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C. Read’'s construction of an operator on the Banach space

ﬂl

having no non—-trivial invariant subspace.

(Based on a seminor given by Read in Edinburgh on 7/5/84)

Let ? denote the complex vector space of all polynomials
in a single variable x with complex coefficients, and let 1Pn
denote the subspace of polynomials of degree < n, so that ¥ =

v P
n=0

F%, so that pn(z akxk) = 3 akxk. We also define a norm |l llx

I

n We let P denotes the natural projection of ® onto -

on P by ||Zakxk e = 2 la,

Lemma 1. Let n be a positive integer and let ¢, 8, M > 0.

Then, there exists K = K(g,8,M,n) > 0 such that if 0 {m {n

and g G'F% with |l g ll« <M and | PO Ho > 86 then we can find
a€®_  with llp (ag) =~ x"llu < & and Il all« CK.
n .
Proof. If g = 2 aij and o, # 0, then considering a

i=k
linear combination of g, pn(xg), PN pn(xng) we find a

polynomial q G'F% with pn(qg) = x" for k< m<n. Since the
set ( g eﬁ%‘: g lle <M, P9 lw > 6 3 is compact, we need
only a finite number of Qs eee s Qy to hgve i pn(qjg) - X" Il «

< ¢ for some Q. So, K = max a; lw has the desired

J
propety.

Let 1 < ay < b1 < a, < b2 +e+ be a sequence of positive

integers which are required to increase rapidly; in the

o



164

statements of subsequent lemmas the condtion ‘provided the
sequence a,, bl"" increases fast enough’ will be understood.
We put ag = b0 =1 and let vq = Yo = 0, vy =

(n-1)(a_ + b ) for n > 1,
n n

We define a basis FU’ fl’ see of TP as follows:

If n

[}
5
1l

1, or n 22 and 1 {r { n-1, then
(A) for ra
n

|~
x

|~
o
<

(B) for a, + b, < k< a,, ((r-1da + v <k <ra (n# 2)
1 1 2 n n-r n

1 -
_ L(r - 5 )an k]/’bn_1 K
Fk = 2 1YY :
(C) for k=a, +b,, rta_ +b )< k< (n-1)a + rb (n > 20
1 1 n n - - n n -
k-b
=k _ no,
Fk = x bnx H
(D) for a, < k< a, +b,, (n~1)a +(r-1)b_ < k < r(a +b ) (n > 2)
1 i 1 n n n o n
; 1 o
£ - 2E(r—§)bn k]/nan. k
K = % .

For given n 2> 1, formulae (A) - (D) define Fk for V-1 <
k < v Note that the polynomial Fk always has a non—-zero x
term and no terms of higher order; hence FO’ cee s Fn span 7Pn
for each n. (See Fig. 1 ).

We define a norm | "x on P by I akfk "x = 2 |ak| and

let X be the completion of ¥ with respect to this norm. So,

o



X 1is a Banach space isomorphic to 21. We also define a linear

+ . . . . .
operator T ¢t ® ->% by Txk = xk 1, i.e., T 1is multiplication
by x. Note that p{(T)g = pq for polynomials p,q.

We note two consequences of the definition of the norm

N . If1<r<n-1 and ra < k<ra +v ___ ., then from

X n n n—r-1
(A) we get

k—-ra

k _ n _ -1 -1 , -1

X X = Zh—r Fk + | Fk—an Foeot a-1 Fk—(r—l)an
So

k-ra _
”Xk‘x n“ =a_1+ooo+a_1 _<_2/a__ 00000(1)
X n—r n—1 n—r

assuming {an} increases fast enough. Similarly, from (C) we
get, for r{ia +b ) < k < (p-1)a + rb ,
n n’ = - n n

I k r k—r‘bn _ r-1 r-=
X n n

n n -~

N

CNote: (1) and (2) show the corresponding finite dimensional

S . . .
suhgaces are nearly isometric each other with respect to the

coordinate xk and the norm || "x' See Fig. 2 1.
Lemma 2. Il Tf_ Il < 2 for all k.
X

From Lemma 2 it follows that T extends by continuity to a
bounded 1linear operator on X, with HTHX £ 2.

For m > 1, we defing o, = { keN ¢ for some n > m we have
(n—m)an <k g_(n—m)an TV >+ [Note: In other uords,am =

U { ke{A): with n = n and r = n—-m in the definition of Fk > 3J.
n>m
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Lemma 3. Suppose m > 2, k > (m~1)am and bm +oa {sX(

b + (m_l)a . Then,

m m

(a) if k ¢ o » we have "Tsfk"x < 4.

(b) if k € o then, writting k = (n—m)an + j, 0 JjX£ V=1 *

we have IITS'Fk +a xitS < 1.
m x

We now define a linear mapping Qm ¢t P - P(m—l)am for
m > 2 [see Fig. 3.3 for Qm with m = k] by
f if 0 ¢k< (mDa
=" = m
Qm(Fk) = 0 if k > (m—l)am, k ¢ o
—a x? if k € o (i.e., k=(n-mda +j, | v ).

The conclusion of Lemma 3 can be restated as follows!
m>2, b +a <{s<b +{{nlda , geP
m m - = m m
- S _ TS
=> I T% - T (o) Il < 4 llall veeee(6)

In fact, to prove (6) it suffices to prove it for g = Fk; this

is trivial if k < (m—l)am and follows from Lemma 3 for k >
(m-i)a .

m-

We can find Cm Z_am, depending only on a4 bl’ RN
such that I £, Iy < C and I x’ I_<C for j=0, «o.,

J m X m

(m=1)a_. Then, by ?he defintion of Q , we have I Q (fi) "x <
a C for all k, so Il Qo "x < amCm" g “x for g €¥, and so

Qm extends continuously to X and (6) holds for g € X.

Note also that ||Qm(Fk) I < max(a ,C ) < C_ , so
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IQ (g)ll* C llgll o 9= X

Lemma 4. Let g € X with llg “x = 1, Suppose that for
some m > 2 and 1 { r < m—2 we have ||praQO(g) e > 17a_ .
Then, there is a polynomial ¢ with |l &(T)g -1 ”x < 3/a ___4 -

THEOREM. Let Y be a closed subspace of X with TY c Y,
Then, either Y = {0} or Y = X,

Proof of Lemma 2. We consider k belonging to the four
types (A), (B), (C), (D), separately. In the course of the proof

we note estimate (3), (4), (5) below for future use.

Case_(A): ra { k<ra_ + v __
———————— n n n—r-1 k+1-a

In this case Tfk = _ (xk+1 - ™). Now, if k <
n-r
ra + v __ 4 » we get similarly Tf_=f_ ., , so I Tf_ ﬂx =1,
This leaves the case k =ra_ + v . If n=r=1 or n=
n n—-r-1
and r=1, then k+1 = an+1 € (D) and k+1--an =1 € (B), so
1
(a +1- 5 b_)/a
llxk+1 =2 " 207 b s and
X . n (A)
k+l-a (1- L a) }/) /
hx — Mho=2 0 2N et ®
X ' a k1
So, NTH, Ny €1/ Qny - uva,_
Ifn>2 and r < n-1, then k+1 € (B), so l ( faﬂ’<§;
1
(v._ . +1- 5 a ¥/b__ k+1qn
I xk+1 I n—r-1 2 “n n—1 < 1/an

and if n > 2 and r = n-1, then k+1 € (D) and R+l-a.€(B), 5o

[(n-1)a +1- L b_1/na @ S

o k+1 _ 2 n

R+1—-0y R+

am



- (__l_a 1 / -
R-Hav."x___: 2 zn't)lo \ <\ /0n

%
v < n-t
Also, if {n > 2, then Vn—r-1+1 € (B), and using (1),

«©)
k+1-—an (r—l)an+Vn_r_1+1 F46; [&AJI fa§\

I x “x = |l x “x et e
' i vn—r—l+1 o
< Z/an—r+1 + |l x ”x
1
(v +1- = a 3/b
_ n—r-1 2 “n-r n—r-1

[CNote: The above estimate is true even if r=1 1. So

IITFra ey Hx
n n-r-1
1
(v +1- = a ¥/b
n—r-1 2 “n—r n-r-1
< an—r( 4/an—r+1 + 2 ).
S_i/a oo.th.o(B)

n—r

provided «( a s bn} increase fast enough. So, in case (A),
Il TFk ”x <1 always.
Cagse_(B): (r—i)an + v < k < ra

———————— n-r n
[Cr= 308 - kI/b__y |4y
In this case TFk = 2 n N=Lox .
1/bn_1 ,
Now 1f k < ran-i, we get TFk = 2 Fk+1 s SO
: 1/b -1
NTe I, =2 <2 .
1
(1—~§ an)/bn_1 ra_
This leaves the case k = ran—l, then TFk = 2 Y
' ra
n . ,
and |l x "x <1+ 2/an-r by (1), so provided a is large

enough,

llT -Fran_l "x (__ 1/an ‘.‘000.(&)



The same proof works for a1+ b1 < k < a, with n =2 and r=1.

Case_(C) : r(a + b ) < k< (n-1)a + rb
k+1-b
n

—bx )
n

In this case Tfk = xk+1

If k < (pn-1)a_ + rb_ , then T¥f HTe, I = 1.
n n k x

L =
This leaves the cases k = a1+ b1 (h =r =1) and k = (n—l)an+

rbn. If r < n-1, then by (D)

[(n-1)a +1- * b 1/na Yor-bm o
n 2 n n

T =2 (Feer ~ by k+l-b_

k

If r=n-1or k = a1+ bl’ then k+1 € (B) and k+1—bn € (D), so

1 | 1
k+1- = a [(n-1)a +1- = b_1/na
_ 2 “n+l, _ n 2 "n n,
TFk = 2 Fk+1 2 bnfk+1—bn
or
k+1- %-az» Ca,+1- % by1/a,
TFk = 2 Fk+1 -2 b1Fk+1—b1’

respectively. So,

[(n-1)a +1- L b_I/na
n 2 n n

IlTFk ”x = (1+bn)'2 1
if bn and a 4q large enough.
ggggzgg; H (n-1)an+ (r'—l)bn < k < r(an+ bn)
C(r-1)b ~k1/na
In this case TFk = 2 n n'xk+1 .

1/na
_ n
If k < r(an+bn)—1, then Tfk = 2 fk+1 s SO |lTFk "x < 2.

This leves the case k = r(an+ bn)—l s then,



(1-ra - % b_)/na r(a_+b )
k
and by (2) and (1) we get S ::j\t‘
i | 1 K.LLH
Gn ya. FOQL D7
r(an+b ) 4 ra —1
” X n < 2br + “ % n “ S 2br + 2/a ) .1
*xo X n n-r

so if bn is large enough, we get

HTf

K il < 1/b when k = r{a +b )=1 ...0..(5)
X _ n n n

The same proof works for a4 < k < al+ bl' This completes the

proof.

Proof of Lemma 3. Again we consider separately the cases

A, (BY), (C), (D). Case (b) of the statement is coverediby case
(A)(1) below; the remaining cases cover (a).

Cagse_(B) ra Sk ra +v 4

s k+s k+3_an
In this case T Fk = a_ _ (x - x ) and
n-r
a +b +ra {kts < (m1l)a +b +ra_ + v s (*A)
m m n m m n n-r-1
The hypothesis k > (m—1)am implies n > m . UWe consider three

such cases:

(i) r=n-m (<=> k € o )

Write k = ra_ + Jj » where 0 < j < Voot § then

b < j+s < v + (m-1)’a_ +b < 2b ,
m m—1 m m m

so ra + v { k+ts ( (r+lda_, i.e., kts € (B). UWe get
n n—r n
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1_ ‘
[2b - 5 a 1/b _,

. 1
Cj+s 5 an']/bn—l < 2

Il x<*s | =2 < 1/a
) X n

if a_ is large enough. Also, since j + s < 2bm < Vo ( since
m > 2 ) [Note: (r-1)a <« s+j+(r-1)a < (r-1da + v _,
: n - n -~ n m

m=n-(r-1)-1 1, we get from (1)

k+s—an s+ s+j+(r—1)an s+
H x - x h, = I x - x "x < 2/a . -
l— Vi —31 | /
So, - w1 [ w “B) (& r31aez)
(V=1 a{' R0 't\q-rs-qv\ You g WS
. k+s-a .
+ + +
NTSF, +a x24Il < a ||xk SN +a ll x M- 374
k m X = " m X m X
< af(i1/a + 2/a y <1 .
= “m n m+1
(i1) r > n — m ¢
In this case s > bm > V- * SO

ra + v  k+s < (r+l)a and (r-1)a + v { k+s—-a < ra .
n n—r—-1 n n n-r n n

o D)
So, k+s € (B) and k+s—an € (B), Writting k = ra_ + j,
. 'é’— V- -—’{ i U'“_'\;‘—‘ﬂ
0<Jjfv _qr we get | Y te) (‘i‘tz;—"] B e (D)
R-0Own r+S -0n
- e L -1
ks _ k+s a_ _ Cit+s 5 an]/bn_1 (2bm 5 an)/bn__1
I x "x = || x N =2 <2 .
&Y 2(k+3-—|z'lvu)/mq.,\ < 2(na.\-—-§_-\v..)/na“
[Note: (r+l-— L )a_ - (ra +j+s) = (r- % )a_ - (ra_+j+s-a_) 1 since
2 n n 2 n n n
its { v____+(m-1)a +b v _,+(m1)a +tb < 2b_ . So,
=~ "n-r-1 m m m—-1 m m m
1
(2bm~ > an)/bn_1
!lTsfk N < 2a__ -2 <1
X n—r

if a_ is large enocugh.
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(iii) r < n - m K-0u  R+S-On kK wras
Write k = ra_ + is» 0 < g_vn_r_l .
(@) j+s < v _ ;¢ Then [Note: kts € (A) 1 T°f =f_,_ , so
HTee 0 = 1.
X .
: Ya-r-1"4 ran+vn-r—1—k
(8) j+s > Yn—p—1 Then [Note: T L Fk =
ra_tv____ as in (a), since ratv ___4 € (A) 1 Tst =
n n—r-1
LA "
T Tf . Using (3) and | T |_< 2, we get
ra +v X
n “n-r-l Vau T+ Un-w-)
oy e 7T
R wts
s J.q’-":—'“vn—r*--.‘L—1 s 2bm
HToF, . < 2 / a < 2%/a <2 "a_ <1
X n—r n—r n—r
if a__. is large enough.

Case_(B): (r-l)an t Vo < k < ra_

a +b + (r-1)a_ +v __ < kts < (m-1)a_+ b _+ ra e oo (*B)
m m n n-r m m n

The hypothesis k > (m—l)am implies n > m. [Note: Hence, n # 2
1.

(i) kts < ra_ ¢ Then, k+s € (B). Hence,

s/b

da_ - k1/b__ _
n n 1_xk+s =2 n—1 £

s/b

n-1 <2 m < 4, since s < 2bm'

S =
So, T ol = 2

(ii) k+s Z_ran ¢ Since ran—l € (B), as in (i), we have

s (ran—i-k)/bn_1 k+s—ran
Tf =2 T .Tfran—l . ®)

ool s

So, using (4) and || T “x £ 2 [Notetand ran—k {s < me 1, we
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get
s/b 1 k+s—-ra
IITSFk . <2 2 /a
n
s/bm 2b
{2 2% 7a_ <42 Ma_ <1
n - n
if a_ is large enough, since n > m .

Case_(C): r( a_ + bn ) {k (n-Dla_ + rb_
k+s=b
n

= xk+s - bnx and

We have Tof =
b+ r(a+b ) < kts < (m-1)a + b + (n-1)a_+ rb e (0
m noon m m n n

The hypothesis implies n 2 m. We consider separately the cases

n=m and n > m.

(i) n = m ¢ » o
From (*C), k+s > (r+1)(a_ + b ). [ ©

- n n ’ ® RAS

(@) k+s ¢ (n-Da_ + (r+Db_  (which implies r < n-2 and k+s €

(C) )t UWe get T°F = f , SO iITka = 1.

k k+s
(B) kt+s > (n-1)an + (r—l)bn: Since k+s < (r+2)(an+ bn) from

(*C) [Note: if bn is large enoughl, we have

if r < n-2, then k+s € (D), so

Ck+s-(r+ 2 )b _J/na [2(n-1)a - + b I/na
n n n 2 n n

<2

Njw

-e

+
<<+ )

if r > n-2, then kt+s € (B), so

a_ 1]/bn

I’F)ﬁ% LC) /r—‘j/ P)ev B)

R~vy, Rts—bm K+S

N

1 _
lek+s I Ek+s 5 a, Enb +2(n— 1)a

we




similary, since k+s < 2(n—1)an+ (r‘+1)bn from (*C), ©)

[ m;k’ ®) ks
. C ( *
if r < n-1, then k+s~bn € (D), so o K Rrs—bu
k+s-b [k+s—(r+ 2)b_1/na [2(n-1)a - £ b 1/na
n _ 2°°n n n 2 °n n .,
Il x I, =2 < 2 ;
if r = n-1, then k+s—bn € (B), so
- - - L _ -1
lek+s bn | = 2Ek+s bn v2 an+1]/bn ) 2E2(n 1)an 5 an+1]/bn
% AS
So, if bn’ a,4q are chosen large encugh, we get lfTSFk "x <1

in each case.

(ii1) n > m ¢

(@) k+s £ (n-1)a_ + rb i Then, kt+s e (C). So, TS-Fk = f

k+s
8 -
and I T Fk ”x =1,
(B) kts > (n—-l)an + rbn t If r < n-1, we have k+s <
(r+1)(a + b ) , so k+s € (D) and (nov-0 0
n n //
- 1 g ) D) \B)
e = 2Ek+s (r+ 5 b J/na . _ [ O © ad
x R-bu  ms-b, R Kt s
[(n-1)a_+2b -~ = b I/na_ .
(2 < 1/b % [Note: by (*C)I
k+s-b
and the same estimate holds for |l x n "x $ while if r =
: k+s—b
n—-1, then the above estimate holds for || x n ”x and, on the
other hand, since k+s € (B),
1
[k+s- 5 a_,,3/b_

xS =2
X

1/b

1
Lv +2b - = a
n m 2 “n+il noo¢ 1/an

{2 +1 CENote: by (*C)1.
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So, in each case we get IITSFk “x <1.

Case_(D): (n—i)an + (r—l)bn < k < r( a + bn )

-1y -
[(r~ 5 b -k1/na_ .

We have TSFk = 2 s and
a +b +(n-1)a +(r-1)b_ < k+s < (m-1)a +b +r(a _ + b ) ...(*D)
m m n n m m n n

and the hypothesis k > (m-—1)am again implies n 2> m and we
consider separately the cases n =m and n > m.
(i) n =m

From (*D) we have k+s > (n-l)an + rbn . We subdivide this

case into four cases (a)—-(4).

(a) k+s > (n-1)(a + b )3 //// ce)
. n "W ®)
Rr ‘U'“ p+S

In this case, k+s € (B) and from (*D)

Nj+=

1
(k+s- 5 a )/bn E(n+1)bn— an+1]/b

n+1 <2 n o

ke = 2

a 1/b
n

Nj=

b /a + [(n+1)b - > a4

A
[y

S .
So, HT Fk “x 2 if a_ 41

is large enough.

In the remaining three cases (8)-(8), we always assume

(n-1J)a, + rb { k+s £ (n-1)(a_+ b ).
k n n n ® O )
(8) k+s < (r+1)(an+ bn), r<n-1: W ®-+s
cie Ck+s=(r+5)b_1/na_
Since k+s € (D), we have || x Nx = 2 - ,

(s—bn)/nan
so Tsfk =2
X

< 2 since s-b < (n=-1)a_.
- A n



(7) (r+1)(a_+b ) < k+s ¢ (n-1)a +(r+1)b , r < n-1 :
n n’ = = n n

In this case, k+s € (C) and, by (2), Agjﬁﬁﬂ(xp e

kR Ras
k+s-(r+1)b
Nt <26 ™+ b T g
x n n X
k+s-(r+1)b
Now, k+s=(r+1)b < (n-1)a_, so |l x n “x is bounded by
a function of a_, so I xS*k I <{b r+2 ¢ b is large
n x n n
enogh. Also, k > (r+1)(a +b ) - s >rb_ - na_, so
=~ n n n n
1
E(r- % )b - kI
T¢Il < 2 2 °n . p "2
x = n
-1
) 2(nan 5 bn)/nan b 2 <1
< n <

if bn is large enough.

(0) k+s > (n—l)an + (r*+1)bn s < n=2

Since s < 2bn s we have k+s<(r+2)(an+ bn) sy 1.€., kt+s €

(D) . SO;
. & [ é e o)
lek+s | = 2Ek+s (r+ 5 )bn]/nan " es
X
Ck+(n-1)a —(r+ % )b_1/na
< 2 n n no
s E(n—l)an - b 1/na

So, T N <2 n " <1 if b is large

enough.



W)
(i1i) n > m ¢ Y  ws
(@) k+s < r(a + b ) t Then, stk € (D), so x<'% =
Ck+s~(r- % )an/nan s s/nan
2 f e So, T7Ff, =2 f and
s/na kﬁg /na k k+s
‘ITSFk “x = 2 P ¢2 ™ M (2 since n > m.

(8) kts > ria + b ) : Using T “x < 2 and the fact that, by

s
5, IIT Fr(an+bn)_1 “x < 1/b_ , we get

2b
T Il < 2%b <2 m/b <1 %& W

k n +
K V'(ﬂn‘tbn) -1

CNote: s+k g_r(an+ bn)—1+s 1 if bn is large enough, since

m < n, This completes the proof of Lemma 3.

Proof of Lemma 4. Let h = Qm(g), so Hhilly < Cm. By

Lemma 1, we can find q € P(m—2)am with

ra

|lp(m_2)am(qh) - x ™ e < 1/a C_ ; and

Nalla <€ K= K(1/amCm,1/am,Cm,(m—2)am).

a
_ m
Let ¢ =x "q € P(m-l)am’ Then,
(r+1)am
”°<m-1>am“"h’ - x i« < 178 C
so
(r+1)am
I p(m_l)am(¢h) - x I, <17a, oo
-1 bm t -1 t+bm
Let ¢ =b " x " ¢, Since IlIx -b ~ x W= 1/b_  for
m m X m
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a € t {(m—1a_, we get
m ~- = m

P (n1)a +b ) = Pepogyg (W0 11
m m m

_ b
=t xm

m p(m-l)am(wh) B

P(m-1)a_(¥M) I

< |l dh II,./bm = |l gh H*/bm < KC /b & 1/a «....(8)

provided bm is large enough, as K and Cm depend only on

a,» b1, cee po@ Now the degree of ¢h does not exceed

2(m-1)a_ + b < 2(a_+ b ) , so (D) [Notet the maximum error is
m m m m

at k=2(m—1)am+bm and we have Il éh I, C Il & “mllh e <

He lullh Iy I gives

[2(m-1)a_- %-bm]/mam
i oh s

[2(m-1)a - % b 1/4_
m mom "KC_/b_

Il oh - Ghy Il <2

P(m-1)a +b
m m

<2
< 1/a ..‘..(9)
- m

again 1f bm is large enough. Now apply (6), noting that

(m-1)a_+b
m m
d(x) = z X"
s=a_+b S
m m
where X I2_l < K/b_, and that Tst(g) = xh and &(T)Q (g) =

oh, we get

Il #(T)g - &h “x = || ¢(T)g - ¢(T)Qm(9) ”x

(m—1)a +b
m m

< > 12 11 T%g - T2 _(g) |
s=a_+b_ s m x



{K-4ll g Nx/bm = dK/bm < 1/am ceees(10)

(r+ia

Now from (1), we get Il x ™ - “x { 2/a and

m—r—1

combining this with (7)), (8), (9), (10) gives
Il #(T)g - 1_“x < 2a __4+4a <3/a ___,.

This proves the lemma.

Proof of THEOREM. Suppose Y # {(03. Let g € Y with

Hg “x =1 and any €& > 0 be given. To show that Y = X, it
suffices to show that we can find a polynomial & with
I &(T)g - 1 ”x < e. We choose k > 1 with 3/ak < eg. In view
of Lemma 4, it will be sufficient to find r 21 and m with
m-r-1 > k such that ||praQOg e > 1/am. So, we suppose on
the contrary that

r>1, mmr-1 > k ==> IlpraQOg s < 1/am eeees(11)
and we shall deduce a contradiction.

For each m we can find Dm > 0, depending only on 84 b1,

vee s by such that Nl x? Il <D, 0< <.
Now we write g= 2 a.f., where 2 la.l = llg]l =1
,i=0 J J J X
and for n > 1 we can write
(n-1Ja (n-l)an .
"a.f. = > B x4 .
j=0 J J j=0 nyJg

We have also, for n > 2,

|8



v
%—1 2%
Q <« 2 a.f. ) = . X
" idn-1)a_ 7 i= n
n
where
1 ., = —a 2 x . oooo¢0¢(12)
nJ m=n+1 J+(m--n)am
and so
(n—l)an i ¥n-1 ;
= . + . * 6 & & 0 @
Q.o jEO Ban jzo 1an (12)
From (11) and (12) we can deduce
ra
r>1, mmr-1 > k ==> 2 I8 .1 < 17a eesees(13)
[ mJ m
=gt

From the definition of the polynomial Fj we can see that if

J

ra.+ v _ . o < j<£ ra+ Vo1 then [Note: j € (A) and no «x
term in £, for ra + v <2< {m1)a 1 B . =1a a. , hence
2 m m—r—1 - m mjy m-r

from (13) with r replaced by r+l wve get
ra_+v
m mr—1
r_)_l, m“l’“2_>_k==> z ]a-l ( 1/8_8 ooooo(ld)
ji=ra_+v +1 m=r m
m m-r—2

[Note: (14) covers the shaded area in Fig. 3.1 1] and combining

this with (12) we get

v

n-1 i ’
n > k+t2 ==> im0 22+1|lnjl < lal m=§+1 % laj+(m—n)am|

n—

< 2 1/am < 2/an+ eee o (13D

m=n+1

1

VO
v



From (11) with r =1 we get, if n 2 k+2, using (12)

v
n—1
"panQng “x < 1/an s SO jg Ian+ lnj‘ < 1/an ceees(186)
and from (15) and (16) we get
T e
I8 . < 2/a_ .
=y _2+1 nJ n
Now, 1f we write n
Yn-1 Ya-1 i
a.f = 2> B .x
i=v 2+1 o i=0 nJ
then the correspondence between (a s see 3 & ) and
Vn-2*1 Yn-1
(8’ sy eee s B ) 1is one~to-one, so there is a constant
Vp-2*t1 Yn-1
D;—l’ depending only on Bys een s bn-l' such that
T LRI
a.] <D’ I8 . .
n—-2 n-2

Now we observe that if Yo-1 < i< (n-1)an » then Fj has no xi
term for o 5 < i<y 4 . Hence, 8, = 8. for Vi—p < i <

V) whence
n-1"

if a_ is large enough, as D;_i depends only on Bys eov s

-1 ° Putting m = n—-1, we conclude that

20



m_>_k+1 ==> z Iajl _<_1/V am+1 000000(1?)

CNotet: (17) covers the shaded area in Fig. 3.2 1. Using (17) in

(12) we find

v v
7 5 5 *
n > k+tl ==> A . { a Q.
- =0 ™7 " m=n+1 =0 it(m=nda,
v
o m

T " m=n+1 j=vm_1
(n-l)an
{ a m=§+1 /v a < 1/a_ 4
and combining this with (18) gives

Yn-1 :

_g IanI < 2/an for n > k+2

J=0

: (n—l)an
1e€4, llpvn-i( g ajfj ) e < 2/an seees(18)

Now from (17) we get

(n-l)an
la.l < 1/V a < 1/a_ , (n 2> k+1)
. J n+l n
i=v +1
n-1
and noting that if v__, < j < (n-1)a_ then llp .l
n-1 n Vg
a _q CNote: pvn—lfj =0 (i (B 1<rn1), a4 (j € (A,
r=1), 0 (j € (A), 2 <{r <n-1) 1, we conclude that
(n-l)an (n—l)an
“P ( Z a .t )”* S_ 'Z !GHIP (‘F.)”*
Yn-1 j=vn_1+1 4 d j=vn_1+1 J Y1



v
n—-1
II_ZO ajfj le < (an_1 + 2)/an sy 1F n > k+2
J=
whence
¥n-1 Yn-1 .
2 el =11 % af < D _,(a +2)a_ ,
j=0 J j=g 4 4 X n n n

which tends to zero as n -> « if {an} increasing fast enough.

Since 2 iajl = 1 , this is the desired contradiction.
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