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ISOLATED ENDS OF OPEN LEAVES OF CODII‘&E;NSION-ONE FOLIATIONS

By Toshiyuki Nishimori

"8 0. Introduction
The purpose of this paper is to investigate the behaviour of
open leaves of codimension-one foliatioms, Wekdefinefthe limit
seis of leaves and of ends of leaves‘dn the analogy of topological
dynamics. The main theorem describes how an end of an open leaf
approaches to a closed leaf in the simplest case and shows the
periodicity of the end in that case. | |

‘We work in the differentiable category throughout this paper.

gil. Ends of open manifolds

We recall the definition of ends in the case we concern.
Those who are interested in ends can find the‘general theory in
Siebenmann (3] .

Definition 1.1 (Intrinsic definitior) Let F be an open

manifold without boundary. A family € of non~émpty connected open
subsets of F is called an end of F if & satisfies the following:
(1) U - U is compact for all Ue& .

(2) If U, U' «e€ , there is U¥e&E with U"< U n U'.
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3) N{Tlvee} =4g.
(4) € 1is a maximal family with respect to (1), (2) and (3),
To clarify the concept "ends", we give an intuitive definition.
At first we can find a covering {Ki I ;:_:l of F such that
(1) K, is a compact submanifold of F with boundary.
(2) K, < Int Ki+1 for all i.
(3) F - Int K, does not contain compact connected components.
: , . oo ;
Then an end of F is a sequence {V; ¥4, such that
(1) V; is a connected component of F - K; for all i.

. o0 . . )
If such a sequence {V;}; , is given, {V;} ;_‘:__1 satisfies
(1), (2) and (3) of Definition 1.1 and there is an end g of the
intrinsic definition which contains {V; };.:1‘ We can identify
these definitions by this correspondence,

Definition 1;2 An end € is isolated if € hasg a member U

which does not beleong to the other ends.
Now we give two simple examples.

Example 1,3 Let F be the real line IR . There are "jtzst two

ends w = { (x,00) | xe®R} and &= { (~00,%) | xeR}.

Example 1.4 Let F = { (x,¥y) e]'Rz, (x - 1)% + y2 <1,
(x = 1/n)2 + y2 >1/90%(n + 1) for all n = 1, 2, 35, *°* }.

F has countable isolated ends which correspond to the circles

2
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{ ) e®? | (x-1/m)2+y° =1/m’@+1)% n=1, 2, 3, =+}
and just one non-isolated end which corresponds to the circle
‘{_(X,Y)GlRa | (x - 1)2 + y2 = 1}.

Definition 1.5 An end € is periodic‘if there are a member

Ue€& , a compact connected manifold P whose boundary consists
of two connected components By and B29 and a diffeomorphism f:
B,—>B, such that T is diffeomorphic to Py P 5 P ¢ «-- (
countable union ). We call P a period,

We give an easy proposition and omit the proof.

Proposition 1.6 (1) Every open manifold has at least

one end. (2) Every periodic end is isolated.

82, Limit sets of open leaves

Let M™ be a connected orientable closed manifold of dimension
n, 5% a.transversely'orientabie foliation of codimension one on
M2, and F*~1 an open leaf of . We fix them from now to the end

of §4.

: oo
a o0
Definition 2.1 Let L(F) = [} (F - K;)® where {K;} ;4

is a covering of F such that Ki is compact and Kic: Ki+1 for all
i and ( )2 means the closure in M. We can easily show that
L(F) is well-defined and omit the proof. We call L(F) the limit

set of F.
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Definition 2.2 Let & be an end of F. Let Lg(F) = n { U?]

Uet} where ( )® means again the closure in M%, We call Lg(F)

€ =limit set of F,

Now we write down the fundamental properties of the limit

sets. The proof is left to the reader.

Proposition 2.3 (1) L(F)> kéJI.E(F)° If the number of ends
of F is finite, L(F) = \ Le(F). |
(2) L(F) and Lg(F) are non-empty cempacf invariant subsets of
M® where “inﬁariant" means that to contain xk implies to contain
the leaf which contains x.

(3) Lg(F) is connected (not necessa:riiy path-connected),

83, Statement of the result
We are in the situation of the first paragraph of §2.

The main theorem of this paper is the following

Theorem 3,1 Let & be an isolgted end of Fo If Lg(F) A F
= @ and L = Lg(F) consists of just one leaf of F, & is a

periodic end with a period P = L - (bicollar of N) for some

connected submanifold N2 of Ln-l.

Definition 3.2 In the above case we will see, in the. pi‘oof,

that the behaviour of & is very simple and we say that &

approaches tamely to L.
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It seems to us that the condition of Theorem 3.1 is

redundant o

Conjecture 3.2 Let € be an isolated end of F. If Lg(F)NF

= @, Lg(F) consists of just one leaf of F.
If the conjecture is true, Theorem 3.1l gives a complete
description of the behaviour of isolated ends of proper open

leaves,

B 4. Proof of Theorem 3.1

Let erLg Since L is a compact leaf we can find a small
segment s such that s is transverse to & and snl ={x,]. xb
separates s into two parts s, and s_. Since E is isolated there
is Ue€ € which does not belong to the other ends. Then Uns,_ or
Uns_ contains countable poits, say A = Ur\s+ does s0.

Lemma 4.1 We can number the elements of A so that x. is
near to Xq than Xs ifi<j.

Proof, If it is impossible, we can show that snL - {x,}
is non-empty, which is a contradiction. '

Let G be the group of the germs of diffeomorphisus f: (Ufr,
XO)——-—é(Vf,XO) at Xq where Ug and Vp are connected open subsets

of s which contain Xo Let H be the group of the germs of g =

f l Ufr\A : Ufn A——er(\A at X5 where f is as above and in
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addition f(UrMA) < VenA. Let @ "n:l(L,XO)-——>G be the holonomy
homomorphism of the leaf L. There is the natural homomorphism
Yo Im = H which maps the germ of f fo the germ of f ] Uan.
Lemma 4,2 Im W& is non-trivial,
Proof., If Im ¥ & is trivial, we can vshow that Lg(F)AL =
a, which’is a contradiction.
Lemma 4.3 For all a € RI(L,XO) there are positive integers
Nys Ny and an integer p such that W& (a) is the germ of g: {_xlf
i2 Nli——-——e{xi | 1 z2n,} at x, where g(xi)‘ = %, for all i,
Proof. Let W® (a) be the germ of gV: {xi[ iz Nl}_____,.
{x]12 Na} . Let g(xy) = X; 4p fOT sOmE l ZNlo Then g(ﬁ{i+1) =
X, for some j i + p + 1. Suppose j >1i + p + 1l.and let

g~ (x,

1+p+1) = X, . Then i< k £ i + 1, which is a contradiction.

Let H' be the group of the germs of g: {x;] 1 2 N,l}———-—>
{*]1izX +pj} where g(x;) = X3 4p for some p and for all i.
Then H! is an infinite cyclic group. Since Im Y& is a non-
trivial subgroup of H', Im ¥®P is so. Since Im P is abelian,

there is a homomorphism u: Hl(L)—-—»Im W& such that W& = uh

where h: xl(L,xo)-——»Hl(L) is the Hurewicz homomorphism.

T (L,x,) —> InP G

| >
ST
| }

u
Hl(L)————-——-é In¥PHcHrcl

an
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Since Im u = Im ¢P is free abelian, the exact sequence

0 ———sKer u———éﬁl(L)—iL>Im'u-——§0'
splits and there is a homomorphism v: Im u-——aHl(L) with uv = 1,
Thén Hl(L) = Ker u + Im v. Let ag be a generater of Im v, By
Poincaré duality, there is a homology class b«éHn_a(Ln"l) such
that a0-b = 1 and a*b = O for all a €Ker u. By Nakatsuka's
representation theorem {2], there is a connected oriented two-
sided submanifold N*2 of L1 such that (N] = b and x; € N.

Lemma 4.4 The images of hni*: 7Ty (Ny %) — 75 (Ly %) —
Hy (L) and hej,: ‘ﬂi(L-N,XO)———efﬂi(L,XO)——-ng(L) are contained
in Ker u where i: N L and j: L - Nc L.

Proof. Let a,eIm hei, and a,€Im hej,. Consider their
intersection numbers with b. We see that a;*b = aa'b = O,
Therefore a,» &, € Ker u, which completes the proof.

By Lemma 4.4, there is an imbedding £: N X 10,11—n
which is transverse to F and satisfies the following conditions:

(1) f(x,0) = x for all xeN and f(xo,l) = X, for some q.

(2) For each i 2 q, f(xy,t;) = x; for some t. € (0,17 .

(3) fWx[0,1NATU' = (W< {t; |12 qg}) where U' eg
such that U'< U and U - U' = f(Nx1).

Let L* be the compact connected manifold with boundary

obtained from L-N by attaching two covies Nys N5 of N as boundary.
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By Lemma 4.4, there is an immersion g: L* % 10,1]——> M

such that

1) g]Int 1*><[0,1] , ] Nyx [0,1] and g | Ny [0,1]
are imbeddings.

(2) &]|Ny x[0,1] = f where we identify N, and N.

(3) g(x,ti) = £(x,ty,,) for all xeN; = N and all i 2 g
ahd for some positive integer k. g(le [O,l})cf(in[O,l]),

(4) g(L*™ ;) C T for all 1 2 q.

Then we can identify U' and L*“~L*~L*“ce¢, Therefore &
is a periodic end with a period L*. This completes the proof of
Theorem 3.1,

Remark 4.5 Consequently we see that Uns_1is a finité set

and Imxp'@: H' and k = 1.

Q5. An example

1, ol ol

We construct a foliation on S X 8 ., Let D be a 2-disk

in Slx Sl which does not intersect § = Slx Xqe At first we

X 8

1 1

0
whose leaves are Dxx

- D)xx, X ésl. By making a whirlpool at 3D xsl,

L Slx Sl with a compact leaf apxsl.

consider a foliation on (six 8! -9D)x s

and (Slx Sl

we obtain'a foliation on S

1. 1

We cut S'x ' x 8! by SxS° and we glue there by the diffeo-

morphism f: S x 8 —> 5 x 81 such that £(x,¥) = (x, g(y)) where



112

1 1, . e e ti Iti
g: S—>5 1is a diffeomorphism such that g(e™) = e

for all .
t€ [0,7]. Let F bve the obtained foliation. Let F be the compact

leaf ;_stl, FO the leaf containing 8x1, Fl the leaf containing

1,1

X 8 - D and FO has Jjust

Sx(=1). Then FO: is diffeomorphic to 8

one end E&,. LgO(FO) = L(FO) = F. Fy has at least one non-isolated
end €, and countable isolated ends aj. Lgl(Fl) = FYFjy. sz(Fl)

= F.
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