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1 Introduction
Let g € (1,+00), r € (0,+00) and o € R. Moreover, let L,,(logL)* denote the Lorentz—

Zygmund space, which consists of all measurable functions f on [0, 1] such that

! ¥
1 g :={/O (f*(t))r(1+|1nt|)w-ﬁ"1dt} < +00,

where f* is a nonincreasing rearrangement of the function |f| (see e.g. [1]).

If « =0, then the Lorentz—Zygmund space coincides with the Lorentz space:
Ly 5,(10gL)* = Ly go. If @ =0 and q; = ¢ = g, then L, 4,(logL)* space coincides with
the Lebesgue space L,[0, 1] (see e.g. [2]) with the norm

1 :
Ifllq := (/0 |f(x)|qu) , l<g<+oo.

Moreover, L, [0, 1] denotes the space, which consists of all measurable function on [0, 1]
such that

If lloo := €88 sup[f(x)| < 00.
x€[0,1]

We consider an orthogonal system {¢,} in L,[0, 1] such that

lonlls <M,, neN, (1)
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and

1
2
)

n
D erer
k=1

n oo
:Zc,%:l}, pn=<2|ﬂk|2>
k=1 k=n

Mn = Sup{

S

for some s € (2, +o0]. Here M, 1 and M,, > 1 (see [3], [4, p. 313]).

An orthonormal system {u,} is called uniformly bounded if there is a constant M >0
such that ||u,|lcc < M, Vn € N. Note that any uniformly bounded system {u,} satisfies
condition (1) but the reversed implication is false.

For one variable function Marcinkiewicz and Zygmund [4] proved the following theo-

rems.

Theorem A (see [4]) Let the orthogonal system {@,} satisfy the condition (1) and 2 < p <.

If the real number sequence {a,} satisfies the condition

oo
P-25%  (p-2)5=1
> lanl? My P55 < oo,

n=1

then the series

> anpux)
n=1

converges in L, to some function f € L,[0,1] and

1

ad b
-5 (p-2)=L
fllp < Cps (Z janlP MY 2>s-z> .

n=1

Theorem B (see [4]) Let the orthogonal system {¢,} satisfy the condition (1), and 5 =
W < p < 2. Then the Fourier coefficients a,(f) of the function f € L,[0, 1] with respect to the
system {@,} satisfy the inequality

= pos o\
(Zlan(fﬂ’”Mn “n“’”ﬂ) < Cpslflp-

n=1

Nowadays there are several generalizations of Theorems A and B for different spaces
and systems (see e.g. [5—8] and the corresponding references).

Here we just mention that Flett [8] generalized this to the case of Lorentz spaces and
that Maslov [5] proved generalizations of Theorem A and Theorem B in Orlicz spaces.

The problem concerning the summability of the Fourier coefficients by bounded or-
thonormal system with functions from some Lorentz spaces were investigated e.g. by Stein
[9], Bochkarev [10], Kopezhanova and Persson [11] and Kopezhanova [12] (cf. also Persson
(13]).

Moreover, Kolyada [6] proved the following improvement of Theorem A.
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Theorem C (see [6]) Let an orthogonal system {¢,} satisfy the condition (1), let the se-
quence {a,} € I and p, = (3 ;- |ak|2)%, 2<g<s<+oo.lf

1
q

© =2
Ag@) =D un™ (pf-ply) | <+oo,
n=1

then the series Y .| a,pu(x) converges in the space L, to some function f € L, and the
Sfollowing inequality holds: ||f|l; < CysAqg(a).

This result was further generalized by Kirillov [7] as follows.

Theorem D (see [7]) If2<g<s,r>0,8 = % and the sequence {a,} € I, satisfies the
following condition:

Q,(a) = (Z(p,i - PZ+1)MZ> <00 (u = = (Z |“k|2) )
k=n

n=1

then the series ) .- | a,pu(x) converges in space L [0, 1] to some function f and the inequal-
ity f lgr < CyrsQq,r(a) holds. (Here (v, and p, are defined by (2).)

The following well-known lemma is used in our proofs.

LemmaE Let 0<p < 00, and {ar}3o, and {bi )32, are non-negative sequences.

a If
o0
Y an<Car, k=0,1,2,..., (3)
n=k
then
%) n p [
Sufs) corfiur
n=0 k=0 n=0
(i) 1f
k
Za,,fCak, k=0,1,2,..., (4)
n=0
then

where C is a positive number independent of n.

In this paper we both generalize and complement the statements in Theorems A-D in
various ways and always to the case with Lorentz—Zygmund spaces involved. In partic-
ular, in Sect. 2 such a generalization of Theorem D (and, thus, of Theorems A and C) is
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proved (see Theorem 2.1). In Sect. 3 such a complement of Theorem B to the case g < 2 is
given (see Theorem 3.1). Finally, in Sect. 4 we present and prove some further results for
uniformly bounded systems and give some concluding remarks. In particular, we compare
our results with some other recent research. For the reader’s convenience we also include
a proof of Lemma E in the Appendix.

2 Generalization of Theorem D
In this section we state and prove the following generalization of Theorem D.

Theorem 2.1 Let2<g<s<+00,a €R,7>0andb = r;éf_zz))

00 2s ar %
Qyrala) = {Z(ﬁz — Prat) (1 ti o hWn) } <400,

n=1

where p, and i, are defined by (2), then the series

Z AnPn(X)
n=1

with respect to an orthogonal system {¢,}o |, which satisfies the condition (1), converges to
some function f € Ly, (logL)* and |f|lgra < CQqra-

Corollary 2.2 For the case a = 0, Theorem 2.1 coincides with Theorem D.

Proof Since the sequence {u,} is increasing, let us define the sequence {v,} in the following
way (see [7]):

v =1, Ve =minfk € N: g > 2,1, n=1,2,3,....

Then p,,,; > 214y, to,,1-1 < 2, B=1,2,....
2s

Let £, = i, ",
viy1—1

wix) = Y arpi(®),
k=v1'

=Zu/(x) and R, (x) =f(x) — S,(x).

k=1

Since ¢, | 0 for n — +00, by the property of nonincreasing rearrangement of the function
(see [14, p. 83]), we get

UL e = Z (f**(t) ) (1+|ne))*¢a7" dt

2788 |

< [Z/ (S=@®) (1 + |Ing) ¢ de
+Z /

tn+l

(RE(®)" (1 + 1nt))*"¢ _ldt:| Clh + 1) (5)
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and, moreover,

s,k 1 - ! *
S () < ;Z/ u(y) dy.
j=1 v0
By applying Holder’s inequality we obtain
t L1
‘/0 M[*(y) dy S t 73/)\)/-/1’1)/41—1-
Therefore,

n
_1
SZ*(t) = ts va,‘l’l’vi+1—l'
j=1

By using this estimate we find that

Xt [ ’ 1.1
Z=—2)-1
I < E (E pvjuvj“_l) (1+ |1Ht|)artr(‘1 5 dt
n=1 1

Lyl j=
00 n r ar r(l_%) r(%—%)
= CZ Z pv]-//Lv]-+1—l (1 + |ln tn|) (tn ! - tn+l )
n=1 \ j=1

Thus, by taking into account the definition of ¢, we can conclude that

ar _rzgsfq)
—2)
) 16D, (6)

S
5 N,

00 n r 2
zlsz<zpv,m,ﬂ_l) (1+];
n=1 \ j=1

Since for any ¢ > 0 the function t~*In¢ |, 0 for ¢ — +00, according to the definition of the

numbers v,,, we see that

ar _r 2(s—q)
> q(s-2)
Moy

25 ar 2(s—q) 00 .
< (M) Mir(q(s—g) —e@) Zz—(k—n)r( ;Es—g; —eoz)'
K,

i(1+ s2

S
s_2 In fay,
k=n

Now choose the number ¢ such that =—2% — ¢ > 0. Then

2(s—q)
q(s-2)

2(s—q)

00 00 (-q
Z 2—(k—n)r(q(siz) —ea) < Zz—lr( -2 —ea) < +00.
k=n

Hence,

Page 5 of 18



Akishev et al. Journal of Inequalities and Applications (2019) 2019:171

Therefore, by Lemma E, we have

ar 2(s—q)
a62)
> H’Un

ar 2(s—q)
a2
> vy ¢

2s |
——1In
s_2 My,

00 n r
Z (Z pu,uu,+1_1) (1 +
j=1

00
2s
= CZ(’OVVIMWH]I)V(I + Eln“’vrz

n=1

Thus, from (6) it follows that

> 2s or
L< CZ(pumun)’<1 5 nm, ) T (7)
n=1
where § = r2 (s 2) Since p, — 0 for n — +oo0, it yields p; Z,fin(,ozk - p:k“). Therefore,

by changing the order of summation, we get

25 or
—lnuvn) W, (8
s—2

ar 00 k
) = ) (1

k=1 n=1

2s |
——1In
s_2 M,

)
Z ,o:n (1 +
n=1

Since § >0 and u,,,, > 2u,,, we have Z';;l uin <

<C uik‘ Hence, by again using Lemma E,
from (8) it follows that

or oar
Z oy, (1 + ln My, ) Mu,, < CZ ,oVk <1 + ln Moy ) ,uik. 9)
k=1
By now combining inequalities (7) and (9) we obtain
ar
L < CZka (1 = In ka> 1, (10)

k=1

Next we estimate I,. By using Holder’s inequality we find that R*(t) < Ct? IR, |l2. There-
fore,

12<CZHR ||/ (14 [ Ine])* ¢ g

tnsl

00 5
<CY R, (1+ |lnt,,|)°"f b g,

n=1 tn+1

00
EC'Z:’O";n-ﬁ-l(li—

n=1

ar
) Min+1' (11)

2s
= In e,

Next, by repeating the proof of Eq. (9) we obtain

T N hy

> Mvml _CZp"k<

2S or s
S_—21n,uun+l ) /\'L"k‘ (12)

)
Z 'Olr’ml <1 +

n=1

Page 6 of 18
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By combining the inequalities (11) and (12) we have

s
L < Cvak <1 + 1nu\,k ) Ko (13)
Moreover, in view of inequalities (10) and (13), from (5) it follows that
”f”qr,a — Cvak (1 +|—= ln/,ka ) /‘L?}k (14)
k=1

in the case o > 0. Since « > 0 and u,, 1, we see that

00 2s ar

> (0h - o)t (1 + lnun>

n=1 S—
00 Vks1—1 2 ar
Z Z pn pn+1 (1 + —2 In ,LL,,)
k=1 n=vg

00 % ar Vks1—1
b Zﬂik (1 R lnﬂvk> Z (on = Prr)
k=1

n=vy
o0 ar
2s
B
= Zﬂuk<1 + Elnp“”k> ('OCk _'O:ku)‘
k=1
Hence, from the inequality (14) it follows that

2 ar
Iy, <C Z — D) (1+s—1nun) (15)

in the case « > 0.

Let o < 0. Then, for any number ¢ > 0, the function y°(1 + Iny)™ increases on (1, 00)
Therefore, by taking into account that i, 1, we obtain

[e¢]

2 or
> (o) - o)t (1+—lnun)
n=1 S
00 Vks1—1 ar
S ID NIV MM CereT
k=1 n=vg
00 % ar Vk+1—1
§—
=3 (10 ) X et 16
= =V

Choose ¢ > 0 such that § — & > 0. Since 3¢ 1, according to the inequality (16), we have

oo

. s . i | ar - 00 5 . i | ar Vk+1—1 .
Z(pn pn+1)/"’n + s—2 n Wy —Z'u’uk + s—2 Il,Lka Z (Ion pn+1)
n=1 k=1 n=vg

in the case « < 0. Therefore (15) holds also for case « < 0 and the proof is complete g

Page 7 of 18
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Corollary 2.3 Let {¢,}52, be an uniformly bounded orthogonal system and let 2 < q < +00,
aeRandr>0.

If

1

o) T
rlg=2)
Qqr(a) = (E (Ph =P (L+1n n)‘”) <00,

n=1

where p, are defined by (2), then the series Y .-, a,pn(x) converges to some function f €
Ly (logL)* and ||fllgre < C - Qgra-
Proof Since {¢,}32; is an uniformly bounded orthogonal system, we have s = +00. There-

fore

rs(q-2) r(qg-2)
1m =
s—>+00 (s —2) q

Now, given that M,, <M, u, < /uM, n € N, we have

= 2s or d rg-2)
S (oo (1+ 250 ) (- s e a2)
n=1 5— n=1

ifo > 0.

If & < 0, then we choose a number ¢ such that 0 < ¢ < @. Then, by considering the
function (1 + In£)*¢° 1 on [1, +00), we can verify that the inequality (17) holds also for

a < 0. Consequently, by Theorem 2.1, the statement is true. O

3 A complement of Theorem B. The case g < 2
In this section we prove a result which was formulated but not proven in [15]. It may be

regarded as a complement of Theorem B relevant for a more general situation.

Theorem 3.1 Lets € (2,+00], 5y <g<2,r>lL,a € Rand§ = %. Iff € L, (log L)%,
then the inequality

00 [Vps1-1 % %
[Z( > ﬂi(f)> <1+loguuﬂ>’“uin} < Clif lgra
n=1 k=vy

holds, where ., are defined by (2) and a,(f) denote the Fourier coefficients of f with respect
to an orthogonal system {@,}.°, satisfying condition (1).

Remark 3.2 Theorem 3.1 was formulated, but not proved, in [15]. Here we present the

details of the proof.

Proof Choose an increasing sequence {v,} of natural numbers such that v; = 1, v,y =

min{k : g > 2wy, }, n=1,2,3,.... Then u,,,, > 2u,,, ty,,,-1 < 2i,,. Since the system
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{@,} is orthogonal we have

1 00
‘ [ rwgtaras| - Zak(f)bug)‘
0 k=1
for any function g € Ly,»(logLl)™, 2 + L =1and ! gtz =L Let

~ =

00 [vpe1-1 % -
b = {Z( > d(f)) (1 +1log M)’“Min}
n=1

k=vy,

Vpe1-1 %
x ( > \ak(f)!2> (1 +log )™ ud, ax(f)

k=vy

for k =v,,...,v;41 — 1, n=1,2,..., and consider a function g € Lq/,,/(logL)‘2

coefficients bi(g) = bx. Then

D) aHbelg)

n=1 k=vy

o) Vps1—1 % %
[2(2 azm) (1+10gmn)’”pcin} .
n=1

k=vy

00 Vpp1-1 ‘

Taking into account that r7’ = r + ¥/, by Theorem 2.1 and (18), we have

V/

o [rrail (q 2) o %
et = 5[ 0) wtomn

n=1 \ k=v,

~ =

e ¢} Vpe1-1 % -
- C[Z( > ai(f)) (1 +10guu”)’°‘ﬂﬁn}
n=1

k=vy
00 [fups1-1 % Vps1-1 %/(772)
A5 a) (5 a0)
n=1 \ k=v, k=vy,
sq'=2) s fa2) ) | 7
x (1+log 1, )i &2 (14 log p,, )" "
00 [vp+1-1 % _r_l’
= C|:Z< Z ai(f)) (1 +loguvn)muini|
n=1 \ k=vy,
y

00 [vpe1-1 % 7
x [Z( > ﬂi(f)) (1+10gmn)’“uin} =C.

n=1 \ k=vy

(18)

with Fourier

(19)

Page 9 of 18
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Thus, the function gy := C'g € Ly ~(logL)™ and ||goll#,,-« < 1. Next, by the property of

the norm in the Lorentz—Zygmund space and using equality (19), we get

I g = sup
geL r o (log L)~

IIgIIq o<1

/ Sf(x)g(x) dx| > / f(x)go(x) dx

r 1

00 [vps1-1 2 ¥
(L an) .

n=1 \ k=v,

The proof is complete. d

4 Further results and concluding remarks

In this section we first prove some results which are closely related to but not covered
by the results in the previous sections (Propositions 4.1 and 4.2). After that, we present
some results of a similar kind (see [11, 12] and Theorem F) and in remarks we point out
how these results can be compared with our results in some special cases when such a

comparison is possible.

Proposition 4.1 Let {¢,}52, be an uniformly bounded orthogonal system and 2 < q < +00,
aceRandr>1.1If

1

7

o0
1 1
Qgrala) = (Z a7 (1 + 1n n)"") < 00,
n=1

then the series Y .-, anpu(x) converges to some function f € Ly,(logL)* and |f|lgre <
CQyr0la).

Proof Since p, | 0 when n — +00, we can choose numbers n; =1,

1
Mis1 =min{neN:,o,,,<+1 < Epnk}, k=1,2....

Therefore, if @ > 0, it yields

r(q-2)
S (oh =P )n 5 (L lnm) = Z(nk -

n=1

1 +In nk)“’(pzkil - ,o,’,k). (20)

For any numbers k = 2,3,..., the following inequality holds:

p;kl pnk—pnk1—2(pnk 1)2' (21)

; 1 1
Since pu,, < 50m < 50m-1, We have

1 203
2 2 2 2
Pt = Prpy = Pl — (Epnk—1> = 4P (22)

Page 10 of 18
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By using (21) and (22), we can obtain the following inequality:
L H1—1
P\ = Oy < ( ) ( > lal ) (23)
n=nj—1

Therefore, from (20) it follows that

r

o rlg-2) 0 Age1—1 2
Z(,O; —pp)n 4 (1+Inn)® Z ni—1) 5 (1 +1In nk)‘”< Z |a,,|2> (24)
n=1 k=2 n=ni—1

when a > 0.

If & < 0, then we can choose a number ¢ which satisfies 0 < ¢ < qz;qZ' We note that (1 +

Inn)*n® 1 and we obtain the following inequality:

n—1

Y (o pp)n )
n=nj-1
! rg-2)
= Y (o= ppa)n 7 (A +Inm) )
n=nj_1
r(q=2) !
< (=17 (10 = 1) e = 1) Y (0h = ppoa)
n=ng_y
= (mg — 1) 5 (1 +In(ng - 1))° (,o;ki1 - p,’,k), (25)

By now combining the inequalities (20), (23) and (25), we conclude that (24) holds also for
the case a < 0.

If r > 2, then, by using Hélder’s inequality with 6 = % + ei 1, we obtain

r
2’
2 1
ngr1—1 Agp1-1 1 7o/ Mke1-1 0’

1-2)-1 Z
> lal’ = | D lanl B (26)
n=ng—1 n=ng—1 n=ng—1

Since 2 < ¢, we have 1 + «9/(% -2(1- é)) = 9/(5 —1) < 0. Therefore,

Crg

71 1
< e —1 1+6 (5—2(1—5)) 27
= G hoHoT ™Y (27)

for k = 2,3,.... From inequalities (26) and (27), we can derive the following inequality:

Mjer1~1 - L npy1-1 %
3 lanl? < Clm ~ )7 T200 (3 g w00 (28)

n=ng—-1 n=np—1

for k=2,3,...,in the case of 2 < r < c0.

Page 11 0f 18
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Now, by combining (26) and (28), we obtain the following inequality:

S (o o) (e

gr1—1

o0
<> m-1) " (14 Inmg)™ (g — 1)5020-9) 3 a0 (29)
k=2

n=nj—-1

in the case of 2 <r < 00,0 <a < 00.

Since

ra-2) +f(1—2<1—1>)—0
2q 2 q))

it follows from (29) that

o0 oo Hy1—1

S o) T e <CY S ) (30)

n=1 k=2 n=ny—-1

inthecase2<r<o00,0<a < o0.
Furthermore,

00 M1l

1
Z Z Ianlrnr(l_‘_l)_l(1+1nn)°”

k=2 n=nj-1

oo M=l oo ngy1-1

1 1
< Z Z la, " DN+ Inn) + Z Z |, 7 D71+ Inm)

k=2 n=nj_y k=2 n=ny

o0
1
< 22 |, 701 + Inm)*” (31)

in the case 2 <r< 00,0 < a < 00.
If a < 0, then we choose a number ¢ which satisfies 0 < ¢ < %. By using the Holder

inequality, we obtain (6 = %, & + 7 = 1)

~IN
<Y

11 ngp1-1
Z |ﬂ |2< Z |(l |r r(l1- 7)801
n —

n=ng—1 n=ni—1

niy1-1
(Z 5" 1‘>”)) ) (32)

n=ni—1

According to the choice of the number ¢ it shows that

et 1 2
1+ =-2[1-—-)+¢e])=0"{—-—-1+¢])<O.
0 q q

Therefore (as in the case of & > 0) we obtain the following inequality:

M1l (3%}
1 'l _oq_1
Z n (3- 1— )+e) <Cr,q/ t@(g 2(1-5)+¢) dr
n=np-1 =1
Cryq

( 1)1+0 ——2(1——) €) (33)

<
T o(21- ;)—1—8)
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for k=2,3,.... Thus, in view of (32) and (33), the following inequality holds:

ngr1-1 1 1 gp1-1 %
Z |an|2 < C(nk_1)1+9 (o_z(l—q)+5)< Z |an|r 7'1—7) 69—1)

n=ng—1 n=ng—1

for the case of 2 < r < 00, @ < 0. Hence, we can consider the function (1 + Inn)*n?2 4, and
from the inequality (24), we obtain the following inequality:

ad rig-2)
Y (op=Ppa)n 2 A+ Inm)
n=1
0 niy1-1
<CY (1 +Inm -1 (- 1)2°) Y a7
k=2 n=ng-1
00 M1l 1
< CZ Z la, " DL+ Inm) (34)
k=2 n=ny-1

for the case of 2 < r < 00, @ < 0. Thus, it follows from inequalities (30), (31) and (34) that

o]

r(qg-2)
Z(/’Z - /O,r,ﬂ)n%_q(l +Ilnn)* < CZ |a, | 1 (a-3)- Y1+ Inn)*
n=1
and the proof is complete. d

Our next result reads as follows.

Proposition 4.2 Let {¢,};°, be an uniformly bounded orthogonal system,2 < g < +00, o €
Randr>0.Ifa,| | 0,n— oo, {a,} €l and

Z |, 'n "1 1(1 +1Inn)* < +o0,

then the series Y .., a,p.(x) converges to some function f € L,,(logL)* and

fllgre <C Z|an|’ "= 4 Inn)*”

n=1

Proof 1t is easy to see that

[e¢]

> (o, - p2+1)n% (1+logm)*”

n=1

o 72
=CY 2 (1l (s - o)
k=1

oo oo 2V-1
r(g-2)
=csz‘5q(1+k)‘"<Z 3 |u1|2> (35)
k=1

v=k [=gv-1
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Since 2 < g < 00, we have

! 1 ra=2) »1a=2)
E 2% 1+k¥<C2" 2 (1+v), v=12....
k=1

Therefore, by Lemma E, we obtain

w1
22 g2 1+k‘”(i Z |6ll|2>

v=k [=pv-1
0 2%_1 3
3 <1+k)‘”< > w)
k=1 [=2k-1

Moreover, since |a,| | 0, n — 00, it yields

2k_1
<Z |ﬂ1|2> <(2F 1) lay1l, k=1,2,....

[=2k-1

Thus,

(SR

2k_1 [e'e)
1
22 (14 ke ( > |a1|2) <CY 2" 4 R aya "
1=2k-1 k=1
Furthermore, since the sequence {|a,|} is monotonic, we can easily verify that
2k-1_1
1 1
D an O 1+ ) = Claya 2P+ ), k=23,
n=2k-2
Therefore, it follows from inequality (37) that
2k_1 [ee) 1
22 g (1 + k) ( Z |a;|2) < C{ lar|” + Z PR A ()

J=2k-1 n=1

Now, from the inequalities (35), (36), and (38) we can deduce that

oo

r(g-2)
Z(P;—P;ﬂ) g‘f (1+10gn°‘r<CZ|a,,| 1+n)°"
n=1

Therefore, in view of Corollary 2.3, the statement in the proposition holds.
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(36)

37)

(38)

O

Remark 4.3 We may ask wether it is possible to generalize the results obtained in

this paper to more general Lorentz—Zygmund type spaces by replacing the weight

(1 +]1In¢])* ¢74! by a more general weight A(t). Of course, we must still have some con-

trol of the growth properties of the weight. Below we will just briefly describe one such a

possibility namely the quasi-monotone weights, used in recent work of Kopezhanova and

Persson (see [11, 12]).
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Let0<r<o00,0< B <ooand A = A(¢) be a positive function defined on (0, 00). Consider
all functions f for which

Fllape) = {/Ol(f*(t)tke))ﬂ?}% < +00.

Note that if A(y) = ylf% (log(2y))*, @ € R, then, for t € (0, 1], the function tk(%) =t
log %)0‘. Therefore

1 a,gd 1
uan/,:{ | (f*(t))ﬁt§<l+log%) ?t}ﬂ

so that Ag is just the Lorentz—Zygmund space L, g(log L)“.

QU

1+

We consider the following classes of functions B = | J,,, Bs and A = (., As:

Bs={r:20)y 27 4 and A(p)y* | on [1,00)},

As={r:2()y 2 1 and A(y)y | on [1,00)}.

The following result was proved by Kopezhanova and Persson (see [11, Theorem 2] and
[12, p. 45]).

Theorem F Let 0 < B < 00, and assume that the orthonormal system ® = {2, is uni-

formly bounded.
(a) If X(2) belongs to the class A, then

. 7
(Z(a:)»(n))ﬂ %) <allfllasmy

n=1

where {a}} is the nonincreasing rearrangement of the sequence {|ay|}2, of Fourier
coefficients of f with respect to the system ®.
(b) If (t) belongs to the class B and f °=" Y| a, ¢y, then

0 1 3

fllape <2 (Z(a:x(m)ﬂ ;) : (39)
n=1

Here the constants ¢; and cy do not depend on f.

In the case of A(y) = ylf% (log(2y))¥, @ € R, from part (b) of Theorem F we obtain the
following assertion.

Corollary 4.4 Let 0 < B < 00, and assume that the orthonormal system ® = {@)pe; is
bounded. If2 < q < 00,0 < B <00, and f =Y °° | a, ¢y, then

1
S B
fllge < C( E (a’;)ﬁnﬂ(l_%)_l(l + lnn)"‘ﬂ) .

n=1
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Proof For the function A(y) = ylf%(log(2y))"‘ € B there exists a number § > 0 such that
Ay) € Bs. If % - % — 48>0, then )»(y)y‘%“S = y%_%_‘s(l + logy)* 1 on the interval [1,00).
Hence 2 < g < 00.

Further, the function A(y)y~!* :y‘s_é (1+logy)* | on the interval [1,00) if § — é <0.

Thus, there is a number § € (0, min{é,% - %}) such that the function A(y) = ylf%(l +
logy)* € Bs. Therefore, by using (39), we see that the statement holds. O

Remark 4.5 Obviously, Proposition 4.2 is more general than Corollary 4.4. We also note
that in the case when the sequence {a,}3?, is non-negative and decreasing the assertions

of Proposition 4.2 and Corollary 4.4 coincide.

Remark 4.6 In [12] (see Theorem 2.1, Theorem 2.3), theorems on the convergence of se-
ries of the Fourier coefficients of a function from the generalized Lorentz space Ag(A)
with respect to regular systems are proved. It is known that a regular system is uniformly
bounded (see [16, p. 117]). Therefore, the assertions of Theorem 2.1 and Theorem 3.1
of this paper do not follow from the results of [12]. Since ||f||s < ||flc> for the functions
f € Lx[0,1], if orthogonal system {¢,} satisfies the condition (1), then {¢,} is uniformly
bounded.

Appendix: Proof of Lemma E
The proof of Lemma E is a consequence of a well-known inequality of Leindler [17]. For
the reader’s convenience we present a proof which is similar to but simpler than that in
the research report [18] by Johansson.

(i) If0< p <1, then

n P n
(20) =z
k=0

k=0

By using this inequality, changing the order of summation and taking into account the

condition (3) we get

inthe case 0<p < 1.

Let 1 < p < co. The following inequalities are proved in [17]:

00 n p 00 00 p
> an (Z bk) <Py a”’ (Z‘ ak> by (40)
k=0 n=0 k=n

n=0

00 ) 14 00 n p

> an (Z bk) <Py a”? (Z‘ ak> by. (41)
n=0 k=n n=0 k=0

Now it is easy to verify that condition (3) and inequality (40) imply statement (i) also in

the case of 1 < p < c0.
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(if) If 0 < p < 1, then

00 P )
Zbk SZbi
k=n k=n

Using this inequality, changing the order of summation and taking into account the con-
dition (4), we obtain

00 ) r 00 00 00 k 00
Sa(Yn) X0 Y h-YHY a<cyan
n=0 k=n n=0 k=n k=0 n=0 k=0

inthe case 0<p < 1.
If 1 < p < 00, then statement (ii) follows from (4) and (41).
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