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>0N STARLIKENESS AND CONVEXITY OF
CERTAIN MULTIVALENT FUNCTIONS

TERUO YAGUCHI (HAXH sO®&58)

Abstract

The object of the present paper is to determine the radii of
starlikeness and ¢onvexity of order a of certain analytic multivalent

functions with a kind of bounded argument.

1. Introduction
Let p, «, B and r denote peN={1,2,3,}, 0<ac<p, B >0

and 0 < r g1, réspectively. Let Ur denote the set {z: 1zl < r}

and let U denote the unit disk’ Ul‘ ‘Next, let Ap denote the class

of functions of the form :

(1.1) flz) =2P + 3 a_ z

AMS(1980) SubJeét Classiftcatidn- 30C45.
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which are‘énalytic in the unit disk U. We denote Al by A.

A function f(z) in the class Ap is said to be p-valently

starlike of order o in Ur if and only if it satisfies

(1.2) Re{—z—f{—é—(rﬁ}>a (zeu, ).

N
We denote by Sp(a)r the subclass of the class Ap consisting of al}
p-valently starlike functions of order o in Ur’

Further, a function f(z) in the class Ap is said to be p-

valently convex of order o in Ur if and only if it satisfies

{1.3) Re { 1 + _Z?é%é%él } > «o ( zeU, ).

- Also, we denote by Kp(a)r the subclass of the class Ap consisting

of all p-valently convex functions of order o« in Ur'

Let M be the class of functions of the form
(1.4) plz) =1+ 3 ¢ z"

which are analytic in the unit disk U.
A function p(z) in the class M is said to be a member of the

class M(B) if and only if it satisfies

(1.5) | arg p(z) | < —Egﬁ— ( zeU ).

Finally, a function f(z) in the class Ap is said to be p-

valent strongly close-to-convex of order o and type B in Ur if and

[
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. . . ' f (=z)
only if there is a function gl(z) € Kp(a)r such that gz € M(B).

We denote by Cp(u,HB)r the subclass of the class Ap consiting of

all p-valent strongly close-to-convex functions of order o and type B8
in Uf'

In particular, whenever the numbers p, o, B and r mentioned in

. * .
technical terms Sp(a)r, Kp(a)r and Cp(a,M are equal to 1, 0, 1

B)r

and 1, respectively, these numbers are removed from the technical

terms.  For example,
* % * *
Sp(a) = Sp(a)l, Kp(a) = Kp(a)l, S (a)r = Sl(u)r,
* * ,
S () = 81(“)1’ K(a)r = Kl(a)r, Cp(a,HB) = Cp(a’MB)l’
X % _ _
S = 81(0)1, K = Kl(O)l, C = CI(O’”I)I‘

: *
A function f(z) in the classes S , K and C is said to be

starlike, convex and close-to-convex, respectively.

2. The radii of starlikeness

In order to get our results, we here have to recall Lemma 2.A and .

prove Lemma 2.1,

Lemma 2. A ( Nunokawa and Causey [1] ). Let B be B > 0. If

plz) € M(B), then

(2.1) —%L < — i ( zeU ).

plz 7 - lzlé

Lemma 2.1. Let p and 0« be p € N and U £ o < p, respectively.
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1f glz) ﬁﬁsz(a),~then

(o z g’z v 1 -1z , B
(2.2) Re { 51z } = (p 4 o) 1T t @ (- =z €U ).
- Proof. Defining the functions hAlz) and hO(z) by

o Ly = _Z gilz) = - a1l -z &
(2.3)  h(z) = 2242 and  hy(z) = (1 - &) E 4 L
respectively, we have

hitz)y R (2z) € 4, Rh(0) = R,(0) and = Re h(z) > -2

g g D
because of glz) € Sz(a). Since the function hO(Z) is univalent in
U and maps‘the unit disk U onto Re w > -%—, we obtain
hy YRz <121 zeu )

by using Schwarz’s lemma. This inequality shows that the image of the

unit disk U by #&(z) ' have to be in the disk whose diameter end points

are
.« 1 - |z] o o 1 + |z] + O
A B ) B Sy e 2 B
This completes the proof of Lemma 2.1. ; q.e.d.
Now, we have
Theorem 2.1. Let p, j, ooy, B and v be p € N, j = 0,1,2,

wpo-1, 0 £ x < p—j, B >0 and O £ vy < p-j, respectively. If a

funetion flz) is in the class Ap and

f(J)(z € M(B)
( j(z)



for some glz)

then
.where:
r
(2.4) r
T
and
A

fThe result is

€ Ap such that

Cp - J )t (i) x
T g9 (z) € Sp—j(a)’

- i 1 Fl b3 )
S e APALRI P IR S

- J -+t B -/ . ]

=l er - /A o d - 2
P - + rm——— ) ,.'

- g - ga +BY+ 4 “oep-d-
- P - J -« { - -
TR o
=== vI% + 28 (p- 4 - ).

sharp for the function f(z) defined by

o)

(2.5) Slz) = —Z T { f 2 B as
. (7 - 2 ,L(p a)( F; zZ )
(2.6) flz) fzjgj J53 i 7 [ - gl]adg

-6 Z)= * ~ N 5 T

. Hp—-J-a)
as 4 =
at z = - |z|
Proof. Defining the function vp(z)A‘by

, (4) A
(2.7) plz) = _iTjTLél_ ;

' g (z)

we have pl(z)

€ M(B). Since

141

U,

o,
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(2.8) | p’(Z) - f(J+1)(Z) — Q(J+1)(Z) ,
p(z) f(.'l)(z) gﬁ)(z)

we see, using Lemma 2.A, that

(2.9) |22z | 2z g J+1)(Z)| 28 =zl ( zeu .
Y (z) g (z) lzl

The function L—E—%Ti—l!g(j)(z) € S:_j(a) satisfies

, (4+1) -~

(2.10) Re { &4 2) y 2 (p-s-ardizdzlea ( zev,

(")(z)

by Lemma 2.1. Therefore, it follows from (2.9) and (2.10) that

(4+1) . (4+1) .

f (z) zZ g (2) 28 | z]
- } 2 Re { - bo-

f(J)(z) Q(JT(Z) 1 - lzlz

2(p—j—a)%——;—-l%|-+a_125 2

|z|

(2.11) Re { £

q,e.d.

We here obtain two corollaries. Putting 4 = 0 in Theorem 2.1,

we have Corollary 2.1.

Corollary 2.1. Let p, ¢y, B and vy be p € N, 0 2 a < p, B8 >0
and O < v < p, respectively. If a function flz) +is in the class

Ap' and -

%{-ﬁ—’reuw)

, *
for some glz) € Sp(a), then
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o, 4
flz) e_sp(v)r,

where
- - o+ - /B
r= g - 20 + ¥ if p - 20+ v > 0,
N _D“C(+B+v3 . - 0
(2.12) r = b~ 2o T 7 'Lf o) 20 + y < 0,
= g -« ) - =
T_p—a+8‘ Lf p a..a'*')’ 0’
and
?
B=(a-8-v)" + 28 (p- 7).

The result is sharp for ihe function f(z) defined by (2.5) at =z

--|Z|.
Putting p = 1 in Corollary 2.1, we have Corollary 2.2.

Corollary 2.2.  Let o, B and v be 0 <o < 1, 8 >0 and 0 <

y < 1, regspectively. I[If a function f(z) is in the class A and

-g%g%— € M(B)

*
for some gl(z) € S (a), then

f(z) € S*(v)r,

where
rp=diogt b - s C 1 - 20+ v¥ >0,
(2.13) p=l ot Bt L if 1 - 2ty <0,
..Z"“a » 1 - 20 _0
r_z_a+8 if 1 20+ ¥y = U,
and
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C=(ax-8-17v)"+ 28 (1 -v).

The result is sharp for the function f(z) defined by

: ; — Z ' 1+ =z B
(2.14) flz) = ( 7 - z )2(Z~a5 ( 1 - z )

Remark 2.1. Taking o« = 0 in Corollary 2.2, we have the
corresponding result due to Yaguchi, Obradovié, Nunokawa and Owa [3];
Furthermore, taking y = 0 and B8 = 2 in Corollary 2.2, we have the

corresponding result due to Yaguchi and Nunokawa [2].

3. The radius of convexity
. , . .
Noting that f(z) € Kp(a) if and only if zf (z) € Sp(a), we get

the following result with the aid of Theqrem 2.1,

Theorem 3.1. Let p, 4, oy B and v be in the same conditions
as in Theorem 2.1. If a funetion f(z) is in ihe class Ap and
(7+7)
g (z) :
for some gl(z) € Ap such that
. —_ i 5 . .
Lo od Mgl (z) e k(o)

then ,
Lp =g )t.(J) '
'—LETJL—f (z) € Kp—j(Y)r’
where r is given by (2.4). The result is sharp for the function f(z)

defined by
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T A [ e S SR
N fz: P - — dg .'.dg.'_ dg_’
LE g a1 (s - g 2P ¢ TR

oY o S0
at z = - |z|.
Proof. Defining the functibns ‘F(z)Y and G(z) by
F(z) = {P _p{ = 1)1, f7+1) (4
and
Glz) = B —p{ =)0, Glatl) )
respectively., We have
o ' * : Flz '
F(z) € Ap_j, G(Z);e Spﬁj(a}: and‘ C(z) € M(B).

b 3
By Corollary 2.1, we obtain that F(z) € Sb_j(v)r,'Where r is given -

by (2.2). Therefore l—ili%fL—l!f(j)(z) is (p-j)-valently convex of

order v in U,. , » _ q.e.d.

Putting Jj o= 0 in Theorem 3.1, we have Corollary 3.1.

Corollary 3.1. Let p, o, B and ¥y be in the same conditions as

in Corollary 2.1. If a function f(z) in A, is in the class

Cp(a,MB), then f(z) E«Kp(v)r,-uhere r is given by (2.12). The result
i8 sharp for the function f(z) defined by

(3.2) f(z) fz o &7 { AL )B dt
. VA = 12 — - 1
o (1= )Pl

Putting p = 1 1in Corollary 3.1, we have Corollary 3.2.
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Corollary 3.2. . Let o, B and v be in the same conditions as in
Coroltary‘z.z. I1f a functioh flz) in the class A ig in the class

C(a,MB), then [f(z) € K(y)r, where r is given by (2.13). The result

is sharp for the function f(z) defined by

(3.3) | fz- 1 { 1+t )B
3.3 flz) = e dg
o (1 = )Tl Ly

Putting 8 =1 in Corollary 3.2, we have Corollary 3.3.

Corollary 3.3. 1f a funetion f(z) +in the class A is close-

 to-convexz of order o (0 < a < 1), then f(z) i8 convex of order v in

Ur' where
r=fzg /D tf 1 - 2at+y >0,
(3.4) ro= et if 1 - 2oty <0,
r = 4 =% if 1 - 20+ v =0,
“and
D = (a - Y)2 - Za + 5.
The result is sharp for the function f(z) ‘defined by
| - ! o - (1 - o)z _ 1
(3.5) Sflz) = (Za - 7)(7 - o) [ _ 2(1-a) a] (C(#S )
(1 z)
(3.6) flz) = —7§:EE— + tog (1 - 2z ) ' (o =:% )

at z = - |z|.

Putting o = 0 in Corollary‘B.B, we have Corollary 3.4.

- 10 -
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Corollary 3.4. I1f a function f(z) in the class A is close-to-

convex, then f(z) i8 convex of order y in Ur’
where r = -2 -/ y" + 3
71 + v
The result is sharp for the Koebe function
f(z) = —5
1 -z )"
at z = - |zl
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