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PARAHETER’ ESTIMATION OF
MARKOV RANDOM FIELDS ,

%71{ f@‘i"%ﬁ H. Kinsc

0. Lntroduction: A random feld is a stochas-

astic process with a multidimeusional peara-
meter | usually f“l/l’éielfroife{:ec’(/ as  space , Theve
- ave  many exawples of randow Aflelds lorad:ii
cal applications , for mstance avhual raintall m
an avec. , the size of a crop at d}f{erem{- plots,
or n the case of trauswiission of photos <he
g/dé/ccz/ am/w//fwo/e, The Joaper L6l contans a
Survey of a/p/a//caé/amx of Vavdom Frelds e
various discyolines .

We consider tfeve £he case oFf a  randbu
Freld N¢) , 46 Z° v=42,... will EXxH)=0
aud which s hﬂmg{ié//zc’ﬂ(/\f ., re. all //‘M/‘fe

dinresrsroma) Astrifbotons orve {fravsletoo  pva -
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riam< (A jemeraz//zai-/b//z to a Freld witl  some
brend 15 possitre ). Whitdle L[T1 and larimore
[R] kot considferecd autoregressive mooels

Wwhich —Seews to ws a too warrow <lass; We

take Fere t;/ye broader class of farkov moglels,
Two methods for the estimation of fhe para -
metevs of such 4 wmoue!/ — ave yreposed gindd o
botlh  coses (‘aﬁJ/fééMC)/ awud 4&///M/véa7£/'c Horma -
//"éy are ///w/eo/ , eves AN L podt Gawssran,
[, Ty'pe of wodels ; a) Mavkovian wio cle (s

# Ehoose a Fim/fe Set L ZP witlh [L=—-L

god Od L, bhe et of ‘points mear O We
define Lhen {Lhe (L-) boundary of a D 27
by ODi=/[4¢42|IseD, ¢t-s e}

Defiribiowm -~ A randons Freld X&), e Z¥, sas

bhe Mfarkor property w.or do a st D
V G, e D~ measurable  riov. U

E(v/) k], ¢ D)= LF(U/ X)), e OD) (1)
Rewark: F y=/ aud L=fpo . -/ 1 pf,
then For D= FE tr), . J the above dlefiisiéion

/s the wswal  dfefinitionm  of a' /ﬁ—éh order  Markowv
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process . o can  also e proved , that a p- 4
ovdler N koo process  jfras the  favkor propersfy
W v do ot De 2. However , For y22 Lhe
line —rausect  X(4,,0,-.. ©) of a [flarkov Feld
/S sz gewera/ wot a Slarkov process

X s lmogeneows | Gawssian , EX=0
her  the Ffarkoy properéyy  w.r. Zo [2f /s
Simply  E(XR)|Xs), sF t) =k§a(/(/ X(é-4) (2)
WoEl  Some coeffrcienbs alk). ([2) /s eya/yd/ehf
o ME)= Zalk) Xt-k) * V) (3)
with  V(E) ndependent of  Xs), s#+E. As our
wmodlels | we Fake Solutions of (L), resp (3).

A J/'/M/ale' calculation show s , “bat

, / /£ =S
E—Y/é/ V/J/ =C “élﬁféﬂs} /// £-s e L
else where .

je. Zhe eror Zevwis w1 (B) are correlates
bebween Lhewr selves . Also | we st tbave
alh) = al(~&«) ( theve fore L = -L).

Theorens /i There ex/sts @ Gaussian fomo ge-
peows  Solution of (2) with FXE) =ci>0 £

i
7;(;70{>(<o<’)

alh)=alfk) | Pix)i= /= Zawe ™™ 20 o
-
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/Fowe ask X Ho e parely  pon Aebeypperinrs€sc,
z,zéfem A /s o /?gé/)/ j Y Eer é,y

~ _ 2 /@ F(E-s) X
EXE) Xfs) = Rré=s) : = " ) A (%)

?,r@azé’ . Jee RKezamo v [& 7

X cap  pe b/t A 7 N VA S o
Theorem: <L [ fhe covaricmee of A s _grrey

/ay /’4//\;%/ Sat /Ls';,&'”/»fx Ehe o vivgg  averzge éjy“aé/é@
Xte) = Z glt—u) VL) | with | (%)
< ZY
. . /JX
Eveg)vis) = ¢ %, 96/)= (2/ 77()(/ /X
Boct: Put k)= Je'*Fr)* a/Z/x/ , where Az

1S dhe yandbn. wmeasuve With é/c/Z(x}} Fx) 0{)(,
7. €.

@ /”

WU s wet  mormal | Lhe Feld X defimed by
& s geveral only tar ko oo the weak semse
ie. é\(xz‘f)/)(/s], S = t) Za(k) X(+-k)

wheve E/_\ /s Zpe arééaja//,.g/ p/a/ecé/am ou

- Ebe vc/éxec/ Smear hull. Bud simce 1€ Js pot
Kvrom 17 , JF 3 Sas a vom éa‘wr.s/am solution,
we take peverthefess K defiied By [(5) a5 our
mode /.

//[ HNE) Sas beewr  pbserved For fe D zoo
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iFAE)  sadss Fres | () wiéls lemows alk), hee
Che formiale  Sor Aest  lmear X Lrapo/a éres o
Art), ¢ D, 15 wel/ wnows - L DC L5 Fiaide,
See  Rozpume, [47 , céa/zréer Z. /e, A P o«
éé{//é)mzcc , See FLEE ):3:{ ) /a/&/das/t'//ay,- 571// amd
F D s Frmibe  aud Zla k)] < | / see Wl rams [5]

b) Autoregressive mode/s

’ De/[/h S hiown - XN s called ay  Au f/ﬁféf//éjj'/ ve f/e/p/

F X)) = L) KE k) 7 V) — (&)
Wik Lot ) aed K Fide | F 0.

Fre sag /g,/é fa) & Js clear | that Ehew U[E/
prwst ke  correlafed  witl  SOr1e /\//’/5/",, s# £

Theoremn, F: Theve exists & /w/é/\/ powr  ofe ber-

vripss bic  Solutiom e (é/ //74
. /- — i - J
&[X’/ MES ,r"//'"“ 2 é{k/g /K)i/ & /_/2 \/[—,7‘/ /7—]/ V/X) )

-

He & . )
e ((Es)x
, : —~ o 2
777@ COVaricmee /S £z X[é/ /\/_/»5/ = £ /[g-‘—-———~—'———2-— X
| &=/ |
/7/4;0{4 - Tl{ ;/5/)/ PC LD e ter IS E/C /z»,/f lres , tla &

bhe  spectral/ preasare s alys. couturwows [ Z0-

J ™ — ., . ‘ L/é—/ ) i 2
Zamc /57 / ) Thew & (//QUA/ = //@’ g X/Lr//‘&:// 7&’[)‘(/ o
fo , Srerce Ehe U :5 ave /. 1. ’ [\jt’/)(//z']ﬁ(xj = covrst,

7. €. .c"/,
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T e _4— o | . - ‘ - )
fAlere Fore  @pe Yl fc:‘f’i/f/qf CIS s e // el rs Sarke
£ }’(,.;'e‘ , /// T / = ComsE. / 4//(//:

drict “le IV f//m/«/ /S

el 6/(: ac M/y/é‘ S/ Z/m/,

/D(\/ b Swel
LIT, pol21 ), but for p22 4s

For  tastavce dhe

/”2 v =/ L Ever /\/

{/:( e }/Q 7 /vt
FS e (“}’ e  Ehe cuge
Srizp s £ Tix)= /= acos x , bccs x, a#o b#0
L—:;/é s ;}M/f.c; s/ é/c;q / 7( ’ Wwe zéak e

X - x , o
/ e P drew s Q)7

'y /1 X> -/
- re =~ Jé

Gix)= /= xe M g%

7 - S, .
s oF cvder W nicl  wve pod alf

ccerp et~

_ "‘v;’} 2 X T P Jv - . . N 2 =
c EX¢ G o Y2 ~//P =4 = C, OV ppmore
e f i / s . :
s s G a4 Siste s ST ey 4 o ) f/g_{e .
1

-3 i i . el
A S s .o / . N i
ESTipaiation &f pavram e ters

- e
5 & ﬁ/ﬂ og.se ‘ cposervec o o seét D . AW(Z

Wogr e ZL Z: o

Af’é"//y C/ /f//f/ , £e

-
i E prret S L
Efree & /70 (';‘ /7/ = (&/

é/;"f’(&' MY
//‘/: S

1o . R
Al = /i S

the alh)’s widl Fhe

2 . /L s 5&(/’,77&' sed So le

ES T/ prac e

Lrc g, Gl = (=4 )
: s de /T Swck

e Cirs S0

Ay S =
Yo (- Yo // Z it X
P

A 4

<S’x'!z{/ﬁ’r:/» ’ ‘(' ; f }/ e Z:/C( /lié

& Llre es5E/pa ‘z{o?/\s', we

.7'—/1 & //,> i"[/‘/x) Er ff / € Ny
oo “&n
Lle J{V ‘U‘V/ ',;Jy , are /i/vgv(e/

Go Fo /.wz:/f/; cre
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i1 Ehe /m/ggyg/?f Of e 7547//(;%///@/ v
Clk)i= = Z X/ acers) (Km0 Vg D)

Lepminra /o

//‘ X /s j/'yem kfy /5‘/ wr bl
Y 2.4 , — 5 /) ’
£ ut)’= 3c¢ + K, <00 Lher, (k) T_7w>7?{%/‘ /A~
moreover  T(x)# LD ¥x & Lben 7“’/'2[5/;,/_?@/] are
ﬁgs'/y/M/Za Zically ot woruia/ with  mrean O aud
Lo 4 A iy / e 2 foskxwslx
covariance ¢ 4/76 * C.;,/?/Z//?/Z/ , where #ZGC r) —77;—/—2—4,’(
ook : (&mj/‘:égmc\/ Sollows —eass Iy , becawse
the Freld Nt Kitr k), beZ’ Las a Jpectral uss £y,
As g totic  pormals 'z// /S a sz)/a{y /)éﬁ‘/%/aﬂ/ gere -

valization  oF  Audevscn L1 cectien F42

y.e)-o/

@) Least squave estinigtors @ We ‘take as
i

esbimators For alk) Zhise  values a (k) which
. : . == 3 f [ . P / ) ) 7«-—12

) 1z e N} — Z i) fuéin) wrxré-clf |~ By

L é% LAGZ) = = al4) -/ %/ f [ By

d/'//é/ew Eratrom  aued  diviSiew é\/ 4. ‘7*/
ZAChewn) = CCh-n)] & (1)) = Clin)

o e /7 [7)
As  esbimaticn Sfor ¢ we take
o= :’;tg [x(&) = Za(k){X(¢rk) = xie-28]" ()
or by () = Clo)= 2T dw)cck) (Y
Fat  Supni= Rlbern) + Rlk-1n)

7%’(2%}
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L&mrizrss L [ ) S el Siprg e G
- = Vrsom 5 f e AT d 4

ST A = O K M =

- -— - \
Lo o <, b %:/
£~ ;
N == A g i 7 e > - )
" 2 eins o= =0 Hhe LS 2y cos iy = 0
- X o ’
o A | ) A
2 T <;—__~:\ ///' = ./ F/’? - /L/ e - C’/
—_ ) ;- o {, . _— ) P c — / ’;} ‘Y
ST ESE e - -'f‘ X SATE/LS %/c’*“ﬁ (~5—/} ny f/i Lé[t/ < 0
. =N N . ; .
ELE AL e il sdtem . SF mcves v Er
k4 4

T ) d 2] A \ S
T #0 Fx | Zhen | Z{i(l/\)—a(k)] are  asyuwiprtet -

>

< Jemt ncrnia/  with  wiean O dand  covarian-

- ‘{;iy //\ e
& < e
Troo £ (3] sprelie )= Jaih) S =c*
/”C/% (‘.‘/7/ ,///M/w/,'é_S AN /’?/ 14_{(('/ ke ia e
et
Ao/l i s e SCr e [and <,
%046(‘ f

£ A
VS clsy 1/5":’/’:’-’ retie LICF Face - y L easerye

—r/E A , o oy —_— 2 . = ’
7 [alk) =l )] '\’% (S )/ . | [{_ (h) ’ﬁ?[-{[/”)g/[{gﬂq/ f([/;/,,)’w

~ 2 A s ZL/ V)= Tfn) = 2a /2"/)2/5 (C#n)- K¢+ # ((f-n) ~?(f’it1)ﬂ/,

VB s P
ciend  Ele  resalé */ 4 //c s 7//51; V€ tirpzace [ b \/

(i1 el ¥ Cale /et 7 e of

L) Maxims e ileeliboed — EsTrpra tors

L"{ ST FT¢ 74 FEs e/ £ ,7'4/:/52'/14 /’%/7 / t # /e & Z [7 ] ,

/; ‘ ‘4/‘7 (= Ly < , e o E e f/ﬂ. o -
T 3 | f /.

o ; . u 2 i L = i
= 53(3 fike libioe e %(Ob’)éfu -z i<q ¢ 47 ’\Zf,')”_/‘(uﬁ (f‘NZa[k)tcbk%)J;(

&
X t*\/‘

- »-
!

J(U/() CUK)J A

(e

— =z [Cie) - 2
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c /f er é//#f/éw bration “be /0//& W/}/‘/j
Iheli bhood —estiieatovs

74/« % rves

éyaaf/mxw For the iz xipiin

cz cos kKX “ -
(2r)* /-2;’5‘1\'/2/505 Cx Ax = CY%/ g “e 17 (9)
C* = o) -2 ZTIHL) (1¢)
COr eyu/l/d/eM £/y  fo (9 auad (/ﬂ/ :
C COS K X /X = C(X/// A’é/ya/ﬂj ///)

(@ /—2= a/€)cosx

/e, we lhave £o Fit o sm c? d/\{/('/ s Sech

a way bhat For ke Mo of “Lhe covar/Gu -

ces of  Fhe /'/Zéep/ uwrcce) arve e/ua/’fa

C(A’/. 74 e /Ca st J/Ma;/e wredlloool —on Ebe ober

A;{W/ wses alio  C(E), Co /Mo o} fov the est-
vacr€ion -
Theoyem & 1 X satisfies (&) wiél
and  FUx) FO ¥x  Lher EGLh) Fiect

Fuit)7<
C2 are comsistent  audd 72 [df\//é/— d/éZ/ are

ﬁf/m/aéﬁé/t({//y /WMLZ worwa ! will wearr O awel

. R(k) R (€ -/
Covariamces (44,2 ——2(%/4,// //4;{15 as iy fewina //
22 2 fooskx

v
p/’&&f f/ (@, fe M (2r)" /- 2 2ap (d.ff)(//
/%Q,/g 5:{@7[/}160/ (¥ 7}

ke Mo goi /s a  diffeveatiasse

/dk/ I”Zak(oskx >0 i/ijﬂZ+ witb fumcé/ma/ i Ere x



{Tir)] 57/ o  Siwaslar C/'(jwz////émﬁ/‘
‘LAVQ L«/{yﬁ.r itﬁ
\ / as i Semrma 2, we  cay
\.s:,z:‘;—~~‘
e 7 ; .
Show , that E /s ot sm-
7/,// 7(,:45 tler Wit /é’%////f//(i / y Z_Z///J ST -
//z// ey CErrS /: J f/,’ma‘\/ R
A e e /5"/4) (G) i a Ta ylov Jerres | we
get = llk)- Rle) = 2 |Z)-are)] C* Ay e
R« .
/ * /ffma/wg/éf ke /T

ﬁ,,(cz_c 2/
Cit ¢ of (/) - CZ~
—Zz c/e) [ C(€)-Rie)] + rewsaivcten

= (o) -RI0) — ;Rze)[a/e)—a{e)]

(G ot s vy Alhege bweo resowlts .
T - vy - B Z] = T (A~ 2 BEE ) T ]
+ rewiar viclev ) wheve Z:= ((U)- 7\7/67 -2 ja/f)[é/@/' 'k’/(f/]

The reweaider goes Ze O gs T = . and é/ e -

wia J , tle ettt Lot Side s
'Ol 7 7 €4 / é’ 9 j ,_/ 1 (& I/ 4 /
Jolvt  wormic/ W&l covariance  C 44,/ ¢ ;(7[,4)78/5].

As in lewima L, we  caw shew fhat  Ehis  yadvix

sy o é/czz//\/

/S e ‘5"'%? ot lee v, g e. oA

<) C‘Omyﬂczr/"gom cF Ehe Z pmethects o dhe cese
L= -,

variamce o 7.//2/62 -

Jj{ , We Jﬁef‘ tor Lhe yij'/‘/%z/o{ﬁ{,fc

A 22 :
/o =84 agind  For

P ,

)/
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V2o v (1-7)° , A 4
T (CL“-CL)- m—f—;)—;/ / wheve g = JB3 \Jfa,fdr

RB=05 = a=0y , we peec! w1 dhe case of Lle
fecrs J?a(z//é’ vere oot ?/ rioye  Olservatioms als
Zhe  Sauee //Z(/f;‘/ow , but ggqa{.f'aw (7] s easier
bo sclve thew (/1) . We lhavewr & hacd Enpre aovd
occas oy £o solve e revical fx’ﬁm///&{ . We
wy , s W;(’ﬂ"ézf pe  z jvg% weeltee oA 2 calcu-
Jate Frvsf 62//6/ , ’2 aud wse these z/a/vfe-x

as J'fayé/wj values For  f£le :50 Jwtdrom ef (1)
witl  Mew tours meélioct.,
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