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A Generalization of a Prime Number Thorem of Rodosskii-
Tatsuzawa for an algebraic Field
Teluhiko Hilano ( University of Tokyo )
1, Introducﬁon
The Prime Number Theorem in an Arithmetic Progressions is stated as follows ;

Theorem A . If (q , 1) =1 and qSexp ( ¢ {log x ) then

j[u Q0= socg S 9%“ °(ff¢)1.x)"°(xe | @I)

where (3\ ig a so-called Siegel zero. .
For q , which does not satisfy the above restriction , we have
the following theorem ;
Theorem B ( Rodosskii - Tatsuzawa ) ( See , Prachar ( & ) Chap . 9 Satz 2 . 2 )

There exist constant ¢, and ¢ 5 , such that s if

c, hgtlnal-;gg 2.,}1 s Q0 lg;;‘_

% X e
WOZ T, Ty *° O )+ Tl R )
The prime ideal theorem in an ideal classes of an algebraic field ,

which is a generalization of theorem A , has been already obtained under

the similar restriction.(see, Mitsui (&) )
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The purpose of tﬁ?ﬁs paper is to offer a generalization of theorem B
for an algebraic field under the similar condition. We now write it down ;
Theorem K is an algebraic field of degree n and #« i8 an integral ideal
in K, We denote a product of % and some infinite prime ideals by 7?
h (}z\j 18 - the number of ideal classes mod )7 and 7 is one of the
ideal classes . Then we have
for all ¢ >0 , there exist ¢, and c, such that, under the condition
NP fylang) € fbyx = ¢ (ﬂe}mf))z

TR, )= = 4 =L X ST
L)= 9\3)<x *ﬁ@) Q-g—\; O(ﬁf)ﬁ.ﬁx ({!f)ﬁaJ "

( The constant in O depeﬁd only on K and ¢ . )
The auther has already given cmothezf proof of theorem B in (2Z) ,
using Gallaghers mean value theovem ( see, Gallagher (( ) Theorem 2 )

- In this paper, we use its generalization for an algebraic field , again .
The fuﬁctions /u,,(,z), der)s Atand A )are that of generalization for an
_algebraic field of Mobius , divisor , von Mangoldt and Euler function ,

respectively . All constants of all estimations depend iny on K and c .

The auther wishes to express his thanks to Prof. T . Tatszawa , who
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taught him Theorem 2 and 3 in this paper , and encouraged him during

preparing this paper .

2., The number of ideals of an ideal clase mod )7 whose norm lie in a
given interval

Let K be an algebraic [ield of degree n with r, real conjugates and 2 1,
complgx conjugates and f an integral ideal of K . And we put fv = f J‘U)n xp

and h (;[) 18 the number of ideal classes mod "ZI.Then s

Theorem 1 -
‘P = BEP U
ecp

where h is the ideal 2lass number of X , e ( F ) the number of residue cZas.ses
mod /ZV of units of X , and <P(72)J = 2?70(7‘5)

The proof of this theorem, for example , appears in Suetsuna ( §) Chap .
2 Th. 4 (p. 55)

Cor RE <= wp (2)

Theorem 2

—\—,; R CkX + O SN2 = -5
N < X " wp (f‘@ NIf) M) x )
@ <L 37

where ckis the constant only determined by K .

proof ) see, Tatsuzawa  ( 1)
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Theorem 3 If y g x , then

\
2 1 <« _3. /_Vﬁﬂmi/—a“

Y — -+
X ENW) = LHY ®P RP 1@
RET,
We now choose a ideal class ([ mody,, and fix i1t .
3 . A Generalization of GaZZagher/s Mean Value Theorem
Lemma If 2 €y, and Q(¢t) are complex numbers ,then
2 A
. Z N ‘ > o.m)?((lz)\ £ (2 -\.N\{_)m a\—w_\_al,p> z \&Uz)f_
X el 'f’ té SN =312 JENVO €312 (5—)

proof ) By the orthogonal relation , Sehwarz inequality and theorem 3 ,

we have S \ 2 QoY X o> \24 > -ﬁ(;) \ Z »CLMD \2
Xwod £ Y200 = Y42 Lwef  JeNmyyre
el

<« 3 RPZ 1 ) Samt

lwe T YN £ITE . Yoy
el del

€ (7 v Np= +EPH) 2 \awl

ad = S
Theorem 4 . Xis a character mod £ ,and 3 SN =3ve

S (x,t) = 3 aw X Nm ™l

is an absolute conmvercent Dirvichlet series. Then, if T 2 1 , we have

v o
2 j" \S¢HTat < 3 (RPT + Ntf)l‘"Tmm“\T\ \»muv)\a"»\z
Xt =T | (6>

proof ) We first refer the following inequality .
= T - '
St = G n® Lo a~ absilute cCon veﬁrsevxt PivickleT sevies,

\
» T € . Yhewn bo tat

ST | sV at <<T2'S0 \%-““\2%

-7
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( See Gallagher (/) Theorem 1 ) Then we have

= 15’(7(,%)[ 4t <<T2j Z | = me(di)\zi%#
7Cv~o°!f ~T Mf‘é&l\!\n)-';t

By the assumption T 21 , we can apply the above lemma to the inmer sum .

o L N\
L T‘Z_So Cy (T Tt 5\— o) I\aat? e%é_
T =3T
The coefficient of \&oL\zis ( na21 )

5 SN\WD

< C}u-—\nwm‘)ﬁ‘ “&‘_J“‘*ﬁ‘@) ‘%

N L\T—)/-C

= RPET «T* N (t—»H (-t ™)
\ =S A oL
—= VBT N TR Q-

X

~ AN S
L RPT F N + NMP™ 1 np' ™~

In the case n = 1 , the proof is similarly done . Then we get the theorem .

4 . Some properties on L ( s , X )
In this pardgmph we pick up some pr'operti;es of L (8 ,X) . These
proofs can be found in Mitsui ( &) or be similarly done as the caseb
of Dirichlet L-functions , using theorem 2 and 3 .

Theorem 5 . The following estimations are true wniformly on &= \—‘é‘h
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. : —=S
Lisx) = 2 M gy MP o M7
! mims<p Me? R P =
N>
*0 () oo ) 7)

where E (X ) is 1 if X is principal , 0 if not .

Theorem 6

2.
LS, %) (5__,)’5(7() <<N(7L)zC/H +2>3h(,_v)+zb()

futtr2inig))
( uniformly —><& s ) C&S.)
Theorem 7
I \ E
lﬁ (s = 2 S-s T s(io ~+ O(Lywzf)(lﬁn))
l“/o ‘t\ é\ ) (?)

where § = Bo* ify,ie aszero of L (s , X )

Theorem 8 There exists a constant A >0 , such that , in the region

vtz | — —&
by (vpOigt2) , T>0

all I ( s , X ) whose character are defined mod ;’ » are zero-free .

(10

For t =0, all L (s , X Jexcept one I( s ,X,) where X, is a real
h d ¢ ‘n the interval 2oz -
character mo f, are gzero-free in the intervaq = < ,Q,}N( 3
The number of the exceptional zeros is at most one with multiplicity .

5 . Notations and Remarks

Now we put the restriction
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Clynp) Iy legNip) € Lyt = G Cly wegy® ()

and N ( 'r/.) is sulficiently large . We define the following functions .

YA = =S Xeod A(rD) /73]
MIrE><X
| B X
V() = NEW)CKX(M) A(ﬂz))fs} Kins /3
Q < _ &C’&) X(ﬂl)
(s, %) > - TNmos (/@
NUD < g1y 7™
Furthermore , we assume that ﬂ?T < /Q?N{f) /&
| ol |
A= =t O SR B
_ Py o PEAT g X Q"gx »(/({)
0L = 2 AR (/9
N <
and gze ] .
— A
iy = 20 A B e
Then , 7TE7
l B
ey T L %ﬂ?wt)’\#,um) (7

We begin with the estimation of '517( x,7 )

6 . The estimation of —%} (X,7)
6 . 1 Transformation of ¥, (x,1)

Lerma a 70 , then

axile s

—L,'S 3;2 as = ° 0 €N £
2N Jgw LBI 1z (<20
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The proof of this lemma is immediately done .

By the above lemma and the definition of L (s , X ) , we have
\‘_ +7k /
F'#,(l XD = "z_‘(\'if 1%(_3,7\{) ‘;—(:-43
o7
L At7T A=l T /
~ 5 S

A7 <
Lt & j )-E(s,x)fgds
T Jd-Tie o

|
~om Lo v Tbo 1 T,500) (2/)
( Say J )

By theorem 8 and the condition ( /87) , we may assume the following conditions .

1)ALLL( s,X} except one real zero of L ( s ,X,) are zero- free in the region

A
s =y — Ry , W ET A>e) (22

2 ) All zeros and poles of allll s , X ) mod Z/ are far from the line

A . B
=\ — < 23
T e WET (
b \
! 7 END .
’ =7 - —A
We put Y 1 Ty N2>

We change the way of integration ,and have

‘3‘ +2 T L/ x.s
T O = —zxl ®O % vzur B0 3(2 +§( = =
Sa-w’T d-iT X &) s Y—i7T
+ - —= (s, %> S
(+i7 Jw(—ST ) L s N

L N x &
= TR EEOX 2% RO S5 L0 ¥ Telbr) (20

\ CSog‘l)



E/(X,) =1 1if there is a zero in the region .
0 otherwise -
e put E= S E, (X)X (g ) L
"X ¥ ‘ (v

Using ( 14 ) , we transform I,(X ) as follows ;

< AT .
SAVORE S{-—?T %_,(S.X)(l‘-* L.(’/X)Q(S/X» \""Lg

BiT YT AT :
'\'KS o+ ‘.S )(ZUQ—-UL.Q:‘)%_JS
@'VY By BT 5

= Tvd?(; + Tl + T4 00O + T b0 (S (@

6 . 2 Estimation of I,( Y ) and I3( X )

By theorem 7 , we have the foZZowing estimations on the line§ =0

TG € SN +z)) Syt (27

Hence ,

2
X
LU0 +T4@) < x Ly | —-L—-~1‘° M (ttr2) 11.,3
T sty T 3
6 . 3 Estimation of Ig( X ) and Io( X )

As the above paragraph , we have

y*x.
T v T00 <<‘73:.‘,— jzf 1% e « _7_3;3_ C3n

6 . 4 Estimation of T AX)ad LX)

By using Cauchy’s integration formula , we have

139
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/ =3 —
L'ts, 72 < N’ (re+2) P ﬂhjw@(zﬁJra)

(32)
On the other hand , the following estimations are obtained by using
convexity argument ,
X
D)
fw pes o (33

Therefore we have
¥ S
B + ) I T3\ ¥
YO T TokO <= iy »TJ‘aijs (=) as

T
< NP :';% byt ‘( 34)

. i)
( q T3™ = x )
6 . & Estimation of Ig( X ‘
‘By theorem 6 , ( 32) ,and ( '35) » we have
By |
L) = N TR 4B ey
¢ %
= N T2 XF fyix (3

6 . 6 Estimations of I,( X )
Putting M = N ( 1— ) T in theorem 5 , we have on the line ¢=3¢

L(s, X )R, X)) —\ =
NPT ENID S W) T

(30)

where ) E\R’NGDCN\Q’)TM, (37)

/70

-S
S BUTREDNGD -\—0(( Q0| (lg* Evky

X)
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Therefore ,

= \Iyxpol< x?f,a;,dzx%ST =l 2 l»mxumm)“‘”r
=T

X el 77 M‘Nm <7 ot
TR
-T - 2.
- ~T ARA1
Ve now apply Gallagher ‘s mean UaZue theorem to the above integrals . I (3‘59)

Then we have

J-r | Ut 70t < ZL{H)T < h

\
T Wi ™™

(
wmf‘

7c e I
< NPT 3

and

5 lmz Bl () astey — V7T \
X i oy ZPTTE MO £ Geopoy:
H-’ci“x’\

< 2 Uﬂ%'\' Al NW’)" T Ny "7 oNw) T
NPT € N < (MPT)® |

< %3‘*9(. )

at

RO |~
N L )2E

. ,
(Ve use T Lwol® « T \am) <= X byix )
O NIm e W) e

The last integral is trivially esz’:imated and we obtain

P

2 T < ¥ (gt +F

(
7Cw~w\1. 47

6 . 7 Estimation of Y(x ,1)
llow we collect the results of preceding paragraphs , then we have

xPi
h_x-_. —_ ¥ —_— _L =
—\[’/ 1) = —a[«i,) A=) ,e\\:F) (%\2 ‘\’b( T l‘?)l)

/
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+ 0o v\- = = é
| (X175 gy T 4t ) +o(§[—% Lafy ) 42

Taking T = N ( % ')4', we have
T kS S = < C3 Aoy wg>

L £
/T2 )t T Lfi < ﬂ% Mﬁ —Ce l@;:lg/wf)
< (
and . b ﬂ%’) r ’“’J’Wf') 4P
X’ : .
,a(%) L} A ;C "?J'?—) e = oy N“P{’) : (¢

‘Therefore we get

' D | * V {3\ Loy X
V0L = ZR —E Lol cc,@,——"-—>
P ! 7 NGH
} N e‘q’)?\ SR N
. , e (4(()
7 . Eetimation of ¥ (X, 1)
Proposition 1. kFor all ¢* >-0 s there exists a constcmiﬁvc,* 0,

such that , under the condition

CF Ly NG AN ) S Syt = cF (Uy nep)*

‘ﬁ‘?'“) ‘ﬁl% (%

>F 1‘3\ = :’—L
‘proof ) Let ¢y = 2 & and take g ,such that 0 =

6§1,

we have by ( 46 ) ,

%o eL T —THGY) = —_g\q:) é“;l&;‘?(b*g(ez))
gy T

o B

And by the definition of "}Ll (X 11) we get

/2



LD T HLD = 2 A ke + T aled by P

N <A, ey xcj‘z’{;"’x’“g"' ({4)
L
Using theorert & , we obtain
2 A ;
JN(@ = 0( 4 MDY
>L<NU7L> tHL /Z?X ( —2(?9’ W@' 4 2!*/)
and L (&
2 AR Iy Ci+e) - 6H, ) +o XLy
MUES S 4¢ﬁ ($7)

The proposition is irmediately deduced , taking
e _AIx
4 = e~ 2 ,ﬂ? N(f') (s
The theorem 1s easily proved from this proposition .
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