-

View metadata, citation and similar papers at core.ac.uk brought to you byﬁ CORE

provided by Kyoto University Research Information Repository

Bl
oo o e/,
&
Kyoto University Research Information Repository > KYOTO UNIVERSITY

Fock Space Representation of the Virasoro Algebra

Title I.(Harmonic Analysis on Groups and Its Applications)

Author(s) | Kanie, Yukihiro

Citation J00O0obOoOonog (1985), 570: 15-26

Issue Date | 1985-10

URL http://hdl.handle.net/2433/99167

Right

Type Departmental Bulletin Paper

Textversion | publisher

Kyoto University


https://core.ac.uk/display/39230465?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

ooooboooao
5700 19850 15-26 .

F_A

)

AFock Space Representation of the Virasoro Algebra I.

Yukihire Kanie

W 4R (241440)

§1. The Virasoro algebra L 1s the Lie algebra over the complex

Inumber field € of the following form:

e

:Z[Ee EBI]Ze/ s
neZ n 8

!with the relations: for any n,>meZ

i1

n - m
(m-nde + -

le_» e ] — .
n m n+m 12 5n+m:® €p ¢

f
(o]

[e@a en]

i This 1s a unique {(up to isomorphisms) central extension of the Lie
]
I

. algebra g

-

of trigonometric polynomial wvector fields on the circle:

= Y C 2 v o8 281 = (m-n) & (n-meZ) .
neZ n n om n+m

e

Let h = Ee@ + Eaé be the abelian subalgebra of L of maximal

o *
dimension. For each (h,;c) € L% ~ h +the dual of h. we can define the

Verma module M(h.,c) and its dhalvnf(h,c) as follows: N(h»c) and
. v

M (hsec) are the left and right g—module with a cyclic vector (h.:cd>

and <c>h! with the follbwing fundamental relations respectively:

e lhye> =8 ()15 eylhic> = hlhie> » eplhie> = clhied

<c, hlc

11
i

{c,hl e = 8 (n>1)3 <c hle {c hlh . <c:hle’
n = ? )

V.G.Kacl1979] studied these L-modules and obtained the formula
concerning the determinant of the matrices of their vacuum expec-
tation values,; and by this Kac’s determinant formula, F.L.Feigin and

D.B.Fuks(1983] determined the composition series of Mc¢h.c).
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§2. Consider the associative algebra A over [ generated by {pnl

(neZ)s A} with the following Bose commutation relations:

[pn»pml = m5n+m,@ 3 [A,pn] = 0 (n>meZ).

-

And consider the following operators in a completion A of A!

n-1 :

L. =ty -nhre + 3 321 PyPL;  t jil Poys Py (N
L = (p, +nA)p + inilp P ¢S p.p . (adlD;
-n 8 ‘ -n 5=y 79 -n 5> J T-n-j &

Ly = —é: (p@2 - A s s pP. P . i

2

1

(-12A% + 1) 1d.

Then by easy but long calculations. we get

Theorem |. The operators Ln(nEZ) and Lé satisfy the commgtatioﬂ

relations of the Virasoro algebra! for n.meZ

w

- m - m_ < P
(L » L ] - (m—n)Ln+m + 19 6 L® s

,.._,
[
AN
—
3
[
11
=

o
§3. For each (w:1) € L%, we consider the left and right
A-module g(wak) and g$(w,i) with cyvclic vectors |wsi> and <i,w!| with

the following fundamental relations respectively:

p_n|wai> =0 (n21); p®|w51> T owlwsA> 3 AlwsA> = AlwsdD

Arwlw 3 AhrwlAh = < wl

H

(i,w!pn = 8 (n21)s <X:w|p®

Then by using the canonical homomorphism =x (i.e.~R(en) = Ln*(nGZ);

—-

n(eé) = L@), we get the left L-module (£<W’i>’ﬂqw;1)’£> which 1

u

called the Fock space reprsentation, and by the explicit formulae of

Ln and L@ s
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Lglw:d> = 522D 1wa> 5 Lglwa> = (11229 lw k>

L_nlw;l> =0 bfor n 21

By the universal property of the Verma module M(h:c) as an

» ,-module, for each (w:i) ¢ C“ we get the unigque L-module mappping

s

7 D Mh(wsAd)seR)) ——— (wsd)
W:}.

which sends the vacuum vector |h(w:2),c(i1)> € M(h(w,1)>,cll)) to the

vacuun vector |w,1> € F(w,2), where

h(ws2) = & w?-2%)  and <) = 1 - 1217

Then by constructing intertwining operators(Theorem 3) and by

showlng their nontriviality (Theorem 6), we get the following.

Theorem 2. For each‘(wai)ﬁmza let s, be the roots of the
-1 _ s
equation 1 = - 5

(1) The canonical L-module mapping
i Mch(wsA)icll)) ——— Flw:i)
W.v}. =

is 1somorphic, if and only if the equation

(*) w + 25 +.

N
+
N No
U
i

has no integral solutions (a.b)eZ“ with a2l and b2l.

(2) The L-module mapping ' M (htw,i)e(1)) —— ENu,2) is
isomorphic, i% and onlyiif the equation (*) has no integral
solutions (a,b)EZQ with ag-1 and bg{-1.

(3) E(w:x) 1s irreducible as an L-module: if and only if the
equation (*5 has no integral Soldtions (a:b) E'Zz with abil.

And this‘condition(3) iélequivalent to the fact that the

corresponding Verma module M(h(w:i):c(l)) is irreducible.



§3. To construct intertwining operators between Fock spaces, we

introduce the operators of following type acting on F(w.i). Fix
. .

s€C , and consider
)
X(s:L) = exp(s ¥ t"—) éxp(—s s =y ¢ b 2 T )
n=1 n n=1 n s
and for any a2l
yACEI AN A Fkiz'c L) ( kz (et +t“>3‘l>
Srege el T TN TR expLs | "a’ n
' n=1{
xp(-g ; (C_n+'-'+C'n)S:ﬂj T
exp( :n:1 o a N as
where
Tsig(w,l> — E(w+s,4)
is the operator such that
Tsiw,i>:|w+351) 3 [Tc,pnl =8 n £ 0) 5 [T_-Al =0
and
g8  -(a-1)a 2
F(C{;Cla' ‘3C): HC Il (C"C)
R 1<i<jga VY
Operators of this type are called Vertex Operators.
Then X(s3f) and Z(S;Cl""’ca) are multi-valued holomorphic
- ,
functions of £ € € and (gln"'»Ca) € Ma repectively with valued in

the operators acting on E(w>i)’'s, where Na i1s the manifold defined

by
™
Moo= (G, s 08 ) e (C O35 &, # L. (1<i<j<a) )
a 1 a 1 J = =
In order to get intertwining operators: we want integrate these
vertex operators Z(S;il!"'ga)- For the guarantee of the convergence

of these integrals, we introduce the homology theory associated to

the monodromy structure of the multi-valued function.F(aiﬁla"',Ca>.
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* x
For each « € € , denote by éa the local coefficient system with
values in € which is determined by the monodromy of the multi-valued

holomorphic function F(a?Cla"-,Ca) on Ma’ and denote by éa the dual
Fa

local system of éa.

w
Fix s € £ and an integer a 2 1, and take an element I' ¢

H (Maiéa). For each 1integer b € 7Z, we consider the operator
a

Y T T S R BT G - TSN 1
a 1 ‘ a 1

O(s.3a,bh) = j Z(s3L
r 1

a .

Then we get the following.

Theorem 3.

5 o
1) For each (w.t)e €7, the operator O(s.[ia,b) acts as

O(s,Msa-b) :E(W»K)"‘——”—_’ E(W'f'aSn.;\’.) .

X

2) Teke s € € and asb € Z with a 2 1. Put 1 = A(s) = é - % .
then the operator
OCs.Tiasb) (EC- 85 - 2, 1) — E@s - 20 1)
commutes with the action of ;.
k.3
For suitable s € T and & € €, the equation (*) w = % s - g in

Theorem 2 has a countable number of infegral solutions (a.b) e 22,

if and only if « :'52/2 is a rational number. Tﬁié index «

characterizes the property of the monodromy of the function

a .. '
Flast gy = melfeta D 2

b & =Y Kidiga P Y

I[f @« is irrational, then the monodromy of the»functioﬁ F is of

logarithmic type: and if & is rational, then the monodromy of F is

of algebraic type.



Sketch of the Proof of Theorem 3. The essential points to prove

Theorem 3 are the following two propositions which are obtained by

rather long calculations:

*
Proposition 4. For any (Cla"',Ca)ENa and s¢C.,

X(S:C DRI X(Sﬁc ) - Z(SvC ‘.»C ) (C "'C_)
1 _ 17 - Ta 1 a

Proposition 5. (Conformal Covariance)

2
ILeXGs0)) = £y - m (sh o+ 5 ) R(s.0)
) *
for each m€Z and s.{ € C , and
(L » Z(S1Cl....,C Yl =
_ 8 -n d N a 2 52 .
= jzlcj [Cj §Ej+ {:p@ - 5 - nisA + 5 )} Z(S:Cla"',Ca)

for each me€Z, seC and (Cla--~,Ca)€M3

Introduce the new coordinates (klg-'~,ka_rsC) on the manifold

*
Ma as the product manifold M =Y _lxm » where

a-1.

sk )E(E ) ok.tk. (i3)s k.#£13
a- 177 ‘1

1
‘and

€. = kiC (lgi;a—l) and Ca =L

Then the function F(a{Cla'~'aCa> is independent of . and we get

Proposition 6. (Total Momemtum Conservation) The integﬁal

g, - g -1
j SN S Y (O Y S PR O I | SRR 4

a a

vanishes unless £ ,+8,+-++4 = @.
1772 a



g1

we get the

This assures the statement 1) of the theorem. And by
integration by parts.,

5 and by using

Proposition
Lab).

following formula.
2
A+ Z -1)) 0Cs:Tibs.. bon,
J

[L—m’ D¢(s.:Tsa>b)]
&5 4+ n (s

intertwining.

15

1
| From this formula, we know when O(s.[.a.b)
e H_ (M 3§a> which gives a

We must construct a cycle T ()

§5.
'nontrivial intertwining operator O(s,[sa.bd.
If we expand
-n. P-n
) ]
n

, . . i ]

expls 2 he e aag™y expl-s 2 (L T
= 1 n - !

n=1 n=1

(Cls"'aca>a then the coefficient of tha each

as a Laurent series of

term of the operator
er(S;Ciﬂ’ aca) Cl
1s written as '
2 -2,-1 -2 -1
S M LI T l . a a . 9
[FF;? el € Ly ° dryeede,
and this integral i1s reduced to
—21—1 _Qa—l*l L
fr kl e ka_l (:1(a1k1?' .’)(a_l> dl(l' 'd](a_lﬁ
2 .
~ *
where ' = ' xI', € H (M 355 > = H (C iC) & H Y 357) » ', is a
172 a  a =x 1 a-1 a-1 =a 1
; N ,
generator of H,(C 3C), and S  is the local system on Y_ , similarly
! = a-1
associated with the function G(a2k11-~',k ) as 3 » and
a-1 =x
a~l o ) e
Gk = m kTS (k -k )%
a j=1 Y o 1Kidiga-l Y

G(Oﬁ;kla .



X

Now we must construct the cycle r2<a> & Ha—1<Ya—1;§&> which

regularizes the divergent integral

—ﬁl—l ~£~—l_l

f k, vk Glaile v vuk_ ) dky v dk
ACa-1) @

where A(a-1) is the open (a-l)-simplex defined by

ACa-1) = {(k,,"'nk ) € Ra~l; Dk, >k >0 3
1 a-1 1 a-1

Let m=a-1, and define the set
Q= {aeC; dld+DdatZ, dla-ddafZ (1<d<n)}.

Then by using the technique of resolutions of singularities,. we get

Theorem 7. There esxist cycles TO(a) e H (Y 587) defined on Q
_— 2 mnoom = m
such that
1) Fz(a) is holomorphic on
m
2) If a€Q_ and <zl,-.-,zm>ezm satisfy the inequalities

Rea > 0 and Re2a > - min Ej s
Jd

then the following egquality of integrals holds:

2, g
f Glaik o eak ) kg teok ™ ke edk =
INNED . n m
_( Glaik, s oik ) kﬁl sz dk, +++dk
- J ‘(/tv\ln a(m 1 < I\l n

Alm)
And the latter integral is known explicitly as follows:

Theorem 8. (A.Selbergll19441)

Let as8:7 € € satisfy the inequalities

Re8 > -1, Re7 > -1 » Rea > -min(L, BeB8tl Rerily
g m m-1 m-1

then the improper integral (**) converges absolutely and is

explicitly expressed as



|

%(**) j 1
~ Alm) 1£1<j&m

T —
(ki"kj) 11 kj (l-kj) R

Carl) TC(j-1)a+B+1) T(i-1da+7+1)
Fla+l) TUn+i-2)a+B+7+2)

.1 =&
h m!‘g
J__

1

Firnally we get

Theorem 9. There exists '(a) € H (M iS5 ) which depends
— — a a =

€ Qa—l such that the operator

holomorphically on «

U
N
i

) ———— F(w»

2
O(ssa.b) = o<s,r<§ Yiasb):

w f—
N

£(w~as,

is nontrivial in the sense that for any weC

> 1s a nonzero vector.

=
2

1) for b20. the image O(s;aab)|w—as:é

2) for b<B. there is a vector |u> € E(w-a595—§) such that

O(siasb)ud = lw,i-3>
s 2
§6. Case that i=0. Assume that 1=0, i.e., c=!, then the solu-
52 = |. For any meZ; denote

tions Sy of 1(s)=0 are si2i¢§ » and o = %

= 1id in this case),

= Vﬁ‘pm » then
(note that Lé =

m ‘ ,
{ s 1 = Znéd L
I’ 9n “Nrsm.0 0

and the operators Ln’s are explicitly written as

| i “il |

(L = 5 gy g_ + 7 g: d__ . + 5 2 g, d_

n 2 2B “n 4 551 J n-J 2 i1 n+J J
(n2.1)
-1
_ 1 r 1
1 L-n -7 9% 9., "7 jzlq—j 95-n t3 ngqj An-;
1 2 i
\ L, = =qa5 + 5 2 q. q

And denote by Im> and <m| the vacuum vectors of the Fock spaces i(m)

S

= i(m/¢§,@) and Ef(m) = E?(m/JE,@) respectively. that 1

q@|m> T nim> » Almd> = 0 <mlq@ = <&m!i m ,» <nlA = O
-9 - .
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Let

h 1= Capy ® CLy @ CLy

n D h7i= Cqy @ CL

= ] ?

]
then h is the maximal abelian subalgebra'of the Lie qualgebra L&

Cq, C é, The sums.i and Eﬁ of Fock spaces i(m) and E?(m) éan be

0

considered as (L?Eq@)—modules, and have the weight space decom-

positions w.r.t. the abelian subalgebra h™:

E (m) B

o, —+

z id(m) and E = =
meZ d>0 :
where id(m) and EZCm) are the weight spaces belonging to the sane
2

weight (m, % + d)

Now decompose the\vertek operators X(xvV2.,L) as

5 | 9 n R T, tap+l
X(xv2:8) = explt 2 — ) exp(+ 2 — & DT, 5 ¢
n n +v2
n2! n21
w
= 3 Xr¢" (CeC )
nezZ ©
Then as operators on the Fock spaces F and ET,'Xi are well—definedv
and satisfy the following commutation relations . for n.m € Z,
., ot . _ : -
[qn, Xm] = %2 Xn+m 4 [qn, qm] - 2m6n+m,@ L@ s
#)
+ . _ _ _ -
[Xnn Xm] = [X ., X1 =20 5 ¥+ X1 =m an+m,@ LQ ta o

. t _ e —
(#2) - [Ln’ Xm] m Xn+m 3 [Lna q ] & S
in particular
* - * + -
(#3) [q@, XD] g X' ; [X@, X@] = ap
(#4) L, XX1 = (L . q,1 =0
n' g7~ n’ 9’ ~

" Hence the space g spanned by above operators

o + - T
g =2z CXx @ 2Cq ® 2 CX & CL

2 & CL
neZ neZ ne?Z '

0

(1)

is a Lie algebra isomorphic to the affine Lie algebra of type A1



In fact, Ail) 1s realized as

At = s1cz.metit ™t 8 Co w4

spanf{e®t”,hot" . fot"! (neZ)) ® Cc ® Cd .

1

where (e h:f} is a canonical basis of s1(2,C) with the relations!

le.-f] = h 3 [h.,el = 2e 5 [h,f] = -2f,

The isomorphism ¥ of g to A;l> is given by

n

PX") = est™ i @la ) = het" § @w(Xx ) = fot"  (neZ)
‘ln n n
PL7Y = - c i WLy = d =t
0 il at

Under this identification %, fix the notations of the

following Lie algebras

(##) g := H)XS + Ea@ + U:Xé = s1(2,0)
N
- . ! - _ (D
g-g@@?tat ] +[EL@ +1EL@ __Al
N
Lizg+ ZcCL_ = g ® LIt b 1] 4 L
n#g " B =

Note that Lé -c belongs to the center of E » and L.n = tn+l %E ;

i

4]

the derivation of the loop algebra g/(EL8+ELé> of s1(2,C).

By (#4), g = s1(2,C) commutes with the Virasoro algebra L:

. L1 =0 ; hence [U(g), L1 =0

la ¢

l

+ . . . .
The operators Xé D Elm) ——— E(mx2) are intertwining operators

for any m€Z. and 9 acts on F{m) as the scalar operator m id.

Decompose the Fock space F as

sven o Fodd

I3
|17

K}

b
where

I3

even = 3 pzm) 3 E°9% T E(2n+l)
3

meZ m

ul
]



2h

d

sven od - : -
Then these two components F and F are irreducible L-modules,

1

. . { ,
furthermore these are also irreducible as A‘ -modules. Remark that

guen
F

i1s isomorphic to the basic representation of the affine

algebra Ail).
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