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A normal form theorem for first order
formulas and its application to Gaifman’'s

splitting theorem
By
Nobuyoshi MOTOHASHI
(A 4B 43 EH
Let L be a first order predicate calculus with equality which

haé a fixed binary predicate symbol < . | ,in this paper, we shall deal
with quantifiers Vx , Vx<y , 3x5 v defined by ; \vfo(x) is
Yy3x(y S XAA(X)), Vx§yA(x) is ¥Vx(xgy D A(x)) , and Ax gyA(x)
is ax(xgyA A(xX)) . The expressions x R ;( geee. Wwill be used to

~denote sequences of those symbols, e.g. X is <x ,...,xr? and

1'%2
;1 is (yl,yz,...,ym). Also, B;c R V;<§§ sess-s Will be used to denote
an , Vxl$ yle2§ yz....‘v’xn§ Y reveens , respectively.
Let X be a set of formulas in L such that; X contains every
atonxﬁic formulas and is closed under substitutions of free variables and
applications of propositional connectives -—(not), A (and), V (or).
Then, %.(X) 1is the set >of formulas of the form EQB(}:) , where B € X ,
and P(X) 1is the set of formulas of the form; |

Vi 3y oo ¥y 3y JEVESRISIBET), vhere BGT,D) € X -
Since X 1is closed under A, V , two sets J(X) and P(X) are closed
under A , V in the following sense: for any fc;rmulas A and B in
>(X) [ &(X) 1, there are formulas in 2J(X) [ ZE(X) ] which are

obtained from AAB and AV B by prefixing some quantifiers in them

in the usual manner.



Let W(x,vy,2z) be a formula in 3J,(X) which has no free variablgs except
x,¥,2 . Then, the theorS( v'yl‘w j.n L consists of the following sentences;
Tr : VxVysxVzg y‘(z < x),
Ex (W) : VxVy.EzW(x,y,z),
Un (W) : VxVsz’Vw(W(x,y,z)A Wx,y,w). D 2=w),
Bn(W-) : VxVyVzwix,y,z) o =z S X))o
and | |
ColW) : VwIVusxIva(u,v,w) D Bqugﬁ‘Ev(W(y,u.v)A aA(u,v,w))],
. where A(x,v,v-v) 'is‘a formula in L . 4 o
Since Col(W) is a schema, TW is an infinite sgt of sentences.
A mapping £ from a set of formulas in L :( :domai;n ”of'bvf ) on to a
set of formulas in L: ( range of £ ) ds called a formula-mapping:
if £(A) and A have the same set of free variables for each formula
A in the domain of f .. |
" In this paper, we shall give a concrete method to construct a
formula-mapping fW whose domain is the set of formulas in L and

whose range is a subset of @ (X), and prove the following fact.

THEOREM A. For any formula A in L , the formula A D fw(A)

is provable from 'I‘W in L ,and the formula fw(A) DA is provabie in

}_.

L

Lv , 1.e. Tw

ADE () and FL."!EW(A) DA.
This theorem shows that any formula A in L is equivalent to ~fw(A)
in §(x) with respect to the theory T , and furthermore the impli-

W

cation from fW(A) to A 1is provable logically. This is a normal



form theorem for first order formulas,of a new type.

In {1 bélow, we shall show some applications of Theorem A above
and one of which, Corocllary E below, is a generalization of Gaifman's
splitting theorem, Corollary G below, in Gaifmgn [11.

The constructioﬁ of vfw requires two auxiliary formula-mapping h
and gw , wvhere h 1is a formula-mapping whcsé domain is the set of
formulas (denoted by 'ﬂ'éx)) of the form | V}-E 3§B, B € X, and whose
range is a subset of ZE(X), and = is a formula-mapping whose
domain is the set of formulas in L and whose rahge is a subset of

Eﬁjx). Moreover, we can prove;

LEMMA 1. For any formula A in 'ﬂ}(x), the formula A D h(A)
is provable from Tw in L and the formula h(A) 2 A is provable

in L, f.e. T, l-L A D h(A) and }-—Lh(A) DAL

LEMMA 2. For any formula A in L, the formula A D gw(A)

is provable from T _ in L and the formula gw(A) > A is provable

W
from Tr,Ex(W),Un(W) in L,i.e. TW PL A T>gw(A) and Tr,Ex(W),Un(W)

- g, () D A .

L

" Although Tr, Ex(W), Un(W) are not formﬁlas in Tfﬁx), there'are férmulas
Tr°, Ex(W)°,Un(W)° in 1Té(x) which are obtained from Tr, Ex(W), Un(W)
by prefixing some quantifiers in them, respectively. Therefore,they are
equivalent eachbother. Let fw(A) be one of formulas in @ (X) which
are Sbtained from gw(A)p\h(Tr°)p\h(Ex(w)°),\h(Un(W)°) by prefixing

some quantifiers in it. Then, Theorem A clearly holds from Lemma 1 and



and Lemma 2. So, in order to prove Theorem A above, it is sufficient to
construct ‘h and gw and prove Lemma 1 and Lemma 2 , which will be

done in {2 below.

hgv]



2 1. Some applications.

In this section, we shall show some applications of Theorem A to
normal form theorems and splitting theorems. From Theorem A, we have
the following fact, immediately.

COROLLARY B. It T 1is a theory in L such that ng T. for
some formula W in Z,(X), then for any formula A in L, there is a

formula B in @ (X) such that T }1 A DB and [—L BDA .

If T = PA, the first order axioms of Peano Arithmetic (cf. p.68-69 in

Takeuti (4] ) ., L=1L the logic for PA , and' X = the set of

PA’
open formulas in L, then the assumptions of Corollary B hold by
Matijasevic's theorem ( [2] ).‘ Therefore, we have;

* COROLLARY C. For any formula “A in L there is a formula B

PA’
- ey mme m = = -
of the form V’Qlayl ..... Vxn3 yna zVusx3vgzc(u,y,2), where

C(;E,)-(,E) is an open formula, such that PA |

. DA.
; ADB and}-LB A

A weak fqrm of Corollary C is proved in Motohashi [3] ( Theorem F in
[3] ). Suppose that 6 and I are two L-structures such that &£ is
an extension of ¢. . Then, & is an outer extension of 0L ( denoted
by nS %) if “Wkagb and belal imply ae ||, for any
elements a , b in |&|. 2. is a cofinal extension of 0l ( denoted by
ns, 2) if 4 is a model of the sentence Tr and for any b in [,

there is an element a in\@| such that Lk b a . Let S be a set



of formulas in L . Then, i is an S-extension of ¢. ( denoted 5y
Nnga%) if ok alal implies £k ala]l , for ahy formula A(x) ink s
and any sequence a of elements in ln.l. Lef. AO be the set of bounded
formulas in L _(cf. p.133 in [1]) and EO(X) be the set of formulas

of the form; Yagx3757B(X,3,5,9), where B € X .

From these definitions, the following facts follow immediately.

LEMMA 3. (i) If x < A

< [y, then F (X) ¢ ‘AO.
(ii) If a gc-&; then mgbia.
' - 0
“ o C Lo C Y C f .
(iii) If & "‘-%(X) and n < ?w. then o™ S 3(x) 2.

From Theorem A and (iii) 0f Lemma 3, we have:

COROLLARY D. Suppose that oL is a model of T and 4 is.a
§O(X)—extension of 5. If {£< is a cofinal extension of 0%, then
¢. is an elementary extension of & .

{Proof). Assume that N t—‘-TW ’ -it_a.nd g X, Let

= X9
A(x) be an arbitrary formula in L and a a sequence of elements in [{ﬂr‘
such that N E,A[gl . Let B be the formula fw(A) . »Since

T, I_L A D B, we have that 0 kEB[a] . By (i:'gi) of Lemma 3 , 4. is a

$ (X)-extension of L . Hence, % kE Bl[a] , because B € &.(X) .

Since [-L B > A, we have that #& K A[a]l . This means that #_ is an

elementary extension of 0L . - (g.e.d)



From Corollary D and (i), (ii) of Lemma 3, we have:

THEOREM E. Suppose that # and % are models of T, and X is

a subset of AO' If &L is a ED(X)-extevn'sion of {%, then there is an

=c =

elementary extension T of 5" such that o g€ * §'ﬁ .

(Proof). Assuine that &}::T , “k T X e AO" and @\ :‘fU(X) Lo

Let C be the set {b € \f’l, “kEbsa for some a in \ﬂl} Then,
clearly 121 € C . Suppose that £ is an n-ary function symbol in L

and b._,b b are elements in C . Let a_,a be elements

107000y 1‘2,...,an

in |21 such that fkt‘-’b < a (s\r-b < Byreees ZEb < a - Since

1’ n=
E‘-L-_Tw and C\%: Vx.<

l’= l....Vx 'Sa:;ly(f(x re-1X_)=y), there is an

n
element a in !l such that Gl.l: Vx _S__a ....V gaaySa(f(x reeos
_ ,xn)=y). Since ' the formula Vxl§ ul...Vxng una y'§_v(f(xl,..,xn)=y)

belongs to EO(X), &k Vxlg a ....Vxng anEl ySalf(xy,seerx )=y).

1
Hence, we have that ia#gy.ga(f(bl,..,bn);—'y), because a{: bl’__<._ a’,l,'wo
, x’c.}: bn$_ an‘ .b This means that Eigk: f(bl,...,bn)_§_ a . Therefore,
the value of the inte;:pretation of the function symbol £ in # at
bl'bz""'bn ﬁelongs to the setA C . Sd, the set C is closed under
functions which are intérpretations of function symbols of L .‘in 0.
Therefore, there is a substructure T of XX whose universe is C..
By the definition of L, O\ .= <, 4. By (ii) of Lerm.na 3, A& EAo
On the other hand E () < AO by X & AO and (i) of Lemma 3.
Hence, we have that CLC %(X) . Therefore, we conclude that

C. is an elementary extension of 0L by Corollary D . (g.e.d.)



From Theorem E, we have:

COROLLARY F. Suppose that X is a subset of AO and . T is a
theory in L such that TW < T for some W in ZF(X).
If Q4 and % are models of T such that Z is an & o (X)-extension

of & , then there is an elementary extension I of 6L such that

RS g, .

let T = PA and X = the set of open formulas. Then, we have the

following theorem from Corollary F and Matijasevic's theorem.

.COROLLARY G ( Gaifman's Splitting Theorem ). If -\ and . Ze are
models of PA such that # is an extension of §\, then there is an

elementary extension I of 6\ such that mgc_z: < %



2. Scme proofs. 1In this section, we shall construct two formula- '
mappings h and Iy and prove Lemma 1 and Lemma 2 in the introduction

of this paper.
X &
LEMMA 4. }—L VxA(x) = Vx Vung(u) .
]
Lerma 4 is an obvious consequence of the definition of V.

LEMMAS. (1) F, 2zVisxdvezaw,y O VisxAzaw,a) .
(ii) Tr,Bn(W),Col(W) b Vausx3dza(u,z) D FzVusxAvszau,v) .
(Proof). Since . (i) 1is obvious, we prove (ii) only. For the sake
of simplicity, we assume that ‘the lenghts of x and z are the same
number 2 . Let B, C, D, E be the following formulas;

lruzlzl'zz) )

B : Vulgleu2§xzazlazzA(u
C : Vulgxlazla z2Vu2§xza vlﬂ v2(W(zl,uz,vl)Aw(zz,uz,vz),\ .
/ A(ul,uz,vl,vz)),
p . 3 zla z, Vul$ xla le w2Vu2§ xzﬂvlﬂ v, (W(zl‘,.ul,wl),\
w(zz,gl,wz)/\ W(wl,uz,vl) /\W(w2,uz,vz)/\A(ul,uz,vl,vz)) ’
"E : 3213 22vul§ xl\fuzg xza v, s zlg v,S zZA(ul.uz,vl,vz)v .
It is sufficient to prove Tr,Bn(W),Col (W) !—L BDE.
But, this is ob¥ious because Col (W) l-L B D C, Col(W l_L c > D,

and Tr,Bn (W) [—L DD E. (g.e.d.)



)

LEMMA 6. Suppose that A is a formula;
Yugx Vxla yl....Vxna ynv u_gx—rC(G,u,xl,...,xn,yl,..,yﬁ)
and B is'a form'ula’;" ’ ( ‘
Vxla Yyeeoe Vxna ynVuf__xV ugvazl.....azn(W(yl,u,zl)/\
W(yz,u,zz)/\ ceee ./\W(yn,u,zn)./\c(u,u,xl,.. sX 52150 ,zn)).
Then, Col(W) l—L A DB and Ex(W),Un(W) !'i BD A .
(Proof). For each i=1,2,...,n+l, let Ai be the formulaj;
Vxlayl.... in_lay'i_iv u__<_xinayi.....VxnaynV uSvﬂzl... :
...?zi_l(w(yl,u,zl)A I‘\w(yi—l?u’zi—l)/\
/ | | | | :CG"u’Xl"t"’xn’zl""zi%l’yi""yn))‘
Then, & is A, Anﬂ is B, ‘Col(W) }-L; A;D A » and
Ex(W) ,Un(W) ‘—L Ai—f—lD Ai , for each i=l,2,..,h. Therefore, we have

that = Col (W) l-L AD B and Ex(W),Un(W) i'-L BDA . (q.e.d.)

Now, we define the formula-mapping h and prove Lemma 1.
For each formula , A of the form Vxl..... Vxn_a EB(xl,..,xn,E), 5
B€ X, let h(A) be the formula;
Vs - -y - - - - -
Y x dy GV dy _:_]zVugxavszB(u,v). _
17°1 n~ “n AR A
By Lemma 4, A 1is equivalent to the formula V?c VG§)—<BEB(E,E)Y .
On the other hand, Tr,Bn(W),Col(W) [—L ViV¥isz3@n o hw.
) SO 7 ,
and | h(a) 2 YVi¥asx378(,2) by Lemma 5.

Therefore, we have that TW !—L A D h(A) and *“ h(A) D A .

L

This completes our proof of Lemma 1.

In order to construct and prove Lemma 2 , we require some

By

preliminaries.

-10-



ARV

A quasi ¥(X)-formula A of degree k ( k=0,1,2,... ) 1is a

formula of the form;

< <
Vxlg yy- ..V‘xna yn\f xn+1§ SAVERRE Vxn+k3 yn+kV U EX... Vun= X
'B(ul,...,u ’xn+l’°"xn+k’y1""’yn+k)’

where B(x ""’Xn+k’y1""’yn+k) e 2(X) .

If A 1is a quasi ®(X)-formula of degree k of the above form and

k 1s a positive integer, let jW(A) be the formula;
-

“f"lr"l T v‘Xna AVENRE DAL LU PRSI Vxn+k3 y

Vu < e V(ungxn Vun+l'=< xn+13 Zatl. ... Dz

1 n+k (

WO 1 Y 2 A e AV a1 Zind A

B(ul, R I N L NUTTRRTE ST SRR ALY ’Zn+k)) .

Then, jw(A) is a quasi Z(X)-formula of degree k-1 because SX

is closed under A (cf. introduction of this paper).
If A is a quasi @(X)-formula of degree 0 , then A has the form;
Vi 3y ... Vi 3y Vusx....Vusx J2c@5,5 , c@y.De x
Let j‘,:(A) be the formula; ’
Vi, By ... Vx 3y 2V I0570@,5,9
Then, jw(A) is a formula in G (X).

From Lemma 4, Lemma 5 ,ahd Lemma 6, we can obtain the following

lemma.

~

LEMMA 7. T }-L A D3 (&) and Tr,Ex(W),Un(W) }-L 3 D A

-11-~



Now, we can define by the following; For each formula A in L,

gy
let A° be one of formulas which are equivalent to A and have the
form Vxlayl....,VxnaynB(}?,;), where B is an opén formula.

Then , A° is a quasi- §(X)-formula of degree n . Let gw(A)

be the formula j3+l(A°), where jg(A°) is A° and j;+l(A°) is
jw(j:}(A°)) for each i=0,1,..... Ihen, clearly 8y is a formula-
mapping whose domain is the set of formulas in L and whose range

is a sub-set of @®(X) . Moreover, Lemma 2 holds by Lemma 7.

This completes our proofs of Lemma 1 and Lemma 2.

-12-
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