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ABSTRACT

A discrete element method is applied to a three-dimensional analysis related

to sediment entrainment on a micro-scale. Sediment entrainment is the

process by which a fluid medium accelerates particles from rest and advects

them upward until they are either transported as bedload or suspended by the

flow. Modelling of the entrainment process is a critically important aspect for

studies of erosion, pollutant resuspension and transport, and formation of

bedforms in environmental flows. Previous discrete element method studies of

sediment entrainment have assumed the flow within the particle bed to be

negligible and have only allowed for the motion of the topmost particles. At

the same time, micro-scale experimental studies indicate that there is a small

slip of the fluid flow at the top of the bed, indicating the presence of non-

vanishing fluid velocity within the topmost bed layers. The current study

demonstrates that the onset of particle incipient motion, which immediately

precedes particle entrainment, is highly sensitive to this small fluid flow

within the topmost bed layers. Using an exponential decay profile for the

inner-bed fluid flow, the discrete element method calculations are repeated

with different fluid penetration depths within the bed for several small particle

Reynolds numbers. For cases with slip velocity corresponding to that observed

in previous experiments with natural sediment, the predicted particle velocity

is found to be a few percent of the fluid velocity at the top of the viscous wall

layer, which is a reasonable range of velocities for observation of incipient

particle motion. This method for prescribing the fluid flow within the particle

bed allows for the current discrete element method to be extended in future

studies to the analysis of sediment entrainment under the influence of events

such as turbulent bursting. Additionally, predictions for the slip velocities and

fluid flow profile within the bed suggest the need for further experimental

studies to provide the data necessary for additional improvement of the

discrete element method models.

Keywords Discrete element method, incipient motion, particle bed, pene-
tration depth, porous media, sediment entrainment, slip velocity.

INTRODUCTION

Prediction of sediment particle incipient motion
in boundary-layer flows, which immediately pre-
cedes sediment entrainment, has been a focus of

research for over seven decades. The classic
research on this subject was performed by Shields
(1936) for turbulent boundary layer flows over
flat beds by balancing the drag on a particle
with the gravitational forces resisting motion. By
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extrapolating experimental results for sediment
discharge versus bed shear stress to a state of zero
sediment discharge, Shields (1936) obtained the
well-known relationship for the critical fluid
shear stress at which the onset of particle motion
occurs. However, as noted by Shields (1936) and
numerous subsequent researchers (e.g. Vanoni,
1975), the process of incipient sediment motion is
statistical in nature and no truly critical condition
exists at which the sediment starts moving all at
once. Rather, there is an interval of the bed shear
stress over which the fraction of sediment in
motion increases rapidly, leading to a state in
which the particles in the top layer are nearly all
in motion.

Many subsequent investigators report data for
incipient particle motion under different condi-
tions for both laminar and turbulent flows (e.g.
White, 1940; Egiazaroff, 1950; Tison, 1953;
Shvidchenko & Pender, 2000; Pender et al.,
2007). Ling (1995) proposed separate theoretical
thresholds for incipient rolling and lifting mo-
tions of a particle. For uniform spherical parti-
cles, Ling considered the fluid velocity around a
spherical particle to be purely streamwise and to
vary linearly with height (an assumption used for
the viscous sub-region in turbulent boundary
layers). The thresholds developed determine the
critical fluid shear stress required for incipient
motion of particles either in a rolling motion over
stationary particles or a lifting motion from a bed
of stationary particles.

There has recently been renewed interest in
modelling of incipient particle motion. In part,
this interest derives from the recent use of large-
eddy simulation (LES) methods for sediment
transport turbulent flows (e.g. Zedler & Street,
2001; Chang & Scotti, 2003) which require
improved time-accurate models for sediment
entrainment into the flow. At the same time,
recent findings suggest that the classical models
of incipient motion may have left out some
important aspects of the problem. For instance,
Foster et al. (2006) demonstrate that particle
incipient motion can occur due to exposure of
particles to a pressure gradient, such as might be
caused by a passing free-surface wave or vortex;
this is an entirely distinct mechanism for inci-
pient motion from the shear-stress driven motion
described in the classical studies. Hammond
et al. (1984) and Fenton & Abbott (1977) note
the deviation from the Shields criterion observed
for particles with different relative protrusion
into the flow, such as might occur for beds
composed of particles of different sizes or loosely

packed particles. Zanke (2003) reinterpreted a
variety of incipient motion data to account for the
effect of fluctuations in the turbulent boundary-
layer flow. A recent review of research on
incipient particle motion is given by Dey &
Papanicolaou (2008).

A number of studies have noted that the fluid
velocity field just above the particulate bed
exhibits a non-zero slip velocity, indicating the
presence of shear-driven fluid flow within the
topmost part of the particle bed (Brinkman, 1947;
Beavers & Joseph, 1967; Taylor, 1971; Larson &
Higdon, 1986, 1987; Sahraoui & Kaviany, 1992;
James & Davis, 2001; Pokrajac et al., 2007). Bea-
vers & Joseph (1967) and Taylor (1971) argue that
the slip velocity is proportional to the shear stress
above the bed. James & Davis (2001) and Larson &
Higdon (1986, 1987) examine the micro-scale
flow and resulting shear-driven velocity fields
for porous beds composed of arrays of rods.
Sangani & Behl (1989) compare micro-scale
analytical solutions of the Stokes equations with
the continuum approximations of Brinkman
(1947) and Acrivos & Chang (1986) and find that
the continuum approximations remain reason-
ably accurate even when the length-scale associ-
ated with the velocity decay within the bed is of
the order of the particle diameter. Based on
experiments with flow in a flume over flat sand
beds with different grain sizes, Gyr & Schmid
(1997) present fluid velocity profiles that exhibit
dimensionless slip velocities u+ ” u/u* at the bed
surface ranging from 0 (for a hydraulically smooth
bed) to nearly 8 for values of the dimensionless
bed roughness height k+ ” ku*/m < 2Æ8, where
u* ” (sw/q)1/2 is the friction velocity and m is the
fluid kinematic viscosity. The relationship be-
tween fluid slip at the sediment–water interface
and interfacial diffusion coefficients and deposi-
tion of small particles is examined by Fries (2007)
and Fries & Trowbridge (2003). The increase in
slip velocity with boundary suction in a porous
medium is explored by Chen & Chiew (2004).

Detailed discussions of the forces acting on
particles near the sediment–water interface and
the role of these forces in various models of
particle incipient motion are given by Phillips
(1980) and more recently by Niño et al. (2003).
Implementation of individual particle force mod-
els for flow over a packed bed has been presented
by Drake & Calantoni (2001), McEwan & Heald
(2001) and Schmeeckle & Nelson (2003) using
so-called ‘discrete particle’ or ‘discrete element
methods’ (DEM). McEwan & Heald (2001) calcu-
late the required destabilizing force for particles
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to begin moving, considering each topmost par-
ticle to be in contact with exactly three other
particles. Schmeeckle & Nelson (2003) assume the
vertical momentum transport within the bed to be
dominated by the bed drag and for a particle to be
considered for motion it must be at the surface of
the bed. Drake & Calantoni (2001) examine bed-
load transport of particles under wave-induced
fluid oscillations of different forms. All these
DEM studies neglect the effects of fluid slip and
fluid motion within the bed.

The current paper incorporates fluid slip veloc-
ity and flow within the topmost part of the
sediment bed into a DEM simulation in order to
examine the sensitivity of the computational
results for particle incipient motion to the form
of the velocity field within the bed. The internal-
bed fluid velocity profile is incorporated into a
DEM model which allows for motion of all
sediment particles. The sensitivity of the DEM
predictions to variation in penetration depth is
examined, and an estimate for bed penetration
depth is developed using previous data for
incipient particle motion in comparison to the
computational results.

The theoretical model for the fluid flow
profile within the bed is discussed in the
Theory for velocity profile within the bed
section. In the Computational method section,
a summary of the computational model is
provided, which is based on the recent DEM
model of Marshall (2009). The set-up and
various parameters used for the numerical
computations are discussed in the Problem set-
up section. Results of sensitivity tests for
dependence of particle incipient model on fluid
penetration depth are presented in the Compu-
tational results section. Conclusions are given
in the Discussion and Conclusions section.

THEORY FOR VELOCITY PROFILE
WITHIN THE BED

The fluid–particle interfacial force introduces a
body force f in the momentum conservation
equation, to yield the mass conservation and
Navier–Stokes equations for fluid flow of the form
(Zhao et al., 2008; Marshall, 2009):

@

@t
ðeqfÞ þ r � ðeqfuÞ ¼ 0 ð1Þ

qfe
@u

@t
þ ðu � rÞu

� �
¼ �erpþr � ð2elDÞ � f ð2Þ

where D is the rate of deformation tensor and u is
the fluid velocity field of a spatially averaged fluid
flow within the local pore space, qf and l are the
fluid density and viscosity, respectively, and the
void fraction e is expressed in terms of the particle
concentration field / as e = 1 ) /. Within the
particle bed, the common assumption is made that
the flow is sufficiently slow that inertial terms are
negligible (Bear, 1988). It is also assumed that the
length-scale of the velocity field u is much smaller
in the bed-normal y-direction than in the x-direc-
tion, so that the usual boundary layer approxima-
tion applies. If the particle concentration is
uniform within the bed, Eq. 2 reduces to:

rp ¼ l
d2u

dy2
� 1

e
f ð3Þ

The interfacial force for stationary particles is
given by (Bear, 1988):

f ¼ ðle=BÞu ð4Þ

where B is the average conductance of the porous
medium. Substituting Eq. 4 into Eq. 3 yields:

rp ¼ l
d2u

dy2
� l

B
u ð5Þ

Equation 5 is the same as the expression derived
by Brinkman (1947) for flow through a ‘particle
swarm’. For a pressure-driven flow the shear term
in this equation is negligible and Eq. 5 reduces to
the well-known Darcy’s law (Darcy, 1856) relating
pressure gradient and velocity of flow through a
porous medium.

Integrating Eq. 5 in y with zero pressure gradi-
ent yields an exponentially decaying velocity
profile of the form:

uðyÞ ¼ u0expðy=PÞ; y < 0 ð6Þ

where u0 is the slip velocity at the bed surface
(y = 0) and P �

ffiffiffiffi
B
p

is the characteristic length-
scale of exponential velocity decay within the
bed, which is referred to here to as the ‘penetra-
tion depth’. The bed surface (y = 0) is defined as
the average value of the topmost point on the set
of uppermost particles within the bed. Matching
Eq. 6 to a linear velocity profile u(y) = Sy + u0

above the bed, where S is the shear rate, and
requiring that both the velocity and the velocity
gradient are continuous at y = 0 yields an expres-
sion for slip velocity in terms of shear rate and
penetration depth as:

420 B.A. Yergey et al.
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u0 ¼ SP ð7Þ

Dimensionless variables are introduced using the
wall (or viscous) scaling for a turbulent boundary
layer, so as to better enable comparison with
experimental data for turbulent boundary layers,
as:

Using the fact that sw = lS and the definition of the
friction velocity u* ” (sw/qf)

1/2 gives S+ = 1, so
that Eq. (7) becomes u0+ = P+ and the dimension-
less velocity profile can be expressed in terms of
the dimensionless fluid penetration depth P+ as:

uþ ¼
yþ þ Pþ for yþ � 0
Pþ expðyþ=PþÞ for yþ < 0

�
ð9Þ

A schematic showing the form of the velocity
profile is given in Fig. 1. The predicted exponen-
tial decay of the velocity profile within the bed
is consistent with the Brinkman (1947)
prediction.

COMPUTATIONAL METHOD

The particle motion is computed using a discrete
element method (DEM) developed by Marshall
(2006, 2007, 2009). The computational method
uses a multiple time step algorithm, in which the
fluid time step Dt = O(L/U), the particle time step
Dtp = O(d/U) and the collision time step

Dtc ¼ Oðdðq2
p=E

2
pUÞ1=5Þ satisfy Dt > Dtp > Dtc. Here

L ¼ m=u�ð Þ � 102 is taken as the fluid length-scale,
U = u* is the fluid characteristic velocity scale, and
Ep is the particle elastic modulus. As the model has
been discussed in several previous studies
(Marshall, 2006, 2007, 2009; Zhao & Marshall,
2008), only a short summary is presented here,

focusing on the terms of most importance for
prediction of particle incipient motion.

The method follows the motion of individual
particles by solution of the particle momentum
and angular momentum equations using the
action of fluid-induced and collision forces and
torques. The dominant fluid force is the drag
force, approximated by a modified form of the
Stokes drag law:

Fd ¼ �3p dl ðv� uÞ f ð10Þ

where v and u are the particle and local fluid
velocities and f is a friction factor that accounts
for the effect of local particle crowding, which
takes on the value f = 1 for an isolated sphere.
A correlation of Di Felice (1994) is used for f as
a function of local particle concentration / and
particle Reynolds number. The associated fluid
torque arises from a difference in rotation rate
of the particle and the local fluid region and is
given by:

MF ¼ �pld3ðX� 1

2
xÞ ð11Þ

where W is the particle rotation rate and x is the
local fluid vorticity vector.

The lift force acting on a spherical particle at the
top of the bed is not well-understood because of the
effect of the sharp concentration gradient. For this
reason, a number of DEM studies have neglected
lift forces (e.g. McEwan & Heald, 2001; Schmeeckle
& Nelson, 2003). In the current study, the lifting
force on the particle is approximated roughly as the
sum of the Saffman and Magnus lift expressions.
The Saffman lift force (Saffman, 1965, 1968) gives
the lift on a particle with small particle Reynolds
number, ReP � v� uj jd=t < Oð1Þ, rotating at the
same rate as the local fluid rotation (x/2) as:

F‘ ¼ �2 � 18 v m
ðv� uÞ � x

Re
1=2
P a1=2

ð12Þ

where v = qf/qp is the density ratio, m is the particle
mass, and a � x d=2 v� uj j. The Magnus lift force

Fig. 1. Fluid velocity profile for flow through and
above a porous medium, where u0 is the slip-velocity
and u(y) is the fluid velocity as a function of height.

uþ ¼
u

u�
; yþ ¼

yu�
m
; Pþ ¼

Pu�
m
; Sþ ¼

Sm
u2
�
; u0;þ ¼

u0

u�
; tþ ¼

tu2
�

m
ð8Þ
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gives an additional force on a particle rotating at a
rate different from that of the local fluid as:

Fm ¼ �
3

4
v m ð12 x� XÞ � ðv� uÞ ð13Þ

The Magnus force is proportional to the differ-
ence in fluid and particle rotation rates, whereas
the Saffman force assumes that this difference
vanishes. For DEM studies, the particles can
experience rapid transient rotations due to colli-
sions, during which time the Magnus term
dominates the lift force. Following collisions,
the particle rotation rate gradually approaches
the local fluid rotation rate due to the effect
of the viscous torque MF, at which point the
Saffman term dominates the lift force. Additional
discussion of models for particle lift at different
particle Reynolds numbers is given by Crowe
et al. (1998).

Particle collisions are simulated by employing a
soft-sphere collision model that treats collisions
as a spring and mass damper system, where each
collision includes a normal force along the line of
collision and frictional resistances for sliding and
twisting motions of the particles. No rolling
resistance is utilized in the current study. The
normal vector n for a collision between particles i
and j is given by:

n ¼ ðxj � xiÞ= xj � xi

�� �� ð14Þ

where xi and xj are the particle centroids. The
total collision force and torque on a particle are
given by:

FC ¼ Fnnþ FstS; MC ¼ rFsðn� tSÞ þMtn ð15Þ

where Fn is the normal force, Fs is the sliding
resistance force, tS is the unit vector in the
direction of sliding, r is the particle radius and
Mt is the twisting resistance torque. The normal
force is composed of the elastic force Fne and a
dissipative force Fnd. The classical Hertz (1882)
expression for the elastic normal force is used and
the common rate-based expression is used for the
dissipative normal force, such that:

Fne ¼ �kNdN ¼ �Kd3=2
N ; Fnd ¼ gNvR � n ð16Þ

Here the particle overlap dN ¼ ri þ rj � xi � xj

�� ��
is written in terms of the radii of the two
colliding particles ri and rj, vR = vi ) vj is the
relative particle velocity and gN is the dissipa-
tion coefficient. An expression due to Tsuji et al.
(1992) is used which gives gN ¼ �a ðmkNÞ1=2,

where the coefficient �a can be expressed in
terms of the particle restitution coefficient e. In
general the restitution coefficient varies with
particle Stokes number St ” qpd2U/18lL (Joseph
et al., 2001). For the present study the constant
value e = 0Æ65 is utilized which is the same value
used by Schmeeckle & Nelson (2003) and is
consistent with observed values for natural sed-
iment for the range of Stokes numbers used
in the computations (Schmeeckle et al., 2001).
The coefficient K is given by K ¼ kN=d

1=2
N ¼

ð4=3ÞE
ffiffiffiffi
R
p

, where E and R are expressed in terms
of the particle radii, elastic moduli, and Poisson
ratios as:

1

R
� 1

ri
þ 1

rj
;

1

E
� 1� r2

i

Ei
þ

1� r2
j

Ej
ð17Þ

The spring–dashpot–slider model is used here for
the sliding resistance proposed by Cundall &
Strack (1979), in which the tangential sliding
force Fs is first absorbed by the spring and
dashpot until its magnitude reaches a critical
value Fcrit ¼ lf Fnj j. An analogous model is em-
ployed for twisting resistance torque. The reader
is referred to Marshall (2009) for details.

PROBLEM SET-UP

Computations are performed in a rectangular
domain, as shown in Fig. 2. The spanwise and
streamwise boundaries are periodic. The bottom
plane of the domain is a fixed wall, and the top
surface of the domain is a moving wall with
velocity equal to the fluid velocity at that height.
The particle bed is initialized by distributing
particles evenly throughout the computational
domain, with small velocities that are randomly
perturbed. The particles are allowed to fall to rest
at the bottom of the channel, with no fluid flow. A
similar initialization procedure was used in the
DEM studies by McEwan & Heald (2001) and
Schmeeckle & Nelson (2003). Upon settling, the
bed surface is observed to be flat, so that the
maximum particle height in this equilibrium state
is identified as the bed surface height for fluid
velocity profile calculations. The computations
are then restarted with the fluid velocity field
turned on. A gradual ramping-up interval of
0 < t+ < 20 is used to minimize undue distur-
bance to the particles as the fluid velocity is
turned on. The bottom row of particles is fixed to
simulate the frictional forces due to additional
particles that would exist in an infinite bed.
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The particle diameters and friction velocities
considered are set to correspond with those used
in the experiments of Gyr & Schmid (1997), which
were performed for fine sand particles of mean
diameter 0Æ2 mm and friction velocities ranging
from 9 to 15 mm s)1. d+ = du*/m is defined as the
particle diameter in wall units, which is equal to
the particle Reynolds number scaled with the
friction velocity. The computations examine six
values of d+, ranging from 1Æ3 to 2Æ7. The shear
rate for all cases is set equal to the critical shear
predicted by the Shields (1936) criterion for
incipient particle motion, which is usually
expressed in terms of a critical value of the
dimensionless parameter hcrit ¼ scrit=dgðqp � qf Þ
as a function of d+. For each value of d+, runs
were performed with six different values of the
penetration depth ranging from P+ = 0Æ2 to 25,
corresponding to between 0Æ1 to 10 times the
particle diameter. The penetration depth values
were selected by observations for the range of
values for which particles begin moving for the
different cases examined. A summary of the
parameter values used in the computations is
given in Table 1.

The domain size is set to 100 wall units in the
vertical and spanwise directions and to 400 wall
units in the streamwise direction. The number of
particles used varied with particle diameter from
a low of about 60 000 to a high of 144 000 in such
a way as to provide a uniform bed depth H for all
cases. Using the time step scaling developed by
Marshall (2009), the dimensionless fluid, particle
and collision time steps for the current computa-

tions are set to Dt = 0Æ01, Dtp = 0Æ0001 and
Dtc = 0Æ000002, where time is non-dimensional-
ized by L/U as defined in the Computational
method section. Extensive tests were conducted
to ensure that the results are insensitive to the
numerical parameters used to discretize the par-
ticle transport, including variation of the time
step from Dt, the number of grid points used to
interpolate the fluid velocity onto the particle
centroids, the bed depth and the computational
domain size (Yergey, 2008). These tests indicated
that the particle velocity field does not change
significantly with variation of these parameters
by a modest fraction (e.g. a factor of two) about
the values used for the current computations.

COMPUTATIONAL RESULTS

To evaluate the effects of the penetration depth
on the onset of particle motion, the mean
streamwise particle velocity vt;þ of the particles

Near-bed
region

Particle
bed

Spanwise
Streamwise

Bed surface

Flow direction

Fig. 2. Three-dimensional diagram
of the computational domain.

Table 1. Parameter values for the six different flow
conditions examined, along with the symbol used for
each case in Figs 4 and 5.

Case d (m) u* (m s)1) d+ hcrit Symbol

1 0Æ00015 0Æ012 2Æ7 0Æ048 +
2 0Æ00015 0Æ0087 1Æ3 0Æ080 )

3 0Æ00015 0Æ0092 1Æ4 0Æ075 �
4 0Æ00020 0Æ012 2Æ5 0Æ050 O
5 0Æ00020 0Æ011 2Æ1 0Æ060 D
6 0Æ00020 0Æ010 2Æ0 0Æ062 h
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at the top of the bed is computed by averaging the
velocity of all particles having centroids within
two particle diameters of the bed surface. A
similar averaging process is performed for multi-
ple sections within the bed from the bottom of
the domain up through the highest particle
location. Figure 3 shows the computed values
of vt;þ for Case 5 with the six values of penetra-
tion depth considered. There is a small initial
value of velocity due to residual vibrations of the
particles following settling. For all values of
penetration depth except P+ = 3Æ6 (the curve
numbered ‘4’ in the plot), the particle velocity
asymptotes to an approximately steady value,
which might be either smaller or larger than the
initial velocity. For the case with P+ = 3Æ6, the
particle velocity continues to increase throughout
the duration of the computation, although it
appears to be starting to level out towards the
end of the computation. Noting that the velocity
scale in this plot is logarithmic, it is apparent that
this measure of particle velocity is highly sensi-
tive to the value selected for the penetration
depth. In general, the streamwise particle veloc-
ity increases as the penetration depth increases.
For low values of penetration depth, the mean
particle velocity decreases rapidly after the flow
is initiated, leading to an asymptotic value for
particle velocity that is very small. A value of
penetration depth exists in the interval

1Æ4 < P+ < 3Æ6 at which the trend in particle
velocity changes from decreasing with time to
increasing with time relative to its initial value.
Only for P+ greater than this value are the
particles, on average, accelerated by the fluid
flow. Further increase in P+ causes additional
acceleration, resulting in additional increase in
particle streamwise velocity.

The steady-state values of the mean streamwise
velocity at the top surface for all cases examined
are plotted as a function of penetration depth in
Fig. 4. Data from the different cases examined are
observed to collapse onto a single curve, which is
approximately fit for P+ < 10 by a power law of the
form vt;þ ¼ CP3

þ. For P+ > 10, the data appear to
deviate from the power-law fit, but the number of
data points in this range is small so the precise
trend for large P+ is not clear. As noted previously
in this paper and by numerous other investigators,
the determination of an incipient motion condi-
tion is somewhat arbitrary, depending on the
experimental set-up and preciseness of the mea-
surement instrumentation. For very low veloci-
ties, issues such as particle roughness and shape
can also have a major effect on the particle motion.
Figure 4 indicates the high degree of sensitivity
that the incipient motion has to penetration
depth. For a given symbol in the figure, all
parameter values are held constant except the
penetration depth, and yet the predicted particle
velocity varies by nearly five orders of magnitude.

Fig. 3. Mean streamwise velocity of particles on the
bed surface for Case 5 with dimensionless penetration
depths P+ = 0Æ36, 0Æ71, 1Æ4, 3Æ6, 7Æ1 and 14Æ2, corre-
sponding to lines numbered 1, 2, 3, 4, 5 and 6 in the
figure, respectively. Dashed lines are for cases for
which the particle velocity decreases from its initial
value and solid lines are for cases for which the particle
velocity increases from its initial value.

Fig. 4. Steady-state value of the mean streamwise
velocity of particles on the bed surface as a function of
penetration depth P+ for each of the six cases exam-
ined. Symbols correspond to the different cases as
indicated in Table 1, and the curve is a best fit power
law with slope approximately equal to 3.
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The experimental observations of Gyr & Schmid
(1997) indicate a dimensionless slip velocity
u0 + of about 3Æ6 at the incipient motion condition
in experiments with natural sediment having
d+ @ 2Æ2 and u* @ 1Æ1 cm s)1. Recalling the result
P+ = u0 + from the Theory for velocity profile
within the bed section, the Gyr & Schmid (1997)
slip value corresponds to P+ @ 3Æ6, which from
Fig. 4 suggests predicted onset of visible particle
motion at vt;þ ffi 0�25. For comparison, the mean
fluid velocity at the top of the viscous sub-layer
within the flat-plate turbulent boundary layer is
about u+ @ 13 (White, 2006).

Another method of evaluating the numerical
results is by reviewing the particle velocities
within the bed, where the particle velocity is
averaged not just for particles within the top
layer, but for multiple slices in the vertical
direction. Figure 5 shows examples of the particle
velocity profiles within the bed for a penetration
depth of P+ = 3Æ6, coinciding with the observed
slip velocity from Gyr & Schmid (1997). Because
the different cases have different total bed depths
and slip velocities for the onset of particle
motion, the curves are normalized such that the
height within the bed is divided by the total bed
depth (where in wall units H+ ” Hu*/m) and the
mean particle velocity at the given height is
divided by the slip-velocity at the bed surface.
The velocity is plotted on a logarithmic scale,
such that an exponential velocity profile, such as

obtained for the fluid in Eq. 8, would appear as a
straight line in the plot. The plots are approxi-
mately linear in the upper 20% or so of the bed
with a rapid decrease in particle velocity,
followed by an abrupt change in slope as the
velocity decays more slowly through the remain-
ing part of the bed. Of course, these observations
for particle velocity decay within the bed are for
spheres with no rolling resistance. For natural
sediment, the effects of non-spherical particle
shape, roughness and rolling resistance may act
to suppress particle motion within much of the
bed.

Figure 6 shows the fluid and particle velocity
profiles for Case 5 for two values of the penetra-
tion depth, P+ = 1Æ4 and P+ = 3Æ6. For the case
with P+ = 1Æ4 in Fig. 6A, there is little observable

Fig. 5. Normalized mean steady-state streamwise par-
ticle velocity profiles for four different cases (using
symbols defined in Table 1) for penetration depth
P+ = 3Æ6. The non-dimensional vertical position y+ is
normalized by the associated non-dimensional particle
bed depth, and the non-dimensional mean streamwise
particle velocity �vþ is normalized by the associated
non-dimensional slip velocity u0,+.

A

B

Fig. 6. Mean steady-state streamwise velocity profile
particles (dashed line) and fluid (solid line) for Case 5
with penetration depths (A) P+ = 1Æ4 and (B) P+ = 3Æ6.
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particle motion. For the case with P+ = 3Æ6 in
Fig. 6B, the particles move in the direction of the
fluid flow, but consistently lag the fluid velocity.
The particle velocity appears to nearly vanish (in
the scale used for this figure) below a height of
y+ + H+ = 28, despite the fact that there is signif-
icant fluid velocity at this height.

DISCUSSION AND CONCLUSIONS

The study demonstrates that incipient motion of
particles at the bed surface is sensitive to the fluid
velocity field within the bed (i.e. the penetration
depth) and, hence, to the constitutive makeup of
the bed material. The discrete element method
(DEM) presented in the current study yields
reasonable predictions for particle incipient mo-
tion provided that the penetration depth of the
fluid velocity profile within the bed is set to a
value consistent with experimentally observed
values of the slip velocity at the bed surface. Once
particles begin moving in the computations, it is
observed that the particle velocity within the bed
substantially lags the fluid velocity at the same
location. While the particle velocity in the upper
part of the bed exhibits an exponential decay with
depth, the rate of this exponential decay changes
abruptly at a certain depth which, in the cases
examined here, occurs at a depth below the
surface of about 20% of the total bed depth.

It is clear from this study that it is important to
include the effect of fluid flow within the bed
when developing models for sediment transport
using the DEM, even though the fluid velocity
within the bed is generally very small. Although
in the current study the fluid flow was estimated
using a flat bed with stationary particles, in
general particle entrainment into the flow, bed-
load transport and formation of bedforms will all
have a significant effect on the near-bed fluid
flow. Future DEM models need to be extended
and coupled to the fluid velocity computation to
accurately model the particle effect on the fluid
flow in this near-bed region. This study illustrates
a need for more detailed research and modelling
efforts on a number of topics in order to advance a
new generation of micro-scale sediment transport
models. In particular, there is a need for more
accurate models of lift force on particles that lie
in regions of strong concentration gradient, such
as at the top of the particle bed. Furthermore,
there is a need for better models of particle effects
on the fluid motion which can be used for
entrained particles in the bedload layer and for

cases with bedforms and mixtures of sediment of
different sizes.

NOMENCLATURE

Roman

B Average conductance of porous medium
C Coefficient in power law shown in Fig. 4
d Particle diameter
D Fluid rate of deformation tensor
e Particle restitution coefficient
E Effective elastic modulus of two colliding

particles
Ep Particle elastic modulus
f Friction factor for particle drag force
f Fluid body force due to particle-fluid

interaction
Fcrit Critical sliding resistance force [¼ lf Fnj j]
FC Particle collision force
Fd Drag force on particle
F‘ Lift force on particle
Fm Magnus force
Fn Normal force between two colliding parti-

cles
Fnd Normal dissipative force
Fne Normal elastic force
Fs Sliding resistance force between two col-

liding particles
g Gravitational acceleration
H Bed depth
kN Particle spring coefficient in Hertz expres-

sion
K Particle elastic resistance coefficient

[� kN=d
1=2
N ]

L Fluid length-scale [¼ m=u�ð Þ � 102]
m Particle mass
MC Particle collision torque
MF Particle viscous torque on particle
Mt Twisting resistance torque
n Normal vector for collision between two

particles
p Fluid pressure field
P Fluid penetration depth ½�

ffiffiffiffi
B
p
	

ri Radius of particle i
R Effective radius of two colliding particles
ReP Particle Reynolds number [� v� uj jd=t]
S Fluid shear rate
St Particle Stokes number [� qpd2U/18lL]
t Time
tS Unit vector in the direction of sliding
Dt Fluid time step [= O(L/U)]
Dtp Particle time step [= O(d/U)]
Dtc Collision time step [¼ Oðdðq2

p=E
2
pUÞ1=5Þ]
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u Spatially averaged fluid velocity vector
u0 Slip velocity at bed surface
u* Friction velocity [ ” (sw/qf)

1/2]
U Fluid velocity scale [ = u*]
v Particle velocity field
vR Relative velocity between two particles

[= vi ) vj]
vt;þ Average dimensionless particle velocity

within bed top layer (of width 2d)
x Co-ordinate tangent to bed surface in direc-

tion of mean flow
xi Centroid of particle i
y Co-ordinate normal to bed surface
z Co-ordinate tangent to bed surface in cross-

stream direction to mean flow

Greek

a Coefficient in lift force equation
[� x d=2 v� uj j]

�a Coefficient in dissipation term
v Density ratio [ ” qf/qp]
dN Particle overlap
e Void fraction [ ” 1 ) /]
/ Particle concentration field
gN Dissipation coefficient [¼ a ðmkNÞ1=2]
l Fluid viscosity
lf Particle friction coefficient
m Fluid kinematic viscosity [ ” l/qf]
hcrit Shields parameter [¼ scrit=dg qp � qf

� �
]

qf Fluid density
qp Particle density
scrit Critical wall stress for incipient motion (as

defined by Shields)
sw Wall shear stress
x Vorticity magnitude [� xj j]
x Averaged fluid vorticity vector [ ” � · u]
W Particle rotation rate

Subscripts

+ Non-dimensionalized by turbulent wall
units [Eq. 8]
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