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Some comments on the second virial coefficient of semiflexible polymers
Daichi Ida and Takenao Yoshizakia�

Department of Polymer Chemistry, Kyoto University, Katsura, Kyoto 615-8510, Japan

�Received 28 May 2008; accepted 17 July 2008; published online 24 October 2008�

A Monte Carlo study is made of the mean-square radius of gyration �S2� and second virial
coefficient A2 for the two freely rotating chains with the Lennard-Jones �LJ� 6-12 potential and the
hard-sphere �HS� one in the range of the bond angle � from 109° �typical flexible chain� to 175°
�typical semiflexible or stiff chain� and in the range of the number n of bonds from 6 to 1000. It is
shown that a value may be properly assigned to the collision diameter of the HS potential so that
�S2� of the chain with the HS potential agrees well with that of the chain with the LJ one whose
parameter values correspond to a good-solvent condition irrespective of the chain stiffness. It is then
found that A2 of the latter chain becomes remarkably smaller than that of the former as the chain
stiffness is increased. The result implies that the binary-cluster approximation does not seem to work
well for typical semiflexible and stiff polymers. © 2008 American Institute of Physics.
�DOI: 10.1063/1.2969106�

I. INTRODUCTION

When we consider dilute solution behavior of nonionic
flexible polymers in good solvents, interactions between seg-
ments constituting the polymer chains are all, without excep-
tion, treated in the binary-cluster approximation in the frame-
works of both the �conventional� perturbation theory1 and the
polymer renormalization group theory.2–4 The approximation
assumes that the effect of the interactions, i.e., the excluded-
volume effect, does not depend on a detailed form of the pair
potential u�R� of mean force between the segments as a func-
tion of their separation R but only on the binary-cluster inte-
gral � defined by

� = 4��
0

�

�1 − e−u�R�/kBT�R2dR , �1�

with kB the Boltzmann constant and T the absolute tempera-
ture. The quantity � so defined in the perturbation theory
represents the effective volume excluded to one segment by
the presence of another,1 which, strictly speaking, might be
distinguished from an analog defined in the polymer renor-
malization group theory. Since u�R� is in general short
ranged for nonionic polymers, the approximation is consid-
ered to be valid and has actually been working well as far as
nonionic flexible polymers are concerned. In this paper, we
consider the question of whether or not the approximation is
still valid when the polymer chain becomes stiff. We note
that such a question is, of course, outside the scope of the
polymer renormalization group theory, which completely
discards information about local structures of polymer
chains.

For the present purpose, we carry out a Monte Carlo
�MC� simulation study of the mean-square radius of gyration
�S2� and second virial coefficient A2 for the freely rotating
chains1,5 of bond angle � ranging from 109° to 175° and with

the Lennard-Jones �LJ� 6-12 potential6 or the hard-sphere
�HS� one. The chain of �=109° �approximately equal to the
tetrahedral bond angle� is usually used as a model for flex-
ible polymer chains,7–9 and the stiffness of the chain in-
creases with increasing � from 109° to 175°. Considering the
fact that the binary-cluster approximation works well for
flexible chains, it is expected that we can find an appropriate
diameter of the HS model so that both its �S2� and A2 agree
with the corresponding ones of the LJ model with given
energy parameters. In anticipation of results, we note that
such a diameter really exists. Then the above question be-
comes more concrete, i.e., how the values of �S2� and A2 for
the two interaction potentials come to be as � is increased
from 109° to 175°.

II. MODELS AND METHODS

The model chain and the simulation algorithm used in
this study are the same as those in the previous studies7,8 of
�S2� and A2, except for the inclusion of the HS potential.
Here we give brief descriptions of the model and algorithm.

The model chain is the freely rotating chain1,5 composed
of n bonds, each of length unity and of n+1 identical beads,
whose centers are located at the n−1 junctions of two suc-
cessive bonds and at the two terminal ends. The beads are
numbered 0,1 ,2 , . . . ,n from one end to the other, and the ith
bond vector connects the centers of the �i−1�th and ith beads
with its direction from the �i−1�th to the ith bead. All the
n−1 bond angles �not supplements� are fixed at �, so that the
configuration of the entire chain may be specified by the set
of n−2 internal rotation angles ��n−2	= ��2 ,�3 , . . . ,�n−1�
apart from its position and orientation in an external Carte-
sian coordinate system, where �i is the internal rotation
angle around the ith bond vector.

The total intramolecular �excluded-volume� potential en-
ergy U of the chain as a function of ��n−2	 may be given bya�Electronic mail: yoshizaki@molsci.polym.kyoto-u.ac.jp.
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U���n−2	� = 

i=0

n−4



j=i+4

n

u�Rij� , �2�

where u�Rij� is the pair potential as a function of the distance
Rij between the centers of the ith and jth beads. We must
note here that the pairwise decomposability of the potential
energy has been assumed, as is usually done in the field.1 We
also note that in Eq. �2� the interactions between the third-
neighbor beads along the chain have been neglected since
they seem to make the chain locally take the cis conforma-
tion to excess in the case of the LJ 6-12 potential with an
attractive interaction.

Similarly, the total intermolecular �excluded-volume�
potential energy U12�1,2� between two chains 1 and 2 as a
function of all the coordinates of chains 1 and 2 may be
given by

U12�1,2� = 

i1=0

n



i2=0

n

u�Ri1i2
� , �3�

where Ri1i2
is the distance between the centers of the i1th

bead of chain 1 and of the i2th one of chain 2. We note that
we use the McMillan–Mayer symbolism1,10 to formulate A2

here and hereafter. Then the ith bead �i=0,1 ,2 , . . . ,n� of
chain � ��=1,2� is labeled as i�, and the symbol ��� ��
=1,2� denotes all the coordinates �external and internal� of
chain �.

As mentioned in Sec. I, we adopt as the pair potentials
u�R� the LJ 6-12 potential in a cutoff version and the HS one,
the former being given by

u�R� = �� for 0 � R � c	

uLJ�R� for c	 � R � 3	

0 for 3	 � R ,
� �4�

where uLJ�R� is the LJ 6-12 potential given by6

uLJ�R� = 4

�	

R
�12

− �	

R
�6� , �5�

with 	 and 
 the collision diameter and the depth of the
potential well at the minimum of uLJ�R�, respectively. We
note that u�R� given by Eq. �4� is the LJ potential cutoff at
the upper bound 3	. The lower bound c	 in Eq. �4� has been
introduced for numerical convenience; the factor c is prop-
erly chosen so that the Boltzmann factor e−uLJ�c	�/kBT may be
regarded as numerically vanishing compared to unity. In
practice, in double-precision numerical computation, we set

c = �2/�1 + �1 + 36T���1/6, �6�

so that e−uLJ/kBT�2�10−16 for 0�R�c	, where T� is the
reduced temperature defined by T�=kBT /
. On the other
hand, the HS potential is simply written in the form6

u�R� = �� for 0 � R � 	c

0 for 	c � R ,
� �7�

where 	c is the collision diameter.
The mean-square radius of gyration �S2�, i.e., the en-

semble average of the square radius of gyration S2, may be
evaluated from

�S2� = Ns
−1 


��n−2	
S2���n−2	� , �8�

where the sum is taken over Ns sample configurations ��n−2	
generated in a MC run by application of the pivot
algorithm11,12 and the Metropolis method of importance
sampling,13 as done in the previous MC study7 of �S2�. For
each sample configuration, S2 as a function of ��n−2	 may be
calculated from

S2 =
1

n + 1

i=0

n

�ri − rc.m.�2, �9�

with ri the vector position of the center of the ith bead and
rc.m. the vector position of the center of mass of the chain
given by

rc.m. =
1

n + 1

i=0

n

ri. �10�

In every MC run, an initial configuration is generated by trial
and error so that all the distances between the centers of
beads are greater than or equal to c	 in the case of the LJ
potential or 	c in the case of the HS one. One configuration
is sampled at every Mnom �nominal� pivot steps, so that Ns

�Mnom pivot steps are required to obtain a set of Ns sample
configurations.

As for the second virial coefficient A2, it may be evalu-
ated from8

A2 =
2�NA

M2 �
0

� �1 − exp
−
Ū12�r�

kBT
��r2dr , �11�

where NA is the Avogadro constant, M is the molecular

weight, and Ū12�r� is the averaged intermolecular potential
as a function of the distance r= �r� between the centers of
mass of chains 1 and 2 defined by

Ū12�r� = − kBT ln�exp
−
U12�1,2�

kBT
��

r
. �12�

In Eq. �12�, �¯�r indicates the conditional equilibrium aver-
age taken over the configurations of the two chains with r
fixed by the use of the single-chain distribution function for
each with the intramolecular excluded-volume potential
given by Eq. �2�. In practice, the conditional average may be
calculated by the use of a set of Ns sample configurations
generated above, as follows. First, we randomly sample a
pair of sample configurations �chains 1 and 2� from the set
and calculate the intermolecular potential U12 from Eq. �3� at
given r after randomizing the orientations of the two con-
figurations in the external coordinate system. Numerical
evaluation of U12 may be carried out following the procedure
used in the previous study of A2 with the use of the “zipper-
ing” method.14,15 Then the average on the right-hand side of
Eq. �12� may be evaluated from
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�exp
−
U12�1,2�

kBT
��

r
= Np

−1 

�1,2�

�exp
−
U12�1,2�

kBT
� ,

�13�

where 
�1,2�� indicates summation over Np pairs of sample

configurations �1,2� at a given r. With the values of Ū12�r� so
evaluated for various values of r in the case of the LJ poten-
tial at a given T� or of the HS potential with a given 	c, the
quantity A2M2 for a given n may then be calculated from Eq.
�11� by numerical integration with the use of the trapezoidal
rule formula.

In the practical evaluation of �S2�, we have generated ten
sets of 105 �=Ns� sample configurations for n=6, 10, 20, 50,
100, and 200, five sets of those for n=500, and two sets of
those for n=1000. In each case, Mnom has been chosen to be

approximately 2n. In the evaluation of Ū12 �and A2�, 106 or
107 �=Np� sample pairs have been taken from each set. Then
the total number of sample pairs is equal to the number Np of
sample pairs in each set multiplied by the number of sets. In
the evaluations of both �S2� and A2, the parameter 	 in the LJ
potential is set equal to unity.

All the numerical work has been done by the use of a
personal computer with an AMD Athlon XP 2200
 CPU. A
source program coded in C has been compiled by the GNU C

compiler version 2.95.4 with real variables of double preci-
sion. In the program, the subroutine package MT19937 sup-
plied by Matsumoto and Nishimura16 has been used instead
of the subroutine RAND included in the standard C library.

III. RESULTS AND DISCUSSION

A. Mean-square radius of gyration

In the second column of Table I are given the MC values
of �S2� /n for the freely rotating chains with the LJ potential
at T�=8.0 �good-solvent condition7� and with �=109°, 120°,
135°, 165°, and 175° and n=6, 10, 20, 50, 100, 200, 500,
and 1000, the number enclosed in parentheses attached to
each value indicating its statistical error. The value and error
for each chain are the mean and the standard deviation, re-
spectively, of independent MC results. We note that the val-
ues for the chains with �=109° have been reproduced from
Table I of Ref. 7 and Table III of Ref. 8

Figure 1 shows double-logarithmic plots of �S2� /n
against n. The open symbols represent the above-mentioned
MC values for the chains with the LJ potential for �=109°
���, 120° ���, 135° ���, 165° ���, and 175° ���. The solid
curves represent the theoretical values of �S2� /n for the ideal
freely rotating chain without interactions between beads,
which have been calculated from

�S2� =
1

6

1 − cos �

1 + cos �
n +

1

6

1 + 6 cos � − cos2 �

�1 + cos ��2

+
1

6

− 1 − 7 cos � + 7 cos2 � + cos3 �

�1 + cos ��3

1

n + 1

−
2 cos2 �

�1 + cos ��4

1 − �− cos ��n+1

�n + 1�2 , �14�

with the indicated values of �. For the chain of �=109°,
which corresponds to a typical flexible chain, the MC data
points deviate upward from the corresponding solid curve as
n is increased because of the intramolecular excluded-
volume effect. For the chains of �=120° and 135°, the situ-
ations are the same as that in the case of �=109° but the
deviation of the MC value from the ideal one becomes small
as � is increased. As for the chains of �=165° and 175°,
which correspond to typical semiflexible or stiff chains, the
MC values almost agree with the corresponding ideal ones
over the whole range of n examined. We note that the in-

TABLE I. Results of MC simulation.

�S2� /n �error %� 10A2Mb
2 /NA �error %�

n LJ HS LJ HS

�=109°
6 0.2892�0.1� 0.2886�0.1� 5.122�0.2� 4.985�0.1�

10 0.3158�0.1� 0.3134�0.1� 3.942�0.1� 3.991�0.2�
20 0.3599�0.1� 0.3549�0.1� 2.988�0.1� 3.108�0.1�
50 0.4287�0.1� 0.4219�0.1� 2.245�0.1� 2.363�0.1�

100 0.4867�0.1� 0.4807�0.1� 1.866�0.1� 1.960�0.1�
200 0.5511�0.2� 0.5462�0.1� 1.567�0.1� 1.643�0.1�
500 0.6472�0.1� 0.6458�0.1� 1.258�0.0� 1.310�0.1�

1000 0.7294�0.1� 0.7298�0.1� 1.066�0.1� 1.104�0.1�
�=120°

6 0.3539�0.1� 0.3544�0.1� 5.394�0.2� 5.228�0.1�
10 0.3987�0.1� 0.3991�0.1� 4.284�0.2� 4.305�0.1�
20 0.4631�0.1� 0.4634�0.1� 3.376�0.1� 3.491�0.1�
50 0.5491�0.1� 0.5491�0.1� 2.642�0.2� 2.768�0.1�

100 0.6151�0.1� 0.6170�0.1� 2.245�0.2� 2.359�0.1�
200 0.6867�0.1� 0.6911�0.2� 1.921�0.1� 2.017�0.1�
500 0.7947�0.1� 0.8005�0.1� 1.568�0.1� 1.637�0.1�

1000 0.8868�0.1� 0.8994�0.0� 1.340�0.0� 1.397�0.1�
�=135°

6 0.4588�0.0� 0.4590�0.0� 5.436�0.2� 5.412�0.1�
10 0.5623�0.0� 0.5625�0.0� 4.430�0.2� 4.597�0.2�
20 0.7107�0.1� 0.7118�0.1� 3.657�0.3� 3.920�0.2�
50 0.8800�0.1� 0.8834�0.2� 3.067�0.2� 3.342�0.2�

100 0.9820�0.1� 0.9898�0.1� 2.736�0.2� 2.988�0.1�
200 1.074�0.2� 1.086�0.1� 2.453�0.2� 2.667�0.1�
500 1.198�0.0� 1.218�0.3� 2.101�0.1� 2.275�0.1�

1000 1.304�0.1� 1.333�0.2� 1.852�0.1� 2.000�0.1�
�=165°

6 0.6381�0.0� 0.6381�0.0� 5.362�0.4� 5.555�0.3�
10 0.9307�0.0� 0.9307�0.0� 4.405�0.4� 4.818�0.2�
20 1.598�0.0� 1.598�0.0� 3.736�0.5� 4.287�0.2�
50 3.161�0.0� 3.161�0.0� 3.360�0.5� 3.971�0.3�

100 4.829�0.0� 4.828�0.1� 3.224�0.2� 3.848�0.4�
200 6.534�0.1� 6.534�0.1� 3.147�0.2� 3.783�0.2�
500 8.194�0.1� 8.204�0.0� 3.078�0.4� 3.701�0.2�

1000 8.924�0.3� 8.952�0.1� 3.032�0.1� 3.644�0.2�
�=175°

6 0.6634�0.0� 0.6634�0.0� 5.319�0.3� 5.570�0.2�
10 0.9919�0.0� 0.9919�0.0� 4.350�0.4� 4.833�0.4�
20 1.805�0.0� 1.804�0.0� 3.649�0.4� 4.312�0.5�
50 4.171�0.0� 4.171�0.0� 3.248�1.1� 4.022�0.3�

100 7.885�0.0� 7.885�0.0� 3.107�0.8� 3.928�0.6�
200 14.55�0.0� 14.55�0.0� 3.029�1.0� 3.859�0.5�
500 29.82�0.0� 29.83�0.0� 2.986�1.4� 3.836�0.2�

1000 45.52�0.0� 45.53�0.0� 2.948�0.7� 3.822�0.1�
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tramolecular excluded-volume effect may be neglected for
typical semiflexible or stiff chains of short chain lengths.

In the third column of Table I are also given the MC
values of �S2� /n for the freely rotating chains with the HS
potential with 	c=0.624, the 	c value being chosen so that
the �S2� /n values for the chains of �=109° are as close as
possible to the corresponding values given in the second col-
umn for the chains with the LJ potential at T�=8.0. It is seen
that the values of �S2� /n for the two freely rotating chains of
each � and n agree with each other within approximately 2%.
In Fig. 1 are also shown the HS values by the closed sym-
bols, although they are almost hidden by the open symbols
�LJ values�. We note that the agreement between the �S2� /n
values for the two chains of larger � �165° and 175°� is
rather natural since the intramolecular excluded-volume ef-
fect becomes immaterial for typical semiflexible or stiff
chains with short chain lengths, as mentioned above. The
results imply that we may assign a proper value to 	c of the
chain with the HS potential so that its �S2� agree well with
that for the chain with the LJ potential at a given T� irrespec-
tive of the chain stiffness.

It is pertinent to make here a remark on the unperturbed
value �S2�0 of �S2� without the excluded-volume effect. In a
real polymer-solvent system, �S2�0 means the �S2� value in
the � state which may be realized when repulsive and attrac-
tive interactions between repeat units �beads� cancel out each
other but does not correspond to that of the ideal chain with-
out any interactions between them. For the freely rotating
chain with �=109°, the � state may be reproduced by the
use of the LJ potential at T�=3.72 �and with 	=1� where
�S2� /n becomes a constant independent of n for very large
n,7 which is approximately 20% larger than the asymptotic

value �approximately 1/3� of �S2� /n calculated from Eq. �14�
for the ideal chain in the limit of n→�. The implication is
that the interactions between beads may appreciably affect
�S2�0 through the short-range interference.7,9,17 The situation
is somewhat different in the case of the HS potential only
with a repulsive core, by the use of which we cannot repro-
duce the real unperturbed chain but only the ideal one with
	c=0. �Note that the chain with the LJ potential becomes the
ideal one when 	=0.� Although the interaction between
beads affects �S2�0 through the short-range interference also
in the case of the HS potential, we cannot evaluate it sepa-
rately from �S2� with the excluded-volume effect.

B. Second virial coefficient and interpenetration
function

Now the problem is whether or not the values of A2 for
the two freely rotating chains considered above agree with
each other irrespective of the chain stiffness. In the fourth
and fifth columns of Table I are given the MC values of
A2Mb

2 /NA for the chains with the LJ potential at T�=8.0 and
with the HS one with 	c=0.624, respectively, where Mb

�=M /n� is the molecular weight per bond, the number en-
closed in parentheses attached to each value indicating its
statistical error.

Figure 2 shows double-logarithmic plots of A2Mb
2 /NA

against n, all the symbols having the same meaning as those
in Fig. 1. In the case of �=109°, which corresponds to a
typical flexible chain, the values of A2 for the chain with the
LJ potential ��� are slightly �5% at most� smaller than the
corresponding ones for the chain with the HS potential ���
for all n except n=6. For both the chains, A2 decreases with
increasing n and the slopes of the plots become almost iden-
tical with the asymptotic value of −0.2 for very large n. For
a given n, A2 increases with increasing � in the range of large
n. In the case of �=175°, which corresponds to a typical
semiflexible or stiff chain, A2 becomes almost independent
of n for n�100, as in the case of the rigid rod.

It is more important to see in Fig. 2 that as � �chain
stiffness� is increased, the value of A2 for the chain with the
LJ potential becomes remarkably smaller than the corre-
sponding value for the chain with the HS one and that A2 for
the former chain with a given n has a maximum at �=165°,
while it increases monotonically with increasing � for the

43210

2

1.5

1

0.5

0

−0.5

θ = 175°

165°

135°

120°

109°

log n

lo
g

(〈
S2 〉/n

)

FIG. 1. Double-logarithmic plots of �S2� /n against n. The open and closed
symbols represent the MC values for the freely rotating chains with the LJ
potential T�=8.0 and the HS one with 	c=0.624, respectively, for �=109°
�� , ��, 120° �� , ��, 135° �� , ��, 165° �� , ��, and 175° �� , ��.
The solid curves represent the theoretical values for the ideal freely rotating
chain without interactions between beads calculated from Eq. �14� with the
indicated values of �.

43210

−0.2

−0.4

−0.6

−0.8

−1
slope −0.2

log n

lo
g

(A
2M

b2
/N

A
)

FIG. 2. Double-logarithmic plots of A2Mb
2 /NA against n. All the symbols

have the same meaning as those in Fig. 1.

164902-4 D. Ida and T. Yoshizaki J. Chem. Phys. 129, 164902 �2008�

Downloaded 29 Jun 2009 to 130.54.110.22. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp



latter. It may be regarded as arising from the fact that two
chains with the LJ potential �having the attractive interac-
tion� which are close to each other prefer to be parallel rather
than perpendicular to each other when their stiffness be-
comes large and their A2 may therefore be suppressed, as
discussed by van der Schoot and Odijk18 in the case of long
rigid rods with a van der Waals-type potential.

Finally, we examine the behavior of the apparent inter-
penetration function �ap defined by19

A2 = 4�3/2NA
�S2�3/2

M2 �ap �15�

from the whole A2 including the effects of chain ends20,21 as
a function of n. Figure 3 shows double-logarithmic plots of
�ap against n, where the values of �ap have been calculated
from Eq. �15� with the MC values of �S2� /n and A2Mb

2 /NA

given in Table I. All the symbols have the same meaning as
those in Fig. 1 and the dashed horizontal line represents the
asymptotic value of 0.235 of �ap �or � without the effects of
chain ends� obtained by Barrett.22

In the case of �=109°, the values of �ap for the chains
with the LJ and HS potentials agree with each other within
7% at most, which is a natural consequence of the results for
�S2� and A2 for the two chains shown in Figs. 1 and 2, re-
spectively, and they decrease monotonically with increasing
n and seem to approach the above asymptotic value. In the
cases of �=120°, 135°, and 165°, �ap for the chains with a
given n decreases with increasing � and �ap as a function of
n exhibits a minimum and increases monotonically with in-
creasing n after passing through the minimum. In the case of
�=175°, �ap does not exhibit a minimum and decreases
monotonically with increasing n in the whole range of n
examined. We note that even in this case, �ap approaches the
asymptotic value in the limit of n→� after passing through
a minimum at some value of n larger than 1000. It is seen
that the larger downward deviation from the asymptotic
value is, the larger difference between the values of the two
chains with the LJ and HS potentials is.

From the MC results shown in Figs. 2 and 3, it may be

concluded that the intermolecular excluded volume of the
chain with the LJ potential becomes smaller than that of the
corresponding chain with the HS one as the chain stiffness is
increased, even if 	c is properly determined so that the in-
tramolecular excluded volumes for the two chains agree well
with each other. In other words, the binary-cluster approxi-
mation does not seem to work well for typical semiflexible
and stiff polymers.

IV. CONCLUSION

We have examined the behavior of the mean-square ra-
dius of gyration �S2� and second virial coefficient A2 for two
freely rotating chains with the LJ 6-12 and HS potentials
under a good-solvent condition by MC simulation, giving
major attention to the effect of chain stiffness on the intra-
and intermolecular excluded volumes. It is shown that we
may satisfactorily assign the value of 0.624 to the collision
diameter 	c of the HS potential so that �S2� of the chain with
the HS potential agrees well with that of the chain with the
LJ one at the reduced temperature T�=8.0 irrespective of the
chain stiffness �i.e., the bond angle � of the freely rotating
chain in the range from 109° to 175°�. It is then found that
A2 of the latter chain becomes remarkably smaller than that
of the former as the chain stiffness ��� is increased, in con-
trast to the case of �S2�. The result implies that the binary-
cluster approximation does not seem to work well for typical
semiflexible and stiff polymers.
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