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On a flow on the 3-torus

by

I. Ishii ( Keio University )

1. Definitions. Let T be a flow on the phase space X. We

denote by O(TWy, P) the orbit of M through the point P & X.

Definition 1. A homeomorphism h of X 1is said to be orbit
S m~~—

preserving (for Tky), if h(O(T™., P)) = O(TM, h(P)) for every
N

P €X. If M has no periodic orbits, then for every P & X and

t ¢ R there exists a number T ="T(t, P) such that h(T (P)) = T (h(P)).

When —(t, P) is an increasing function in t for each P, we call

h a positive orbit preserving homeomorphism. In the case when h
ASaui oy

is decreasing, it is said to be negative.
NN

Definition 2. ¢ is said to be a homogeneous flow, if for any

N N

two points P, Q & X, there exists an orbit preserving homeomorphism

which takes P to Q.

Definition 3. "¢ is said to be a.p. (almost periodic), if the
[ R ANy

o

family of homeomorphisms 1\'471& is equi-continuous.

2. Results. We consider the system of differential equations

_@_ - dy _ 1z _
(1 dt | R 'a‘%’*'f s L(Jﬁ——yc(’lz‘y) P

where we assume the followings.
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Assumptions.
it aduisiel

(A) f(x, y) has the period 1 in each variables.
(B) f(x, y) >0 for all (x, y).

(C) ¥ is an irrational number but not quadratically algebraic.

Because of the periodicity of f(x, y) , the system (1) determines
>3
a flow 9} on the 3-torus T =K/5 Our main results are the following

two theorems.
Theorem 1. If ﬁ; is not a.p., then it is a minimal flow.

Theorem 2., If ﬁl is not a.p., then it is not a homogeneous

flow.

Remarks.

(1) There really exist an irrational number J\ and a real
analytic function f(x, y) which make 9% a non-a.p. flow.

(ii) If Y* is quadratically algebraic and f(x, y) & C3,, then
?E is a.p..

(iii) A linear minimal flow on T3 is homogeneous, so this

non-a.p. flow cannot be linearized even if the time is changed.

In the following we shall give an outline of the proof of

Theorem 2.

3. Sketch of the proof of Theorem 2. First we prove

Lemma 1. The following conditions are equivalent.

(a) ?; .is a.p..
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bY
(b) Hy(X) =~/[ff5,7*f5) ~f{5ffgdd5 is a bounded function for
)

each y.

i A eneend)
(c) E [Gwhn/ (€ -l)\ converges, where

[CIRUTE 1{-XF}

f(x’ y) = Z (‘W\,V\ e/x\p')“[i\(im'l 7‘h“3) .

Proof. The system (1) can be integrated as

‘ ,
= = = oo * a
x=x +t, y=y +*re, z—zo+j,£cxo*5,t}c”s)5
[4

Since f(xo+s, yo+}fs) is an a.p. function in s , this lemma can be

proved by the following well-known theorem.

Theorem. For the indefinite integral of an a.p. function to be

a.p., it is necessary and sufficient that it is bounded.

Definition 4. An integral of ¢, is a foliation F of T such

that ﬁ;(L) =1 for any leaf L of 5?3 and any t ¢ R .

Let # be the foliation which is determined by the Pfaffian

equation ) dx - dy = 0 . Then we obtain
Lemma 2. If fi is not a.p., then 3 is the only integral of

Proof. Using the minimality of q, and the theory of the rotation
number, we can prove that if there exists another integral, then the
restriction of % to {x = 0} 1is isomorphic to a rotation of the

2-torus and so fz is a.p..

Let

| -~ be the flow on the 9-torus which is determined by the first

two equations of system (1). Let C be a section of W% , then we can

define the rotation number of the returning-map on C.



Let C and C' be two sections of H& , and x and X; be the rotation

numbers for C and C' respectively. Then we have

emma 3. Suppose ¥ is irrational but not quadratically algebraic.
Then X= iiX/(mod 1) 4if and only if C and C' are homotopic to

each other.
Proof. By a direct calculation.

Lemma 4. Suppose that 9; is not a.p.. If there is a positive
(negative) orbit preserving homeomorphism h' by which (0,0,0) goes
to (O,yo,O) , then there exists a positive (negative) orbit preserving

homeomorphism h such that h(0,0,0) = (O,yO,O) and h({x =0)) = {x =0

Proof. By Lemma 2 and 3, we can see that h'({x = O}) is homotopic
to Qx = 05 . Hence we can constract a positive orbit preserving homeo-
morphism ¢~ such that O~ (h'(ix = 0))) = {x = 0Y and it fixes the

point (O,yo,O). Then h =g-+.h' is the desired homeomorphism.

Let (3 be a real number defined by
, n
. i '
B = L TJ g, gy~ rgodg

A D o)

ﬁ is independent of y , and is a topological invariant as the rotation

number.

G

Lemma 5. Suppose that J/y is 0 or irrational, and that L, 1is

not a.p.. If there is a positive orbit preserving homeomorphism which

carries (0,0,0). to (O,yO,O) , then Hy (x) 1is bounded. And if there
(o]
is a negative orbit preserving homeomorphism, then

X - X
A

}-—\BDL'X) = J‘J;(A,fﬂ)ddf jf (4 ‘yt&-f\/ﬁ)dd
¢ o

is bounded.

i
I
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Proof. By Lemma 4, we can find an positive (negative) orbit pre-
serving homeomorphism h such that h({x = O}) = \x =0} and
h(0,0,0) = (O,yo,O)

If h is positive and @/3« is 0 or irrational, then we can see
that

A

(2) he§ =§-h on  ix=0)

1

and h satisfies

h(0,y+1,2) - h(0,v,2) = (0,1,0)
(3)
(0,0,1)

~ ~
h(O,Y,Z+1) - h(o,y,z)

~ ~

where h and qi is the 1lifts of h and 9; respectively. On the

other hand, if we choose a suitable 1lift %; of ﬁ , then
n
W) e =z + |45, YrrgHds
b}
where %inﬁco,'i, z)=0¢g, 9" z") . From (2), {3) and (g), it
follows that Hy (x) is bounded if h is positive and h(0,0,0) = (O,yO,O).
In the caseowhen h 1is negative, we have that g”{ ={%ﬂ~ﬁ/ and
%cc,gfn,z)'- bt (e,q.2)= (&,7h, 0

{ %:(01% ,?T\)-»‘ﬁ (¢,4,2) = (¢, 06,71

A
Therefore it can be proved that Hy (x) 1is bounded.
o]

Proof of Theorem 2. Suppose that f%/g“ is 0 or dirrational.

By Lemma 1 and 5, if ?; is not a.p., we can choose a point (O,yO,O)
so that there exists no positive orbit preserving homeomorphism by which
(0,0,0) goes to (O,yO,O). Hénce we have only to prove that no negative
orbit preserving homeomorphism carries (0,0,0) to (O,yO,O). For this
purpose, according to Lemma 5, it is sufficient to show the following

lemma.
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AN\ .
Lemma 6. If Hy (x) is not bounded, then Hy (x) 1is also not
o o

pounded.
This lemma can be proved by means of the almost periodicity of
£(g, yto8).

In the case when (5//)/\ is ratiOn_al, Considering the map C) on

Yy

iy = 0\ , we can prove the theorem by the similar way.
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