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Scattering function of a ring polymer with fixed knot:
An exact expression in the 8 condition and that of the correlation function

Dept. of Physics, Ochanomizu Univ. Tetsuo Deguchi !
Mizuho Corporate Bank, Ltd. Akihisa Yao 2

We show an analytic expression for scattering function gx(q) of a ring polymer with fixed
knot K in the theta condition. We discuss its asymptotic behavior, which suggests nontrivial
topological entropic effects. We derive gx(q) via an empirical formula for the probability distri-

bution of distance between two nodes in random polygon of knot K consistent with simulations.
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1 Introduction and Conclusion

Ring polymers have attracted much interest in polymer physics, and their various properties
have been studied not only theoretically but also experimentally such as using circular DNAs.
[1] Recently ring polymers under topological constraints have been studied extensively. [2, 3]
According to des Cloizeaux, a topological constraint should lead to an effective repulsion among
segments of ring polymers, which has been numerically confirmed. [3]

Let us denote by f(r; A, N) the probability distributiuon of distance r between two nodes in
a random polygon of N nodes having fixed knot type K. [4] For a given pair of nodes, say, j
and k, out of the N nodes, we define parameter A by the fraction n/N, if the two arcs between
them have segments n and N —n where n < N —n. Here r denotes the difference of the position

vectors: r = Rj — Ry, and r = |r|. We propose the following formula for fx(r; A, N):

—3r?
. — @
fre(rs A, N) = O 05 exp [2%%] .

where 8 and ok are functions of variable z = A(1 — A) as
ox(z N) =22 explax z), Ox(zN)=bxz’%. 2)

The parameters ag, Ox and bx depend on the knot K and the number of nodes, N.

!E-mail: deguchi@phys.ocha.ac.jp
2E-mail:yao@degway.phys.ocha.ac.jp



[V7 b=%—DHEEFE 2006)

A’=1/21 N=800
0.01 ' y paasssas
TrIVial Seenes PP ¢
Trefoil wmw
é 31#31 oo en ool
§ {Otherg s
S 0.005 1
8 0.0
X
o S
2 25 3

Figure 1: The normalized probability distribution fx (z; A, N) for A = 1/2 and N = 800, where
x = r/rg for the average distance rx. For knots, 0, 31, 31#31, others and all, O are estimated
by 0.454+0.005, 0.413+0.006, 0.389+40.005, —0.033 +0.0005 and 0.002 +0.003, respectively. In
the inset, the peaks are given by 0, 31, 31#31, all and others, respectively, in decreasing order.

The model function (1) of fx(r;A, N) is consistent with simulation data as shown in Fig.
1. [6] The function (1) leads to an analytic expression of scattering function gx(gq), which is
consistent with that evaluated in recent simulation [5]. Moreover, for ¢ = |g] > 1 we have
. Ok (M) 2

9x(q) Y2 V2sin(nbx(N) +7/4) (Ng® , Ng* ,
= =2 o exp | ———o% | dA+ O(1/A4) (3

N =2y T(Bre2/am \ 6 0K)  oP( T oK) oA B
where A = N¢?/12 and we have a slow asymptotic expansion with Bx =~ 0.5:
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