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Abstract

When cyclic loading is applied to poroelastic materials, a transient stage of interstitial fluid
pressure occurs, preceding a steady state. In each stage, the fluid pressure exhibits a
characteristic mechanical behavior. In this study, an analytical solution for fluid pressure in
two-dimensional poroelastic materials, which is assumed to be isotropic, under cyclic axial
and bending loading is presented, based on poroelasticity. The obtained analytical solution
contains transient and steady-state responses. Both of these depend on three dimensionless
parameters: The dimensionless stress coefficient; the dimensionless frequency; and, the
axial-bending loading ratio. We focus particularly on the transient behavior of interstitial fluid
pressure with changes in the dimensionless frequency and the axial-bending loading ratio. The
transient properties, such as half-value period and contribution factor, depend largely on the
dimensionless frequency and have peak values when its value is about 10. This suggests that,
under these conditions, the transient response can significantly affect the mechanical behavior

of poroelastic materials.

Keywords: Porous material, Poroelasticity, Cyclic loading, Bending moment, Transient

response, Fluid pressure



1. Introduction

The presence of interstitial fluid in porous materials modifies its mechanical response due
to the interaction between solid deformation and fluid flow. Two principal mechanisms are
involved in this phenomenon, i.e. (i) a change in applied stress produces a change in fluid
pressure and a transport of interstitial fluid (solid-to-fluid coupling), while (ii) fluid pressure
and its transport cause a volume change of the matrix material (fluid-to-solid coupling). The
coupling of these mechanisms leads to time-dependent mechanical behavior of the porous
materials.

The coupled diffusion-deformation phenomenon in porous materials is initially investigated
to understand the mechanism of soil consolidation, i.e. the progressive settlement of a soil,
mainly in geomechanics. To solve the consolidation problem, Biot (1941, 1955) presented
poroelasticity, which is a coupling theory for the deformation of linear elastic materials
governed by Hooke’s law, and interstitial fluid flow governed by Darcy’s law. Poroelasticity
enables us to quantify the solid-fluid coupling behavior of poroelastic materials and evaluate
its time dependency. This theory has been widely applied to the mechanical analysis of
biological tissues, such as bone, cartilage and cardiac muscle (Nowinski and Davis 1970;
Mow et al., 1980; Yang and Taber, 1991), as well as that of rocks and soils (Jacob, 1940;
Bredehoeft, 1967).

Poroelastic materials found in nature can be often assumed to be subjected to cyclic loading.
A groundwater-saturated soil under the influence of atmospheric pressure or earth tides is the

good example and its poroelastic behavior was focused on in the field of geomechanics (Jacob,



1940; Bredehoeft, 1967; Rojstaczer, 1988; Quilty and Roeloffs, 1991; Roeloffs, 1996). Many
researchers in biomechanics regarded bone tissue as poroelastic material with isotropic (e.g.
Harrigan and Hamilton, 1993; Weinbaum et al., 1994; Zhang and Cowin, 1994, Zhang et al.,
1998) or anisotropic mechanical properties (e.g. Swan et al., 2003; Rémond and Naili, 2005,
Rémond et al., 2008), and investigated the mechanical response to physiological cyclic
loading. In general, after applying cyclic loading to the poroelastic materials, a transient stage
of fluid pressure precedes the steady state. Despite the rapid decay of the transient stage, the
materials exhibit a unique response. Particularly under the condition of intermittent loading,
the transient response occurs frequently, and its contribution to the magnitude of the fluid
pressure is comparably equal to that of the steady-state response. To understand poroelastic
behavior in detail, it is important to investigate the transient response observed immediately
after loading. However, most previous researches have been concerned only with the
steady-state response; there are few reports on the transient response.

In this study, we extend the solution of poroelastic materials under cyclic uniaxial loading
obtained by Kameo et al. (2008) by considering bending moment to investigate poroelastic
behavior under more complex loading conditions. That is, we present an analytical solution of
interstitial fluid pressure that includes both the transient and steady-state responses in
poroelastic materials subjected to cyclic axial and bending loading. Based on the obtained
solution, we demonstrate how two parameters, the loading frequency and the axial-bending
loading ratio, affect the distribution, evolution, and transient properties of fluid pressure in

poroelastic materials.



2. Poroelasticity
2.1 Constitutive relations

The Biot formulation of the constitutive equations for a fluid-saturated porous material is
based on the assumption that both the infinitesimal deformation of porous material and the
interstitial fluid flow are expressed as the linear sum of the contributions from the stress and
the fluid pressure. The constitutive relations for isotropic poroelastic materials are expressed
using solid strain tensor &;, total stress tensor oj;, interstitial fluid pressure p, and variation of

fluid content ¢, defined as the variation of fluid volume per unit volume of porous material:
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where oy represents a sum of the three normal stresses with the Einstein summation
convention for repeated subscripts, d; is the Kronecker delta, thatis ;=1 ifi=jand & =0 if
I #] (Detournay and Cheng, 1993; Wang, 2000; Coussy, 2004). In the above equation, G, v
and K are, respectively, the shear modulus, Poisson’s ratio, and the bulk modulus under the
drained condition, satisfying K =2G(1+ v)/3(1—2v). The drained condition is when the
fluid pressure equilibrates with the environmental pressure, usually assumed to be zero. The

Biot-Willis coefficient « and Skempton coefficient B in Egs. (1) and (2) are given by
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where K is the bulk modulus of the solid constituent, K is the bulk modulus of the fluid, and



¢ is the porosity.
Assuming isotropic behavior of the interstitial fluid flow, which is governed by Darcy’s law,

the fluid flux component q; is related to the fluid pressure gradient p; as:
k

=——P; . ()
U

where k is the permeability and x is the dynamic viscosity of fluid. Equations (1), (2) and (5)

are the constitutive equations for poroelasticity.

2.2 Governing equations

In order to study the quasi-static behavior of poroelastic materials, the linear momentum
conservation equation without inertia terms, i.e. the stress equilibrium equation, is utilized in
this study. The stress equilibrium equations of poroelastic materials are
o;;+F=0, (6)
where F; is the component of body forces. Using the constitutive equation, Eq. (1), the
equilibrium equation, Eg. (6) in the absence of body forces, and the displacement-strain
relation:

ij
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the strain compatibility equation expressed in the stress components is obtained:
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where V? stands for the Laplace operator.

The equation of fluid continuity is expressed as:
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where Q is the source density, i.e. the rate of injected fluid volume per unit volume of porous
solid. Using the constitutive equation, Eq. (2), Darcy’s law Eq. (5), the strain compatibility

equation, Eq. (8), and Eq. (9) in the absence of fluid source, the isotropic diffusion equation

for poroelasticity is eventually derived in the form:

3 0 3
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in which the diffusion coefficient c is given by
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where v, is the undrained Poisson’s ratio, defined by

y _3v+aB(1-2v)
" 3-aB(1-2v)

(12)

The undrained condition denotes fluid is trapped in the porous solid, such that = 0.

3. Formulation and solution
3.1 Formulation of the poroelastic problem

We consider the two-dimensional poroelastic material model shown in Fig. 1, with a width
2a in the x-direction and a unit thickness. The sample is sandwiched between two rigid and
impermeable plates at the top and bottom, and subjected to cyclic axial loading and bending
moment. The edges of the model x = +a are assumed to be stress-free and drained, i.e. the
fluid pressure p satisfies:

p(x=1a,t)=0 . (13)



This boundary condition denotes that the fluid can freely leak from the edges. Both a cyclic
axial load per unit thickness N (t) with amplitude N and a cyclic bending moment per unit
thickness M (t) with amplitude My are applied in the same phase along the y-direction at
time t = 0 through the rigid plates. The boundary conditions for stresses are given as:
Iaayydx— ):—Nosin wt (14)
j:x(ryydx=—M (t)=-M,sinot , (15)
where @ is the angular frequency of the cyclically applied load and moment. The initial

condition of the poroelastic material is assumed to be at rest, that is o; (x, t=0)=0 and

Considering the problem symmetry, the stress components o;; and fluid pressure p depend
only on x and t. Assuming no shear stresses throughout the poroelastic material, i.e.
o, (X, 1) =0, stress equilibrium, Eq. (6) requires o, (x, t)=0. Moreover, under a plane
strain condition in the z-direction, the constitutive relations yield:
o =(1+v)o, —(1-2v)ap . (16)
Substituting Eq. (16) into Egs. (8) and (10), the strain compatibility and diffusion equations

are reduced to:
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the strain compatibility equation, Eq. (17), the diffusion equation, Eq. (18) and the boundary

conditions, Eqgs. (13)—(15) reduce to

o « 1 .
W(%Tp j:o (20)
W(O_W+p )=at* (O-yy+p ) (21)
p’ (X' =£Lt")=0 (22)
[ op,dx = -2sin 2t (23)
1w v o 2 . «
Lx o, dx :—gAsm.Qt : (24)

Hereinafter, H is called the dimensionless stress coefficient, £2is called the dimensionless
frequency, and A is called the axial-bending loading ratio. Eventually, this poroelastic
problem results in the system of the partial differential equations Eqgs. (20) and (21) under the

boundary conditions of Egs. (22)—(24).

3.2 Solution of fluid pressure

We solve the boundary value problem shown in the previous section for fluid pressure p.
The integration of Eq. (20) yields:

w fowooy L .\ .
ayy(x,t)+ﬁp(x,t):Cl(t)x +C, (1) (25)

where C; and C; are proportional constants that depend only on time t". Substituting X = +1



into Eq. (25) using the diffusion equation, Eq. (21), C; and C; are expressed in the form:

C,(t) =%{a;y (Lt)-0p, (-1 1)) (26)
C,(t) =510, (L €)+a, (-1 )} (27)

Substituting Eq. (25) into Eq. (21) to eliminate the fluid pressure p” leads to the partial

differential equation for the stress a;y :

azcr;y(x*,t*):acr;y(x*,t*)+ H {dq(t*) - dCZ(t*)}. -

- - X ——
OX ot 1-H | dt dt

Taking the Laplace transform of Eq. (28) with the assumption of no stress under the initial

conditions, the general solution of Eq. (28) is obtained:

&, (X', s)= A(s)cosh/sx" + B(s)sinh/sx" —%{Cl(s) X +C,(s)} . (29)
where the tilde (7) signifies the Laplace transform, and A(s) and B(s) are unknown coefficients
to be determined from the boundary conditions. Substituting x” = +1 into Eq. (29) and using
the Laplace transform of Egs. (26) and (27) yields:

C,(s)=(1-H)B(s)sinh+/s (30)
C,(s)=(1-H)A(s)cosh s . (31)
Therefore, substitution of Egs. (30) and (31) into Eq. (29) leads to

&y (X1 s)= A(s){cosh Jsx" —H cosh \/§}+

. (32)
B(s){sinh Jsx —x"H sinh \/E}

Application of the Laplace transforms of the boundary conditions Egs. (23) and (24), and
the use of Eq. (32) yield:

Q
2 2 \/g
A(s) = S +0 (33)

_sinh\f—H\/gcoshﬁ
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Q0
A s +.0° °
B(s)=- : (34)

3./s cosh /s —sinh ﬁ(3+ Hs)

Thus, all the uﬁknown/ﬁarametefg are determined.

By substituting Egs. (30)—(32) into the Laplace transform of Eq. (25), the Laplace

transform of the fluid pressure p’ (x*, t*) is expressed as:

ﬁ*(x*, S) =A(s)H {Cosh\@—cosh Jsx L+
B(s)H\/{_x*sinh s —sinh ﬁxf} '
N

By applying the inverse Laplace transform of Eq. (35) with the help of Egs. (33) and (34), the

(35)

fluid pressure p*(x*, t*) can eventually be derived as the sum of the transient response

Prans (X, t7) and the steady-state response pg,,,, (X", t*) in the following form:

P (X 1) = Prans (X )+ Play (X 1) (36)

ptrans(x L ):22 (/I:+.QZ)( —Slnﬂ, cosA

n

o QA2sin A, (cos/i —C0S A, X )
)

X (37)
oS QuE (sin g, = g1, €08 41, ) (X" sin g, =sin g X') .
+ g
o (1 + Q%) (4l + y sin g, cOS g1, ~ 25in° 1)
Preagy (X 1) = (1+ AX )sinQt" ~Im H\/@COSh \/@X —_smh«_/ﬁ +
HA/iQ cosh/iQ —sinh/iQ
: 38
(QH snh o3 +3x (sinh ViGr— @ cosh )| <
A e'
IQH sinh \/ﬁ+3(sinh ViQ —+/iQ cosh \/ﬁ)
where 4, and x4, are, respectively, the n™ solutions of
ta; A, _H (39)
tan 3
ﬂ“n 3 (40)

11



Equations (36)-(40) show that the fluid pressure p”(x’, t") depends on three

dimensionless parameters, H, €2, and A.

4. Results
4.1 Fluid pressure behavior

As shown in Egs. (36)-(40), the dimensionless fluid pressure p"(x",t") ina poroelastic
material is expressed as a function of the normalized position x” and time t", and depends on
the dimensionless parameters H, £2and A. The dimensionless stress coefficient H is the
parameter related to the material properties of matrix material and interstitial fluid that make
up the poroelastic material. Both the dimensionless frequency (2 and the axial-bending
loading ratio A are determined by the loading conditions, representing temporal and spatial
characteristics. Kameo et al. (2008) reported that the distribution and evolution of fluid
pressure under cyclic loading are almost independent of the dimensionless stress coefficient H
when H is larger than 50, because the effect of fluid-to-solid coupling becomes negligible
compared to that of solid-to-fluid coupling. To investigate the dependence of fluid pressure on
the loading condition, we demonstrate how the dimensionless parameters £2and A affect the
fluid pressure behavior in poroelastic material, with H = 100.

We investigated the effect of the dimensionless frequency 2 on the behavior of fluid
pressure p*(x*, t*) . The dimensionless parameter © defined in Eq. (19) represents the ratio

of the characteristic time of the fluid pressure relaxation, z, = az/c , to that of the applied

load, 7, =1/w. The fluid pressure distributions along the x-direction for £2=0.1, 1, 10 and

12



100, with A = 1, are shown in Fig. 2. Figure 2a corresponds to the steady-state response

p;eady (x*, t*) plotted for eight equal length phase points in a period, and Fig. 2b corresponds
to the transient response py,,,, (X", t*) plotted att" =0, 0.01, 0.1 and 1. The fluid pressure
evolution at X = 0 for £2=0.1, 1, 10 and 100, with A = 1, is shown in Fig. 3. In each set of
figures, the upper one is the enlarged graph of the lower one from the initial time to the 1/12
period of the corresponding loading curve.

In addition, we investigated the effect of the axial-bending loading ratio A on the pressure
p". The parameter A stands for the ratio of the magnitude of the bending moment to that of the
axial load, referring to Eq. (19). The fluid pressure distributions for A =0.1, 1, 10 and 100,
with ©2=1, are shown in Fig. 4. Figures 4a and b correspond to the steady-state response

Paeasy (X' 1) and the transient response . (X", t7), respectively.

To quantify the transient properties of fluid pressure, we introduce two factors. One factor

is the half-value period of the transient stage T,,, which is defined by

Q (el o« *
T z—( P dx) , 41
2 =g ([ P[] (41)
where ( )]/2 signifies the dimensionless time interval required for the quantity in parenthesis

to decay to half of its initial value. The half-value period T,, quantifies the decay-rate of the

integration value of p,... over the width normalized by the period of applied cyclic loading.

*

The other factor is the contribution factor of the transient response 77, which is defined by
P

2z 4 O
(57 |

" j:fz( [ dx*)dt* | (42)

Considering that the fluid pressure p*(x*, t*) is expressed as the sum of the transient

*
Psteady
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response P .. (x*, t*) and the steady-state response Py, (x*, t*) as shown in Eq. (36), 17
represents the ratio of the magnitude of the transient response to that of the steady-state
response in the first period of the loading cycle. Both the half-value period of the transient
stage T, and the contribution factor of the transient response /7are functions of the
dimensionless frequency £2 and the axial-bending loading ratio A when the dimensionless
stress coefficient H is constant. To investigate the effects of £2and A on these two factors,

Figs. 5 and 6 show T,, and /7three-dimensionally plotted versus log,, A and log,, <2,

respectively.

4.2 Steady-state response

The steady-state solution of fluid pressure in a three-dimensional poroelastic beam
subjected to cyclic loading has already presented by Zhang and Cowin (1994). Assuming the
plane strain condition and free leakage at surfaces in their problem, their analysis conditions
reduce to those of our work. Figure 2a, which shows the behavior of fluid pressure
distribution as the dimensionless frequency (2 changes, and Fig. 4a, which shows the behavior
of fluid pressure distribution as the axial-bending loading ratio A changes, corresponds to the
solution obtained in their work. In this section, we summarize the fluid pressure behavior in
steady state obtained by our study and previous studies, and focus on the seepage velocity of
interstitial fluid flow.

Figure 2a shows that, as the dimensionless frequency (2 increases, the fluid pressure  p,.q,

also increases, because the excess fluid pressure has difficulty diffusing due to the rapid

14



change in applied loading. The fluid pressure profile along the x-direction transforms from a
parabolic to a linear shape. Following Darcy’s law, which describes a proportional
relationship between a fluid flux and a fluid pressure gradient, the seepage velocity of the
interstitial fluid becomes higher near the surface in the positive region of x-coordinates, as the
dimensionless frequency £ increases. Meanwhile, Fig. 3 (i) indicates that there is a
remarkable phase shift between the applied cyclic loading and the corresponding fluid
pressure evolution in a steady state at X = 0 at low frequency (2= 0.1 due to the interstitial
fluid transport. At high frequency, when £is larger than 10, the profiles are almost in phase
because the interstitial fluid has difficulty moving, as shown in Figs. 3 (iii) and (iv).

The dimensionless parameter A represents the ratio of the magnitude of the bending
moment to that of the axial load, as mentioned in the previous section. Recalling that the fluid
pressure p is normalized by the amplitude of axial load Ny, as shown in Eq. (19), we can
consider the axial-bending loading ratio A as the dimensionless bending moment when Ny is
constant. Figure 4a indicates that the fluid pressure p,, increases with A due to the
additional bending moment. As shown in Fig. 4a (i), the fluid pressure profile has a
symmetric shape about X" = 0 when the magnitude of axial load is much larger than that of the
bending moment, A = 0.1. The increase of A causes a sign inversion of the fluid pressure
around both surfaces of the poroelastic material, as shown in Fig. 4a (iii), and when the
bending moment is dominant, compared to the axial load, A = 100, the fluid pressure profile
has an antisymmetric shape about X” = 0, as shown in Fig. 4a (iv). This transition of the fluid

pressure profile with an increasing axial-bending loading ratio A induces interstitial fluid flow,
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not only in the neighborhood of the material surfaces, but also around the center of the

material far from the surfaces.

4.3 Transient response

The transient stage of fluid pressure lasts for some time after applying cyclic loading to the
poroelastic material until the fluid pressure reaches a steady state. Figures 3 (i) and (iv)
indicate that the effect of the transient response is dominant when the phase shift between the
fluid pressure evolution in the steady state and the applied cyclic loading is remarkable.
Considering that the sum of the transient response p,... and the steady-state response p;eady
at the initial time t = 0 must be null because the applied loading is null at this time, the
transient response is related to such a phase shift, and compensates for it immediately after the
application of loading. As a result, an increase in the rate of change in fluid pressure is
observed in the transient stage, as indicated clearly in Figs. 3 (i) and (ii).

As mentioned in the previous section, the fluid pressure evolution and the applied cyclic
loading are almost in phase for a large dimensionless frequency (2 because the fluid pressure
has difficulty diffusing. As shown in Figs. 2a (iii) and (iv), for fluid pressure distributions in
steady state, both the applied loading and the fluid pressure change in the same phase around
the negative region of the x-coordinates, where the pressure profile has a linear shape. This
suggests that the effect of the transient response is limited to the region close to the surfaces
of the poroelastic material when 2is large, as shown in Fig. 2b. Meanwhile, Fig. 4b indicates

that the fluid pressure profile in transient state transforms from a symmetric shape about X =
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0 to an antisymmetric shape about x” = 0 as the axial-bending loading ratio A increases,
similar to the pressure profile in steady state.

Figure 5 is a three-dimensional plot of the half-value period T, representing the decay
rate of the transient stage as the axial-bending loading ratio A and the dimensionless
frequency<2 change. This figure shows that T, reaches a plateau at 0.29, as £2increases. In
addition, T,, has a peak value, 0.36, when A is smaller than 1 (log,, A4 <0) and £2is about
10 (log,, £2~ 1). These results reveal that the effect of the transient response is reduced by
half in the first 0.4 period of the applied cyclic loading.

Figure 6 shows the behavior of the contribution factor of the transient response /7as a
function of A and 2. There is a spike of /7around 2= 10 (log,, £2 =1) with a peak value of
0.20, while the value of £ that maximizes 77depends on whether A is larger than 1
(log,, A >0). This suggests that the magnitude of the transient response is about 20% that of
the steady-state response under certain conditions. Unlike the behavior of T,,, /7gradually
declines after the peak with increasing (2 because, under a large dimensionless frequency <2,
the effect of the transient response becomes negligible in the region, except for the

neighborhood of the material surfaces, as shown in Fig. 2b (iv).

5. Discussion
We presented an analytical solution for interstitial fluid pressure in poroelastic materials
subjected to cyclic axial and bending loading. The analytical solution contains steady-state

and transient responses—both depend on three dimensionless parameters: The dimensionless
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stress coefficient H governing solid-fluid coupling behavior in poroelastic materials, the
dimensionless frequency 2 that stands for the ratio of the characteristic time of the fluid
pressure relaxation to that of applied load, and the axial-bending loading ratio A that
represents the ratio of the magnitude of the bending moment to that of the axial load. In this
study, we focused on poroelastic materials that have a sufficiently large value of H to neglect
the effect of fluid-to-solid coupling, and investigated the behavior of interstitial fluid pressure
with the change of two dimensionless parameters €2 and A.

There are many reports on the mechanical behavior of poroelastic materials under cyclic
loading in a variety of fields, such as geomechanics (e.g. Jacob, 1940; Bredehoeft, 1967,
Rojstaczer, 1988; Quilty and Roeloffs, 1991; Roeloffs, 1996) and biomechanics (e.g. Harrigan
and Hamilton, 1993; Weinbaum et al., 1994; Zhang and Cowin, 1994, Zhang et al., 1997,
Swan et al., 2003). Even though understanding poroelastic behavior in detail requires
investigating the transient response observed immediately after loading, few reports have
addressed the phenomenon. The importance of the transient stage has only been recognized
using finite element analysis (Manfredini et al., 1999). Kameo et al. (2008) obtained the first
analytical solution of fluid pressure including the transient response in poroelastic materials
under cyclic uniaxial loading. In this study, we extended the solution by considering bending
moment as well as uniaxial load. This generalization made it possible to theoretically analyze
the both transient and steady-state responses of poroelastic materials under more complex
cyclic loading conditions.

The transient stage prior to the steady state was confirmed using a finite element analysis of

18



a three-dimensional poroelastic beam under cyclic loading (Manfredini et al., 1999). In their
study, it was reported that the duration of the transient stage was confined almost in the first
cycle of the loading curve. In the case of free leakage at the surface of the poroelastic material,
which corresponds to our boundary condition, they showed the following characteristics of
the fluid pressure evolution around the center far from the surfaces. (i) When the
dimensionless frequency is low (2= 0.1), there is an immediately sharp increase in the rate of
change of fluid pressure in the transient stage, and it leads 1/4 phase shift between the fluid
pressure evolution and the applied cyclic loading in the steady state. (ii) When the
dimensionless frequency is high (£2= 100), the influence of the transient response is almost
negligible, and the fluid pressure evolution and the applied cyclic loading are in phase in the
steady state. All the above fluid pressure behaviors reported by Manfredini et al. (1999) agree
with our results (see Fig. 3). This suggests the validity of the analytical solution we obtained
in this study.

To evaluate the transient properties of fluid pressure quantitatively, we introduced two
factors: The half-value period T,,, defined by Eg. (41), and the contribution factor 77, defined
by Eqg. (42). As shown in Figs. 5 and 6, the behavior of both factors with an increase in the
dimensionless frequency £2 depends on whether A is larger than 1. This is because the stress

distribution for the case A > 1 has specific characteristics—i.e. there is a region where the

stress o, is neutral in the poroelastic material. Thus, whether the value of A is larger than 1

is key to the poroelastic analysis of transient response. Except for such A-dependence, T,,

and /7depend almost only on the dimensionless frequency £2 and have peak values around 2
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= 10. This suggests that the transient response has a comparable magnitude to the steady-state
response and can significantly affect the mechanical behavior of poroelastic materials when 2
is about 10.

As far as the applied cyclic loading can be regarded as quasi-static, the interstitial fluid
pressure behavior described in this study is commonly observed in various poroelastic
materials, such as living bone. The mechanical behavior of living bone, which contains a bone
matrix (solid phase) and interstitial fluid (fluid phase), can be modeled as a poroelastic
material (Cowin, 1999). For a physiological range of activities excluding shocks, living bone
experiences only low frequencies of loading (Remond and Naili, 2005, Rémond et al., 2008)
and shows the quasi-static mechanical behavior. Many researchers have suggested that
poroelasticity is an appropriate theory for investigating the coupled diffusion-deformation
mechanisms in bone (e.g. Nowinski and Davis, 1970; Johnson et al., 1982; Johnson, 1984;
Kufahl and Saha, 1990; Williams, 1992). In this section, we focus on trabecular bone, the
microstructural elements of cancellous bone. The trabeculae within the human body are
usually subjected to low-frequency cyclic loading due to locomotion (1-2 Hz) and
maintenance of posture (15-20 Hz) (Weinbaum et al., 1994). Mechanical loading induces an
interstitial fluid flow in a lacuno-canalicular system, which has small pores and vessels with a
diameter on the order of 100 nm (You et al., 2004). The interstitial fluid flow is believed to
play an important role not only in providing nutrients and removing wastes but also in the
cellular mechanotransduction (Wang et al., 2007), and that can lead to the regulation of

trabecular bone remodeling (Burger and Klein-Nulend, 1999). Therefore, trabecular
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architecture formed by bone remodeling in cancellous bone is closely related to the
mechanical environment (Wolff, 1869, 1892, 1986); its regulation process at a microscopic
cellular level has been investigated in detail in the context of bone functional adaptation by
remodeling, through modeling and simulation studies (Adachi et al., 2001; Tsubota et al.,
2002; Ruimerman et al., 2005).

Two factors influence the mechanical behavior of trabeculae—the material properties and
the loading conditions. In the case of two dimensional poroelastic materials subjected to
cyclic loading, the former is represented by the dimensionless stress coefficient H and the
latter by the dimensionless frequency (2 and the axial-bending loading ratio A. By using the
reported material parameters of trabeculae (Cowin, 1999, Smit et al., 2002), the
dimensionless stress coefficient H is derived as 80-100. This indicates that the H of
trabeculae is sufficiently large that the interstitial fluid behavior is nearly independent of H.
Meanwhile, the dimensionless frequency (2 depends not only on the angular loading
frequency w but also on the model size and material properties represented by a and c,
referring to Eq. (19). The value of €2 increases as the characteristic length of the model a
increases or the diffusion coefficient ¢ decreases, i.e. the permeability k decreases, even
though @ is constant. Thus, the quasi-static assumption in this study does not impose a limit
on the value of dimensionless frequency 2 unless a and c are fixed. Considering the material
parameters of trabeculae and bone permeability at the microscopic lacuno-canalicular level, k
=10%-10" m?, (Beno et al., 2006) with the assumption of the physiological loading

frequency ranging from 1 to 20 Hz, the dimensionless frequency (2 trabeculae experience in
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daily activities is estimated at 102~10°. The dimensionless frequency <2 varies over such a
wide range of values because the permeability k in Eq. (11) is very difficult to determine,
leading to an estimation ranging over several orders of magnitude. The estimated order of the
magnitude of 2 covers the range of dimensionless frequencies where the contribution of
transient response is comparatively large (€2~ 10). This suggests that consideration of the
effect of transient response is critical for the analysis of interstitial fluid flow in trabeculae.
The axial-bending loading ratio A depends on the trabecular region, and is expected to have a
wide range of values from zero to infinity. It seems reasonable to assume that the variation of
Qand A in trabeculae induces the variety of mechanical stimuli that osteocytes sense via
interstitial fluid flow, and as a result, bone formation and resorption are appropriately
regulated.

A theoretical approach to the poroelastic problems is extremely useful for comprehending
the essence of the mechanical behavior of poroelastic materials. However, it is generally
difficult to derive a closed form solution of given initial/boundary value problems, except for
the cases involving simple geometries and loading conditions. To solve poroelastic problems
with more complex geometry and boundary conditions, a numerical simulation based on a
finite element method or a boundary element method can be a powerful tool. Poroelastic
analysis will make significant contributions to our understanding of the crucial phenomena
associated with solid-fluid coupling behavior in various research fields through the

complementary usage of both the theoretical and numerical approaches.
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Figure Captions
Fig. 1. A model of a two-dimensional poroelastic material subjected to cyclic axial and

bending loading.

Fig. 2. Fluid pressure distribution along the x-direction for A = 1. (a) Steady state response

and (b) transient response.

Fig. 3. Fluid pressure evolution at X = 0 for A = 1. In each set of figures, the upper one is the

enlarged graph of the lower one from the initial time to the 1/12 period of the corresponding

loading curve.

Fig. 4. Fluid pressure distribution along the x-direction for 2= 1. (a) Steady state response

and (b) transient response.

Fig. 5. The behavior of the half-value period of the transient stage T/, with changes of A and

three-dimensionally plotted versus logipA and logip£2.

Fig. 6. The behavior of the contribution factor of the transient response /7 with changes of A

and Q2 three-dimensionally plotted versus log;oA and log;o£2.
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N(#) = N sinot
M(t) = M sinwf

yL
0 X
24

Fig. 1. A model of a two-dimensional poroelastic material
subjected to cyclic axial and bending loading.
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Fig. 2. Fluid pressure distribution along the x-direction for A = 1.
(a) Steady state response and (b) transient response.
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