-

View metadata, citation and similar papers at core.ac.uk brought to you byﬁ CORE

provided by Kyoto University Research Information Repository

Bl
oo o e/,
&

Kyoto University Research Information Repository > KYOTO UNIVERSITY

Title Approximate Queueing System Model via N-dimentional
Elementary Return Process

Author(s) | Takahashi, Haruhisa; Akimaru, Haruo

Citation O00O0oDbOoOog (1984), 519: 169-192

Issue Date | 1984-04

URL http://hdl.handle.net/2433/98426

Right

Type Departmental Bulletin Paper

Textversion | publisher

Kyoto University


https://core.ac.uk/display/39229724?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

ooooboooao
5190 1984 0 169-192

169

Appvoximate Q.ueue&ng System Moo(e\ vio

N- diment{ona] Elementary Ketuvn PkoceSS

BRBHH Y A0 1 P8

2 % 74 L (Havuhisa Takahoshi)
7?)& IB ﬁ* i( P}O\rwo Akimavu)

Hh Il
ARL L, SGBE Y N T - TG0 KEAEEHS DY
S X T ANEFACHI) ¥ LT, VAT o EAE I E0E
BT U n BT - T o3 . XM 2F 0 (Fv b7
— 7 8% ) pBYIL Y, Rerman Z [ 2] 1257 . & B4ET
ER G A EFRMTE D MU ), ARG AEIL (o
T # AL TS Lo D FIED T INh Tu 31, Pohd
Fhy, A~ 2t A re 3. ZHTHRE T3 EH, B
X il Gelenbe (6] 0 4B3 ¢ VLA RIFEL , &V LR )G FHE

')'?viﬂ_%i’%n ﬁﬂiﬁfj ¥ f\‘f,ig—( iR el T L8 -9
5 27 Lo 50Q% %~ 0D t@( .



17y
1. Introduction

We cqnsider an n-dimensional diffusion process Ye that arises
in conjunction with large queueing systems such as networks of
queues, preemptive-resume queueing systems, etc.. Its state space
consists of the interior and boundaries of the parallelotope of
R" (i.e., 0< x; € L;, i=1,2,..an). On the interior of this state
space, Y behaves like an ordinary n-dimentional diffusion
process (Brownian motion with drift). Whenever Ye reaches one of
the (n-1)-dimensional hyperplanes (for example, Xi=0) it remains
there for an exponentially distributed finite sojourn time and Yt
behaves this time as an (n-1)-dimentional diffusion process.
After this finite sojourn time, a jump in the direction of X;5-
axis occurs to a point whose xi—coordinate is on the interior of
o, Li) according to some probability density. The process then
starts from scratch. The behavior of Yi on fhe lower dimentional
hyperplane is‘defined in the same way. The process thus defined
is a natural extension of one-dimensional elementary return
process [4].

Several works have been devoted to the diffusion
approximation to large queueing systems (mainly, to open queueing
networks). Kobayashi [10] wrote out the forward eduation for open
gueueing networks with the rough boundary condition that the
approximating process must be restrfcted to the nonnegative
orthant. Harrison [7] and Harrison and Reiman [8] showed the
precise boundary conditions for a tandem queue which the

reflected Brownian motion should obey. It was also shown that

their reflected Brownian motion satisfies the heavy traffic Limit
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theorem [21].

Although the heavy traffic Limit theorem was proved for
the reflected Brownian motion, it has the disadvantage of failing
to model explicitly the probability of an empty queue [2]. With
this motivation Gelenbe [6] proposed a heuristic approach for
modeling empty queue probabilities by applying one-dimensional
elementary return process. Our primary goal here is to extend his
work to multi-dimensional case and specifically, to derive the
stationary forward equations of the n-dimentional elementary
return process as a model of large queueing systems.~

In Section 2 and 3 we define the multi-dimensional -elementary
return process and derive the corresponding stationary forward
‘equations. Using the result derjved in Section 3, we then derive
in Section 4 the partial differential equations for open networks
of queues and the preemptive-resume queueing systems. Furthermore
the important remark for discretization of the protess is
proposed. In Section 5, we discuss the mean of the queue length
of the pairs of communicating computers by analyzing the partial
differential equations derived in sect%on 4,

A general notation shall be used through the paper that the

infinitesimal volume elements of R"™ is denoted dx = dx1dx2.“dxn.

2. Definition of the process

We shall define a multi-dimensional elementary return process
Yy or Y(t), t20. The most general case shall be discussed where
the state space S" of the process is the parallelotope of R"

0 < Xi < L1, L1 >0 (1'=1,2,...n).



Note that L; may be infinite. S" consists of its interior and the
lower dimentional cetls (boundaries). The number of the O-cells
(vertexes) of SM is 2M. Generally the number of the (n-k)-cells
of 8" is 2k<ﬂ), k=1,2,...n and sum to 3". We number these cells
through so that the (n-k)-cells are denoted C., (3 ?;} 2j<?> +1
< i §.23§=1' 2j<?> ) for k>0 and Cp for k=0. Note that Cg
represents the interior of SM. We write Cj >(»p )Ci when C; is

]

from R" to R"K which is the sub-space of R parallel to the (n-

(not) a boundary of C:. Let 77 T pe the natural projection map

k)-cell Ci- The index of the coordinate axis on 7Zj(R”) which is
orthogonal to 77 T(R™ is denoted i%j if Cj > C5.
On the interior of s", Y behaves as an n-dimensional

Brownian motion which has the (constant coefficient) forward

operator
n 82 n 8
Ly = wo— - 0 2
Py Tt Oy By z,;m ¥ 5%

~where the covariance matrix hﬂ;¢, ) is non-nedative definite.
Whenever Y; reaches an (n-T)-cell C;y 1S3 <2 <?) ) at time tq,
it stays there for a finite sojourn time T; and behaves as an (n-

1)-dimensional Brownian motion with the (constant coefficient)

forward operator

D DA = Y
gs'#i%0 #¢ 0% 3¢ g#ix0 £ '
where thekcovariance matrix (V;gf’) is non-negative definite. If
Yi reaches on an (n=2)-cell Cj <Cj; at t1+Ti,bit stays there for
an finijte sojourh time time T; and behaves as an (n-2)-

J

dimensional Brownian motion which has the (constant coefficient)



forward operator

L* = VJ . - mJ
’ ¢¢'¢1‘Zo, j*i : PP O O'p g #ix0, jxi $0%s

with the nonnegative definite covariance matrix (v%gp). The
behavior of Yi and the forward operator on the lower dimensional
cells are defined in the same way except for the O-cells
(vertexes). If one ofvthe O-cells is reached then Y; stays there
for an exponentially distributed finite sojourn time. The fin{te
sojoufh time T on C 0 S'k < 3"-1) is exponentially distributed
if any boundary cell C; of C, (i.e., C; < C,) is not reached. As
soon as the exponential sojourn time Lapses before hitting the
boundaries, a jump in the direction of xk*m-axis occurs to the

interijor of Cm from Ck,(C > Ck) according to some probability

m
denity function over 0 < xp,n < Lygpe
LetA.km be the positive constant which represents the rate

at which jumps occur to a point on the interior of Cm from Ck'

(Cm > Ck). Then

Prob{'Tk > tl any Ci < Ck is not reached}

= exp(—tz m Akm)
where the summation in the exponential function is taken over
alL m such that'cm > Ck. For our purpose, let the density
function for the jump be the Dirac delta function g{xk*m-M(k,m)}
in which M(k,m) is defined as follows: let
1 if X gy =0 for x & Cy

o sgn(k,m) = {
-1 if Xkxm = Lyxp for xe €

then

Mck,m) = '21[1+39n(k,m)1 + Jz-m-sgn(k,mn(Lk*m-n.
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After the jump, the process starts from scratch. The process Y,
thus defined is the Markov process because théfe are no point

with memory.

3. Stationary forward equation

Let fhe alternative representation of the process be
Yt = Xk,
where k represents the index of the cell on which\fhé process
sojourns and Xk =7Zk(Y). We assume the procéss has the transition

probability dnsity defined by
pl(x,y) A y)
¥ prob { kx5 =G,y D, yieay! | wxg=axh

in which A yj represents the small volume element on Cj. We
decide pzj(xi,yj) represents the transition probability if Cj is
a O-cell.

Let xk=7ka. Let ij, k=0,eeee,3"=1 be the set of continuous
functions fk: /4 k(Ck)->R1 that are twice continuously

differentiable in xk k

except at z" whose component xiof R ,if
contained ,is 1 or L;=1 for some i. Let fk(xk)‘eg ij be the

density function on Ck that satisfies’
>
k=0

For the density function fk, we define the transition operator by

£, ) dxk =1

e



ain;eh =3

S ) fk(xk) p,'éJ(xk,zJ) dxKk
k Jrke,

where f = (fg,...,f ) and zle 71,’jCj. Then

) A* = Lim

t> ot t

where I represents the unit operator on YWoX ¥ x... xff3n_1. The
stationary forward equation of the process can be represented in

the form

(3) (A*H), =0, i=0,1,..,3"-1 .
It will be convenient to define the differential operators

. . ofi(xh . .
J1¢ Ef.i(.)] = - % 2 v;?‘,—é-;;— + m1¢ f1-(x1)
2 '

and

WK [F.001 = Lim Jiei [F501
Xkxi7N(k, 1)
where N(k,i1)=(1/2)[1- sgn(k,i) 1] Lxir i=1,ue.,3"-1, and ¢/ é°
represent indexes of the components of xi and the summation is
taken over all such indexes. The following theorem gives the
concrete form of the equation (3). We shall maintain all of the

notation established earlier.

Theorem 1. Assume that Yt has a stationary. density function

£ (X0, «=0,1,...,3"=1. Then it is the solution of the

5
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equations
-Lg fpo = A 307 (1) §(xjug G0 )

-L: fk(xk) =Z : { -sgn(k,m)Hmk[fm(xm)]
m s.ta C_ > Ck

J Sata Ck > Cj

1< kg 3M=2"-1m

_ mk m _
0= 2 -sgnCk,mH™ [f ™M) =4 o
3"-2" < k < 31

with boundary conditions

Lim £, (x%) = tim £, (x*) =0

x¢ >0 x¢ *L¢
¢ -

where x is the component of xk, 0< k< 31,

Remark. If all L; are finite and there are no absorbing states,
Y is positive recurrent and has a stationary density.

Proof. Let define
* _ * - 3
(atf)i - (Tt f)i, fi(X )

for any fiEE yﬁ, (i=0,.",3n-1). We need to show the concrete

form of the equation
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3 tim, L} £.=0.

t-0t  t
Since the transition probability densities ptj(xk,zj), (k#j, Cj
¥,£ C ) vanish with higher order than p%i(xk,zi), €; >< ¢ as

t»0, we have

5y (af Hieh = £, xKpkT ok, 21y axk

}
k s.t. C.‘ > Ck T Ck

+ [ S C o £ pitad, 2y axd -fi(zi)}
z'e

S fk(xk) pti(xk,zi) dxk,
7Z'kck

+E(t) , (for small t>0)

where Eft)/t=0,(t90). In the integrand of the first term of (5),

the transition probability density is given by
pﬁi(xk,zi)

S K plék(xk’zk) {1-exp(—/1 ki t)} J{ﬂkzi_zk’ Zk*.‘—M(k,1)} de
ThC ‘
k

+ 0(t)

Hence the first term in the right hand side of (5) multiplied by
1/t as t-0 becomes
. ) » .
(6) Z Ay F O §lxpges = Mk, i)
k sat. C.'>Ck
Let qg(xi,zi) be the transition probability density of the
Brownian motion on C; (with the forward operator L*i)' Then

pgi(xi,zi) = exp(- 2° A sk B ql(xi,zi) .
k sata C . >C.
k“¥i



Thus the second term in the right hand side of (5) can be written
as follows:

9]

[ Sl7zi fi(xi) qi(xi,zi) dxi - fi(zi) ]exp(- > A s )
C.
i

. i]
joset. €55C;

+ f. (2D exp(- > As: t) =1 .
i ij
. J Sate CJ>C1

Letting t20 in (7) multiplied by 1/t, we obtain

* -| _ ‘ 3
. ] S.t. CJ C1
Let
9 s, = , £, pKTxk, 21y dxKdz
t k k t
i sa.te Ck >C'i 7[1(:.' 7T Ck . )

i

= fk(xk) ] pti(xk,zi) dz} dxk,
ke e,
k i

i S-t, Ck>C1

the last equality resulting by interchanging orders of
integration. Since the transition density functions p%j(xk,zj),
(k=j, C;>,<C,) vanish with higher order than’pti(xk,zi), €,>,
<C;) as t-0, we have

| S . pkiGK, 2 d2f
isate C> C; YCH

=1 ‘S o PkkGk 2k azk - 2 pkJ (xK, 23y dz
7Tk
k

2o o)
i sete €5> €Y 7C;

+ E(t) , (for small t>0),

R0}
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where Llim £(t)/t=0. Thus
t20

a0 s, =§ £, (2% dzk - S S £ oKk K, 2Ky dxazk
J 7 ke, ke,

1 ] . .
fk(xk) S . p%J(xk,zJ) dxJ dxK
mc |

S
7T Ck ] Sata CJ>Ck j

+ £ ), (for small t),

where E:(t)/t=0, (t»0). Using the same discussion as before, the
first two terms and the last term in the right hand side of (10)

multiplied by 1/t as t?0 become

’ S L* £ xk k k
g ) [ Ly fx) + X A fk(x)}dx
TC, Josata €530

and
- S ) L £ axk -0
; n'kck J Sata. Cj> Ck

respectively. Thus

lim S/t = S i fiod o
t20 7w Ck

~or in the alternative expression,

an div JK[F )T dxk.

] S ¢,

where div = (8/59x¢ ). Applying the well known divergence

theorem to (11), we obtain

g1
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(12)  lim S /t = :E; S . -sgni k) HKTLFL T d2 .
t20 i S.t. Ck> C'i 7Z1C1 '

On the other hand from the first equation of (9) multiplied by
1/t as t»0, we have

13 Lim S, /t
t»0

S . lim ] S i (K> pkicxk,z1) dxkdzi
isat. C>.C: ) 7r'Cy t20 ¢t Ce :

Comparing (12) with (13), we have
(14 - sgn(i, k) HKICF]

= Lim (1/t)

g K fk(xk) pti(xk,zi)4dxk,

for Cc> C;. From 4, b)), (8), and (14) we ébtain the forward
equations in the theorem. Note that since‘the n—-cell and the 0-
cells have no upper cells and Llower cells respectively, we can
obtain the equations putting the related functions to be O.
'FinaLLy, since the boundaries act as absorbing boundaries for the
diffusion process on (., (k=0,u”3n—1) until the next jump
occurs, we obtain the boundary condition in the theorem. This

completes the proof.

_ ' A\
ALT : - .
L2 T O—1 - O—
Q,t‘l‘) 4/‘/ 0:“‘)1/‘2
5 Y
Fiao. 1. - ‘ £\5
/

12
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4. Approximation for some queueing processes

We consider in this section some examples of queues which can
be modeled with the two-dimensional elementary return process.
Although we restrict our attention to the two-dimensional case
for simplicity, most of techniques we use will be extended to
higher dimensions.

From Theorem 1, the partial differential equations of the

two-dimensional elementary return process on R% is written as

follows;

2
div 3000 = X 2070y §x;=1)
1=

i - s 0
15) (8/8X3_.i) J1(X3_1) = l_'lgO—J.I(X) - A1Df1(X3_1)
X+
i

+ 1311:3 §(X3_.‘-1) re (1=1,2)

0= tim =020 + Lim =310 - (39 + 1320 f3 o
x4+0 - xp*0

Lim fo(X1,X2) =0, (i=1,2)
x;20

Lim f_I(Xs_.') =0 ’ ('i=1,2)
X.i'70

where f3 is the probability mass at the origin,

2 5f
oy = Of _ 0 0
J'i(X) = m1f0 %; V.IJ —
_ =1 D %;
0= udh
and
. . . Of;
g =nle, -3 21, G120
3 *3-i



We determine the coefficients of (15) based on the fact that
the diffusion process approximates the number in queue as soon as
the number in queue moves from zero to one.

Example 1. First we consider the tandem queues of Figure 1
which {s composed of two single server stations arranged in
tandem. Custmers arrive at station 1 according to a renewal
process whose interarrival times have mean 1/1 and variance Sae
Having completed service there, they proceed to station 2, and
after completing service at station 2 they leave the system. Each
station has a single server, and service times at station i,
(1=1,2) are i.i.d. with mean 1/ ; and variance S;. Let Q;(t)
denote the number of customers in station i at time t, and Let
Q(t)=(Q1(t),Q2(t)). The coefficients of (15) are determined as
follows.

(i) As soon as a busy period (Q1(t)>0, Qz(t)>0) starts, the
process Q(t) approximately behaves as the ordinary two-
dimensional diffusion process with the coefficients determined by

”centraL-Limt-theorem"-typé argument [10]1. Thus from [101]

1 -H
(- ea)
M- M2
3¢ 4y 3 3
0,2 Satu 1Sy “H184
Y ’( 3 3 3 )
THASy KaSrERSt .

(ii)  On the half-line Qq=0(>0), @x>0(=0), Q,(t) (Qq(t)) behaves
approximately as the one-dimensional diffusion process with
infinitesimal mean m1=—l12 (m2=3,—/11) and infinitesimal variance

v1=L(g 82(v25213sa+;l?81). The sojourn time on this haltf-line

| 4
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behaves approximéte[y as the Markovian arrival with the rate A ¢
M1)- Thus we set 1 99=1 and A p9=Mq-

(iii1) At the origin Q1=0, Q,=0, Q4(t) approximately behaves as
the Markovian arrival with rate A . Thus we can set A 32=1 -
Since there is no arrival at station 2 when Gl1=0, we set /131 =0.
Example 2. The second example is the pairs of identical
computers in reciprocal communication (see Figure 2). This model
was discussed by Foshini [5] under the heavy traffic condition.
He solved the mean queue length aprying the two-dimensional
reflected diffusion process [8]. We will also discuss the mean
queue length of this model in the next section.

The mean rate and the variance of exogenous interarrivals of
jobs are denoted by A and S, respectively. Service times at each
station are i.i.d. with mean 1/ and variance S . Having
completed service at each station, jobs proceed to other computer
for services with probability ¥ and with probability 1-% jobs
leaves the system. Using the same discussion in Example 1, the

parameters of this model become as follows;

md =nd = A-px -Y)

Wi =8, = A3, v u3s vy -V ey 42
V12 = V21 = "2/[387
ml =md = 1 -H
S == 3s s 3
A0 = A0 =AY H
and
Az =2132=12 -



We have discussed thus far only the queueing network models.
The multi-dimensional elementary return process is applicable to
another kind of queueing systems as described in the next
example.

Example 3. Consider the preemptive-resume queueing systems
which handle two types of customers. In this system, one type of
customers is given a preemptive priority over the other type and
served by a single server. Each customers arrive at the queue
according to a renewaL process whose interarrival times have mean
1/li and variance as, i=1 for high priority class and i=2 for
low priority class. The service times for class i are i.i.d. with

mean 1/)/1 and variance S;e The same discussion as before yields

A,-7
n0 = < 1 1)
A 2
vo=<l?a1+7?31 0 )
0 1382
m1=/l1-71

vi=d3a+ sy

Azp=449=4,
and

A 3 20 = Aq -
Notice that since the changes in the numbér of the class 1
customers is completely independent of the class 2 customers, the

covariance between these two classes is zero.
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Finally we remark the discretization of the density. A direct

method (see [6]) is given by‘settiné

PC0,0) = f3
5

P(i,0) = S fq(x) dx , 1>0
i=1 :
]

P¢0,j) = S fo(x) dx » 30
j=1

and

i j ’
PC(i, j) = S S fo(xl)'> dx dy , i,j>0
i-1 i1

‘where P(i,j) is the approximate statistical—-equalibrium

probability that‘Q1=i and Q2=j customers simultaneously exist in

the queue. This discretization, however has the disadvantage of

faiLing to model the probability that one customer exists in the

queue.This disadvantage is caused by the jump that reduces the

occupation time of the section between Xi=0 and 1, i=1,2.

'The alternative method of discretization which overcomes this

disadvantage is given by
P(0,0) = f3

PG00 = Kqefq(i) , >0

P0,j) = Kofa (i), §>0
and
P(i,j) = Kofo(i,j) , i,j>0
where
(') -
Kq = fa(x) dx/ 2 fq,(9)
1 1 _ 1
0 i=1
oo ' 0 .
Ky = S fz(x) dx/ ;E fz(J)
0 =1
and

7
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00 0O oo
Kg = g S fglx,y) dx dy/ ‘§: fgli, i) .
0 0 i,i=1

This method is based on the concept of local occupation time. The
jump does not have the effect any more to reduce the probability

of one customer in each queue.
5 Formulas for mean

In this section we discuss the formulas for the equalibrium
mean of the symmetric pairs of communicating computers. From
Example 2 of section 4, the partial differential equations with

the boundary conditions are rewritten as follows:

;. 9% &g 9%y afy  afg
(16) 5 A s +B +5 A > T C —-C —
O X7 9x10%2 oxz . 8x 9%
== Bfilx) Jlxp =1 = Bfxx) Slxq =D
00, 9
(17) _2 D > + E = —H3_1(X1) - yf'I(XT) + A f3 5(X.‘_1)
a X'i a X'i :
(i=1,2)
fo(X1,O) = 'fD(O,Xz) =0
where
Hy_;(x;) = lim e — -1 + cfp
x3-7>0 d X 0 X3-i
f.
K; = Lim —% D éz—l + Efy L (i=1,2)
x;=0 RS '
and where

A=ASs,+ s+ MYA-Y + V%S
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B=-2u38Y
C= -u-7)
D=2 3S, +4 S
E= A - M

A= 2+ K

S

and ) , Sqgr M, S /‘}’ which are established in Example 2 are
maintained.
Let define the Laplace transformation
co (00
L0(31,82) = S S fo(X1,X2) exp(—s1x1- 82X2) dX1 dXz
0.0
_ oo
Li(s3_i) = S 0 fi(XS—i) exp(-s3_ix3_i) dX3_i
(i=1,2
and
(e'e)
Fi(s3‘i) = g Hi(x3‘i) exp(-S3_ix3_i) dX3_i -
0
(i=1,2)
Taking the two—-dimensional Laplace transformation of (16), we
have
9 L % As% + Bsqsp + %—As% = Csq = Csp 1 Lg(sq,sp)
+ F1(82) + F2(81)

= = LB LGsp) expl=sq) = B Ly(sq) exp(=sy) .

Furthermore Laplace transformation of (17) and use of (18) yield

(2
- 2
20) Fi(s3fi) = E% BSS_i - CSs_i - [3 3 Li(s3_i)

= A,f3(1 - exp(—s3_i)) -

Let the power series expansion for Lo, Lj» i=1,2 be

L0(51,82) = ao + 8181 + 3152 + 623152 t iaeas.

17
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and

Lz(S) = L1(S) = bo + b1S tenaasn .
Substitute (20) into (19) and the power series expansion for LD,A
L1, Lo into the equation thus derived to get the coefficients of

the s%, s1Sp, and sq. Then we obtain

32"A30 - Ca1 +% DbU - Eb1 + A, f3/2 = "2@ bD

@n
Bao - 2C31 = 26 b1
and
(22) -Cao - Ebo - A 'f3 = A bo -

Notice that

. (o'e] [0.¢)
ao = Lo(0,0) = S S fo(X1,X2) dX1 dX2
0Jo -
' o
bD = L1 ) = L2<O) = g 0 f1(X2) dX2
and fhus
(23) aO + 2b0 + f3 =1 ..

Let the stationary probability that the prbcess sojourns on
x;=0,i=1,2 be

4) 1= 2 =by + 3.

Then we have from (22), (23), and (24)

@5) A0 -=-P)r+cP =bpC+ A -E=-B).

The right hand sidevof (25) vanishes and we obtain

(26) P =A/MHa-7) .

This coincides the traffic intensity at each queue [2]1. Although

our approach is heuristic, we have had the precise modeling of

20
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empty queue probability as well as the one-dimensional case [é].
Notice that the mean ELxqJ1=E[x,] is given by

O

oo
E[X»I] = S DX1 [ S Ofo(X1,X2) dXz + f2(X1) ] dX1

L - L
0 ak2
--29% g0 -2

O S1 S a%

We have thus proved the following result..
Theorem 2. Suppoée that the equations (16), (17), and (18) have
astationary solution. Then the mean ELx;] satisfies:
-1

@7 Elx;l = ———— LB -0 {ARP+m ~1) + (0 +B)

2RBcC - 2CE

-P-m +Amf -(ELBL-BORP+m-1 1
where m represents the probability mass at the origin.

Theorem 2 states that if the steady state probability of
empty queues is known, then the approximate mean queue length can
be given by (27). Since the approximatjon is made assuming the
Markovian arrival at the empty gueues, it is reasonable selection
to set
28) m=Q-p2 ,
the equality being due to Jackson network result.

Assuming (28), we have

(29> Elx;1 = E7’/°2(1-7’-"y/12$) + (P +Y )1 -£P)HP
+ PLEPS, + M2 + L1 - PP
—P2LP-PL +Y ) + 2USY (X - MK (1 =V )}
2(Y + HU-p2 -7
For uncoupled M/G/1 system, from the Pollaczek-Khinchin formula

the mean queue Llength is
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PA+u8s)

P11+ J

21 - P)
while (29) becomes

YL P+ H2s

2 2C1 =P }

Elx;1 = f {

This appears to be a better approximation than

P + M2
2(1-£)

which is the result of Foschini [5] derived by means of the two-

dimensonal reflected diffusion process approximatfon {71.
6 Concluding remarks

Computing the density f of our basic differential equation
(15) appears to be difficult problem. The most simple form
solution can be derived as a product form. It:will be easy to
show that if (and only if) the covariance coefficients v?j, i j
are zero and V?i = v3_i, mg = m3—i, (i=1,2), L2 = A 409= 132,

11 = 2,20 = A,31, then there exists the separable exponential form

solution:
f3-5x3) |
| 2A3-5 (X
= f3exp(G3_ixi) 3 S exp(-G3_ix) F(x) dx
v 0
and
fg(x) =‘4A' f3exp(G1x1+sz2)7TS 1exp(--G-x) F(x) dx
vive ‘ i=v0 !

where G; = 2mi/vi and

-1, 0<x <1
F(x) = {

This solution, however, does not give any additional useful
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information on the stationary distribution. Although it is
difficult to find out even the special solution of (15), it
seems worth-while to attach this problem for the purpose of its

practical utilization.
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