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THE CAUCHY PROBLEM FOR THE
COUPLED MAXWELL-SCHRUDINGER EQUATIONS

Kuniaki Nakamitsu and Masayoshi Tsutsumi

¥

2x 391 R Bh
L #6097

Abstract: The Cauchy problem for the coupled Maxwell-Schrodinger
equations in R4 in the Lorentz gauge is considered. The viscosity method
is used to establish local existence. In one and two space dimensions,
global solutions are obtained.

1. Introduction

Due in part to the developments of lasers, there has been a revived
interest in the theory of the interaction of the radiation and non-
relativistic charged particles in recent yeafs [3]. 1In this paper we
shall study the Cauchy problem for the closely related minimally coupled
Maxwell-Schrodinger equations, by specializing to the Lorentz gauge.
These equations are the classical approximation to the quantum field
equations for an electrodynamical non-relativistic many body system [7],

and may be written as
u
° F = = -
(1.1 ] " Jv, Fuv auAv BvAu’

a.2) (iD0 + Dij)xp =Vy, D =3 - 1A,

with the components Au(t,x)'s of the electromagnetic real vector poten-



tial and the complex scalar field Y(t,x) of non-relativistic charged
partilces. Here x simég 1,V rnage over 0,1,...,d, j ranges over 1,...,d
(repeated indices always imply summation), 80 = BO’= 3/9t, (—Bl,...,—Bd)
= (31,...,3d) =V, V =V(x) is a given real external potential, and the

Jv are the charge-current densities given by

Jo= =W, I =-10DY - UDY), § = 1,....d.

The Lorentz gauge condition is expressed as

(1.3) o¥a, = 0.

In Sect.2, we shall show that the Cauchy problem for Egs.(1.1)-(1.3)
with d 2 1 has a local solution, provided the initiél'dafa and the
external potential V are sufficiently regular. Our local existence
argument uses the viscosity method (see e.g. [4j[8][9]) to deal with the
difficulty arising from the presence of highly singular derivative
coupling terms in the Schrodinger equation, which is an unwelcome feature

of the equationms.

In Sect.3, we prove the global existence of solutions in the cases
of one and two space dimensions. The needed a priori estimates for the
solutions will be obtained by using the energy method in the form

developed in [5], together with the covariant Sobolev inequalities.

Throughout this paper we shall use Greek indices H,V,so« to run

from O to d and Latin indices j,k,*°° to run from 1 to d, and the
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summation convention for both types of indices. We use the standard
notation H° for the Sobolev space of order s and exponent 2. If X is a
normed space, we write ”;l& for its norm, and if X is also an inner
product space, (-, ')X for its inner product. The Lp—norm_will be

denoted simply by ”o[%.

2. Local Existence

Introducing the momenta P = aOAu’ and the vector notation

H -
= (fl,...,fd), we write Eq.(1.1)-(1.3), with initial data Ag, Pg, AO,

PO, wo, in the form

¥

d
2.1 T Fu =KW, u-= (4, Py % B, v
2.2 P - 93.A, =0
(2.2) 0 4
> >
0 0 0 20 .0
w(0) = uy = (g, Bo, A7, P, YD),

where the components Au, PU’ and Y of the unknown u take values in L2,

and the operator Z and the function K(u) are respectively defined by

Zu=(-p,_-AA0,-i§,—AK,—iAw),

0

-). 3 3 : 3
K() = (0, JO, 0, J, - ivyp + 1A01I) + Poll) + 2Aj3j¢ - 1AjAjtb),

the indicated differential operators being defined by Fourier trans-~
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formation. Use has been made of the side condition Eq.(1.3) to convert
Eqs.(1.1)-(1.2) into Eq.(2.1). Egs.(2.1)-(2.2) impose the following

initial value constraints on the components of the data u.:

0
(2.3) Pg - 3,4, = 0, ajpg - AAg + 00 =
Next we form for s > 1 the direct sum Hilbert.épaces
2 =15 ed o e ® o 'y ’Y e ¥ led; 1Y o P@Y; O,
° = ey ») o i@y B 0 @Y rY 0 ¥ @Y Y @ 15 RY; ).

We now state the main result of this section. We will denote by {[p]

the integer part of p e R. Let d > 1.

Theorem 2.1. Let m be an integer satisfying m > [% + 2], and let

Ve HmGRd;ZR). Let U be any initial data lying in Xm, not necessarily
satisfying (2.3). Then Eq.(2.1) has a unique solution u on [0,T) for
some T, 0 < T < ®, such that u € C([0,T); ™ N C ([0,7); ) and
u(0) = > where we may assume that either T = « or limt+T Hu(t)”x[%+2]
= ®; the solution u depends continuously on the initial data ug; in the

sense that if “u” < Con [0,T'] for some fixed C, T' > 0 when u

0
weakly in ) uniformly on [0,T']. Furthermore, if in addition the data

[—+2] 0
converges to some uO e X® in Xm, then the solution u' of Eq.(2.1) corre-
sponding to the data u! also exists on [0,T'], and u converges to u'

ﬁo satisfies the initial value constraints (2.3), the solution u satis-

fies Eq.(2.2).
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The proof of Theorem 2,1 depends on

Lemma 2.2, Let m and V be as in Theorem 2.1, and let Oié o < 1. Then

(2.4) ”K(u)-—K(u')ILm?u < m(”u]&mru, ”u'l&pﬁu)”u-u'lgp?a, u,u' € X ,

2 2 1
(2.5) Re(Kw), w) 5 5 el + Hul_lx[%,,z] + Hu!IX[%Jr?_]}HuI!Xm, we X0,

(2.6) Re(K(u) =K(u'), u-u')

A

at S 0lall gy flatl] llu-w nj(m_l, u,u' e X,

where w(a, b) = c{l +a+ b + aZ + b2},

Proof. The inequality (2.4) immediately follows from the multiplication

lemma:
. d
@0 ligell s e liell llell o 38 o0y 2020, ant o 45, = 5> s,

' L d
which implies that “fg” 4 £ C'“f” ”g” _4 for s > 5.
HS 1= S 1 2

In proving (2.5) and (2.6), we may assume that u and u' are

C;—vectors in view of (2.4). Let m be an integer satisfying m > [% + 27,

To show (2.5), we make use of the following inequality:

o o
.9 12%ee) - 2%l s cllell Jlol (2,0 +lel] g lell 3 6 <

where Iul < m. For la] < % + 1, (2.8) (the right side becomes simplar in

this case) results from (2.7) after an application of Leibnitz rule. For



the case % +1< |al < m, see e.g. [6]. Now let k be any integer

satisfying O

A

k < m. Then (2.8) in particular implies that

A

(2.9) HfgIIHk < c{HfngIglg[g+l] + Hflg[%+2]ﬂglgm_l + Hflg[%+l]ﬂglgk},

since for |a| = k, Hfaaguz § ”f]L”glLk < o £]] [%+1]”g“ k- A repeated
H H

application of (2.9) yiel&s.

o]

£55,,8,  Cps

(2.10) || £ 12E95E5

£f3ll el 1l pdpoqlles Il oqligs I
17273k = ) iy wlat2l Ty, ylstel Ty, e’

where the sum is taken over all cyclic permutations (jl,jz;jS)'s of
(1,2,3). Except for the term Re(Aijw, w)Hm, the inequality (2.5) can be
proved by using (2.9) and (2.10) in the left hand side, after_an applica-
tion of Schwartz inequalities. To estimate the term Re(Aijw, P) , we

shall use (2.8) directly. We write

= [0 - o Q. (04 03
(2.11) Re(Ajajq;, np)Hm Tz%g (Ajajw) AjB ij, ) w)LZHlag%éija ij, 3 zp)Lz.

Applying (2.8) to the first term on the right side in the obvious mannar,

.and noting in the second term that, by an integration by parts,
1
Re(4,3%.9, 3% , = - 5(3.4.3%, 3%) ,,
33 12 i L

and that HajAle < cnajAj|%[%+1], we find that the right side of (2.11)

2
is bounded by a constant times ||u|| (d ,./lull" . Thus (2.5) follows.
x7H2 1 g '

The proof of the inequality (2.6) is, except for the term
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Re(A.3.Y - A'3. Y! -y straightforward, and in fact reduces to
(JJ‘P JJIP,‘P w)Hm_l, g >

that of (2.4). We now write

Re(Aijw - Agajw sV -y )Hm’l = Re((Aj -~ Aj)ajw s V-0 )Hm__1

B, ~0~B o o
+ Reoltlé _iae@ AJ.B Bj W-99),37@W-y ))L2
B

Tlal

+Re J (4.3%, 0 - ¥"), %W - ¥") .
[a <m-1 J J Lz

=]

l
o<

Using (2.7) in the first and the second term on the right side after the
application of Schwartz inequalities, and estimating the last term in the
same way as in the last part of the proof of (2.5), one finds that the
right side of the above equality is bounded by a constant times

{“u”Xm + ”u']&p}”u - u'li@_l, and obtains (2.6).

Proof of Theorem 2.1, Let m and V be as in the statements of Theorem

2.1, and assume first that the initial data u, is an arbitrary element

0

of X". 1In order to construct the solution of Eq.(2.1) corresponding to

the data U, we shall introduce the following approximate Cauchy problem:

(2.12) g% +Bu=F@,
u(0)‘=u0,
where € > 0, and B€ =¢eT + S, F(u) = - Mu + K(u), with T =1 - A and
Mu = (- P., — AA., - B, = AR, 0), Su= (0,0, 0, 0, - iAV),

0’ 0’
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(so that M+ S = Z). Note that the norms and HBZ(.)“ , are
. X

sz
equivalent for each a > 0, Bg's being the fractional powers of B€° The

d
operator Bz generates a holomorphic semigroup on X[§+1]. On the other

hand, from (2.4) we have

e = 2l 5 ollall gy, el ) o= wtl g

2 + %}, Thus, by

for any s 2 [% + 1], where w(a, b) =c{l+a+b +a
the well established theory of semilinear parabolic equations (see e.g.

[1]), Eq.(2.12) has a unique solution u_ on [O,TE), for some 0 < T, £ %

€
such that u € C([O,Te); Xm) F\Cl([O,TE); Xm—l) and UE(O) = uo,,and here

we may assume that either Te = © or 11mt+TJ|u€(t)]&[%+2] = oo,

We shall now consider the convergence of u, € > 0, in the limit
€ —> 0, Taking the X"-inner product of Eq.(2.12) for u. with u. and

adding the complex conjugate of the result, we have

1d 2 i
(2.13) 5 EE”“elkm + €(Tu€, ur_:)xm = Re(J(uE), ue)xm.

Using (2.5) and noting that the second term on the left side is non-

negative, we obtain

d

Bl < 2l 2ol
where P(a) = c¢{l + a + az}° It follows that

t
(2.14) ”ue(t)“Xm < Hue(O)”Xmexp[JOP(”ue(s) ”X[%_I_z])ds] on [0,T).



With the solution b of the scalar Cauchy problem

9 o pm), b0 =L>|u

| 1dypq
T o'l [5+2]

which exists and is: bounded on a time- interval IO,TO], T = TO(L) >0,

0
it also follows that |lu_(t) ”x[%”] < b(t) on [0,T) N [0,Ty], from which

we may assume that T€ > TO' Then by (2.14),
(2.15) lu || < llu.ll et on [0,T.]
" € & = 0 = M g

where C is a positive constant independent of €.

Next let 0 < g, < ¢g,, and put w=u_ - u_ . From (2.12) we have
1 2 &1 €,
Cdw ot
(2.16) T Belw = (g, - el)r€2 - Mw + J(uel) - J(uaz).

Taking the X@fl—inner prbduct of this equation with w and adding the

complex conjugate of the result, we get

= (e, - €;)Re(Tu_ , W) +Re(I(u_ ) - J(u_), W) _ ..
1 2 €, = 1 €1 82 Xm—l
Noting that the second term on the left side is non-negative and using

(2.6) and (2.15), we obtain

2
I

2 :
(2.17) 3 ggwnxm < (g - el)llugzllx,,lellXm + w(lluelllxm, llu82 me)llw 1
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< ce

, * cuwuim_l.

on

Application of Gronwall's inequality then gives ”w(t)lim—l < cg,

[0,T.] since w(0) = 0. Thus by letting €, —> 0, we find a function

2

u € C([O,TO]; Xm—l) such that u. —ru in xm—l uniformly on [O,TO] as

€ —> 0. By (2.15), it also follows that u € L ([0,T.]; X°) with

Ha(e) ]l < llunll eCt, that u_ —>u weakly in X" uniformly on [0,T.] as
= 0 - €

€ —> 0, and that u is weakly continuous from [O,TO] to XU,

Now let ¢ be a smooth element of Ym—l. Then we have

(—BEu€+F(u€), $) =- E(ue, T +(u€, Z +(J(u€), $)

-l $) Al $) 1 a1

This together with (2.4) implis that (- BeuE + F(ue)’ ¢)Ym_1 converges

to (- Zu + J(u), ) -1 uniformly on [0,T,]. Thus, integrating the
equality (- g%e - Beue + F(ue), ¢)im_l = 0 on a time interval in [O,TO],
and changing the order of the inner product and the time integral after
taking the limit € — 0, we fiﬁd that u is a solution of Eq.(2.1) lying
in the class C([O,TO]; Xm_l) N Lw({O,TO]; Xm)° By taking the Xm_l-inner‘
product of Eq.(2.1) with u and using (2.6) and Gronwall's inequality, we
also find that the solution u is unique in this class. Note that u is
strongly continuous in X" at t = 0 since u is weakly continudus in X at

t = 0 and lim sup The fact that Eq.(2.1) is time

oo 19O < Tl

translational then implies that the solution corresponding to the initial

data u(to), given at t = t, > 0, is also right continuous in ™ at

0

t = to° By the above uniqueness result, it follows that u is right

continuous in X© at any t in [0,T.]. Since Eq.(2.1) is also time revers—



sible (iﬁ a suitable sense), we deduce that u € C([O,TO]; Xm). Note that

the choice of T0 was uniform for all initial data ug satisfying

Hu ” [_+2] < L, for each fixed L > 0. Thus the above solution u extends

to some larger interval [0,T) in such a way that u € C([0,T); Xm) with
either T = © or lim T luce) || [_+2] o, TFrom the equation, it also
follows that u € CI([0,T); Y™ 1)

To prove the continuous dependence of the solution u of Eq.(2.1) on

the initial data ug, let {u } , be a sequence in X' that converges to

ug in Xm, and let u be the solution of Eq.(2.1) corresponding to the

. 3 3 o i i <
initial data u for each n. Suppose that {un} satisfies ”unl&[%+z} ¢

n0°
on [0,T'] for some constants C, T' > 0 independently of n. Now an
argument similar to that which led from (2.13) to (2.15) (but now setting

Ct on [0,T']

= : <
0 and replacing u, by uno) shows that ”un|g@ =’”un0{&pe
for some constant C > 0 independent of n. An analysis similar to that
which led from (2.17) to (2.18) then shows that||u (t) - u .(t)”

Xm

C ”unO on [0,T'] again for some constant C > 0 independent of

un'Olgprl

n and n'. Then by the same argument as above, we deduce that u —d in

X® uniformly on [0,T'].

It remains to show the last part of the theorem. To see this,
assume further that Uy satisfies (2.3), and let u = (Ao, PO, K, %, P) be
the corresponding solution of Eq.(2.1). Put

£f=P - 29.A,, = 3.P, - AM_ + 0.
g = 3.P, o t W

From Eq.(2.1) we have

!/



af _ _ dg _ _ T
I g, y Af + 2yyf.

[=9

Using these equation, we obtain

L el + el + s P jéﬂw_nﬁﬁ

R

A

G+ IR} + Nl

on the interval of existence [0,T) of u. Since lek <]l ,a < c(T")
. = H[-2-+1] =

on each [0,T'], T' < T, and £(0) = g(0) = 0 by assumption, if follows

that ”f“§ + ”Vflg +I|g”§ =0 on [0,T). Thus f = 0, which is the desired

result,

3. Global Existence in One and Two Space Dimensions

In this section we shall prove

Theorem 3.1. Let d € {1,2}, m an integer satisfying m > [% + 4], and

Ve HmGRd;]R)o Let u, be any initial data lying in X" and satisfying

0
the constraints (2.3). Then Egs.(2.1)-(2.2) has a unique solution u on
[0,) such that u € C([0,%,; X N € ([0,%); Y*™) and u(0) = u,.
The proof of Theorem 3.1 depends on the energy and the charge

conservation laws, which we shall state here as a lemma. Note that we

have the identities

/2
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9 (fg) = D fg + fD D (fg) = 3 fg + £D
| u( g) L8 118> u( g) i "-#

D D,f = DD F +iF f,

3 F avau +3F, =0,

whenever f, g and the AD are smooth in (t,x) and the A.u are real valued.

Lemma 3.2. Let (AO, Al,..;, Ad’ Y) be a smooth solution of Egs.(l.1l)-

Al""’

derivatives (of suitable order) are square integrable onﬁmg. Then the

~(1.2) with V smooth, and assume that A Ad’ Y, V and their

O’

energy E1 and the charge Q of the solution, that is,
E, = | (DYDY +VJ + +F. F. +iF_F. }dx
1 d iT 3 2730 jO _4jkjk >
]R .
Q=I ‘l@dx,
Bﬁ
are finite constant functions of time,
d

Proof. In fact, we have from the equations that = gEQ = 0. The

FTa]
proof is facilitated by using the above identities for the DU and the Fuv'
Proof of Theorem 3.1. We shall prove the theorem under slight weaker
assumptions. We replace the condition m > [% + 4] by m > [% + 2}, and
assume the existence of a sequence {uno} of initial data in Xk, with

k > max{m, [% + 4]}, such that u

-—u, in Xm, and that each u
n0 0

n0

/3



satisfies the constraints (2.3). Let {Vn} be a sequence of external

s s pkd d R ' in B®
potentials in H R ; R7), k being as above, that converges to V in H ,
and for each n, u € C([O,Tn); Xk) the solution of Egs.(2.1)-(2.2)

corresponding to the initial data u_, and the external potential Vn’

n0
given by Thorem 2.1. We shall show that for such {un}, there is a
locally bounded function C(-) on [0,) which can be chosen independently
of n, such that Uun(t)l&[%+2] < C(t) on [O,Tn). One can then show, by
an obvious change of_the proof of the previous result on continuous
dependence of solutions on initial data (to include the dependence on
the external potential) that, for every T > 0, the solution u of Egs.

(2.1)-(2.2) corresponding to the initial data u, and the external

0
potential V exists in C([0,T]; X™) as the uniform limit of {un} on [0,T]
in the weak topology of Xm, and thus conclude the desired global

existence result,

To derive the above estimate, we will use the covariant Sobolev

inequality (see e.g. [2] Appendix):

A

ufup=K{1§Jz§d||njflpanf|t}, D=0, - 1A,

, 1 1 1 1 .
where 5 a(a - 5) - (1 - a);, withd >1,1<p<> 1<qg,

1

A

r<wand 0 <a<1l (if p ==, only a <1 is allowed), K = K(d,p,q,r),
and the A.j are real and f is a complex valued, with f ¢ Lr, ij € 14 and
Ajf € qu We will need the following particular estimates:

A e

(3.1) lI£ll, < x IIog]f 0, a=1,2,

/%



.2 el < xloel A% a =1,
3.3 el < < I’ B el e R, o< <1, a- o

and also use the usual estimates obtainéd by setting A.j = 0 for all j

in (3.1)-(3.3). Here as in the following, we write ”Dsf]b for

{ z “Dj ---Dj f”;}llz; We will also use the notation ”Bsf”2 to
Jyseeesd s _
de%;gnaées{ Z ”3. .--Bj f”% 1/2.

Jyseeeady J1 s

We shall denote u simply as u, and any positive locally bounded
function of t € [0,%) (inciuding any positive constant) which can be
chosen independenty of n by the same letter C. Note that

Hk+l-2,

u= (A Pgs K, B, ) € C(10,T )5 X) implies that A € c"([o,mn) ),

Hk—ZZ

A e cM0,1)5 B (5= 1,000,0) and ¥ € €1(10,7)5 BHY, for

L= O,l,..o,[§]. The idintities for the Dp and the Fuv will be freely

used in the following arguments,

Lemma 3.2 and the fact that the sequence of initial data with which

we are concerned is bounded in X' first give
(3.4) E, < ¢ vl <c.

Consider now the second order pseudo-energy E2 defined by

B —_— 1 1
E, = f d{Dijq;Dkaw + 23ij Oaij 0¥ zaij zaij z} dx .
R

We note that (3.1) and (3.4) imply

/§
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1%l - jmdnjnkw*——n g

= J d{DijkaDkw + lejijkaw + 1aijkakw} dx
R

”Dijll’”; + ”ijHZHDj‘p”z,”Dk‘p”z, + | aijk[|2[[¢[|4[|Dk¢“4

nA

A

2 /2 1/2n.2 /4
, + o2/ + cal/% % ¢
so that
(3.5) ~I0%lf < cx, +c.

We compute the time derivative of E2 using Eqs.(1.1)-(1.2), and then

estimate the result by means of (3.1)-(3.5). It results that

5]
[

a1
Chlﬂa
t
N

Re[ {21F D wD D w 13 3 Vlka kw
d
R
- ZiBjVDijkalj) 3, F oF kw} dx

< e oo vllin, 201l + 113,291, lviLin, o0l

+ Al Il in o vl + 3,7 o lLle vl vl

A

CE, + C.

(”BjV]k should be estimated by the standard Sobolev inequality). Recall-

/6
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ing that the sequence of initial data is bounded in Xm, we obtain

(3.6) E2 < C,

In a completely analogous way, we further estimate for d = 2 the third

order pseudo—energy

B 1
E, = J 2{1) D.D wn k"’ + ZBQBkF OBRSkF 0t Zagaijnagaijn} dx ,
R

by using the covariant Sobolev inequalities and the above estimates.

One first finds that

3.2 _ —
ID"wlf; = J DyDDgiD;D D, dx
R

J 2{D D.D "’Dz 3 kw + iF DRijDszxp - iijDjDzkaDzll)
R

+ ia Fy lPDkaDZL]) + 21F, D wD DDy ~ 19, Fy. DyDD W

- ZinszDijWDkw}dx

< CE, + CHD31P”2 +C

3

and thus obtains

3,12
(3.7 ID%I2 < cey + c.

/7



Using Eqs.(1.1)-(1.2) and noting this estimate, one has

1d_ _ ) .. . B
5 af3 = J d{(ZleODszw + 1F20Djnjw + ZlaszoDj¢ + 13ijOD£¢
R
+ 1323ij0¢ - 1323j8jvw - iaijVDRw - ZiazajVDjw
- 213jvnlpjw - iBQVDijW)DQDkaw + (iDijlew
+ 1D£Dijk¢ + kaDijzw + 1D£Dknjw¢)azaij0}dx
< CE5 + C,
which gives
(3.8) E. < C.

The results (3.4)-(3.8) show that
(3'9) ”‘DHZ < C’ ”Ds‘pllz < C’ s = l,ouo,[‘% + 2]’

(3.10) IIF C, M,v=0,1,...,d,

| d,.q <
v H[§+1]

for d = 1,2, To derive the needed bound on (AO, 9,.A K, SOK’ P), we

shall consider the following quantities:

B, = |ZIE + AP ., + oA, a
) A0 2 0 H[§+3] 00 H[§+2]

2



30
_ ' o (0}
= J dAuAu dx + Zd J da 3,800 3 A dx
R lof<[5+2] R
‘ 2 | 2
E, = |3&I1° .., + 13l a
A L[5+ 0 [5+1]

¥ J 3% Ay a“auAj dx .
lof<tgr1 Y
Here we use the notation 8 in the usual sense; thus 3% = 9. *+°9, .with

J1 Js
la|] = s. Eq.(1.1), Eq.(1.3) and (3.10) give

N+

Q..' =N
rfm
>

I

o c
- F.A.dx - 9 0,A .9 9.F,.d
J d o] x ,zd Jd 070 3 3o x
R {al§[§+2] R

A

2
<l lllagl + 1 BOAOIIH[%J,ZJH vl 1|H[521_+2]

e+ | wlP) e, dE 2,
wlat2]" Ay

A

But from (3.1)-(3.3) and (3.9) one obtains
2 2
Iwl®ll, < lwlf, < c,

1alvl2ll, < 2l ivvll, < c,

A

12210121l < 2lwldio®wll, + 2lovlf; < c,

A

13%w121, < 2lwiLio®sll, + siowllfio%l], < c,

the last estimate being needed only for d = 2, Thus it follows that

11



E, < C. Eq.(1.3), (3,10) and this result yield

=
¥
i

QL. a o o [6) o
3% 3% A, + 3%9.A A, + A
Zd d{ ;378 A 3,803 A + 37904373 A } dx

A

175 ragloy sl pdaay 125801 pdiagl2080 ]l g
+ 34

I a
0 H[§+l]

CE%/2 +C,

A

giving EZ < C. Therefore,

lagll (2,7 < 0 Iogagll ydp < 0 RN 100 < ¢ oK g, < €
H"2 H2 H"2 H™2

Finally, from the definition of the Du, one has
ij = Djw + iAjw,
3j3k1p = DjDkq) + iajAkw + iAk'ajlp + iAjDkw,
3jak82w = DjDkDgw + iBjBkAzw + iakAlajw + iBjAlakw + iAQBjSkw
+ 10,4 Doy + 18D D0 + A DAY - A A - iAjDkbzw.

Using these expressions, one finds, with the help of (3.1)-(3.3) and the

>
usual Sobolev inequalities, that (3.9) and the above estimate on A imply

20



that HWH [%+2] < C, which completes the proof of the desired global
H

result,
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