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Buchsbaum Rings ond Cone Singularities

> z ' .

'5 .1.‘65 2L (Chikeshi MITAZAKD (% 32L)
Let S=k(X0,...,XN) be the polynomial ring. Let us regard

the polynomial ring S as a graded ring in which the degree of Xj

is one for every O0<j<N. Let m= @ S, . Let M be a finitely
d=1 ‘

generated graded S—-module of dimension n+l. Then M is called
a Buchsbaum S—module (resp. a quasi—-Buchsbaum S—-module) if Mm is
a BuchsBaum Sm-module (resp. a quasi-Buchsbaum Sm-module).

That is, M is a quas i—Buchsbaum médule-if and only if mHi(M)=0
for any 0<i<n. On the other hand, M is a Buchsbaum module if
and only if the difference L(M/qM)—eq(M) is an jnvariant for any
homogeneous parameter ideal g(cmd for M, where l, respectively
e, denotes length, respectively multiplicity of q.

In this paper, we search for the condition that a graded
S-module M is a Buchsbauh module. In particular, our purpose
is to clarify the difference between Buchsbaum propefty and
quas i=Buchsbaum property.

For this, we introduce the notion of quaﬁi-Buchsbaum modules
of type Tt in Section 1. Then we give a criterion(Theorem 1.7
fo; it, which explicitly describes "Surjectivity Criterion”
through spectral sequence. In Corollary 1.10, we give. a

sufficient condition that M is Buchsbaum. It is described
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only by the vanishing of its local cohomologies. This
generalizes a result of Goto—~Watanabe (4, Proposition 3.1).
Also, the theorem enables us to calculate the length of |
Ext371 G, M in Corollary 1.12.

In Section 2, we investiéate ihe divisors of Segre pfoducts.
In particular, we construct very concrete examples of

quas i-Buchsbaum but not Buchsbaum rings.
gl. Quasi-Buchsbaum modules of type r

Definition 1.1. M is a quasi-Buchsbaum module of type r
if, for every homogeneous system fl""’fr-l of parameters,
M/(fl,...,fk)M is a quasi-Buchsbaum module for every k<r-1.

Remark 1.2, In the above definition, we have only to take
elements of degree one as homogeneous systems of parameters, by

Goto-Suzuki(G, Theorem 1.9) or Suzuki (18, Theorem 3.6).

Remark 1. 3. M is a quasi—-Buchsbaum module of type n+l if

and only if M is a Buchsbaum module, by Stiickrad-Vogel (14).

Let Ui be an open set D+(Xi) in Proj S for O<ixN. Then

U=(U.} is an open covering of Proj S. LLet ' us consider a

i’ O<i<N _
Eech complex C'=C" (U;M), where M is the sheaf associated to the

graded S—-module M on Proj S.. Then we define a complex
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L'=C0 M —=&— C' (-1) ), where & is a natural map. (e. g. See

Godement (2).)

" Let K. be the Koszul complex associated to <X0,...,XN>. that is,

N
K =Ad( -] Aek)= -] Aei AR U where <eo,...,eN> is a
P k=0 0<i;<...<i =N ‘1 p .

free basis. 4
In this way, we have a double complex K '=Hom(K.,L'). Now
let us consider two "stupid™ filtrations, that is,

‘K,= T KP* 9 and “K,= T KP: 1,
pxt . qx=t

As usual, we get the spectral sequence for each filtered complex:

\ .
~\\j> Pk )
B L

“ER*9 = Ker 4”"P*9/Im ¢” 7P 97!

=P, q
Ey

Lemma 1. 4. Under the above conrditions, we have the

following thinrgs.

N .
-wP.sq _,P q *
1> E1 =A"( @ Hm(M)ek) .

k=0 ‘
where <e0*,...,eN*> ts the dual basis of <e0,...,eN>.‘and
Extg Ck, M if q=0

2 ”Eg'q =
0 otherwise.

This implies that HPTI(K ') = Ext§+qu,M).

From now on we will treat the first filtration. So we
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write Ei’q for ng.q .

Lemma 1. 5. - The spectral sequence (Ei’g} does mot depend

on the choice of coordinates'<xo....,XN> .

Now then we will study the relation between the spectral sequence

and Buchsbaum property.

Proposition 1. 6. Notations being above, the following
conditions are equivalent.
(a) - M is a quasi=Buchsbaum S—-module.

) a8 9 E?’q ————————-»“EIIH'I"q is @ zero map for q<n.

1
) d?’q : E?'q — Ei’q is a zero map for q<n.
, . N * - »
Proof. By (1.4.1.), Eg'q =AP ( @ Hq(M)ek) . From the construction
; k=0 " .
of the double complex K°*, we see that
‘ , N n :
d?’q(et A...Ae? =z X.e*Aef A...AeT . Thus the assertion
1 P j=0 J J 1‘ p .

follows from the definition of quasi-Buchsbaum module.

Suppose that M is a quasi—Buchsbaum module and that every

subset I of {Xg,...,Xy} such that #I=n+l makes a system of
parameters of M. Setting EﬁM/XjM, we have the following

exact sequence:



64

X,
0 —— 0:X)y M i, M M 0.

Since H:((O:XjJM)=O fqr g=]1 and M is a quasi-Buchsbaum module,
we have the following short exact sequence: ’

0 — v lap —— w3l —— Bl —— 0
for 1<q<n. Thus we have the following commutative diagram

with exact raws:

0 — H:_I(M) —_— Hg'lcﬁ> ., H;(M) R

2> 4

<

Aa4.7.1 ¢ %))

0 — v oy —E— Wl —— HIan — 0
forr1$q$n, where ¢, ¢  and ¥ are multiplication maps -Xi’s.
Since M is a quasi- Buchsbaum mddule, ¢ and ¢~ are zero maps.
By snake lemma, we get a graded S—=homomorphism of degree 2
¥ : HIop ——— BTl a0 such that weo=8-¥. Let us write
(XiAXj) for this map ¥. Since ¥=0 is equivalent ¥=0, we see

that M is a quas i-Buchsbaum module if and only if (XiAXj) is a

zero map for any |i. In other words, M is a quasi—Buchsbaum

module of type 2 if and only if and only if (XiAXj) are zero map

for any i and j.

Comtinuing the similar steps, we have the following theorem.

Theorem 1. 7. Let S be the polynomial ring ktxo,...;xNJ.
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Let M be a finitely generated graded S-module with dimemsion n+l.
Suppose that M is a quasi-Buchshaum modile of type r—1. - Then

y= (¥ . uda q-r+l
X )_(Xi'A"'Axi J o Hm(M)-————~ Hm M

I 1 r
ig well—-defined.

Furthermore, M is a quasi—Buchsbaum module of type r if and only

if (Xp) defined above is a zero map for any I.

Now there still remains to link between the spectral sequence

{E?’q} and the maps (XI)'s constructed above.

Lemma 1. 8. Let M be a quasi-Buchsbaum graded S-module of
type r-1 and Qtth dimension n+l. Then we have
p,a_p, N * ’
1> EYI=A"Ce Hq(M)ek) for any aq=n+l.
k=o ™
. ; P,dqy . yd q—-r+l
By (1), we can write (dr )J,K" Hm(M) ey Hul (M> = for the

map from eﬁ-cqmponent to e?Aeﬁ—component of the map d?fqn

Then we have 7 4 _
@ @Dy =D TP @Oy, where X)) is the map
defined in (1.7,

Then we have the following theorem.
Theorem 1. 8. Notations being above, the following

conditions are equivalent.

@ Misa quasi~Buchsbaum S—module of type r.
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® 2T g ———— E§+S'q—5+1 is a‘zero map for
s<r and q=n..

(c) dg’q : Eg’q — E:’q-§+1 i8 a zero map for s<r
.and ﬁsn.

Corollary 1.10.  Let M be a finitely generated grade&
S-module; Let us define

6=(Ci, ) | Osizn, te€Z, H}aD =0).

Suppose that GAsatisfies the following condition (¥).
*)  For any (i, and (j,m) of 8, if ixj, them i+i{+1mj+m.
Then M is a Buchsbhaum module.

- . Pedy —oud p+s, q=s+1 mmud—s+l s
Proof. Since (E1 )L_eHmCM)c s (E1 )t+s—eHm (M)£+s and
di’q is a graded homomorphism of degree s, the assumption gives that
dz'q is zero for any p, q(<n) and s. By Theorem 1.9 (or (1.7, M

is a Buchsbaum module;

Remark 1.11. (1.10> is a generalization of Goto—Watanabe (4) and
Schenzel (13, Theorem 3.1) and is "best possible” in the following
sense. Unless © satisfies (X)), we cannot see only by the vanishing
of its locai cohbmologies whékher or not M is a Buchsbaum module.

In fact, Goto abstractly and systematically constructed such examples

in his papers (3, 5). Moreover, his me thod gives the construction



of quasi-Buchsbaum ring of type r but not of type r+l by virtue of

Evans—=Griffith (1).

Now then, let us calcplate the length of Extg+1(k,M) written

by r(M. By (1.9), we have the following result.
Corqllcry 1.12. ysuﬁpoée that M is a‘Buéhsbaum'S-algebra,
we have u

n ;4 N n .
N¥1 ) o i N+1 N\ 4. od
jfo(n*‘l‘i) dim HJ D +1<r <M>sj§0(n+l_j> dim H O +a Ky,
where K,=ExtN "(M,S) and a(Ky) is the minimal number of

generaters of KM‘
g€2. Divisors on Segre products

Let k be a field. @ Let X be an arithmetically 7
Cohen—Macaulay subscheme of'P§=Proj S, that is, its affine cone

CX>=Spec S/J is locally Cohen-Macadlay, where J= @& r(!X/P(t)).
' L€Z .

Let V be a subscheme of X such that 0<dim V=n<dim X. Let A be
the coordinate ring of V. The following proposition shows

that the results of Section 1 can be applied to geometric case.

Proposit?bh 2. 1. Under the above.conditions, we have
" _n+l o Py 3 n+l '
Ty -Rr(tzzfv/x(t))zt er(A)

in the dérived cdtegory‘D;(S) of complezes bounded below of
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graded S—modules.

Example 2. 2. Let X=PxP; be Segre embedding in P=P
Let V be a divisor of X corresponding to

_*% *,_
Ox(a,b)—plo r(a)apze S(b).
Pk Pk

(1> V is an arithmetically Cohen-Macaulay subscheme of P if
and only if a—r<b<a+s.
(2) The following things are equivalent.
(a) V is an afithmeticallbeuchsbaum subscheme of P.
() V is an arithmetically quasi-Buchsbaum subscheme of P.

(c) a-r—l1<b<a+s+l1.

Proof. ‘It is given, for example, by Goto-Watanabe (7,
Stuckrad-Vogel (18) or Schenzel (13, Proposition 5.1). We will
prove it, however, because our proof indicates the motivation of
the next example.

Now let us assume axb. First of all, let us find the
numbers 1<i<r+s and {€Z satisfying Hi(}v/x(C))=0. By the way
3V/x=is~isomorphic to @x(—a,—b). By Kinneth formula, we have

Hi(}v/x(£>)=0,if and only if i=r and bx<f<a-r-1. = This shows

(1) and " (e) ad™ of (2). It - is trivial that (a) implies (b>.

Thus it still remains to prove that if a=r—1>b, then V is not an
arithmetically quasi-Buchsbaum subscheme of P.

Let us take P'xP°=Proj k (X,...,X IxProj k(¥g,...,Y)).

s+r+s




Then we can show

.X.: HYO@ _(t-a)) ——— HI (0 _t+1-a))

is surjective and

.v.: H9w (t-b)) ——— HO¢o _ce+1-bdd
J PS PS

is injective. On the other hand we see

HT ($ 5 (0D sHT (0 r({—a))GHo(O»s(t—b))
: P P

Hence we have that e Hi(FV/X({)) is not a k—=vector space if
' teZ : N

a=r=1>b. This gives V is not an arithmetically Buchsbaum

subscheme of P.

In Example 2.2, we need not distinguish Buchsbaum rings from
quas i-Buchsbaum rings. However, taking X;F;XszPi , We can

find the examples clarifying the difference between them.

Theorem 2. 3. Let X=P£xPixP; be Segre embedding in

3.
P=Pér+1) 1.

Let V be a divisor of X corresponding to
ex(a-r-l,a,a+r+1>.. Thern V is ar arithmetically
quasi=Buchsbaum subscheme of type r in P but not an

arithmetically quasi—Buchsbaum subscheme of type r+l.
Proof.. For simplicity, we will prove only in case r=l1. Let

<X, Y>x<Z,W>»x<U, T> be -a -coordinate of X=PixPixPi .. By Kinneth

formula, we have

io
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1 1 1 1
2 .
H2C @ % (2 )=k - 1@k + @ Ckt » ok » gtk + <)
tez VX Czw ot u?r? ot
and ' :
1 w2, 2 1
HC @ #, o (0))=k-X2+k - XY+k - YD) @k - 10k -
L€Z UrT

Then we -see

, 2 . 1
KeZol) A (YeWeT) : H (e £ L) —— H (e ¥ (&>
CeZ‘V/X : CGZ'V/X ‘

is not zero. By Theorem 1.7, V is not arithmetically
quas i=Buchsbaum of type 2. Further, it is easy to shqw V is

arithmetically quasi=Buchsbaum. Thus the assertion is proved.
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