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Fumi-Yuki wasba, Dept., of lath,, Hiroshima Univ,

Chap, 1. PFull~harmonic strucfures aand asscciabted kernels.

$ 1. Pull-harmonic structure,

Let £ be a non-coﬁpact space of type ¢ in the sease of
Brelot—-Choguet (1) or an open Riewann surface. For aa open set
GCR, let E(G) be the linear space of all harmonic functions on
G. TLet [} be the family of all domains D in @ such that D is.
not relatively eompact and its relative boundary SD is compact.,
Let @ be the family of all open sets G in @ such that 09G is
qompac’c. Then every component D of GG(.} is eiffner relatively
compact or D € 9(9 . \

,Suppose there is ‘giVen a family A= ég(D)}Dé.é satisfying
the following three conditions: ’ |

(i) Bach H(D) is a linear subspace of H(D);

(ii) If D, D' ¢4}, D'C D and ueg(D), then ulD,Gg(D');

(iii) If ueH(D) and if there exists a compact set K in «
such that u,ID,é i:iy(D‘) for every component D' of D - s, Then
u € H(D), |

A domain Ded} is called }—regular if, for any non-negative
continuous function f on JD, there exists a unique non-negative
function u, on D such that ﬁfiDé %/(D) and ufiaD = f, An open
set Gng,/ is called ‘}—regular if each relatively compact conm-
ponent of G is regular with respect to the Dirichlet problem and

each component D of G such that ;DC-;(Sl is ﬁ-regalar,
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F is called a full-harmonic structure if it savisfies Ghe
following fourth condition (cf., (&63):

(iv) For any compact set Z&O in Q, there exists another
c;ompactms'é‘ft’ K in & such that Ki(the interior of A)DKO and 2 - &
is F-regular. : Pt

In this note, we shall assume the {f‘oliowing condition (iv)'
instead of (iv):

(iv)* If De/} has smooth boundary, then it is F-regular.

~ Let D be an J—-regular domain, For f & C(dD), we define

Up = Upy = Uo, Then up€ g{D) and the mapping f —> u, is linear.
for each x €D, the mapping f —> uf(X) is positive linear, so

D D on oD such that

that there exists a measure by = p’j;x :

uj;(x) =ffdu£ fc?r all fec(@n). If Gé%‘l is }-regular, then we’

define p.; = ,u; 5 &s foliows: Let D be the componeant containing
Wik E

G D

x, If D€ a&,_ then define px = Py If D is relatively compact,

" ,
then let u; be the usual harmonic measure of D with respect to x.

$ 2. Full-superharmonic functions,
" Let _f be a full-harmonic structure and let D € L. &
superharmonic function s on U is called ﬁ-fuil“superharmonic if

there exists a sequence j&‘&n% of compact sets such that BDCKJ“,

. . fs2}
- i L ac - K i - 1
B‘nC‘Knﬂ’. n‘ =l/ K, =@, each Q - K is } regular and

¢ DK,
s(x) = jsdu},x

for all n and for all x¢ D - K,,l,.
"'\/.
It caa be seen that if s is /-full-superhermonic on D, then

for any compact set X such that K D 3D and & -~ K is ff—regular,
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ix)zgsﬁgxn * for all xe o - K,

For DE 4y, ue }?(Tﬁ} if and only if u and -u are both ;x‘fw-“*-' i~
superharmonic, JThus, uf’:g{})} is said tr be ﬁ—;a,ul‘”aexrmonic on
D

rull-superharzonic functicns have pany properiies analogous

t0 those of superharfonic functivns (2f, 06]). For exauple, we

Minipom Principle: Ieb D&JY be such that T £ Q. If u is

a full-superharmonic function on 3 and if lim | 5 ,xe gu{;,}ag for

§ %, Pull-superhermonic functions of potsntial type.

B
Let a full-hermonic structure f # be given, #e¢ bake a domain

szﬁe,& such that & G sud fix it in the sequel,

“H,

o

It iz shown et wny pon-negavive full-supsrharpmonic func~
tion en ©_ has the greatest full-hurmonic minorant (cf. (&3).
i
Pefiniticn, 4 pon-nsgatlive .,}‘; full=sguperharagonic function

B
. G o m s ) - -
cn 8. is cellsd of sotential type if i%g greatest f~full

+] :
P Y . o I ; -
harmonic winvrmnt on R, is zerc, #e dewote by P=p (R ; F ) the
set of all mellwb perharmonic functions of potential type.
,'\

Any non-ncgative . J=full-superharmonic functicn u on QQ is

degcompozed into W = v + b with ‘*M—{P a2ud h f“.?:xlllmﬁarmonic,

o

Let —:ﬁ@p{@{};%; be the set g‘m s FONHER@).

.
¥ i

9 4, a_;r’ Green RKernel,
)
The domain £ Ihas Lthe Green function GT(Y} ﬁﬁ,c’(y} {cf,

© b
F=3

71}). PFor a full~harmonic structure ;}5 an Green kernel is a

non~negative extended real valued function i‘ﬂx{;}f}'ﬁ M 7 \:(;;-f}
2



(i) for esch x€&_, k,  — G_is narmonic on R ;

X X
(ii) for esch x€R_, i € (G ; F) and M is F-full-
harmonic; on QO - {x}.
K
Theorem, The .}—Green kernel u = m??x always exists and

is unicue, It is continuous on QOX QO. Furthermore, wy =

G, + U with U_€ P (R ;F).

Sketch of the proof: For each x&&Q,, let Z{X = {u.é P

6 v uepf.
(i) 7{ . is non-empty., To show it, choose a closed sphere
=K

u < 1. Fel — b Far} Q ; :
K such that KGQ Qe =@ and let biy) = _gd;z}’y and ho be the

X

sirichlet sclution on & - K, with boundary values 1 on ok, , ©
on the ideal boundary, L - ‘no is .%wfullmsupernarmonic and non-
negative on Qo’ Let b - ho = V + nl, where v € 85(@0;35) and hl

s A . s
is F-full-harmonic on Qe’ Choose a compact set K with smooth

boundary such that K™D e U 1xf and let

A=suwp (& (y)/b (y)). Then 0 < A<+m. We can show that
yeal{ﬁﬁo

G, + AV el , so that ,\vé?éx.

(ii) Let U_= inf J{_. It is easy to see that U € §, and
G, + Uxé @ . By Theorem 3 of 6], we also see that G, + U_1is
Tull-barmenic on R, - {x§. Hence U, = G+ U_ satisfies (i) and
(i1,

{iii) The continuity follows from ths fact that, given

>0, U_, + &v G.Z[x if x' is sufficiently close to x.

® 5. Integral representation of &—functions.
Let ue 6"(@0;}). There exists a unique positive measure

L on Qo such thab



ks
a = h + i dp(x)
c FiX
0 N
with b € (8,5 F)(cf. 757).
In order to consider tae integral represenvaticn of
h e ?b(;zo; }}, we construct sn ideal boundery associated #ith F

Fix XOE&O and let

9]

T o]

A o X(y)

J 1e

if x £ yorx # Xy
Q Mo (x)
K [o] {y) = ‘V’X o}
V$3X
L1 ify=x= X e
N VQG : :
For each y€ & , x - K (y) = o, _(y) is continuous on & . de
o} p:e Fa X ) o}

Q

an define ideal boundary points with respect o 1».}{ Just as tne

N

lartin boundary points., The ideal boundary thus obtained is
denoted by A}’(QQ). The corresponding metric defines a topoiogy
on &, L'*A%QQO} and A"ﬁ{ﬁo} is compact with respect %o tais
topelogy. It is shown thet A%(@Q) does not depend on x € Q.

» v o
For each I € Az(Q,) let Es(y) = i»lfg eg E (i (vea).
H [s) -

Cn A}(ﬂo), there appear }-minimal soints and ;}Lnen—

minimal points., TIhe set of F-minimal points on dg(&,) is a
: , S A

Gé-set and is denoted by A%(Qo), As 1n the case of the Lartin
boundary, we obtain the foliowing integral representation tneorem
(ef. (23, (5] and C&)):

Theorem. Given ué £ (€ ;F), there exists a unique
positive measure u on A},(Qo) sucn taat ;z(A}-AJ%) = 0 and

u = y h§ du(g ).
A
¥



Thus, for any u (-5){&20;3?), thafré exists a unigue positive

>

measure )} on Qo u ﬂ‘}'(QG‘} such taab V&A;"f‘};) = L ana

u = 5 A &Xdﬂix}
Qc\s‘ﬁ,};

$ 6, Ordering smong full-harmo e structures,

Let :ﬂ. , and ‘}gbe two full -harménic structures, If, for
D u D

€ with smooth bouadsry and for'any x € U, S B
any DEH oth b ¥ any £ € 1 fwx

(ise., :

gfdup x < (;fdp»g x for 2l & C(aD) such that £ = 0),
-3?1, b4 ‘Jai S
™

~ 5 ppry > ~ 5 P 2 -,
then we write Aj*l < ,;ifa. This is an order relation in the class

of full-harmonic structures on 4.

82 2
Theorem, 1fF f?f };q then .° € w.° for all xe& 6 .
i ok = *jil 4 Fory s E pe}

et Gé%l be regular with respect to the Dirichlet peeilem,
For £€ C{dG), the Dirichlet sciubion with boundary valuss £ on

33, O cn the ideal boundary is denolsd by hg I let
2

-

H (D) =§ u€H(D); there exists a compact set K such thab 1
Y

o

¥ 53D and @ ~ ¥ is resular and 'ﬂ:mi —uon D - Kb
Then, }é = {F (D}%DC S is & full-carmonic structure and the
fj‘:o*(}reeﬁ kernel oa R, is tbe Green functicn ﬁ»;’{:f}, S is the
smallest full-harmonic shructure. The corresponding idesl
boundary ﬁl; R - Kﬂ} is vhe Martin pounceary,

b+

Chap, 1I. 3RBoupdary valus problsws and examples of full-bermovic

strucitures,

Let € be a Green space or & hyperbolic Hiemann surface, and

- 80 -



t K be a coumpact set in 2 with smooth boundary 3K(£ ¥)., Let
(3K) be the set of functions which are C¥ in a neignbornood
of BK, e consider a comp pactification £* of & and we shail
treat the provlem to find a hermonic function uw on § - K
satisfying a preassigned boundary condition on A= £* - & ang

u =1 on QJK,
$ 1. Dirichlet problem. (cf, £2) and 74))
For an extended real valued function g on 4, wWe cousider

-the classes

; superharmonic, bounded below on £, .
U { o
lim s(x)2g(5 ) for any §eA

X—%g,xcﬁ 4

s € ,2_%}

-

s -1

and let Es(x) = inf {s(x); s € jg} and gg(x) - sup {é(x}; se gg&

If 'Hg = H. and is finite, then we say that g is resolutive and

we write B, = ﬁg = By H is a harmonic function on Q. If eny

2€C(A ) is resolutive, then Q* is called a resolutive com-
pactification,

Assumption 1, £* is a resolutive compacitification.

The hermonic measure ;:,X{X & &) is a positive Radon measure
on A such that E“f;x} = Sgdy.x for any géc(é Je

Let g be a resolutive function on A and let f &€CL(3K).

Then

g on A

Lfcn ok



is resclutive with respect to the compactification Au(L~K)U 3K

of 2 - K.' The solution will be denoted by ﬁzkfh. #e shall write
[l
K - 4,9K X g 3K
uc,r =HG e and Vg ®HESO

$ 2. HD-space.

For an open set G and two harmonic functions u and v on G,
let <{u, V>G be the mixed Dirichlet integral over & and let
lull2 = Cu, up,. Let AD(G) be the set of all harmonic functions
u on G such that HuHG<+®.

#e denote by RD(:&} the set of all resclutive funcvions g on
A such that H_ €HD(R). e know that if g €R (A) =nd £ eCl(@ER),

AFK o o S K .- s
then ﬂg . & Hi( 8 K); in particular, uo?fi vg::nD(Q 8.

Doob's lemma (cf, (3J and (4])), There exists M > C,

depending only on X and x, such that, for any géRD€A),

gg ap, < Hlilv

GQE"?

~

Coroilary. Rp(4) S I°(p).
$ 3, Normal derivative on an ideal boundary.

Let x, € 2 be fixed and let u = By o Let 4 be a p—-measur-
o

able set on A, Given u € HD(R - K) and a u-measurable function
¢ on A&, we say that u has a normal derivative ¢ on 4, or ¢ is a
normal derivative of u on A, if, for any g e-?ﬁ\zh) such that

g =0upu-a,e, on A- A, pg is p-summable on 4 and

Cuy vedog = - SAcpgdu-

¢ may not be uniquely (even u-a.e.) determined by u. But, under

the following assumption, if u, v € HD(Q) have the same normal

- 82 -



derivative on 4, then u = v + const.

Assumption 2, For any u € HL(Q), there exists u* € z.(A)
. P

such that u = Hu*

Such u* is uniquely determined u-&a.e, we hereafter assume
Assunmptions 1 and 2, The Wiener, Royden, Kuramochi and kartin
compactifications are examplies,

#e can show that, for any u € HD(Q - K) suck that

u=71f¢€ Cl(aK) on 8K, there exists u* ¢ RD{A;} (uniquely
a8k

on & —- =&.
u*,u

determined u-a.e.) such that u = H

$ 4, Boundary value problems,
Let 4, be & p-measurable suoset of 4 and let 8(% ) be a
non=-negative p-measurable function on AL - &

consider the following boundary condivion (&

P

Kes
St
ve

Qi&

u* = 0 on &g p°a,és

‘@ = Pu* on A- i p-a.e. for a normal derivative @
of uon A- 4.

If we write

s on A= 4,
then « is & p-measurable function on 4, 0 < « <1 and the
condition (4, g) is equivalent to
(e): (1 - ®)u* = ¢ p-a,e. for a normal derivative ¢ of u
on A- A .
Given f € Cl(a4K), if There exists u € HD(& - X) such that

u=f on QK and u satisfies the consition (&) or (AO, B), then

n

u will be denoted by ué £ If « = 0, then our problem reduces
. :

to the Dirichlet problem, so that ug coincides with the omne

of

- 83 -



defined in % 1, ,
Theorem 1. us , is unique if it exists. If £ 20 end
¥

A

&t
» « X K
o uO,f = u%f < ul,f‘

, A : bt @11l .
Then u ua,2?f3 in particudiar, for any &,

A

i

$ 5, IZxistence theorem.

o . B
Theorem 2., If 8 is bounded, then u

exists for any K and
«,f

3keteh of the proof (cf, (3) ana (4)): The case « = 0 p~a.e,
(i.e., &, =4 ) is already known, Thus, we assume p( & = 4,)>0.

Case I, B = U, Consider the family

§f = {u(—HD(Q - K); u =TI on aK, u* =0 p-a.e. on AOS.

Qf is non-empty, convex and complete with respect to the norm
i ”Q—K' Hence there exists u, & @f such that Huo “Q—K = |
min {lu HQ«K and we see that U is a normal derivative of u, on
ueéf
A4

Case II. B £ 0 on A- A, and B is bounded. Let 4; =

{3ea- a5 e(5) = of ana 4t = [3en~ 4; 8(3 ) >0}, e may

assume u{A') > 0, Using %the Docb's lemma, ws can prove

Lemma. Given ¢ € L%(p; A& - &), thers exists a unique

u & @0 such that ¢ is a normal derivative of u on A- Aj.

T

2
Next, consider the space L = {q.* & Le(p,; At)s S ,% dp(‘m}.

{ is a Hilbert space with respect to (9, ¥ ), = g gjdp. By
> are

the above lemma, for each ¢ € L , there exists =z unique u(pC’ §o

such that u has a normel derivative ¢ on 4', U on 47. The

(VA
Ix



mapping I —> B{u‘*! ) is & sywwetric, nezstive definite

® ,
E=Y
operator on L y 80 vhat I - I is ianvertiole, Iet v¢ € . ve
such that U is & normal derivavive o0f Vv On a- U o' snd v = £ on

3 s R - D [ rw ) s U \ :
3K, determined in Case I, Then Blvei ,JC ,L and - vliere sx1sTS
L
¢ ] such that * - Y o= =0v* on 4', DThoen we See Tooot U = Vel
' ¥ *

is our solution,

® 6. o=full-harmonic structure ‘JZ{X,
Let « be a function as above for which uxgc £ always exists,
9
Por D & a@- , we define

N - R
Hy(D) = {u € H(D); there exists a compact set X with smooth |

< o i - - OK N
boundary such that L* D DD and u = uc:hqu
b

on U - K, ~ ' /.
s
Then, ‘%a = {_HQ(D)} Dedd is a full~-harmonic structure, by

Theorem 1, if % = &2, then ?al < \%ua.

Let Ko be a closed sphere in f. ILet us denote the \%a"’

Green kernel on §Q - Ko by Mm,x(y)‘ Remark that Mo,x = Gx and
Ml,x is the N-Green function Iix of Kuramochi, Thus, if &y =< %y
then

0 < Gx qul’x S}’sﬂaz’x = Nx"

The ideal boundary Aﬁ(g - KO) is the Kuramochi boundary,.

A

: Y (¥ SUDIE
Theorem 3, For any &, Mu,x(y} = m&’y(A) ("x,y €4 - 1w ..
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