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Note on Proizvolov's example

By akihiro Okuyama

Dept. Math., Osake Kyoiku University

Let £ be a map ( = continuous msp ) of a topological

space X onto a tcpological space Y, We say that f is a

compact-covering map if every compact subset of Y is the image

of scome compact subset of X under f. In the following cases,

every open map is compaci-eovering

(1) ( E. Michael [4]) X is a metric space and Y is a T,
space and, for some meiric on X, f'1(y) is complete for

each ye Y.

(2) ( A. Arhangel'skii [21] ) X is a éeéh-complete space and
Y is a Té space.
(5) ( K. alster [1] X is a metric space and Y is a countable

m
T, space.

(4) ( K. Negami [5]1) X is & p-space and Y is a ¥. space, and

3
f°1(y) is compact for each ye¢ Y,

Oon the other hand, V.V.Proizvolov [&] constructed an
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example such that there exists an open, at mos: twe~ito-cue
mep from a Lindeldf, first countable T5 space ontoc & compact

metric space, which is not compact-covering.

In this note, we would like to give &n adding explanation

for hi$ example, using the following lemma

Lemmea. Let (X, 31) and'(X,fYZ) be compact Tz spaces

with 571 < 32. Then :71 =32 holds.
This 1s ar immediate consequence from the fact that the

identity map from (X,f?z) to (X,f71) is homeomorphic.,

Proizvolov's example. Let P be the set fO,1]X[O,1] and

Pe = EO,1]x{é;}, and define the topology of P as below :

It peP - Po’ P has a neighborhood base in the usual sense of
Euclidean plane. For any p = (p1,%—)€ Po and for any natural
numbers .ﬁ, m and n, let Uimn(P) be the subset of P which

consists of p and of all points satisfying one of the focllow-

ing three conditions : (1) Pé é'%_, and (p1+;% “P;)2+(é; ‘Pé)

2

2

: 2 2 . :
L or (g~ =)+ (F -p2) <L 5 (2) py- 2 p) < By 2,

i /

» 1
L=y end pi- < ;lpi-p | 5 (5

A | P A -
FE€Py < g+ audp,-3

[v'e)
v .
> mlp1 pA, , and let {Ugmn‘p)}ﬂjm,n=1 be the neighborhood base
at p. Then it is easily seen that P is a Lindelof, first

countable T3 space. Let Y = [O,1]X [O,%gl be the subspace of
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the puclidean plsne and f the mep Trow r ontc Y such theit it
identifies the points whieh are symmetric witl respect ‘¢ Foe
Then f is clearly an open, ait most two-to-one nap. It remains

to shiow that £ is not compact-covering. Cr. the contrary,

suppse £ is compact-covering. Then there exists a compact
subset K of P, whose image by f covers Y., Let 3} be the
topology of K as the subspace of the huclidean plane, and let
?é be the topology of s as the subspacekof P, Tuen fT1< 322
holds. Hence, by ipemna ?1 = 572 hoids. On the other nand,
since X covers Po, by tne definition of ffz it ccntains no

countable base ; however, ET1 contains a countable base.

This contradiction shows that £ is not compact-covering.

Supplement. A sgpace X is called a space gf counteble

( resp. point-countable ) type if every compact subset ( resp.

point ) of X is contained in some compact subset of A with =
countable neighborhood base ( e¢f.[3]).
as for the research of K, Nagami [5], there was a question

whether every open compact map defined on a T, space of count-

3

able type is compact-covering, and it was informed that V. V.
Proizvolov [6] solved it in the negative. However, in his

example mentioned above, P could not be of countable type.
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Because, PO is a compact Gy -subset of P which has no countable
neighborhood base in P, | Hence, 1t seems thet such question

remains still open.
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