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JAPAN

17 Introduction

Future goal of our study is to build knowledge base concern-
ing mathematics on a computer and to build a computer with which
we can converse for mathematics. As first step for it, in this
paper, we shall propose the notation for describing definitions,
theorems, proofs and so on in mathematics which may be convenient
to be stored in the computer as information base. Definitions of
mathematical pbjects, theorems which express the relations of
mathematical objects and theif proofs should be represented by

logical symbols originally. For example

(1) Set(X)ASet(Y)AV x(xeXsxeY)

(2) Vu(uez«s (ueXxvueY))
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(3) VIVYVZ(X(set))AY(set)AZ(set )AVu(ueX-uel )AVv (veY-ve?Z)

- yw(weX-wez))

where 'Set(x)'! is an abbreviation form of the logical expression
which means that X is a set. By using a usual mathematical

language, we can express (1), (2) and (3) as follows:

(1)' A set X is a subset of a set Y,
(2)'" 7 is a union of X and Y,
and
(3)!" If a set X is a subset of a set Y and a set Y is a

subset of a set Z, then X is a subset of Y.

Essentially all mathematical notations should be expressed
by using logical symbols (1), (2) and (3). And if we store
mathematical data on a computer with this form, it seems to be
convenient to investigate and refer these data. But comparing
with usual mathematical representation as (1)'-(3)', the logical
expression seems to be hard for writing and reading. So, in
this paper, we shall propose the new notations concerned with
mathematics between the logical expressions and usual mathematical
expression. That is, it is not hard for research workers to read
and write the mathematical expressions by our methods. And the
expressions in our methods can be easily translate into logical
szmbols by a computer. Finally we shall examine about the

ability of our method and about its processing on a computer.

2 Method for describing the notations about mathematics

We shall successively list the rules of method for describing
the notations about mathematics---definitions, theoréms, proofs

‘and so on---,
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2.1 Begin and End of the notation

When we describe the notation concerned with mathematics,

! _____

-
? Notation [
e -

and finally we should write

e

i End l

|

first we should desctibe

, Notation

| p*]
p2
p3

e

pn

i
|
|
|
|
|
I
. !
|
|
|
i
|
End i

=== -

where pl, pR,..., pn are called sentences which shall be explained
from this. Specially when we want to name the notation, we should

write as the following:
e e — -~ — -
i Notation of (name !

_— e e o =

2.2 Declardtion of frée'variables

When we want to use a certain symbol (for instance x) for a

free variable, we should write

which means that a symbol x is a free variable. This declaration
is effective until the end of notation without an exception
mentioned in a section 2.5. If we want to use many free variable
(for instance Xqs X and x3), according to the above rule we
- write

-3-



Moreover the following abbreviation may be used

or

However, in this case, we must say before this what a set I is by

using condition sentences mentioned the next section.

2.3 Describing result sentences and condition sentences

When every free variable in a logical expression P is
declared before this by the method mentioned in 2.2 (therefore if
P is a cloéed’logical expression, we need not it), the followings
are reSpectively called a result sentence (a) and condition

sentence (b);

o P f or 0 P \

EXAMPLE 1:
Let P(x) be a logical expression with free Variable x. ‘Then the
following notation (1) and (2) respectively means that

(1) for any x, we have P(x)

(2) let x be a free variable satisfying P(x)

: Notation ~: | Notation

(1) 1 ox | @) x
IO N LB
: End ; f

: =
=] -
o, .
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EXAMPLE 2:
Let P(x) and Q(x) be logical expressions with free variable x.

Then the following notation means that 'if x satisfies condition

Notation

P(x), then we have Q(x).'

; i
3 ‘
Cox
i I
| |
j Q(x)
; End

t

Seeing in the above example, if there exist several condition
sentences ':P1(x)"', 'P2(x)', ..., 'Pn(x)' between the declaration
sentence 'x:! and the condition sentence 'Q(x)', then we read it

as follows:

Vx(P1(x)AP2(x)A . AP (x)»Q(x))

NOTE:

We admit the rule of the abbreviation as follows:

— o — —

:j> : ; X:P(X);

I x:

; 2P (x)

2.4 Naming the logical expression

We can give a name N to a logical expression P as follows:
EXAMPLE 3

Notation

X: Set(x)

!

|

!

|

| Y: Set(y)
i

| XCYQV&(XeXexeY)
!

|
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This natation means that 'Let X and Y be a set. When x belongs

to Y for any x in X, we write XVY,!

NOTE:
This naming is effective until the end of notation without an

exception mentioned in a section 2.6,

When we would like to show the prbof of the proposition P
(that is, description of process for deriving P), we write as

follows:

P1
P2

Fge o o o

n
Hence P
‘where P1, P2, ..., Pn are sentences whlch show a process for

condition sentences in 'show that! sentence are effective until

1Hence!.

The declaration of a definition must be written between
'Definition' and 'End! as follows:

Definition

r

i

{

1 o
f

'

I
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Similarly the description of a theorem and a proof must be

vwritten as follows:

1 i~
| Theorem : ' Theorem T
i ¢
| | !
e * | ! '
i { i |
i * ! ¢ i
! | I .
| i |
! . \ End
1 z . )
! !
' . ‘ I Proof ;
! ! | .
| ! !
! . ) . . ‘
i | | f
[ End | = . i
T : ,
, QED 5

REMARK :

If we want to name the definition, we may Write as follows:s‘

?"“_——"“—-“"“]

’Deflnltlon of {name y !

For the theorem and the proof, we write in the same way. If the
theorem is written before the proof, we should write without fail

as follows:

!
! Proof of <theorem's name )|

2.7 'The method of using 'from!

We may write 'from P1, P2, ...Pn' immediately after a.result
sentence, where P1, p2,...Pn is respectively one of

(1) a sentence or a symbol which is mentioned before this
result sentence in the same notation, |

(2) a name of the définition or theorem,

This shows by what condition, theorem and definition the
resultAsentence can be lead.

Lastly we shall show the example of notation'which mean the

proof of the proposition of (3) in chapter 1.
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T T T T T T s — e e

Notation
X: Set(X)
Y: Set(Y)

X:YQVX(XGX?XéY)

Ye72Vy (ye¥-ryeZ )

— e e .

|
1
|
|
|
Z: Set(Z) ;
|
j
i

= 7=Vx (xeX»rxeZ)
XY, Yo7
Show that XcZ
x: xeX
xeY from x:xeX, XY
xe?Z from x:xeY, Y7
Vx(xéX%er) frombx:xsX, x€7

Hence Xc 7

3. Description on definitions theorems and proofs

We shall show typical examples of desériptions on definitions,

theorems and proofs.

3.7, Example of the description of definition

We can devide’so called 'definition' into thé followihg two
classes:

(1) putting a sign on a certain mathematical object (for

example, {x| a<x<b} is aenoted by (a, bl) ‘

(2) naming a propértj of a mathématical object (for example,

if n can be devided by 2, then n is said to be 'even!)

CASE (1)
A mathematical object is generally defined by the focllowing
-8 -
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symbol expression

VX1....VXH(P(X1,..w,Xn)*H!y(Q(X1,...Xn,y))
where symbol '!'! means a uniqueness. We want to put a symbol
(or name) N(xj, ...,xn) to this mathematical object y. The above

argument can be expressed by an ordinary mathematical language

as follows:

'Let Xqs Xos eees Xy be mathematical objects satisfying the
condition P(x1,..1,xn). And there exists a unique mathematical
object y such that Q(XT,..,,xn,y). Then we put y a symbol

o
n(XT,...,Xn)

Therefore this notation is as follows:

Notation
Definition

P(x1,x2,...,x )

X1,X2,...,X n

n:
E!Y(Q<X1 sXZ’-- o;Xn,y))/”'

|
|
I
t
!
1
}
!
i
|
|

y:Q(x1,x2,...,xn,y)
N(x1,x2,..1,xn);y
End

REMARK :

(1) the description

" Ix(a(x)) |
i

|
|
t

Cox:Q(x) ‘

A

can be abbreviated as follows:

- ———
%Bx:Q(x)t

(2) we may use a Halmos symbol 'm'!' for 'End'.

We shall define 'union' by our method as follows:

EXAMPLE 4:



Notation . |
Definition of union

Set(X) !
Set(Y)

|

|

|

f

}

L F1T:U={x | xeXvxeY
|

)l L
{

|

CASE (2)
Under the assumption that mathematical objects xi,...xn satisfy
the condition P(xq,..w,xn), we want to put the property
Q(x1,.,1,xn) a symbol n(x1,..,,xn). So we describe this as
follows:

Wetation . T

Definition

N(x1,..,,xn)gQ(x1,.r.,xn) C

|
]
|
1
. |
)
|
|
b
L

EXAMPLE 5:

We show the notation of inclusion

—— - — e — = —— ——— —— S —

Notation

Definition of inclusion

Set(X)
Set(Y)

|
XCY@Vx(XGX*XéY) I ;
f

A theorem has generally the following form:

Xqreees Xni(P(X1,..1,Xn)?Q(X1,...,Xn))

-10-
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Therefore we describe a theorem as follows:

. Notation

Theorem
X1,X2,...,Xn:P(X1,...,X )

t”_;? Q(X»]r--"xn) D

EXAMPLE 6:

According to the above form, we describe the notation (3) in 1 as

follows:

i Notation

e ey

- Theorem
| X:Set(X)
Y:Set(Y),” X=Y Z
} Z:Set(Z),’ Yo7

R (// o
i i

i
i End

i
P

Therefore the theorem which has the following form

VX1,...,Vxn(P(X1,...,Xn)+Vy1,...,Vym(Q1(x1,.o.,xn,y1,...,ym)ea
Q1 (X.] 90 8'e ,Xn2y1 5600 ’ym)("‘?no ° Ql(X,] sy e eoe ,Xn,y,] 900 e ,ym>)

can be expressed as follows:
; Notation
|
I Theoremn

XW,...,Xn:P(X1,...,Xn>

i

|

!

|

n

|

|

_ |
vt i
LR E" |
= i
i

1

|

|

i

i

|

Al

{

Q1 (X1 39 9 e0 ’Xn’y»] 3 e 20 !ym)

|
|
!
I
|
|
|
!
:@Q2(X1 s oo ,Xn’yzl 2 00 0 ,ym)
!

:<—>Q3(X1 9 e -‘.I,Xn’y»] 99 0'e ,ym)

i

-11-



QﬁQl(X1,...,Xn,y1,...,ym) i
End

A proof of a theorem fundamentally seems to be a description
of process which show how the result of the theorem can be lead
from the assumption of the theorem. Hence if we want to describe

the proof immediately after the theorem, we must first write

and write the description of the proof. And if we want to

describe the proof away from the theorem, we must write

Fom T e e e e e ek e e e e e e e

gProof of < Name of Theorem?’i

e |

And we should write in the end of the proof .

| QED |

According to the above argument, the notation of the proof has

i

the following form:
~ Notation

t

I Theoremn

. Proof

SR C12-
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Also, when a proof is separated from the theorem, we write the

notation of the proof as follows:

Notation

Proof of < Name of theorem>>

QED

End

i
l
|
!
i

— e e - 4

In this case, assuming thatrthe theorem which should be is put

'"Notation'! and 'Proof', we can use the free variables in the

theorem,

EXAMPLE7:

We shall write the proposition (3) in chapter 1 and its proof.

l
|
t
!
|
|

Notation
Theorem
X,Y,Z:set

XY, Yo7
B (S
Proof

Show that ¥x(xeX-xeZ)

x:xeX
xeY from x:xeX, XY
XeZ from x€¥, Y7

Hence V¥x(xeX»xs32)

D (/

| QED

End

~13-



The notation described formally is sometimes lengthily and
rather illegible. In this case it is convenient to use the
abbriviated notation. Hence we shall list the table of the forms
of the abbreviated notations in Appendix I. But it is possible
to define the other forms of the abbreviated notation in addition
to this in the case of need. Table of abbreviation isbgiven in
Appendix T.

In Appendix II, we shall show the example of the description
which is written by the method that we propose in this paper. The

theorem is fundamental in topology.

We shall discuss our notations describing definitidns,
theorems, proofs and so on in mathematics. Especially, we shall
consider the describability of this method and the possibility

of constructing mathematical database based on these notations.

4.1 Describability and possibility

Firstly, we inspect the describability. For thevpurpose of
supporting our proposal our method should have following two
properties; many fields of mathematics can be represented in our
notations and mathematicians easily read and write mathematical
works in these notations.

We have written a lot of mathematical theorems and their
proofs in our notations experimentally. Some example have been
shown in this paper. Contents of undergraduate textbooks on set
theory and topology have been easily written in our notations.
We are now describing other fields on mathematics. Our experience
shows that this method will be applicable to many fields of

mathematics by adding a few notations. Moreover, our notations

-1/~
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are similar to ordinary ones which are written on the blackboard
or textbooks. Thus, it is expected that these notations are
accepted by many mathematicians.

Secondly, we investigate the possibility of constructing
mathematical data base on computer. Lef us assume that we
construct knowledge base of mathematics on a computer by using
our notations. There are many varieties of ways to construct and
use such database. - That is, one way 1s to construct and use
database as a book, another way is to construct knowledge base
which can support a mathematician who discovers a new theorem
and proves it. For example, if the mathematician can.easily see "
whether the theorem is essentially same as the known-theorem or

not by using the knowledge béase.

4.2 Congideration on the implementation

"Moreover, if we build a computer system which can detect -
some errors in his proof, a system based on our notations will be
a powerful tool for mathematicians. Building such a system is a
future goal of our study, however, taking into considerations of
existing computer technologies, we discuss several aspects of the
implementation of knowledge base concerning mathematics in'this'5‘
paper. Considering hardware technologies, we can easily make a
special ‘computer or a terminal with character sets of our
notations. But, in software technologies, there are many
problems to construct a computer system which providés highly
useful facilities for mathematicians. So we classify those
facilities and discuss implementation methods of the knowledge"
base and algorithms retrieving a particular fact frém the base.

- The simplest case is that we directly store facts written in

s
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our notations and read them like a book. In this case, we
retrieve a particular fact by wusing its name. Though we can
easily implement such a systemn, this is just the same as a
dictionary. However, our method is independent of a specific
language. Thus, we can output the content of database in some
languages, i.e. English, Japanese, French or German. if we
construct a program translating into the specified language, the
content of database if displayed in that I1naguage.

Next, let us consider that the database includes pattern
variables .and we retrieve or display the content by using pattern
matching algorithms. nForvexamplé, X and Y invExample 3 should
match arbitrary names of sets, say A and B. These facilities
provide the method for defining '0O' in the example. When these
facilities are implemented, the computer is useful for us. In
the case, the database is not larger than the former one, but the
algorithm retrieving facts becomes complicated and more memory
space is needed. If we can construct such that a system inclﬁding
mathematical formulas, this will be a convenient tool for
engineers and applied mathematicians.

| Finally, we discuss the system which is useful for active
researchers in mathematics. In this case, our system should
provide higher facilities. For example, this system should
provide an inference facility following the proof which is newly
shdwn by a mathematician. Moreover, this system should give
useful guidances to the mathematician, if he wants to know
whether a theorem which is discovered by him is essentially
equal to theknown theorem or not. Since existing methodologies
on automatic theorem proving and formula manipulation are

insufficient to be used in constructing such a system, we have to

18-
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develop new methods for our purpose.

We can implement the simplest system described above on a
minicomputer or microcomputer by\modifying character sets of a
particular computer. We will be able to construct the second
system on a personal computer in the near future. In order to:
construct the system with high facilities, it is necessary that
many problems in computer science, especially, in software
technology, are solved. These problems are attractive research
objects for computer scientists.

Now we conclude that a pilot system based on our propoéal’r
should be implemented as soon as possible, and experiences with
the implementation will give us useful guidances of improving

our méthod.

-17-
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Appendix I
It is convenient to use the abbreviation form, if the
normal notation seems to be lengthy. In this appendix, we
shall list up the rules for abbreviating the normal notations.
In addition to these abbreviation forms, we can abbreviate

the normal motaions in case of needs.

List of abbreiviation forms

5

j
! normal notation abbreviation form remark
> F F
X
P(x) g x : P(x)
End |
Iy P(y)
Jy : P(y)
y + P(y)
X » X =Y X< J
X:X(N(X1...Xn)) X:N(xj...xn) x:(N(x1...xn))
means the
ébbreviation from
which represents the
property of x.
- e B




11

Hence P=>Q

x: Set(x) x: set
y»} y1(N<X1 Xl’l))
) y2(N(X1 Xn)) Yq¥oe e Vg N(X1. xn)
Yo ¥ (N (xy x,))
(example)
Yq Set(y1)
Vo set(y,) Y2 set
Show that ¥x(P(x)2Q(x)) If x: P(x)
x: P(x)
Qlx) then Q(x)
Hence Yx(P(x)>Q(x))
Show that P-=>Q If P
:P
Q then Q

-19-
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Appendix II
We shall represent the following fundamental theorem in
tOpqlogy and its proof by the method of notation which proposed
in this paper. |
THEOREM Let (X,T) be a topolofy space and A be a subset
of X. Then A is an element of T, if and only if for any x A

" there exixts O T such that x 0 A.

Notation

Theoren

(X, T ): topological space
A+ AcX

=

AeT

<>

(Vxeh) (30eT)[x€0ch ] ]

Proof

Show that A€ T » (Yx& A) (JOET) [x&0c A
x: xgA

AET, xeAc A

30 : 0 =4

08T, x& 0C.A

(Fx€A ) (HoeT )[xeoca]

Hence AET“?(VW%)(HOET )[XGOCA]

1r  (fxea) (30€T) [xe0ch |

3M: map (4,7), (Pxéh) [xeM(x)CAT

~-20-



Show that 4 = U M(x)

XEA

If  x:ixeh, xe MO

then x & KJ
xé A

U
A CX&A M (X>

M(x)

(Vxea)(M(x)ch ]

Pl
U M(x) < A

xé& A
|
Hence A :XL‘/ M(x)

then A&T
QED

END

-27 -

113



