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KiEDONZT A MYy 7F#E: Nonlinear ‘dynamics and chaos

"HAK® . ME s (Tsutomu Kambe)
A 3 (Makoto Umeki)
= 9 EZ ( Masayuki Karatsu)

1. Introduétion

Surface waves of a liquid in arclosed‘basin subjected to
horizoﬁtal or vertical oscillation have been studiéd recently
from a viewpdint df 1ow—dimensional chaos. Faraday (1831) first
éfudied experimentally bthe patterﬁs df standing waQes in‘ a
container which 1is oscillated vertically and found that the
frequency of surféée oscillation is one-half of that of the
excitation. Based on linecar fhfe?y, Ronijdamin & Ursell (1954)
explained the e%citétion of standing waves of an inviscid. liquid
thch is associated with thé instability of solutions of Mathieﬁ
equétion for parametric resonant hodes. Oékendon & Ockendon
(1973) analysed’ three types of horizontally or vertically
osciilatéd gfavity ’waveé éf a finite amplitude and pointed ou£
that the horiZontally excited casé is closely related-to ‘Duffihg
eduation which ié now wéll;knowh‘té poséessiﬁg chaotic Solutions;
and‘ that in the vertically exéiﬁéd casé (briéfly éalled aé
Fafaday pfoblem), lthere exists a bifurcation lfrom a stabie

quiescent state to a stable standing wave of a finite amplitﬁde‘
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Miles (1976) formulated the weakly nonlinear problem of
gravity waves. He reduced the kinematical boundary-value problem
to a variational problem and introduced Lagrangian and
Hamiltonian functions in terms of generalized coordinates of the
free surface displacements { q% }. This formulation is épplied
to the weakly or resonantly coupled free oscillations, where

averaged Lagrangian function is introduced. Analyses of the

-external-internal parametric resonant surface waves are given in

the following works: Faraday problem in Miles (1984a), the
internally resonant problem in Miles (1984b), and the
horizontally excited problem in Miles (1984c). In the last paper

he found chaotic solutions for two degenerated modes which are
similar to the system of a pendulum oscillated horizontally.
However for Faraday problem with w, = 2w, ; no chaotic solution

is found.

On the other hand, several experiments have been made and
periodic, quasi-periodic, and chaotic wave motions are reported.
"Keolian ot @ai1.11981; us&d a narrow Plexiglas annulus and found

long-period subharmonic sequences arising from period-doubling.
Keolian & Rudnick (1984) used both liquid helium and water and
observed quasi-periodic motions and phase locking. Gollub & Meyer
(1983) found that an axisymmetric mode breaks down and changes
into a non-axisymmetric one as the driving amplitudeA increases
Qith a fixed frequency. Ciliberto & Gollub (1985) (hereinafter
denoted by C&G) examined the case that the driving amplitude and
frequency are chosen to bérnear the intersection of the stability
boundaries of two nearly degenerated modes. They found periodic

and chaotic competition of two modes characterized as (m,n)=(4,3)

2
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and (7,2) by optical measurement, where mode (m,n) expresses the
. . . s - _

eigenfunction Jm(KmnY)cosmG , K =9 mn/R’ 3'pn P th zero of

Jm(x), and R the radius of the circular container. They showed

that mode competition occurs in only one side of the phase
diagram., fhey also measured a positive Lyapunov characteristic
éxﬁonent (LCE) and some fractal dimensions from experimental
data.

More recently, Funakoshi & Inoue (1987,1988) studied chaotic

motions of surface waves in a circular cylinder subjected to

horizontal oscillation and showed that the experimental
measurement agrees well with numerical calculation of the
dynamical systems derived by Miles (1984c). We made an experiment

on Faraday problem and found that there exists a competition  of
two modes (4,1) and (1,2) different from C&G’s case.
We studied the Faraday problem of subharmonic mode

competition of (mi;nl) and (mz,nz) where n%_t nﬁ:t mk\0, for

i,j,k=1,2, including C&G’s and our experiments. We derive the
dynamical systems for two modes, analysed them numerically and
found that periodic mode competing solutions, period-doubling

bifurcation and chaotic solutions exist on the same side in the
phase diagram as C&G found chgotic motions. All LCEs are cbmputed
and it is shown that there exists one positive maximal LCE ' in
the chaotic region. Meron & Procaccia (1986,1987) analysed C&G's
experiment by normal form and center manifold theory but their
systems are equivalent to our result derived by Miles'’

‘formulation.
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2. - Dynamical systems of surface waves

We consider weakly noniinear surface waves of an inviscid
liquid in a closed basin. Let (x,y) and z be horizontal and
vertical coordinates in a reference frame fixed in a basin B with
a cross section S and n being the ocutward normal, 2:‘4(1,’%) - the
free surface, z=-d the bottom and d the .depth of the undisturbed
fluid. We assume that the motion is irrotatiénal so that the
velocity relative to B is expressed by a velocity pétential

P(t. 4,2) asw= \v-¢ .

‘We may obtain the solution in the form

¢ = 2. u(t) t (x.8) Hu(2), ' (2.1a)
n = 2; Nt Yoz p), (2.1b)

where 1#k are the eigenfunctions of the linear system;
It 2" + _ .
( ;ZL+ ;33 + Kan ) VHK = 0, . {2.2a)
with - \pP, = 0 em 28, (2.2b)

jg’iLm‘/’n dxdd = . 5. , (2.2¢)

where (Y.,,‘,‘is the Kronecker delta, 9,S is the boundary of S and

l"{n(t) = SQC{ Kan & 005{ Kn {7,

Miles{1976) reduced the kinematical boundary—valﬁe problem

to the variational problem of the integral

1= 10, (v¢racdyaz - 5:45(8:1)"& dxdy (2.3)

with respect to S¢’ for given )Zt_' . This is equivalent
to Dirichlet’s principle that the velocity field ¥ satisfying

div ¥ =0 gives the minimal value of I among all irrotational
flows occupying a bounded simply connected region V.
Substituting (2.1a,b) into the integral I, we obtain

'S-iI = féf 1&A1n,9én\4ém = Ciapn )jny ¢%t | (2.4)

where



Bn = S W0 Ha @) Ho®) dedyde (2250
dv'"\')\ = 'S-‘SAY"IL‘M\?-/’W HV\ (2=Q)d1d5. (2.5b)

The variational principle yields .

and

2 7 = o | (2.6)
2¢.. - - . ,
. which relates { ¢,~ }) and { Nw } as ,
P = Lnm (1) T, (2.7)
where 1 =d .k -1 and dots mean the differential with respect
nm " nllm
to time.

Averaged Lagrangian 1is constructed in terms of { )l“ }
including a capillary effect. The kinematic energy of the fluid
is given by :

} ¢ +
T= +P), QW) dxdddz
[ . n ,
L PS5 B P P = 1 LS Qo 1 e (2.8)

where a = 1. k..Il. ' (2.9)
mn imij jn’

-—

Expanding amnvleads to

_ . ) " 7 _ _
an = 0 mn % " #lmn Ti+ T 2wl (2.10)
where a = k -1 {3 ilenh ¥ d}-l (2.11)

n n 11 n
21mn Clmri - Dlmnaman (2.12)
251mn = Pi1mn'®n*®n) * 2 P5nilini®i%n®n | (2.13)

Clmn” ’S-'f’lh Y Fu drd 4, CJlmn- SJ{?’L&‘Z/% Y dxdd(2-142,b)
08 D105 e TR ALY, Dgran” Sy Yoo oo ded (2 158,0)

The potential enerdy due to the free surface displacement is

= ,ﬂjdu{:;g g-xdz

=-PS (Qn'la + L?a,‘l:), (2.16)

where Ru = - j{}x’xf 3##) 6{[0(#” (2.17)
:v

and daz= = 3+ 9, s20t . (2.18)

The capillary energy due to the surface tension Y is
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Vo= o J U+ (00 - 1) dxdy
= Ly S Kl - +8 Epmn 13N T lnt (2.19)
where ’
Ejtma= S L(‘V‘P;'\VWL)'(\V‘I‘»«"VV’M) dxdg, (2.20)

which arises from nonlinearity of the capillary effect. Wevassume
‘that this term is less dominant than other nonlinear terhs in
(2.8). Lagrangian function devided by P S is given by
L = ‘;_/'s (T- V-V.)
= L Qe Lele ~ (AR § - G os 200t T LT+ Q'

A

(2.21)
where is a capillary length and about 2.8{(mm) for clean
water. Qn vanishes for Faraday problemn.
Here we assume the amplitude of the displacement of the n-th
mode is of the form |
Nz Pu(@) wnwt + fu@am wit + Aulo) tod2wt 1B () amrwt + (i (¥) (2. 22)
where subharmonic modes pn:anO except n=1 and 2, P, 4 =0(¢g ),

n

2 \
A, B, c, = O(€), and T ¢ wt is a slowly varying time.

Substituting {2.20) into (2.18) and averaging with respect to t

over 2T / w  yield
<L> = Lanw [(Pafu-pa ih>+%('—w:/w‘)(p3+fgf)
F 2R gy (1= W )ale B - 22 0

+ R (Qemn = F0ntm) {(Pepu- %Q@m)Anﬁ-(szm-k%ng)Bk}

t 2 R an(Plpmf%L%)Cv\

* 33 e (Qptmnt Q) [P pot 95 90) (PuPut §u9.)
+ 2—( PQQ“: %ZIL)( R}%o(. ggpé)} ]

(2.23)

where
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Wn = {k%gtu )\‘KJ)}f ‘ (2.24)
is a natural frequency of the n-th mode. Requiring <L> to be
stationary with respéct to Ah, Bn, and Cn yields

(Aw, Ba) = = 5An (1= 074008 ) (A g - Fantm)
« ( Pr P 42 8m, Pz Qe+ Tebu), (2.25a,b)

k .
Co = Rewl g p (Pebrr 4e o). (2.26)

4 s
Using (2.25a,b) and (2.26), averaged Lagrangian is expressed

as
<L> = —'-2_- ( p'\ %h’ pv\ %w) + H (2‘27)
iyl

where p,» 4, are normalized by a factor %E(u for n=1, 2, <L> is

devided by g and H is a Hamiltonian function with a,» P, being
conjugate coodinates and momenta:

T (ap+ —Qn/ 4. - 0w (1= Wa/aw ) (At B )+ dnwuZ,w‘C:

£ (Bgamnt Osewm) [ORRT 430 (erbut )
+ 2 (P Qu-Gabd(Ps3n-%; Pn)} (2.28)

\ 1
where Q.= fJL(w _w'\ 1._2-_,&”)’ (2.29a)
‘" . 2 2 _ { 9b}
and nle LW £ 4. . | (7 29b)
The evolution equations for p,s q, are expressed by Hamilton’s
equation. Calculating H for explicit modes 1=(m1,n1) and
2:(m2,n2) with m, mj m 0 for i, j, k =1 or 2 yields

H(P11ayiPyi a7 T (2 P+l 80) + % bw (P4 45D
P Lo (pre D (pi+4t)+ T e (pgu-pi)) (2:30)
where bn, c and e are constants which depends on d and R. Simple
estimation leads to
b, ¥ b, @ ¢ = d/; ¢ | (2.31)
(see Umeki(1988) for detail).

Although the inviscid theory leads to Hamiltonian systems,



real motion of surface waves is dissipative. So we may add the
linear damping terms phenomenologically as (-¢f, '), » —de @,
~ds P; s —da 21 ). d. are determined so as to reproduce the

stability boundaries in C&G’s .experiment. Tnen we study the

dissipative nonlinear dynamical systems of the form

po= —oipy t (-1t RTErE)Q - b Mp. (2.32a)
o= —o 4t (2 -V - MO (2.32b)
Po= —dapet (-al+Vvier) %+ b M b, (2.32c)
fo= -2t (Ae-nT-YI) b + bM G, (2.32d)
where rn2 = pn2+ qnz,,‘M:plqz—qu1 and b=1.6.
3. Stability analysis

We consider the system with parameters chosen so as to be
consistent with C&G’s experiment. Fixed points of (2.32a-d) are

given by

( P" %'/ PL: ét )

= ( 0 ? 0 1 ¢ ’ 0 ) (3-18.)
= 2 A ef . ¢ , 0o )  (3.1b)
=+t cpX . 9N, 0, 0 ) (310
=+ ( o, o, pF, ) (3.1d)
= + ( o, o0, P:‘+ , %‘t ) (3.1e)
where % X X
ny = (' —ﬂln)fnx/{(r,’f,_-ﬂi)‘+ d,}}'/t (3.2a)
9¥: = o't /{(Tn*z—ﬂi)’lo(-f}% ' (3.2b)
and A L i
rFe = [H{awalt ((a.+00% 2 (aanivdd *}°
- [L 2 R N2 L4997
= [L{'*w/wnzi‘((-g—;;: —ada)T) ] (3.2¢)

Other fixed points with all non-zero components may be exist.

If we consider the evoluion of the same (m,ny modes
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different only in an athiﬁuthal phase of I/&‘ , because of
j},;ﬂa_and Jl:i fl;_ , it is shown that the angular ﬁomentum:M will
be dissipated: ,

M= Moe %% | ERH
where MO is an initial angular momentum and oy =da= &K . (Note
ithat it 1is not proved the anguiar momentum of two degenerated
azimuthal cosine and sine components vanishes if wé consider two
modes of (ml,nl), (mz,nz)'each of which has cosine and sine
components, but here we assume ‘fhat this Dbreaking of the
degeneracy is less dominant and consider only two modes expressed
azimu£haliy by cosine.)

Linear stability of the fixed points are determined by
considering the rbots of the equation requiring the determinant

of‘the linearvequatiohs of small perturbations (P.fl.,Pl,zL) QAT

to vanish. Stability diagram caléulated with parameters we chose
is shown in figure 1. We devide the phase diagram into six
"regions labelled. as I, II, ..., VI by numbers of fixed points. In

any rggion the fixed . point (3.1la) exists and its Stability
boundary 1is shown by a solid line, which is equivalent to the
transition curves of damped Mathieu equation.

In the region (I), there are one stable fixed point (3.1le)
and one unstable fixed point (3.1d) except (3.1a). Althéugh the
state at rest is stable, if the (4,3) mode is excited in other
parameter region and then the parameter is changed into this
region, the {4,3) mode will continue to be excited.

In the region (II), a stable fixed point (3.1le) exists and
(3.1a) is unstable with the instability direction (4.3) mode. So

if we begin to oscillate the basin filled with still water, the

9
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(4,3) mode will be excited.

There exist one unstable fixed point (3,1c) and one stable
fixed point (3.1le) in the region (III). 'The (4,3) mode will be
excited as well as the region (II).

In tﬁe region (IV), there exist three fixed points exéept
(3.1a). Oné is an unstable (4,3’ mode (3.1d), another is a stable
(4,3) mode (3.1e), and the other is the (7,2) mode (3.1c). And
the stability of the (7,2) mode changes when the parameters cross
the line 11. The (7,2) mode is stable under l1 and unstable over
it. This suggests that there exist bifurcations and chaotic
mofions just over the line 1,. If the ﬁarameter crosses the line

1

12, the direction of the instability of (3.1d) changes from (4,3)

into (4,3) and (7,2).

All fixed points éxist in the region (V). Stable fixed
points are (3.1a), (3.1c), (3.1e) and unstable fixed points are
(3.1b) and (3.1d). In the region (VI), the only fixed point is
(3.1a) and it is stable. No standing wave will not be excited.

Note that the change of the stability of nontrivial fixed points

occurs only in the region (V), in which C&G found chaotic
motions.
Figures 2a,b show schematic bifurcation diagrams obtained

by stability analysis of fixed points (3.la-e) for u&(u);(ua and

Wed< W ¢ W, , where wy is the value of w at the point of the

intersection of two stability lines. Solid and dashed lines show
stable and unstable fixed points respectively. The arrows
indicate the direction of instability. In fig. 2a, B is a

subcritical bifurcation point and C is a supercritical pitchfork

11
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one. There is no Hopf bifurcation in this region. But in fig.4b,
E is a pitchfork one, H is a subcritical one and F is another new
bifurcation point. It suggests the possibility that there exists

a periodic solution near F arising from a Hopf bifurcation.

4. ‘Numerical results

We calculate the dynamical systems (2.32a-d) by using a

- Runge-Kutta and Runge-Kutta-Gill routine of the fourth order. It

is confirmed that solutions don’t change qualitatively even if

t is changed.

Figure 3 shows a bifurcation diagram obtained numerically
by plotting the value of M at the points P. = 0 with w =
4 -4

50.1 (rad/sec). The initial condition is taken as (10 ~, 0, 10 °,

0). When gO/g reaches 0.03897, the fixed point (3.1c) turns

unstable (see fig.1l) and a new fixed point with all nonzero
components appears. ‘At go/g =0.0403, it also changes unstable, a
Hopf Dbifurcation ocouvse,  wud  the mneriodic mode competition .

between (7,2) and (4,3)rmodes begins. At go/g =0.04147, a period-
doubling bifurcation (gluing bifurcation) occurs and at go/g =
0.04261, the motion changes chaotic. In the chaotic region
gO/g = 0.04261 and 0.0441, there exist periodic windows. In
several periodic windows inverse period - doubling bifurcations
occur. The stable (4,3) mode occurs at go/g = 0.0441.

Projection of typical attractors of solutions with w = 50.1

are shown in figures 4a-d. The systems (2.32a-d) are invariant

under the symmetry transforms (Pl, Pz) —> (Pl’ —Pz); (—Pl, le
and (~P1, —Pz)‘where Pn = (pn, qn). Thus, if the systems have
solutions (Pl’ P2) (t,Plo,PZO) where Plo, P20 are the 1initial

12
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condition, they also have solutions (Pl, Pz) (t,P1 ,—P2 ),
0 0 0 0 . .

(Pl’ Pz) (t,—P1 ’PZ ), and (Pl’ Pz) (t,—P1 ,—Pz ). In fig. 4 a

periodic attractor is projected in (pl’ pz) planes respectively.

A period-doubling bifurcation occurred by merging two periodic

0 0 0 o, .
attractor (Pl, Pz) (t,Pi ,P2 ) and (Pl’ Pz) (t,P1 J—P2 ) into one
periodic one with double period is shown in figure 4b.

Figure 4c shows an attraqtor of a périodic solution 1in a
periodic window of the chaotic region with a period four times
longer than in fig. 4a. The symmetry with respect to (p2, qz)
plane is broken. A chaotic attractor is shown in figure 4d. All
four attractors are merged into one in this parameter region. The
power spectra of pz.are calculated in figures . 5a-d. We see
increase of components of low frequencies as gO is changed, and
an almost continuous spectrum when go is in the chaotic region.

To measure the orbital instability of chaotic solutions, we
calculated all LCES'By integrating the linear nonautonomous ODEs
of the first variation with reorthonormalizatién after each time
step to avoid numerical divergence. LECs are ordered‘ as A, >
Au> )\3> )\4. Note that the sum of all LCEs is the divergence of
the flow (2.32).

Figure 6 shows temporal convergence of all LCEs with w =
50.1 and go/g = 0.0438 (periodic solution), 0.0440 (chaotic
solution) and 0.0441 (fixed point). For a periodic solution, the
maximal LCE )\, is zero and the others are all negative. For a
chaotic solution, A is positive with A;,4A+l<<] , the
second AN is zero, and the others are negative. For a fixed
point, all LCEs are negative. The variations of LCEs when g_ is

=0

14
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in the chaotic region are shown in figure 7. Periodic windows in
the chaotic region correspond well to those in the bifurcation

diagram.

Lyapunov dimension defined by Kaplan and Yorke is expressed

by
v k

. = k + I N/ Ak | ' (4.1)
=1 k ’

where k is the largest value for which 2, A{ 2 O . From fig. 9

=1

dL ~ 2.1 in the chaotic region.
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