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A Stochastic Construction of Golay Code

Yoshiaki . Itoh

The Institute of Statistical Mathematics
4—6—7 Minami-Azabu Minato-ku,

Tokyo 106, Japan

Masakazu Jimbo

Department of Information Sciences
Science University of Tokyo
Noda City, Chiba 278,

Japah

§1. Golay binary code and random packing

Leech (1964) gave the densest known packing of spheres in
24-dimensional space on the 24-digit binary sequences based on the
Golay code, which is generated by 12 binary sequences. Hence the
set is made up of 212 or 4096 points of binary sequences called code
words. From each point of the 4096 points, there are 759 points of
Hamming distance 8, 2576 points of Hamming distance 12, 759 points
of Hamming distance 16, and one point of Hamming distance 24. The
proof is given for example in the book by MacWilliams and Sloane
(1977). Here we will discuss a stochastic algorithm to generate
Golay code introduced by Itoh (1986).

Random packing by Hamming distance is discussed by Itoh and
Solomon (1986). Consider a random sequential packing into the 224

points. At first we choose one point (24 coordinates) at random and
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we record it. Choose another and record it if its Hamming distance
is 8, 12, 16 or 24, otherwise reject it, Now, choose the next
point at random and record it if the Hamming distance from each of
the previously chosen 2 points is 8, 12, 16 or 24. When the points
11,12..., Ik are already ghogen, the next point Ik+1 will be chosen
if each of the Hamming distance from each of the previously chosen
Il’IZ""’ Ik. is 8, 12, 16 or 24. We continue this procedure
until there is no possible point to record among the 224 points
and we now have a set S of recorded points. The histogram of the
number of recorded points of S is given in Fig. 1. Out of 550
trials, 11 trials produce Golay code of 4096 points. Without
loosing generality, we can choose the point (0,0,..., 0) as the
first point. We get 12 rows from the second to the 13th by the
random packing procedure of Hamming distance 8, 12, 16 or 24. Then
we make the set of all possible sums of the binary sequences by the
addition of modulo 2, 1If the set consists of 212 points and the
distribution of Hamming distance from each point has that of the
Golay code, then the 12 rows produce a linear code of minimum
distance 8, which is equivalent to the code used by Leech to
construct the Leech lattice. Hence this will give a stochastic

construction of Golay code,

§2. Random packing and finite field

Let Vn be an n-dimensional space over a finite field GF(2).
The weight of a vector a is denoted by wt(a). If the weight
of every code word of a linear code C is a multiple of 4 then
the code is said to be doubly even. The following lemmas is
obvious.

Lemma 1. For two vectors a and b in Vn’ we have wt(a +b) =
wt(a) + wt(b) -~ 2a*b, where a<b is the number of coordinates in
which both elements of a and b are 1.

Lemma 2. Let a and b are vectors of Vn such that

wt(a) = wt(b) = d(a,b) = 0(mod 4).

Then we have a'b = a*b = 0 (mod 2).
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Proof, By Lemma 1,
2a'b = 2a*b = wt(a) + mt(b)
-wt(a + b) = wt(a) + wt)
-d(a,b) = 0 (mod 4).

Thgorem 1. Let Il..., Ik be vectors of Vn' If the weight of
every vector Hi is a multiple of 4 and the Hamming distance between
any two vectors Hi and ﬂj (i#3) is also a multiple of 4, then the
code generated by Il,..., Kk is doubly even.
Proof. Let S be a set of vectors including zero vector.

Assume the aistance of any two vectors are multiples of 4 for
any two vectors a and b of S, we have

wt(a + b) d(a,b) = 0 (mod 4).

And

a'b = a*b 0 (mod 2)
is obtained by Lemma 2. Hence for any vector € of S,
d(a + b, ¢) = wt(a +b + ¢)
= wt(a +b) + wt(e) - 2(a +b)'e
= wt(a +b) + wt(e) - 2(a'e +b'e)
=0 (mod 4)
holds, which shows that the set S' =S u {a + b} also has the prop-
erty that the distance of any two vectors of S' are multiples of 4.
Hence, by setting S = {Il,..., Ik’ 0} the linear code generated by
S is shown to be doubly even.
Let S be a set of points (code words) obtained from the
above random packing procedure and let Il,ﬂz,..., Ik be linearly

independent code words which generate linear space C over a finite

field GF(2).

Theorem 2,

1 L
SccC where C is the dual space of C

Proof. For any J € S
L
J'Ii = J-Ii =0 (mod 2), which means J ¢ C .
L
We have C < C , as given in MacWilliams and Sloane (1977).

KR
Hence, C = C if dim (C) = k =—;_l.
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Hence when there are 12 linearly independent vectors Il,lz,..., 112

€ S, each of the remained vectors -of S are represented by a linear
combination of the 12 vectors. This gives a simple algorithm for
our random packing procedure. We continue the random packing
procedure until we get 12 linearly independent vectors II,IZ,...,
IIZ' Then we make the random packing into the 21 linear combi-

nations of Il,ﬂz,..., I This makes computational time of our

12°
simulation much shorter,

§3. Weight distributions and clusters
The enumeration of self-dual codes by Conway and Pless (1980)

gives the following possible weight distribution for n.= 0, 1, 2, 3,

4, 5, 7, 11,
4] 4 8 12 16 20 24
1 6n 759-24n 2576-136n 759-24n 6n 1.

The code generated by the II,IZ..., le obtained in the previous
section has one of the above 8 weight distributions. Hence the
remained possible points after packing mutually independent 12
points should be not less than 4096-(12n+1)x12, which will help to
explain Fig. 2. The number of points obtained by our random packing
procedure is not less than 4096/(n+l), if we can get the twelve
1,12,..., I

generate Golay code. Each of the other clusters may correspond to

independent vectors I 12° When n=0, the twelve vectors

one of the other seven weight distributions. Smaller n may

correspond to a cluster of larger recorded numbers.
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Fig. 1 Histogram

(The 11 trials of 4096 recorded points are not given here.)

(from Itoh(1986))




Number of remained possible points after 12 recorded points
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Fig. 2 The first 12 points and the clusters.

(from Itoh(1986))
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