange membrane em-

bedded with a metal catalyst as a 2-dimensional oscillatory/active field. We

found that a target pattern is generated from the top of a V-shape, indicating

that the apex on the boundary between active and passive fields behaves as

a pacemaker. A Plausible mechanism for this phenomenon is proposed based

on a reaction–diffusion equation.
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1. Introduction

Oscillatory and excitable chemical reactions have attracted considerable

interest over the past few decades [1]. Among the many oscillatory systems

described, the Belousov–Zhabotinsky (BZ) reaction has been used as the

most representative oscillatory medium [1–3]. In this reaction, a concentric

target pattern with circular symmetry is generated on a thin unstirred layer

of the reaction medium using a pacemaker, such as a silver wire [1]. The pace-

maker is at the center of oscillation, which exhibits the shortest periodicity,

or the highest activity, in the oscillatory/excitable field. The spatio-temporal

behavior of the chemical wave is generally described within the framework

of a reaction–diffusion equation [1]:

∂u

∂t
= F (u) + D∇2u, (1)

where u = u(r, t) represents the concentration variables and D is the diffu-

sion matrix. When F is a suitable nonlinear function for the reaction, Eq.

(1) produces nontrivial spatio-temporal patterns in a system which is spa-

tially uniform with respect to these parameters. In a usual aqueous solution,

the diagonal elements in the diffusion matrix D, or the diffusion constants

of the individual chemical species, are essentially the same, since the depen-

dence of D on M is rather insensitive; i.e., D scales as M−1/3(∼ V −1/3),

where M is the molecular weight of a species and V is its volume. On the

other hand, it has been reported that the diffusion of certain chemical compo-

nents can be reduced on a suitable reaction medium, such as an ion-exchange

membrane loaded with catalyst [4]. In the present study, we have examined

the generation and propagation of traveling waves on a BZ medium with a
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cation-exchange membrane that was uniformly loaded with metal-catalyst,

which implies the effect of decreased diffusion of the inhibitor.

2. Experimental Section

2.1. Materials

A nafion cation-exchange membrane (Aldrich, Nafion 117, perfluorinated

membrane, thickness: 0.18 mm) was used as the medium in the BZ reac-

tion [3, 5]. Stock solutions of iron (II) tris-(1, 10-phenanthroline)(ferroin),

sodium bromate, sodium bromide, malonic acid (MA), and sulfuric acid were

prepared with reagent-grade chemicals (Wako Pure Chemicals, Japan). The

water was purified with a Millipore Milli-Q filtering system, which was main-

tained at 18 MΩ.

2.2. Procedure

The membrane was carefully cut with a ceramic knife to obtain the desired

shape. A nafion membrane doped with ferroin (8.0 mmol/m2). The reactant

solution was composed of 0.4 M KBrO3, 0.3 M H2SO4, 0.02 M NaBr, and 0.2

M malonic acid. The ferroin-loaded membrane was prepared by immersing

the nafion membrane in 0.2 mM ferroin aqueous solution with stirring at

room temperature [5]. The bathing solution became colorless within several

hours after immersion, indicating that all of the catalyst was absorbed and

immobilized on the nafion membrane. The catalyst-loaded membrane was

then placed in catalyst-free BZ solution at a depth of 3 mm to induce the

chemical waves on the membrane. The membrane was in contact with the

bottom surface of the reaction vessel. The chemical waves were observed
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with a digital video camera (SONY, DCR-PC7, time resolution: 1/30 s). All

measurements were performed at 300±1 K.

2.3. Results

Figure 1 exemplifies the generation of traveling waves in a V-shaped os-

cillatory field for a nafion membrane doped with ferroin, where a V-shaped

60◦ notch has been cut from the left side. The tip of the notch acts as a pace-

maker; periodic traveling waves are generated at the edge of the V-shaped

cut. This observation shows that the oscillatory medium is activated to the

highest degree at this apex. Figures 1a-e show the initial stage of the ex-

periments, with a time interval of 20 s. Figure 1f shows the pattern of the

chemical wave 1 h after the start of the experiment and indicates that the

edge of the V-shaped cut still acts as a pacemaker.

We examined the effect of the angle of the V-shaped cut on the generation

of the traveling wave. When the angle of the cut was 90◦, traveling waves were

generated from the V-shaped notch at a probability of 55% in 30 experiments.

In other cases, traveling waves were generated from a random location along

the edge of the strip. The probability of wave generation from the notch

increased with a decrease of the angle; the probabilities of wave generation

were 73 and 77% for angles of 60◦ and 30◦, respectively.

3. Discussion

Let us consider why the V-shaped cut acts as a pacemaker. We adapt the

theoretical framework of the Rovinsky-Zhabotinsky model equations [6, 7]:
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
∂x

∂τ
=

1

ε
{x(1 − x) − 2qα

z

1 − z

x − µ

x + µ
} + Dx∇2x

∂z

∂τ
= x − α

z

1 − z
+ Dz∇2z

(2)

where x and z correspond to [HBrO2] and [Fe(phen)3+
3 ], respectively. In

our experimental system, Dz ≈ 0, since the catalyst is fixed on the ion-

exchange membrane [5, 8, 9]. To examine the effect of diffusion on the ex-

citable/oscillatory region adjacent to the diffusion field in a simple manner,

we replace Dx∇2x with −cx. With this change, the rate of the escape of the

activator through the boundary is accounted for in a conventional approxi-

mation manner. With these considerations, these equations are reduced to

ordinary differential equations with two variables, x and z:


dx

dτ
=

1

ε
{x(1 − εc − x) − 2qα

z

1 − z

x − µ

x + µ
} ≡ f(x, z)

dz

dτ
= x − α

z

1 − z
≡ g(x, z)

(3)

We next address the behavior of the above system by considering the null

clines: Σ, f(x, z) = 0 and Γ, g(x, z) = 0.



nullcline Σ : z =
x(x + µ)(1 − εc − x)

2qα(x − µ) + x(x + µ)(1 − εc − x)

≡ h(x)

nullcline Γ : z =
x

α + x

(4)

We adopt the same values for the parameters, (q = 0.5, α = 0.0017408,

ε = 0.147059 and µ = 0.00051) [6]. From a geometrical analysis of the phase

5



plane, it is obvious that the system in Eq. (4) is oscillatory. In an oscillatory

cycle, as shown in Fig. 2(a), it has been well established [1, 10, 11] that the

rate-determining process corresponds to the change from A to B, as in Figs.

2(a) and (b). A and B are local maximum and minimum points, respectively,

where ∂z/∂x = ∂h(x)/∂x = 0 of null cline Σ in Eq. (4). The values of z at

points A and B are functions of c. Thus, the period TAB, as a function of c,

is given approximately by the period of this rate-determining process from

Eq. (5) [1].

TAB '
∫ zB

zA

1 − z

xB − (xB + α)z
dz (5)

From the relationship in Eq. (5), the period TAB can be represented as a

function of c, as shown in Fig. 2(c). The reason on the decrease of the period

owe to the escape of the activator may be explaind as follows. As in Fig.2

(a), inclusion of the escape rate caused the right branch of Σ to shift toward

the left, i.e., to move toward the smaller x. This induces the shrinkage of the

limit cycle, implying the whole path along the limit cycle decreases. As a

result, we may expect that the period TAB decreases monotonically with an

increase in c. Thus, the frequency increases with an increase in the escape

rate of the activator, in contrast to a simple expectation. Due to above

mechanism we can consider the possibility that the local region with a high

frequency behaves as a pacemaker. Figure 3 shows the results of a numerical

simulation for the oscillatory system in Eq. (3) with a V-shaped cut. With a

spatially uniform state as the initial condition, chemical waves are generated

near the edge of the V-shaped cut.

Thus, the numerical simulation reproduces the essential behavior ob-

6



served in the experiment depicted in Fig. 1. The existence of a relaxation in

oscillation is believed to play a role. Relaxation oscillation is a rather general

characteristic of non-linear oscillation, as in a beating heart, nerve firing, etc.

As a related past study, Bishop et al. has reported that an effect of

complex geometry of the BZ system on the generation of chemical wave,

under the experimental conditions where the oscillatory region was limited at

border line of pentagonal geometry [12]. However, the present study indicates

the clear experimental results that an apex on the boundary between active

and passive fields plays a role as a pacemaker. Here, it may be of interest to

notice that fibrillation in a beating heart is closely related to the existence

of a local dead region or inactive spot [13, 14].

4. Conclusion

We demonstrated both experimentally and numerically on the generation

and propagation of a BZ wave depending on the shape of the boundary, and

particularly a V-shaped notch. We consider that the most significant result

of the current paper is showing that geometrical effect on the possibility of

decrease of the period accompanied with the escape of the activator. Actual

periodicity is not a simple function of the escape rate of the activator but is

determined by a rather complicated process on the kinetics both on activa-

tor and inhibitor, involving accumulation of diffused materials [15]. Further

studies on the effect of diffusion from the reaction field into the environment

may be necessary. Why the V-cut apex behaves as the pacemaker has not

been clarified yet and that it may be a challenging issue to perform the nu-

merical simulation on 2-D and/or 3-D to evaluate the effect on the periodicity
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depending on the actual geometry.

Spatial geometrical effects in excitable/oscillatory systems have also re-

cently attracted attention as a way to realize anisotropic wave propagation

in excitable/oscillatory media [15–19]. The ability to control the manner

of wave propagation may be useful for constructing a signal–processing unit

with excitable/oscillatory media [20–24]. Further studies on spatial geometri-

cal effects in reaction-diffusion systems are expected to provide new perspec-

tives on spatio-temporal structures under far-from-equilibrium conditions.
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Figure 1: Generation of traveling waves from the edge of a V-shaped notch cut in a nafion

membrane. The images were obtained about 5 min (a-e) and 1 h (f) after the reaction

was started. The time interval between frames in (a-e) is 20 s.
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Figure 2: (a): Null clines in Eq. (4) and limit-cycle of the system in Eq.(2) at c = 0. Null

clines and limit-cycle are denoted as solid and broken lines, respectively. (b): Enlarged

graph of (a). (c): Dependence of the periodicity TAB of the oscillation on the effect of

enhanced diffusion c.
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Figure 3: Theoretical calculation on the time evolution of the concentration profile of

the inhibitor z on a reaction-diffusion field with a V-shaped cut and an outer diffusion

field. The system of partial differential Eq. (2) was calculated numerically using the

ADI method (alternating direction implicit method) [25]. The parameters are q = 0.5,

α = 0.0017408, ε = 0.147059, µ = 0.00051, and Dx = 0.0181. The grid size is 1000 × 1000

points in a square lattice, and the time interval is ∆t = 0.005, and the space interval is

∆x = 0.05. The boundary condition at the edge of the frame is taken to be no flux, while

that between the reaction-diffusion and passive diffusion fields is taken to be free flux of

activator x. The spatial-profile of the inhibitor z in Eq. (2) is shown in quasi-color, where

brighter regions correspond to a higher concentration. Figures show the concentration of

the inhibitor z for (a) Early stage and (b) late stage. (1) τ = 6, (2) τ = 20, (3) τ = 42,

(4) τ = 7065, (5) τ = 7073, and (6) τ = 7081.
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