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New kinetic theory for nonequilibrium dense gases

by the time coarse-graining method.

Yukichi Taji
Department of Physics, Japan Atomic Energy Research Institute

Tokai-mura, Ibaraki-ken 319-11

The validity of the Boltzmann equation was well verified for dilute gases
experimentally. Moreover the equation has been derived by starting from the
Liouville equation. However its extension to the case of dense gases is not
succeeded; it is well known that difficulty of re-collision is unavoidable in
successive collisions, which occur in a process of irreversible momentum-
transfer in far nonequilibrium dense gases.[1,2,3] Here the limitation of the
Liouville equation is examined. It will be clarified that the Liouville
equation is not applicable to nonequilibrium dense gases in which successive
collisions are not negligible. Lastly a new ensemble for dealing with dense
gases will be proposed.

Usually kinetic theory starts from the Liouville equation; the equation
is defined on ensemble average of closed systems. However physical meaning of
ensemble average must be reexamined because the structure of the ensemble is
not clear. The usual statistical mechanics is assumed to be based on the
ergodic theorem; "a macroscopic quantity is time average of a microscopic
quantity, which has a large number of'degrees of freedom, over:an infinite
time, and through the ergodic theorem this time average can be replaced by a
statistical average taken over an ensemble uniformly distributed over an

energy surface" [4]. The validity of the ergodic hypothesis has been proved
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by Sinai however for rather small systems of N hard spheres (N&2). Moreover
chaos has been clarified recently to appear in systems of a few degrees of
freedom (though some nonlinearity has been attached). These facts imply that

the ergodic hypothesis based on infinite time average might be necessary for

static or steady state, but cannot possibly be sufficient for dynamical
states. The concept of ensemble in the Liouville equation, which cannot be

supported by infinite time average, must thus be reexamined from the first

principle. -

1. Ensemble average

Once if a closed system consisting of definite (but huge) number N of
particles is considered then a phase space X=(Xx,,*,xy) is defined naturally
wvhere xi=(ri,pi) denotes the coordinate and momentum of the i-th particle.
Initial condition of the system is supposed to be unknown due to the huge
number of particles. Thus the system loses identity, so that systems Xk
(k=1,2,-+) which have the same Hamiltonian as each other constitute an

ensemble on an identical phase point. The phase distribution DN(X,t) is

defined on ensemble average as

Dy (X, t) = ka/)h, b = 6(X-X), (1.1)

k £ x k

where 6 is the delta function and summation is taken over the whole systems at
each phase point; DN is normalized to unity in the whole phase space.

The ensemble dgfined at each phase point is not always mechanical like a
mass-point occupying a point in physical space. For example, though two
systems which are just mutually reverse are represented by an identical phase
point, they do not always accompany in phase space because they do not

encounter with the wall of the container at the éame time. Thus the member of
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ensemble at a phase point changes in time though the ensemble at each phase
point includés mutually reverse systems always. In order that ensemble at
each phase point may be mechanical thus two conditions must be imposed on each
ensemble; ensemble must have no extent in phase space and ensemble must be
reversible.

The first condition that ensemble must not have any extent in phase space
is caused for ensuring the definition (1.1) with the usual continuous time;

the relative angular momentum of system Mér) must vanish on ensemble average

always as

L(r) _ o ole) |

MN = MN MN = 0, ‘ | (1.2)
wvhere M., and M(C) denote the total and center~-of-mass angular momentum on

N N
ensemble average respectively, which are expressible by using wk of (1.1). Of

course angular momentum of each system in ensemble is not conserved in such

non-conserved field as the wall of the container. However, M&r)

can be
conserved on ensemble average because of existence of reverse system. We call
(1.2) the embedding conditioﬁ because systems can be embedded into phase space
under (1.2).

The second condition is that ensemble located at a phase point must be
reversible like mass-point in physical space. For a closed system as seen
above there exists its just reverse system among ensemble always. Thus for
any pair of two particles there exists its just reverse pair in other system
always; forward and reverse pairs coexist in DN always. Then it is easily

seen that particle-interchange in a pair in DN can be identified with an

operation of time reversal in the pair. Thus DN must be symmetric always as

DN(",xi,~',x.,~~) = DN(-',x.,~-,x,,'-). (1.3)
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From (1.3) DN is independent of the directions of relative vectors between any
i k. .=r,. . . .ZP. . . ..=r.-r, and p, .=(p. -

two particles k1J rlJ/IriJl and QIJ le/lpiJl where rlJ r, rJ a le (pl

pj)/2. The following hold always:
BDN/'dkij = 0, aDN/aQij = 0. (1.4)

Under the conditions (1.2) and (1,3) the distribution DN can be integral

of motion as dDN/dt=O; the Liouville equation is written as

aDN/at = {H.,D.}, C(1.5)

N'™N

where Hy is the Hamiltonian and ( ) denote the Poisson brackets.

The symmetry (1.3) must be compatible with the embedding condition (1.2).

If Mér) of.  (1.2) has a form making every particle connect with each other

deterministically under (1.3) then any decomposition of DN becomes impossible;

such connection among particles can be easily proved. It can be proved that

symmetry of the relative angular momentum Mér)

symmetry of Mér) of the other every pair; once if symmetry even in a pair is

of a pair can be sustained by

disturbed by decomposition of D symmetry in every pair is disturbed. Thus
any decomposition of DN is prohibited under (1.2) and (1.3) generally. It is
thus concluded that DN must remain as mechanical forever.

[t is seen however from the above discussion that, if Mgr) of a pair

vanishes, ﬁér) of every pair must vanish, that is, decomposition of a pair
causes decomposition of every pair. For gases, in which intrinsic angular
momentum of molecules vanishes with spherical potential, decomposition of DN
is permitted in a limited situation that ﬁér) of every pair of two particles

vanish simultaneously as
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k.. x@ . =0, or (k, -8 ) = tl. (1.6)

From (1.6) the Stosszahlansatz or the Dyson perturbation series [5] is caused
naturally. Due to (1.6) however inlet reaction (negative sign in (1.6)) and
outlet one (positive sign in (1.6)) are impossible to be distinguished.

It is seen from (1.6) that the density expansion method in the B-B-G-K-Y
hierarchy equation [6,7] is effective only for the first approximation but is
not assured for the higher order approximations because all the higher orders
of correlation are already disturbed by the first approximation. The same
fact cah be said for the binary collision expansion method [7].

Owing to the restriction (1.6) kij and Qij become parallel to each other
so that time interval becomes explicit correspondingly to spatial distance
between two particles though the direction of motion or time is uncertain.
Then if the direction of time is made implicit by introducing a finite-time
average, (1.6) can play a role of gauge in phase space so that collision
between particles can be drawn as if in physical space. Under (1.6) the first
collision occurs in a pair of two particles locating nearest each other in
time. This situation is utterly different from the usual understanding that
collisions occur in any pair of two particles.at random at any time [6,7].
Therefore, frequency of collisions in time process is not related io the
density of particles but related to the time interval needed for collision to
occur. In order to express such collisions as stochastic process we will
iﬁtroduce a finite-time average over collisions in Sec. 2.

However, though binary collisions can be expressed stochastically by a
method of finite-time average, causality in successive binary collisions is
disturbed completely. Causality in collisions can be held only in a space
where metric is explicit; even if (1.6) is introduced the metric between three
particles is implicit in phase space generally. Thus we will introduce a new

ensemble defined in W-space in Sec. 3.
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2. Coarse-graining of space and time
Now owing to (1.6) the Liouville equation can be mapped onto H-space.
Here the mapping of the equation is performed, and space and time coarse-

graining are introduced. Since every pair of two particles has been truncated

as (1.6) r, and p, are expressible as

WK, .,1r.. 1), p. = pi(p§§

)
g =TTy i i ] i ,Qij,lpijl). (2.1)

(¢c)_
where rij —(ri+rj)/2 and p

written by using (2.1) as

(c)
J

i =pi+pj. Thus apN/ari and BDN/api in (1.5) can be

(¢)
aDN _ arij .aDN . akij.aDN . a!rijl. BDN (2.9
ari 'dri arf?) Bri akij ari alrijl
. 3 @ 2Q. . aD dlp. .| aD |
N _ ij N ij N i N
dp. ~ 9p ) * dp. 3Q ¥ p ap..1 (2.3)
i i apij i ij i ij
In the last terms in (2.2) and (2.3) the following hold:
ﬁlrijl/ari = kij’ ﬁlpijl/ap.1 = Qij/z. (2.4)

The streaming and the collision terms in (1.5) are thus written by using

(1.4), (2.2), (2.3) and (2.4) as

c)
pi.GDN ) p..BDN _ P, 'aDN . k-9 )Ipijl aDN 2.5)
m dr, m Odr, M (c) ij Tij o 9lr, .1 °? *
i j Brij i)
ij = :ill (:DN - :DN) = Ky i’):T;j | :?N [ (2.6)
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where the interaction potential @ij=¢(lrijl). M=2m and H=m/2.

Novw let us map the Liouville-eqﬁation (1.5) onto H-space. In W-space
extent of particles is explicit, so symmetry (1.3) is disturbed when two
particles approach in the interaction range ry, or lrijISro. Therefore,
mapping onto H-space causes coarse-graining of H-space naturally.

The distribution Fs(yl,°',ys,t) in H-space is defined as

S s N N
Fo= Vv de,s-deN T [.§ é(yk-xi)/.§ 11Dy, 2.7
k=1 i=1 i=1

where yk=(ri,pﬁ) denote values of the coordinate of M-space, V the volume of
the system and I--/dy1-~dyst=Vs. As seen from (1.6) it is not convenient to
discuss the term pi°aF1/8ri directly, therefore we treat the equation for

pairs of two particles qu 'By applying (2.7) to (1.5) and by using (2.5) and

(2.6) we obtain as

oF, S aF, Ipj,| OF,
TR NS EIML e EX I TR B
12
- * QO 1 ] 2'
K2 %5y BipraT ¢ de3[913+ 85, 1F,. (2.8)

The hierarchy structure of (2.8) is unavoidable under the symmetry (1.3),
which gives a picture that collisions occur in any pair of two particles at
random at any time. In order that F, of (2.8) may be symmetric according to

DN, H-space must be coarse-grained by particle-extent as

oF,/dir;,! = 0, QF,/8lp},I = 0 for Irj,| Srg. (2.9)
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The former of (2.9) corresponds to the assumption of hoﬁogeneous collision in
the definition of cross section and the latter means that collision occurs
oﬁly on the surface of potential. Under the condition (2.9) binary collisions
can be expressed by the cross section. However, éven if (2.9) is applied to
(2.8) the unknown factor (Kk;,°R,) remains yet for Irj,I>r, in (2.8); it is
seen that coarse-graining of HM-space can be attained by making the factor
(K;,°91,) in (2.8) implicit.

Equation (2.8) is invariant for an operation of time reversal t--t, pfg)

*-pﬁg)' and (kj,°R;,)2-(K},®],), whereas the sign of (kj,*Q{,) changes from
negative to positivé naturally as the reaction proceeds from inlet to outlet.
That is, the two events of time reversal and progress of reaction cannot be

distinguished at all in (2.9). To make (k;,*R,) implicit thus time average

over (K;,°®{,) is needed. Then we introduce a finite-time average in a

interval T as

(F,> = ﬂ:duFZ(yl,yz,uu). (2.10)
2.1. The Boltzmann equation
- The triple collision term on the right hand side of (2.8) is usually
neglected by the density exbansion method. Certainly in a dilute gas where

triple collisions scarcely occur the approximation is applicable; thus the
Boltzmann equation is obtained, strictly speaking, by imposing an isotropy
condition. However the density expansion method has no sense in the case of

dense gases; however in successive binary collisions in dense gases the higher

terms wi]} be shown next to become large.

2.2. Successive binary collisions
The time-average interval T has been set to cover only an isolated binary

collision in Sec. 2.1. Here 7 will be extended over the 3rd particle in
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successive binary collisions in the case of dense gases; this trial cannot
help being performed intuitively because the usual binary collision expansion
method is not inapplicable as discussed in Sec. 1.

In coarse-grained H-space '"particles" are regarded as if a mass-point
with no extent, Thus any binary collision of two particles can be regarded to
occur on a two-dimensional plane by twisting the trajectories at collision
suitably. Because the inlet and outlet reactions cannot be distinguished from

each other under (k{j'Qi

*
.)=t1 the sign of p!. can be taken twofold: p!.=-p!.
J) € g le le le

%
and p{j=pij

rewritten as

(Ipijl is conserved) where * denotes after collision; these are

o

1)

o
- -
b=

]
o

Ly (2.11)
i

(2.11")

ol
n
kol
-
=)
1]
g

(2.11) gives a picture of normal head-on-collision between mass-points, while
(2.11') gives a picture of grazing collision. Both the pictures of (2.11) and
(2.11') appear at the same time and survive even after either of the pair has
collided with third ones.

When binary collisions occur successively, every collisions can be laid
on an identical two-dimensional plane by twisting trajectories as Fig. 1
because the probability of successive binary collision does not depend on its
configuration as far as particles can be treated as mass-point. However, the
pairs of particles (1,2) and (1,3) in Fig. 1 cannot be distinguished when they
are isotropic as discussed in (2.11); Fig. 1 can be drawn only when there

exists anisotropy as

3
Fy = 40,0, + igksz”-.lijwk. (2.12)
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where wi denotes isotropic distribution and Jij vector function independent
gij and the summation of 1ijk is taken cyclic over the three particles. Thus

the triple collision term in (2.8) is written as .

3 1 0%, OF,
dezjdysf 8 iFs> = dezjdysz L3 e

i) i3 Pyt T %
3 1 09, 3 A, .
= <de2de3i§klpi 1 EF;l'Jijw > = <de2de3 2 *——1I6¢k>, (2.13)

where, in the second term, (2.6) with (2.3) have been used by assuming the
isotropy in (1.4) has been broken and, in the third term, (2.12) has been
used. In the last term of (2.13) the force term has been replaced by time
derivative on the potential surfaces ¢ because of the definition of coarse-
graining (2.9). However in the case of successive collisions the surfaces are
regarded to be distributed‘continuously due to the integration /dy,/dy,. Thus
self-collision occurs as Fig. 1; the particle i can arrive at (v) in two ways
of grazing collision at («) and successive collisions at («) and (B).
Collision at (B) induces self-collision at (y) inevitably when the momenta pi
satisfy the relation p;,//p;; or py,//Py4, which constitutes two-dimensional
triangle as Fig. 1. Thus occurrence of self-collision at (v) is proportional
to the frequency of collision at (B), i.e., the frequency of collision
occurring between («) and (vy), which is written as dQ/Q where 2 is length of

the interval (e,Y) and df its element. Thus (2.13) is written as’

3ad. L al. L
(2.13) « Y <———4wk>J de/e s Y <———lwk>1n(——) (2.14)
ijk ry ijk

where L/r,>>1 because L=Tlpij1/u is of order of a few mean free paths. Thus

it is seen from (2.14) that successive binary collisions cannot be neglected
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by the density expansion method even if asymmetry is considered approximately
in the Liouville equation; successive collisions cannot be treated by the
usual ensemble as far as symmetry is forced. Next an alternative ensemble

will be introduced to treat asymmetry.

3. New statistical ensemble

Once if closed systems consisting of definite number of particles are
considered there mingle two systems which are mutually reverse in ensemble
inevitably. Thus on the distribution DN defined as ensemble average of such

closed systems the embedding condition (1.2) and the symmetry (1.3) are

N
in the limited case of (1.6); (1.6) is indispensable for stochastic

imposed. Due to the conditions any truncation of D,, is impossible other than
description of binary collisions but it disturbs causality in successive
binary collisions. Here we will introduce a new statistical ensemble under
the following conditions: not to start from closed systems and to adopt a
space in which metric between particles is kept at any time and so finite-time
average is definable. Thus statistical ensemble will be defined by a method
of finite-time average over an open system in H-space.

We consider an open system X=£x,,'-,xi.-') vhose number of particles is
unknown; size of the system is taken as thé order of a few mean free paths.
For such system neither Hamiltonian nor phase space can be defined; open

system is defined in H-space as

Oy, t:X) = v)jé(y-xi>, (3.1)
i .

where v=1/P (P: number density of gases) and summation of i is taken over the
whole (unknown number of) particles., The system of (3.1) is deterministic
only in a short time interval t during which any collisions do not 6ccur in

the system; the range of potential is assumed finite, If O(y,t;X) is observed
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at points Y TV, during the interval t then systems with the configuration
(yl,".yn) are extracted as time series in 1. The systems observed at each
time step constitute ensemble because identity of systems is lost in H-space;

thus the distribution <Fn(yl,“,yn,t)>T is defined as ensemble average, or

time average in T as

n ‘
<Fn>T = <deif é(y-yi)O(y,t;X)>T. (3.2)

1
The ektracted ensemble must be embedded into former system, condition of which
“will be shown below. It is noted that there never exist any two systems which
are mutually mechanically reversible among the ensemble because time average
is taken over only a system along (or against) direction of time; therefore
symmetry is not forced on <Fn>r’ ‘However, because identity of particles is

lost in H-space <Fn>T is symmetric in 1 or IriJ.l)ro as

<Fn(--,yi,'-.yj,--)>T = <Fn('~,yj.'°.yi.°°)>T. (3.3
If v is extended over collisions the symmetry (3.3) is broken; aFn/GQ{j does
not vanish in collisions in contrast with (1.4) or (2.6).

As seen from the definition (3.2), <Fn>T does not change even if the
observing time at Yy is slid in 1, so that extracted system is defined by
coordinates with spatial deviation; by the definition of (Fn>T spatial domains
or cells are produced around each "particle" at r;. The cells do not oVerlap

each other, so they are supposed to occupy identical volume vT (< v ) as
. w = n N
del jdyn<Fn>T (vT) s (3.4)

in which vT tends to v when 1 is extended over collisions and the cell are

fused into one.
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The values (yl,--,yn) in <Fn>T can be regarded to construct a virtual 6n-
dimensional "phase space“ because each "particle" yi has its own spatial cell
as seen above. Thus physical quantities in H-space can be defined by spatial-

average over the cells; we define cell-average «

for a quantity A(y1,~-,yn):

n

_ 1 '

an(A<Fn)T) = 'H v J driA<Fn>r' (3.5)
i=1' 1 vT

Isolated state of the extracted systems is assured by angular momentum

conservation on cell-average:
an(Mn<Fn>T) = constant. (3.6)

The conscrvation laws of center-of-mass and angular momenta are expressed by

applying (3.3) to (3.6) in 1 as

r)'
n

)
n

un(M (Fn>r) = constant, un(M <Fn>r) = 0, (3.7
wvhere the former expresses isolation of systems and the latter corresponds to
the embedding condition (1.2). Since isolated state has been defined equation

of motion for <Fn>T can be written by putting A<Fn>r=<an/dt>r=o in (3.5) as

dF

n, !
an(at - an<(Hn,Fn}>T, (3.8)
wvhich is the averaged Liouville equation corresponding to (1.5) (the wall
potential of containers may be neglected). Extension of T over collisions

must be performed by checking the embedding condition of (3.7), and also by

keeping the "Liouville theorem" in the virtual "phase space". The "Liouville
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theorem" is defined as: Fn of (3.8) integrated over the whole '"phase space" to

be conserved at every time as

n :
<J"Jifldpian(aFn/at)>T = 0. (3.9)

Under (3.9) the time and the cell averages become commutable, which situation
corresponds to Kirkwood's definition of macroscopic quantity [9]; the length

of T can be determined self-consistently under (3.9).

4, Systems of three particles

Here we will treat a moderately dense gas far from equilibrium, in which
genuine triplé collisions may be neglected and successive binary collisions
are sufficient to be considered. Then we will consider the case of F, in
(3.8) and derive a kinetic equation for <F,>, from the equation.

Equation (3.8) with n=3 is written as

vy s vy, Pi @Fg P, OF,

‘s g e T e O RUER, T h, TR, f Oi2fat L6iFadds. D

LI e ] 2
—

1

where < >, denotes time average in 1, (715! the time interval in which any
collision does not occur in system of three particles) and

c) (c)

R1= rl-rz’ P1= (pl‘pz)/zg R2= R2 ‘1"3, P2= (P2 —2p3)/3’ (402)

in which R§0)=(r1+r2)/2 and P§C)=p1+p2. In (4.1) variables concerning the
center-of-mass of systems have disappeared due to the isolation condition
(3.7); the variables can revive when the embedding condition (3.9) is

fulfilled. Because genuine triple collisions may be neglected the first

collision in (4.1) is written as
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| QU,, OF, AU,, OF, 1 9F,

. = < (Q +

©12Fs = 3R, "°P, - OR, C4BIP,1 * 1P, 1 98, (4.3)

where £,=P,/1P, 1. The second and third collisions in (4.1) can be written as

o p o1 3, ,+ U,,) QF,
is"® ~ 2 9R, P,"

(4.4)

LU e KA

i=1

In the interval T, any interactions do not occur. In 1, binary collision
of (4.3) occurs, and in T, collisions with the third particle (4.4) occur. In
the usual theory anisotropy 9F;/3R, in (4.3) vanishes by the symmetry of the
distribution, but in the present theory symmetry is not imposed in collision;
thus momentum-transfer in collision can be expressed. For lack of symmetry
however coarse-graining of H-space or introduction of cross sections is not
assured directly. This matter will be solved by introducing an average force
field.

In the interval t,, both 8,,F; and 8, Fy (i=1,2) in (4.1) appear as (4.3)
and (4.4), If 1, is set arbitrarily long to fuse three cells into one, and if
the coarse-graining (2.9) is applied to the inside of the fused cell, 8i3F3 in
(4.4) is expressed in the similar form as (2.9). Thus the chaotic situation

(Fg>p = <F (¥, OF (y,, UF (y4, ) (4.5)

K’
which holds naturally in 1, or k=3, is extended over every collision, so that
symmetry holds everywhere in the fused cell; this situation causes difficulty
of self-collision (see Sec. 2.2.). It can be thus recogﬁized that fusion of
cells must be restricted only to between two cells of the first collision and
the second collisions must not be included inside the fused cell.

The coarse-graining (2.9) is applicable only to the state satisfying

dF,/39,=0 (because (2.9) was able to be obtained under the symmetry of the
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distribution) and moreover self-collision occurs only when P, is parallel or
similar to P, as P,//P, (see Sec. 2.2). Then we introduce an average force
field for cancelling 9F,/9R, and also for stopping the third particle just on

the fused cell including the first collision, which is expressed in eis of
(4.4) by applying the law of action and reaction to between the center-of-mass

of the first two particles and the third particle as

1 3Wis*Ups) o 148, JdQ,P,F,

2 9R, - ot /d@ /d%,F, )’ | (4.6)

where Qi=Pi/IPiI. The above discussion for setting (4.6) will be confirmed
soon below in examining the Liouville theorem (3.9). By using (4.6) equation

of motion (4.1) is written as

mF oy P P g [RF, O,
I T 12F3 * 9t Traer, ) op,

(= — o

3t 1 T ety m, 9R, E@ + 0 4.7

where dR=dR,dQ, and < >; has been replaced by < >, because time-average
interval has been extended over three cells though their fusion is controlled

by the average force field.

The average force field (4.6) begins to work when either of the particle

1 or 2 collides with the particle 3 as

r,-ry= R,2R,/2= rge for i=l,2, (4.8)
where e is the unit vector originating from the third particle, and the case
i=]l corresponds to positive sign and vice versa. W¥When the interaction with

the third particle begins, the second term on the right hand side of (4.7) is

written by using (4.8) as
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J P2 7 JdR’ o T = JdR Py s (4.9)

vhich means that the fused cell has been extended on the surface of the third
particle.

Now on the basis of (3.9) with n=3 and (4.7) we can examine similarity
between P, and P,; in order that (38.9) méy hold in 1, the following must hold

on the right hand side of (4.7) as

Jap, [a ORI i N [ap, or, Bl W £.10)
<|dP, [dPyey * (- o, m, 3R, 71 < ¢ dP, [dP, [dR, G4 7) gy = 0, (4.

2

13U, F, 3 /dQP,F, OF,

(r) . M . _
IP,1 @R, a9, ' at' sagem, 2 ap, 1 = O (4.11)

<de1JdP2a3

{

in which (4.9), (4.3) and the coarse-graining (2.9) have been used. In (4.10)
dR,=%dR,/2 of (4.8) has been used in the second term and the needless /dR,; has
been removed. In (4.11) the first term of (4.3) has vanished by using (2.9).

It is seen that both (4.10) and (4.11) hold under a similarity between P, and
P,:

Pl P2
<Jd91JdQ2(;n‘;+E;)F3>1 = 0. (4.12)

The reason why (4.11) holds under (4.12) is as follows; replacing both P,'s in
the second term of (4.11) by -m,/m;P, the first and the second terms in (4.11)
cancel each other owing to Newton's second law averaged over & (IP,! and P, 4
are conserved). It is noted that (4.12) is equivalent to the state p,,//p,,
or p,,//p,; under which self-collision is caused (see Fig. 1); the average

force field (4.6) excludes self-collision from v;. It is seen that the
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similarity of P, and P,, (4.12) not only fulfills the "Liouville theorem"
(3.9) with n=3 but also prevents self-collision.

By substituting (4.12) into the average force field in (4.7) we obtain as

(r) %3 (r) BL.EEE P, 9Fq

Qg "37 01 = Cog (- m, R, a;-gﬁz + 8,,F)>,

/dQP, F, oF,

m
(ry,_2 3 .
< ), <3P2>1,

+ aa ml 5; _7555; (4.13)

Consequently, (4.13) holds under a restriction that the average force
field (4.6) can be defined definitely, that is, anisotropy is restricted to
the first order as

Fl(xi,t) = (1/4n)wi(ri,pi,t)[1 + Swi-Ji(ri,pi,t)], (4.14)
where

¢i = deiFl(yi,t), ji = [dwiwiFl(yi,t)/Wi. (4.15)

After some calculations an extended Boltzmann equaion is obtained from (4.13)

as

aFl pl aFl 1 ajl '
(at >1 + (m ~ar1>1 =C.,I., - an (at )1.<J1¢1)1
1 8j2
Y Gam 2y de2<51‘>1’<izwzwl>l, ~ (4.16)

where C.I. denotes the Boltzmann collision integral. Lastly we introduce a

coarse-grained time tc with the unit 7, as
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Thus except for the third term of (4.16), which may be neglected, this result

coincides with a transport equation reported previously.10

5. Conclusions

The usual Liouville equation has been examined. It has been pointed out
that point in phase point cannot have mechanical property like that of mass-
point in physical space because phase space is only fictitious so even metric
between particles cannot be definite in phase space. For the equation to be
defined definitely then two conditions have been required: the embedding
condition (1.2) and the symmetry condition (1.3). Under the two conditions it
has been clarified that, if the symmetry is disturbed even in a pair of two

particles in DN’ symmetry of D, is disturbed completely; thus any partial

N

truncation of DN is not permitted generally. However, only in the limited
case of (1.6), every pair of two particles in DN can be truncated even under
the two conditions. These facts means that the usual density expansion or
binary collision expansion method cannot treat mechanical sequence like
momentum-transfer occurring in triple collisions or successive binary
collisions.

Owing to the truncatioh condition (1.6) it has been poin&ed out that

mapping of D, onto H-space becomes possible so coarse-graining of_u-space is

N
caused naturally, and the Stosszahlansatz or the Dyson perturbation series is
assured. Moreover it has been found that the usual understanding tbat
collisions occur at random in any pair of two particles in the Liouville
equation at any time is not always true in short time interval but collision

occurs in a pair of two particles locating nearest in time. In order to

describe such distance in time and also in order to express collisions with
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indistihguishable direction as stochastic pfocess, finite-time average has
been shown to be indispensable.

Then for the-case of dilute gases in which only binary collisions are
effective the Boltzmann equation with coarse-grained time has been clarified
to be derived;»the equation is applicable only to quasi-isotropic gases but
time-average interval is impossible to be determined self-consistently in it.

For the case of anisotropic dense gases it has been shown that, if time-
average interval is extended over successive binary collisions, difficulty of
self-collisions is unavoidable and the situation is inevitable as far as
ensemble of closed systems is adopted. 1In order to treat such successive
collisions in nonequilibrium dense gases we have proposed a new statistical
ensemble defined by finite-time average over open subsystem in H-space. The
new ensemble has been brought by a new method of applying the Liouville
theorem to H-space.

In Sec. 4 systems of three particles is extracted from the new ensemble
and successive binary collisions have been discussed; for treating the
anisotropy 9F,/3Q, of (4.3) in binary collisions an average force field has
been introduced.

Spatial coarse-graining is indispensable for introducing the cross
section, but anisotropy 8F3/352l hinders coarse-graining of H-space. Then an
avefage force field has been introduced for cancelling out the anisbtropy
dF,/3Q, inside the fused cell of the first collision, so that coarse-graining
of H-space has been able to be brought inside the fused cell and also momentum
transfer in collisions has been described.

The average force field in (4.16) plays multi-fold roles: (1) to exclude
self-collision from the time average, by which the time-average interval T, is
determined self-consistently so time is coarse-grained, (2) to conserve the
anisotropy 9F,/3Q, during 1, and to transfer it to the next time interval as

the whole and (3) to conserve the volume of the virtual "phase space"”, or the
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"Liouville theorem" during t,. Owing to the role (3) the isolation condition
with n=3 in (3.7) is assured in 1, (third particles are not disturbed); the
chaotic situation (4.5) is assured in the coarse-grained H-spacé localized by

the average force field. Thus the extended Boltzmann equation (4.16) is
applicable to dense gases under only the condition that anisotropy of F, is
restricted by the first order of w; (4.14); the fact contrasts with the
restriction that the usual Boltzmann equation can treat only quasi-isotropic
distribution.

Recently, the self-similarities or fractals in turbulances and various
mesoscopic phendmena have been found. IfAthe scheme of fluid mechanics is re-
examined on the basis of the extended Boltzmann equation some aspects of such

phenomena will be clarified. Other problems still remain concerning more

dense gases or gases of non-spherical molecules.
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Fig. 1. Schematic draw of self-collision in coarse-grained H-space. In
coarse-grained H-space particles behave like mass-point and cause self-
collision as follows; ihe particle 1 makes collision at («) in double form:
grazing collision (2.11') toward (vy) and normal head-on-collision (2.11)
toward (B). If the latter counterpart of the particle 1 makes normal head-on-
collision at (B) then a self-collision happens at (v). For drawing
recollision triangle p;t,=pyt,+pyt; (t,=t,+t;: the time interval between the
points («) and (v)), parallel of relative momenta p,,//p;, and/or p;,//p;; are
needed. In order to judge the form of collision at («) the direction of p;,
must be known; it is impossible however in the usual theory as seen from

(1.4).
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