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ABSTRACT

In this paper, we consider the length of the longest cycle through specified vertices.. We
show the following two results. (1) Let G be a k-connected graph of order at least 2k and
circumfcrence [. Suppose m < k. Then for any m vertices of (G, G has a cycle which
contains all of them and has length at least k—_kl”-l +2m. (2) Let G be a 3-connected planar
graph with circumference I. Then for any three vertices of G, there exists a cyclei which
contains all of them and has length at least 2/ + 3. '

Here, we consider finite simple graphs. Let G be a graph. By Dirac’s theorem[3] G has a
cycle through specified & vertices. In [2] Dirac also showed that a 2-connected graph of order
n and minimum degree at least d has a cycle of length at least min{n,2d}. Locke[4] and
Voss[7] generalized his result by showing that under the same conditions the graph has a cycle
of length at least min{n, 2d}. which contains specified two vertices.

These results lead us to the following question: Does a k-connected graph have a long
cycle through specified m vertices (i < k)? In this paper we investigate this question.

For basic graph-theoretic terminology, we refer the reader to [1]. Let G be a graph. The
circumference of G, denoted by cir(G), is the length of the longest cycle of G. We denote by

‘w(G) the number of components of G. For k> 0 and S C V(G), we call S a k-cutset if
w(G — S) > 2 and |S| = k. We often identify a subgraph H of G with its vertex set V (H).
Especially, when « is a vertex of H, we write x € H instead of z € V(H). Furthermore,
we write |H| instead of |V(H)|. When we consider a cycle, we always give it an
orientation. Let Ct be the orientation of a cycle C and C~ be its reverse orientation. Let
Ct =uao,&i,...,Tn_1,Tp be a cycle. For z;, z; € C, we define a subpaths Ct [€;,2;] and
C~[#i,z;] of C by o

o ] = . p. . .
C [x;,x]]—xz,xz.*pl,-..,xj._l)xj’
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and

c- [:c,:,a:j] =X, Ti—1,- - Tj4+1,%j-

We also define C*(z;, z;) and C~ (;, ;) by
C* (i, 25) = C™ [mi, 25] — {=i, zj},

and
C—(:c,', :L‘j) = C"[m,-,:c]-] — {:L’i,zj}.

Furthermore, C+[:U,',:L‘j) = C+[(L',', :L']'] - {ZL‘J' } Subpaths Cc- [:L‘,', ij), C+($i, :L‘J'], C"(x,-, :L‘j]
are defined similarly. Let z;,%2,...,&, be a path. We denote by end(P) the set of
endvertices of P; end(P) = {z1,%,}. Let P =1,%2,...,2, and Q = y1, ¥, .- ., ¥ be paths
such that z, = y;. We denote by P - @ the walk z1,z9,...,2, = Y1, Y2,..-,¥:-

Let z € V(G) and S C V(G) — {z}. A subgraph F of G is called a (z,S)-fan if F' has
the following decomposition F = UL, P;, where
(1) each P; is a path between z and q; € S, and
(2) P,NS = {a;}, and P, N P; = {2} if i # j.
We call k the size of the fan F. The vertices a,...,a; are called endvertices of F' and the
set of its endvertices is denoted by end(F'). Since F' is a tree, for any two vertices z, y € F
the path in F which joins # and y is unique. We denote this path by F[z,y]. We define
Flz,y) by Flz,y) = Flz,y] — {y}. Paths F(z,y] and F(z,y) are defined similarly.

The following theorem is well-known, called the generalized Menger’s theorem.

THEOREM A ([1, Theorem 6.7]). Let G be a k-connected graph, z € V(G), and
S C V(G) — {z}. Then G bhas a (z,S)-fan of size min{|S|, k}. M

The following theorem was proved by Perfect[5].

THEOREM B (Perfect[5]). Let G be a graph, z € V(G), and S C V(G) — {z}.
Suppose G has two (z,S)-fans Fy and F, of size k; and ko, respectively. If ki < ks, then
G has a (z,S)-fan F’ of size ko such that end(F;) C end(F’). MW

We use these two theorems in the proofs our results.

First, we show that the existence of long cycles through specified m vertices in a
k-connected graph is assured if m < k. Note that a k-connected graph is hamiltonian if its
order is at most 2k, by Dirac’s theorem.



THEOREM 1. Let k> 2, 0 < m <k and G be a k-connected graph of order at least
9k. For any m vertices 1,...,xm of G, there exists a cycle such that
(1) z1,.-.,%m € V(C), and
(2) |C| > E52cir(G) + 2m.

Recently, Seymour and Truemper sent me a proof which is simpler than the original one.
We show their proof.
Proof (due to Seymour and Truemper). The proof is by induction on m. For m =1, let
z € V(G), and let C be a longest cycle in G. Since |C| > 2k,

ICI

cu(G)+2—|C| +2<|C|.

k

So we may assume z ¢ V(C). Now G has an (z,C)-fan of size k. The endvertices of F
divide C into k paths, and any shortest one P of these paths, say P = C*[u, v] has length at
most 4cir(G). So C*[v,u] - F[u,v] is a cycle which contains z and has length at least

cir(G)
et 2= k cn'(G) +2

IC] -

as desired.

Suppose m > 1, and let C be a longest cycle containing at least m — 1 members of S.
By the induction hypothesis,

cir(G) +2(m — 1)

—l;mcir(G)+2m+ E’E‘g)- -2

k-~
Zk

So we may assume that exactly one member z of S does not lie on C. Since cir(G) > 2k,
|C] > 2k. So G has an (z,C)-fan of size k. The endvertices of F' divide C into k paths. We
call such a path bad if it contains some member of S internally, and we call it good if it is
not bad. Let b represent the number of bad paths, and let L be the sum of lengths of the bad
paths. Then some good path P = C*[u, v] has length at most

IC] -
k—b
(, where |C| > 2k and & > m — 1). Keeping |C| and k fixed, and under the conditions L > 2b
and b < m — 1, this is maximized when L = 2b and b = m — 1. Hence,
|C] —2(m —1)
k—m+1

= ir(G) + 2m. (+)

|P| <
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A cycle C*[v,u] - F[u,v] contains S, and from (*) it has length at least

' |C] - 2(m —1) k—m .
- 2>
IC| Pape—— +2> cir(G) + 2m
as desired. W
Theorem 1 is sharp. Let, £#>2, s>1, and 0<m<k. Let
Ho,Hy,...,Hy and Hj be graphs such that H; ~ ...~ Hy ~ K,, Hp ~ K,, and

H} ~ Ki. Suppose vertex sets V(Hg),...,V(Hz) and V(H}) are disjoint. Define.
G(k,m,s) by G(k,m,s) = (H; U---UH; UHy)+ H|. Then G(k,m,s) is k-connected,
|G(k,m, s)| = ks + k+ m > 2k, and cir(G(k, m, s)) = ks + k. On the other hand, the length
of the longest cycle through V(Hy) is (k— m)s + k +m. The above example shows that
large circumference does not assure the existence of long cycles through specified &k vertices
in k-connected graphs.

Next, we confine ourselves to planar graphs. Even if we consider only planar graphs,
the length of the longest cycle through specified two vertices in a 2-connected graph is
independent of its circumference. Let C = zo,z1,...,Z,m = 2o be a cycle of length m
(m > 4). Add a new vertex y and join yz; and yz,,—;. Then this graph has circumference
m, but the unique cycle through y and zp has length four. On the other hand, by
Tutte’s theorem[6] 4-connected planar graphs are hamiltonian, and hence the length of the
- longest cycle through four specified vertices in a 4-connected planar graph is equal to its
circumference. On a planar graph of connectivity three, we show the following theorem.

THEOREM 2. Let G be a 3-connected planar graph. Then any three vertices of G lie
on a cycle of length at least +cir(G) + 3.

The proof of Theorem 2 is given by the following two lemmas.

LEMMA 1. Let G be a 3-connected planar graph. Then for any two vertices z, y,
there exists a cycle C such that
(1) z,y € V(C).
(2) |C| > 1cix(G) + 2.

LEMMA 2. Let G be a 3-connected planar graph, x,y,2 € V(G) and C be a cycle of
G such that z,y € V(C). Then there exists a cycle C’ such that
(1) z,y,z € V(C").
(2) IC"] > 3IC) + 2.



(Wa)

Proof of Lemma 1. If G is hamiltonian, then the lemma clearly holds. So we may
assume that G is not hamiltonian, which implies |G| > 7 and cir(G) > 6. Let C be a longest
cycle of G. We consider three cases.

Case 1. {z,y} C V(C).
This case is trivial.

Case 2. |[{z,y}NV(C)|=1.

We may assume that z € V(C) and y ¢ V(C). Consider a (y,C)-fan F of size
three. Let end(F) = {y1,¥2,y3}. If = € {y1,y2,¥3}, say = = y;, then we have two
cycles Ctlz,ys]- Flyz,2] and C~[x,ys] - Flys,2], one of which has length at least
1|C| + 2 = %cir(G) 4+ 2 and contains both z and y. Next, assume = & {y1,ys,¥s}. We
may assume € C*(ys,y1). Then one of the two cycles C7[ys,y2] - Fly2,ys] and
C~ [y1, y2] - Fly2, y1] has the desired properties.

Case 3. {z,y}NV(C) =0.
First, we show the following claims.

Claim 1. Suppose there exists a path P in G such that

(1) P joins two distinct vertices of C and P intersects C only at its endvertices.
(2) z,y € V(P).

Then the Lemma follows.

Proof. Let a and b be endvertices of P. Then one of the two: cycles
Pla,b] - C*[b,a] and Pla,b] - C~[b, a] satisfies the desired properties. '

Claim 2. Suppose there exist two paths P and @ such that
(1) vV(P)NV(Q)=10.
(2) Both P and @ join two vertices of C.
(3) V(P)YNV(C) = end(P) and V(Q) NV (C) = end(Q).
(4) Vertices of end(P) and vertices of end(Q) appear alternately around C*.
(5) z € V(P) and y € V(Q).
Then the lemma follows.
Proof. Let end(P) = {z1,2,} and end(Q) = {y1,y2}. We may assume z, y, =1
and y, appear in this order around C*. Then one of the two cycles

CHz1,y1)- Qly1, y2] - C [y2, x2] - Plaa, 1]

and
C~ =1, 2] - Qly2, 11] - Ct[y1, 23] - Plza, 1]
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has the desired properties.

Let end(Fy) = {z, 2, z3}. We may assume that z,zs, 3 appear in this order around
C*t. If y e V(F1), then the theorem follows by Claim 1. Suppose y & V(Fy). Let
D=CUF,. Let F; be a (y,D)fan of size three. Let end(F:) = {y1,v2,y3}. If
end(F2) N (Fy — {1, 22,z3}) # 0, then the lemma follows by Claim 1. So we may assume
end(F2) C V(C).

Claim 3. If {y1,¥y2,y3} C Ct[z;,ziy1] (If i = 3, we consider &4 = 1), then the

lemma follows.

Proof. We may assume y;,¥s2,¥s € Ct[zy, z5] and y;,y2 and ys appear in
this order around C+. Then

C*zs,y1] - Fa[y1, ¥2) - Ct[y2, z2] - Fi[z2, 23)

or
Ctlz1,y2] - Foly2, y3] - CTys, z3] - Fi[z3, z1]

has the desired properties.

By Claims 1, 2, 3, the only possible case in which the lemma would not hold is
{z1,z2, 23} = {y1,¥2, y3}. We may assume z; = y; (1 =1,2,3). Let D/ = DU F;. Since C
is a longest cycle, C*(z1,2z3) # 0. Since G is 3-connected, there exists a path P joining
C*(x1,z2) and D' — C*zy, 23] in G — {1, 22}. Let end(P) = {u,v}, u € C*(x1,22) and
v € D' — CHz1,z2]. If v € V(F1) UV (F2), then the lemma follows by Claim 2. So we may
assume v € C*(zq,z3]). Then Fy, Fy, Ct[z;,z,] and Plu,v]- C*[v,z3] form a subdivision
of K3 3. This contradicts the planarity of G. Therefore, the lemma follows. M

Proof of Lemma 2. Let C; be a longest cycle which contains z and y. Then |Cy| > |C]|.
If G is hamiltonian, then Cy is a hamiltonian cycle, and |Cy| > 4. Hence the result
follows. Threfore, we may assume G is not hamiltonian, and |G| > 7. By Lemma 1,
|Col > 2-7T+2>5. So |Co|> 3|Col+2> 2|C|+2. Hence we may assume z ¢ C,.
Consider a (z,Cp)-fan Fy. Let end(F}) = {21, 22,23}. We may assume that z, 25, z3 appear
in this order around C*. We consider three cases.

Case 1. end(Fy) C C{ [z, y] or end(F1) C CJ [y, z].

We may assume {z1,22,23} C CJ[z,y]. Then one of the two cycles
C{f[#2, z1) - Fi[z1,22] and C{ [z3, 2] - Fi[29, 23] has the desired properties.
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Case 2. One of end(F) lies on Cif (y,z) and the other two lie on C{ (z,y).

We may assume z;,2zz € Cy (z,y) and 23 € CJ (y,z). Let C1 = C{[z3,21] - Fi[z1, 22).
Then Co — C; = CF (21, 23). Let D= CyUFy: By Theorem B, there exists
an (2,D — Cg(z3,21))fan F of size three, such that 2;, zs € end(F3).  Let
end(F2) = {z1,23,a}. If a € Fi[z,21) or a € Fi[z,23), let

Ca = Cf [21, 23] - Fi[23, 4] - Fa[a, 21].

If a € F1[z,23), let \
Cy = Cf [21, 23] - Fz[zs,_a] - Fi[a, 21].

If a € Cf (22,), let
Cz = Cf [a, 23] - Fi[zs, 23] - Cf [22, 21] - Faz1, a].

If a € Ci (y, 23), let
Cy = Cy la, z1] - Fi[z1, 23] - Fa[zs,a].

Then in either case, Cif (21, 22) C Cz and either C; and C, satisfies the desired properties. So
the only remaining case is a € C§ (z1,22]. Let D' = D U F. .

Next, consider a (y,D’ — CJ(z2,23))-fan F3 such that {z;,23} C end(Fs). Let
end(F3) = {23, 23,b}. If b € (F) — end(F;)) U Cy (23,2), then the lemma follows by the
same argument. If b € Fo(z,a) U Fa(z,21), let

Cs = F3[b, z5) - Cy [22, 21] - Fi[21, 23] - Fa[z3,b).
If b € Fa(z, 23), let
Cs = F3[b, z3]) - Fiy[z3, 23] - Cy [22, 21] - Fa[21,b].

Then in either case CSL (#1,22) C Cs and hence either C; or (s satisfies the desired
properties. So the lemma follows unless b € Cf [z, z;). (Possibly a = b.)

Now we consider the case a € C{,"(zl,zg) and b € C’g’(zl, z2). If z1,b,a,2, appear in
this order around C, let

Cy = Fi[z3,b] - CF [b, 22) - Filz2, 1] - CF [21, 23]

and
Cs = Filz3,a]- Cy [a, 21] - Filz1,22) - Cf [23, 23],
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If 2,,a,b, z, appear in this order around C, let
C4 = F3[22,b] . CO— [b, 23] . Fl [23, 22]

and _
Cs = Fyl21,d]- Cf [a, 23] - Filzs, 21].

Then in either case we have {z,y,2} C C4NCs, Cy C C4 U Cs, and hence |Cy| > %ICOI +2
or |Cs| > £|Co| + 2. So the lemma follows.

Now, we may assume that a = 25 or b = z;. If a = 29, then Fy, Fy, F3 and Cj [b, 2]
form a subdivision of Ks3. If b = 21, then Fy, Fy, F3 and C{f [a, 2;] form a subdivision of
K3 3. Hence both contradicts the planarity of G. Therefore, the proof in this case is complete.

Case 3. |{z,y} Nend(F1)}| = |Cf (z,y) Nend(F)| = |Cd (v, z) Nend(Fy)| = 1.
We may assume z; = &, 22 € Cof (z,y) and 23 € C7 (y, ). Then either

CG = Fl[zlaz2] : C(-)*-[ZZ:zl]a or

C7 = Filz1, 23] - Cy [23, 21]

satisfies the desired properties.

Therefore, in each case, G has a cycle through z, y and z of length at least £|Co| + 2.
. .
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