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ABSTRACT

We co:isidei$\cdot$ a $m_{\dot{c}}\iota_{\wedge}ximization$ of the expected iitility of the total disco$\iota intecl$ rewards
in countable state Markov decision processes. Specifying the cl $i\iota ss$ of distribution
$f\iota inctions$ for $t1_{1}$ preseiit value and iising its weak compactness, we ) $\backslash tal)lished$ the
optimality $ec\downarrow i\iota ation$ under a general utility. Also a $g$-optiiml policy is coii.structed.
As an application of $g$-optimality, we discuss the momeiit optimality introduced by
.Iaquette[7].

1. Introduction

A utility $optimi\ulcorner/atioii$ of Markov decision processes(MDP’s) with countable state
aiid compact action spaces is considered. As for utility $f\iota Ilc\cdot tion|s$ , an $t^{J}xponentia1$ one
has many $attractii^{r}e1$)$roperties$ . For example, it has a constant local risk aversion and
an $ini^{r}ariant$ risk preiiiinm with respect to the wealth $(Fishb\iota rn[\backslash \ulcorner)]$ , Pratt[11] $)$ . Several
authors analyzed MDP)$s^{t}$ with exponential ntility functions. Howard and Matheson[6]
stndied the case of hnite states and actions in $N$ horizoii times. Letting $N$ tend to
$infi_{11}ity$, they $ga\tau^{\tau}e$ the policy improveinent to find the policy that $i\iota laxilnizes$ the time-
average equivalent $i\cdot et\iota rns$ of MDP’s. Chung and Sobel[2] considered the maximization
of the expected utilit $\backslash \gamma$ of the total discount return raiidom varial) $1e$ (called the present
$1_{\dot{C}}^{r}tlne)$ for fiiiife MDP’s and derived the optimality eqnatioiis, ]$)y$ which an optimal policy
$w_{\dot{C}}\iota scons^{t}tructed$ . $Pol\cdot te\iota s[10]$ and Denardo and Rothblnin [3] dealt with tlie problem from
the otlicr points of view.

In this paper, wc (onsider the same problems as those treated in Cliniig and Sobel[2]
wlien the ntility fuii(tion is a general, in particular, $(ontin\iota ous$ fniictioii, by which the
practical $a$ ) will be enlarged. The inethod of $maly1$) . here is closely
related to the one $i_{11}$ Sobel[13], White[14], where the distribution $f\iota ne\cdot tioll$ of the present
valne is characterize(1 by iterative formula aiud the fixed $1$) $oint$ theory. Specifying the
clalss of distribution $func\cdot tions$ of the present value as a weA-colnl)act space, we derive
the optiinalitv equation under a continnous ntility fuiiction $g,$ $fi^{n}oin$ wliich a g-optimal
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$1)(lic\cdot yis^{1}construc\cdot te$(1. $I_{I1}$ tlie case of the exponential utility, the $ol$)$timaleqn$ation derived
here $i^{c_{)}^{t}}$ the same $ihS$ that in Chnng and Sobel[2]. $A^{\eta}|)$ an $a)$ of onr results, we
trcat the monient $ol$)$tima$lity introduced by $Jaq\iota ette[7]$ and show that there exists a
stationary policy $whic\cdot h$ is moment optimal for countable state MDP’s.

In Section 2, $w$($\backslash$ shall prepare the $se\backslash \cdot eral$ notations and define the $1$)$roblem$ to be
$ex_{\dot{\epsilon}}u11in\in 1d$ . Also, the $wea1_{1}^{r}$-compactness of distribution $fuile\cdot tions$ of the present value is
$d(\supset|scril)ed$ referriiig to Borkar’s excellent book[l].

2. Preliminaries

$tt/^{y}e$ (oilsider staildal$\cdot$d Markov decision $proce$)$sses$ specified $|)y(S, \{A(i)\}_{i\in S}, q, r)$ ,

where $S=\{1,2, \cdots\}$ clenotes the set of the states of tlie processes, $A(i)$ is the set
of actions available at each state $i\in S,$ $q=((1ij(c\iota))$ is the matrix of transition prob-
$\dot{(}t])$ ilities $k\sigma_{)}atisfyingt$ liat $\Sigma_{j\in S}q_{ij}(a)=1$ for all $i\in S$ and $c\iota\in A(i)$ , and $\dagger\cdot(i, a,j)$ is an
inimediate reward fnnction defined on $\{(i, a,j)|i\in S, a\in A(i),j\in S\}$ .

Throughout this pal)er, the following assumptions will be remailied $ol$)$erative$ :

(i) For each $i\in S$ . $arrow 4(i)$ is a closed set of a coinpact metric space.

(ii) For each $i,$ $j\in S,$ $1$) $othq_{ij}(\cdot)$ and $r(i, \cdot,j)$ is continuous on $A(i)$ .

(iii) The function ’ is nniformly bounded, i.e., $0\leq r(i, r\iota,j)\leq\underline{\prime}\lambda I$ for $d$]$1i,j\in S$ and
$c\iota\in A(i)$ .

Tlie saniiiple space $i^{\sigma_{)}}\backslash$ the $1$)$roduct$ space $\Omega=(S\cross A)^{\infty}$ snch that the $1$)$rojectionX_{t},$ $\triangle_{t}$

on the f-th $fac\cdot torsS,$ $A$ describe the state and the $ac\cdot tion$ of t-tiine of the process(t $\geq$

$0)$ . A $1)olicy7|^{-}=(\pi_{0}, \tau_{1}|, \cdots)$ is a $sequenc\cdot e$ of conditional probabilities $\pi_{t}$ such that
$\pi_{t}(-4(i_{t})|i_{0}, cl_{0}, \cdots , i_{t})=1$ for all histories $(i_{0}.0_{0}, \cdots , i_{t})\in(S\cross A)^{t}\cross S$ . The set of all
poli( $ies$ is denoted $\rceil$ )$v\Pi$ . A policy $7\ulcorner=(\pi_{0,1}7|^{-,\cdots)}$ is called stationary if there exists
a fun$(tionf$ with $f(i)\in d4(i)$ for all $i\in S$ snch that $\pi_{t}(\{f(i)\}|i_{0}, \mathfrak{a}_{0}, \cdots , i_{t}=i)=1$

for all $t\geq 0$ and $(i_{0}, r\iota_{0}, \cdots , i_{t})\in(S\cross A)^{t}\cross S$ . Snch a policy ifi deiioted by $f^{\infty}$ . Let
$H_{l}=(-1_{0}^{\vee},$ $\triangle_{0},$ $\cdots.\triangle_{t-1-X_{t}^{\vee})}$ for $t\geq 0.1/Ve$ assume tliat for each $7\ulcorner=(7|^{-}7\ulcorner, \cdots)\in\Pi$ ,

$P_{\pi}(x_{t+1}=j|H_{t-1},$ $\triangle_{t-1,-1_{i}^{\vee}=i,\triangle_{t}=r\ell)=q_{ij}(r\iota)}$

for all $t\geq 0,$ $i,j\in S_{\}n\in A(i)$ . For any Borel $inea_{4}surable$ set $X,$ $\mathcal{P}(X)$ denotes the set
of all probability measu$\iota\cdot()s$ on $X$ . Then, any initial prol)$ability$ nieasnre $\mathfrak{l}\in \mathcal{P}(S)$ and
policy $\pi\in\Pi$ deteriniiie the probability merusure $P_{\pi}^{\iota/}\in \mathcal{P}(\Omega)$ by a nsual way.

17



Lemma 2.1.(e.g. sce Borkar[l]) $Fol\cdot\epsilon^{1}ac\cdot lil/\in \mathcal{P},$ $\overline{\varphi}(\nu):=\{P_{71}^{\iota/}\in \mathcal{P}(\Omega)|\pi\in\Pi\}$ is
$((l11p_{\dot{c}})(t$ in tlie $\iota veaAtol)olog)^{r}$.

Tlie $disc\cdot ounted_{1)}1\cdot eseilt$ valne of tlie state-action $1$)$roc\cdot ess\{X_{l}, \Delta_{t};t=0,1,2, \cdots\}$ is
definc$(11_{J}y$

$\mathcal{B}$

$:= \sum_{t=0}^{\infty}^{\prime j^{t}r(x_{t,i,-1_{1+1}^{\vee}}}\Delta)$ . (2.1)

where $/f(0<lf<1)$ is a discount factor. Let $u:=A\prime tI/(1-/i)$ . Theii, for each $\nu\in P(S)$

and $\tau r\in\Pi,$ $\mathcal{B}$ is a raudom $i^{r}ariable$ from the probability space $(\Omega, P_{\pi}^{\iota/})$ iiito the interval
$[0, \uparrow\ell]$ . We denote by $C[0, u]$ the set of all bounded $contin\iota io\iota sfn1lc\cdot tions$ on $[0, u]$ . Let
$/(\in C[0, c/]$ be arbitraiy. Theii, mterpreting this $g$ as a utility fnnctioii, our problem

is to maximize the $eX1^{Jec\cdot ted}$ utility $E_{\pi}^{\nu}(g(\mathcal{B}))$ over all policies $\pi\in\Pi$ , where $E_{\pi}^{\nu}$ is the
$exl)ectation$ with $resl$) $ect$ fo $P_{\pi}^{l/}$ .

In $oi\cdot der$ to aiialyze tlie above problem, it is convenient to $rewi\cdot iteE_{\pi}^{\iota/}(g(\mathcal{B}))$ by using
the distribution fun$(\{ion$ of $B$ corresponding to $P_{\pi}^{\nu}$ . Let, for $eac\cdot h_{J}/\in P(S)$ and $\pi\in\Pi$ ,

$F_{\pi}^{\nu}(\approx):=P_{\pi}^{\nu}(\mathcal{B}\leq\wedge\vee’)$ , (2.2)

$\Phi(\nu):=\{F_{\pi}^{\nu}(\cdot)|\pi\in\Pi\}$ . (2.3)

Noting that we can identify $\Phi(\nu)$ with $\overline{\varphi}(\nu)$ , the next results $follo\backslash \backslash rs$ from Lemma 2.1.

Corollary 2.1. FOT an$v\nu\in P(S),$ $\Phi(\nu)$ is $\iota\dagger^{\gamma}ea1_{\overline{\iota}}$ -compact.

For any $g\in C[0, n]$ and $l\in P(S)$ , we say that $\pi^{*}\in\Pi$ is $(\nu, g)$ -optinial if $E_{\pi^{*}}^{\nu}(g(\mathcal{B}))\geq$

$E_{\pi}^{\iota/}(g(\mathcal{B}))$ for all $\pi\in\Pi$ . XVhen $\pi^{*}$ is $(\nu, g)$-optiinal for all $\iota/\in P(S),$ $\pi^{*}$ is simply called
g-optimal.

3. g-oplimality

In this section $v_{\backslash }^{\tau}c$ derive the optimality equation iincler $arbitr_{\dot{\epsilon}}u\cdot y$ coiitinuous function
$g$ , which construct a $g- ol$)$timal$ policy. By $wea1_{\check{t}}$-compactness of $\Phi(l)gii^{r}en$ in Corollary
2.1. the following existence theorem holds.

Theorem 3.1. $Fol\cdot$ axi$y^{}$ $\nu\in P(S)$ aiid $g\in C[0, u],$ $tlit^{1}r\epsilon!\epsilon^{1}dxists$ a $(\nu, g)$ -optinial policy.
$P\uparrow\cdot oof$. By Corollary 2.1 it follows that

$s\iota\iota pE_{\pi}^{\nu}(g(\mathcal{B}))=\sup_{F\pi\in\Pi\in\Phi(\nu)}\int g(\sim\sim)F(d^{\sim})=\int g(\sim)F^{*}(d^{\sim})$
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for souie $F^{*}\in\Phi(\nu)$ . Corresponding to $F^{*}$ , let $\pi^{*}$ be its $a^{\sigma^{\tau}}|’ soc\cdot iated_{1})olie\cdot y$ . Then, clearly
$\pi^{*}$ is $(|, g)$ -optimal. $\square$

In order to $desc\cdot ril$) $e$ the optiinal equation in Theoreni 3.2 $\rceil)e1_{0\backslash \backslash }’$ , the following lemma
is nseful. The proof of it is easily done from the uniform continnity of $g$ on $[0, u]$ and
Coroll$it\Gamma\backslash 2.1$ .

Lemma 3.1. For a$l1.\iota^{r}g\in C[0, u],$ $\int g(s+\}’3\wedge’)F(d\approx)i\}s((l1fi_{1lO1_{1}5’\dot{c}1^{y}\partial}|)f\iota it\cdot fion$ of $(s, F)$

$O1l[0, \wedge\prime tI]\cross\Phi(\nu)$ .

For siinplicity of the notation, let

$U_{t}\{g\}(s\cdot, i, n,j)$ $:= \max_{F\in\Phi(j)}\int g(s+l^{\prime j^{t}r(i,a,j)}+l3_{\vee}^{t+1_{-}})F(d\approx)$ (3.1)

for $t\geq 0,$ $g\in C[0, u],$ $s\in[0, M],$ $i,j\in S$ and $a\in A(i)$ , where if $l\in P(S)$ is degenerate
at $\{j\},$ $\nu$ is simply clenoted by $j$ and $\Phi(\nu)\dagger)y\Phi(j)$ . Note that by Lemma 3.1 the
inaximum in Eq.(3.1) is attained. Now, we can state one of our main results, which
gives a necessary condition for $(\nu, g)$-optimality.

Theorem 3.2. $Fol\cdot$ an$J^{}$ $\nu\in P(S)$ and $g\in C[0, u],$ $lct\pi^{*}\in\Pi\})e(|, g)-01)timal$. TAen
$fol\cdot eat\cdot lit\geq 0$ . the following optiin$al$ equation $h$olds.

$E_{\pi^{*}}^{\nu}(g( \mathcal{B}))=E_{\pi^{*}}^{\nu}\{\max_{a\in A(X_{t})}\sum_{j\in S}q_{X_{f}j}(a)U_{t}\{g\}(\mathcal{B}_{t-1,-X_{f}^{-}}, tl,j)\}$
, (3.2)

$w^{-}l_{1e}r\epsilon^{1}\mathcal{B}_{-1}$ $:=0$ and $\mathcal{B}_{t}:=\Sigma^{t}\beta^{k}r(’)$ for $t\geq 0$ .
$P\prime oof$. For simpli$\subset\cdot ity$ , we denote $E_{\pi^{*}}^{\nu}$ by $E$ . For any $\omega$ $:=(i_{0}, a_{0}, i_{1}, c\iota_{1}, \cdots)\in\Omega$ , let

$\theta_{t}(\omega)$ $:=(i_{t}, a_{t}, i_{t+1}, \cdots)$ be a shift operator for $t\geq 1$ . $i$From the Marko$i^{}$ property of the
transition probabilities,

$E(g(\mathcal{B}))$ $=E\{E\{g(\mathcal{B}_{t-1}+\beta^{t}r(\lambda_{t}’, \triangle_{t,\wedge}1_{l+1}^{-})+\beta^{t+1}\mathcal{B}(\theta_{t+1}(\omega))|H_{t+1}\}\}$

$\leq E\{E\{U_{t}\{g\}(\mathcal{B}_{t-1,arrow x_{t,f,-Y_{t+1}’)|H_{t}\}\}}^{r}}\Delta$

$\leq E\{\max_{a\in A(X_{t})}\Sigma_{J\in s}q_{X_{t}j}(0)\{U_{t}\{g\}(\mathcal{B}_{t-1,-\searrow_{t}^{\vee},r\iota,j)\}\}}$ .

Since $\pi^{*}$ is $(\nu, g)$ -optimal, the above inequalities can be all replaced $bv$ eqnalities. $\square$

In orcler to give a siifficient condition for g-optimality, $\backslash \backslash redc^{1}fine$ the seqnence $\{A_{t}^{*}\}_{t=0}^{\infty}$

by
$A_{l}^{*}(s, ;)$ $:=$ arg max$c’ \in A(i)\sum_{j\in S}q_{jj}(a)\{U_{t}\{g\}(s.i, c\iota,j)\}$

, (3.3)
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where for any fnnction $h(\iota\iota\cdot)$ on $X$ ,

arg max,. $\in v$ (arg min$x\in X$ ) $h(x)$

$:=$ { $.\iota’\in X|x’$ maximizes (ininimizes) $h(x)$ in $M.\downarrow\cdot\in X$ }.

Theorem 3.3. $Fol\cdot d1lt^{r}\mathfrak{l}\in P(S)$ and $g\in C[0, n]$ . flie followiiig (i) $d11(\{(ii)$ liold.
(i) Lot $\pi^{*}=(\pi_{0}^{*}, 7|_{1}^{-*}, \cdots)$ be $iiii_{J^{r}}(\nu, g)$ -optimal, then

$P_{\pi^{*}}^{\nu}(\triangle_{t}\in A_{t}^{*}(\mathcal{B}_{t-1}, X_{t}))=1$ for all $t\geq 0$ .

(ii) Let $\pi^{*}=(\pi_{0}^{*}, \pi_{1}^{*}, \cdots)$ be any policy satisfyin$g$

$\pi_{t}^{*}(\lrcorner 4_{t}^{*}(\mathcal{B}_{t-1}, X_{t})|H_{t})=1$ for all $H_{t}$ a $1dt\geq 0$ .

Tben. $\pi^{*}$ is g-optimal.

Proof. By $obser\backslash \cdot ing$ the proof of Theorem 3.2, we see that (i) holds. To prove
(ii), let $\pi^{f}$

$:=(\pi_{0}^{*}, \pi_{1}^{\star}, \cdots, \pi_{t}^{*}, \pi_{t+1}’, \pi_{f+2}’, \cdots)$ , for $\pi^{*}$ given in the statement of Theorem
3.3(ii), where $(\pi_{l+1}’, \pi_{t+2}’, \cdots)$ is a policy corresponding to $F’\in\Phi(-1_{1+1}^{\vee})$ which satisfies
the relation such that

$\int g(\mathcal{B}_{t-1}+t,t, -Y_{t+1})+\beta^{t+1}z)F’(dz)=U_{t}\{g\}(\mathcal{B}_{t-1-X_{t}^{-},\triangle_{t,arrow Y_{t+1})}}$

for $t\geq 0$ . The polic.$\backslash \tau(\pi_{t+1}’, \pi_{i+2}’, \cdots)$ only depends on $H_{t}$ . Now we shall show inductively
that $\pi^{t}$ is g-optimal for all $t\geq 0$ . Let $\pi=(\pi_{0}, \pi_{1}, \cdots)$ be ally policv. Then, we have

$E_{\pi}^{i}(g(\mathcal{B}))$ $=E_{\pi}^{i}[E_{\pi}^{i}\{g(r(\lambda_{0}’, \triangle_{0}, X_{1})+\beta \mathcal{B}(\theta_{1}(\omega))|H_{1}\}]$

$\leq E_{\pi}^{i}[\max_{F\in\Phi(X_{1})}\int g(r(-1_{0}^{-}, \triangle_{0},X_{1})+\beta\approx)F(cl_{\sim}\wedge)]$

$\leq E_{\pi^{0}}^{i}(g(\mathcal{B}))$ for all $i\in S$ .

Therefore, $\pi^{0}$ is $(i, g)$ -optimal for all $i\in S$ , that is, g-optimal. Moreover, $E_{\pi^{0}}^{i}[g(\mathcal{B})]\leq$

$E_{\pi^{0}}^{j}[E_{\pi}^{Y_{1}}\wedge,(g(\mathcal{B}))]$ , by applying the case of $t=0$ to $g(\uparrow\cdot(arrow 1_{0}^{\vee}, \triangle_{0}, X_{1})+\beta x)$ , where $\pi’=$

$(\pi_{1}^{*}(H_{1}), \pi_{2}’, \pi_{3}’, \cdots)$ . $Sin(e\pi^{0}$ is g-optimal, $\pi^{1}$ is also so. Repeating the above argument,
we can prove that $\pi^{t}$ is g-optimal for all $t\geq 1$ . Smce $g$ is unifornil.$v$ continuous in $[0, u]$

for any $\epsilon>0$ , there exists $T\geq 1$ satisfying

$|g(x+\beta_{1}^{T_{\sim}})-g(\backslash x+\beta_{\sim 2}^{T_{\sim}})|\leq\epsilon$

for $an\backslash rx,-,$ $\approx 2$ snch that $x+\beta^{\tau_{\tilde{k}}}j\in[0, u]$ for $j=1,2$ . For this $T$ , clearIy it holds that

$|E_{\pi^{T}}^{i}(g( \mathcal{B}))-E_{\pi^{*}}^{\dot{t}}(g(B))|\leq E_{\pi^{*}}^{i}[\sup_{\approx 1,\approx 3}|g(B_{T}+(3^{\tau_{\approx 1}})-g(\mathcal{B}_{T}+13_{\sim 2}^{T_{\wedge J}})]|\leq\epsilon$
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wliere the $\sup$ is takeii over tlie range : $\mathcal{B}_{T}+\beta^{T}\approx j\in[0,$ $?(]$ for $j=1,2$ . For any $T\geq 1$ ,
$\pi^{T}$ is optimal, so that $|)\backslash Tarrow\infty$ and $\epsilonarrow 0$ in the above, we $obsei\cdot ve\pi^{*}$ is g-optimal. $\square$

Remark 1. $C^{t}oilsid(11$ tlie case when a decisioIl inaker has a linear ntility function, i.e.,
$g(.\iota\cdot)=.\tau$ . Theii, Eq.(3.1) $|)ecoilles$

$U_{f} \{.1^{\cdot}\}(s, j, r\iota,j)=s+\beta^{t}\{\parallel(i, r\iota,j)+jj_{F\in\Phi(j)}lnax\int\vee\sim F(d_{\vee}^{-})\}$ ,

and so $\lrcorner 4_{t}^{*}(s, i)$ in $Ec\downarrow.(3.3)$ reduces

$A_{t}^{*}(s, i)=$ arg max$a \in A(i)\sum_{j\in S}q_{ij}(a)\{\uparrow\cdot(i, a,j)+\beta_{F\in\Phi(j)}m_{\dot{c}}\iota x\int\sim F(d_{\vee}\wedge)\}$ , (3.4)

which is independent of $s$ . This gives the set of optimal actions for nsual MDP’s under
the expected total $cli^{c_{\rangle}^{\tau}}e\cdot 0\iota ntedi\cdot eward$ criterion(e.g. see Ross[12]).

Remark 2. Consieler the exponential utility c&se, i.e., $g(x)=-\exp(-/\backslash x)$ . Then,
Eq.(3.1) becomes

$U_{t}\{-e^{-\lambda\tau}\}(,s,$ $i,$ $c(,j)=-e^{-\lambda s}e^{-\lambda\beta^{t}r(i,a.j)}\min_{F\in\Phi(j)}\int\exp\{-\lambda d_{-}^{t+1_{\sim}}\}F(d_{\tilde{k}})$ .

Thns, $|)y$ Eq(3.3), $\backslash \backslash \tau e$ have

$A_{t}^{*}(s, i)=$ $\arg 1nin_{a\in\wedge 4(i)}\Sigma_{j\in,9}q_{ij}(c\iota)\exp\{-\lambda\beta^{t}\uparrow\cdot(i.c\iota,j)\}$

$\cross\min_{F\in\Phi(j)}\int\exp\{-\lambda\beta^{\prime+1}\approx\}F(d\approx)$ .
(3.5)

$Ol)serving$ Eq(3.5), we iiote that the policy $\pi^{*}constl\cdot ncted$ by Tlieorein 3.3 is the same
as that obtained in Tlieorem 4 of Chting and Sobel[2], which is called $/\backslash - ol$)$timal$ .

4. Moment optimality

$Jaq\iota ette[\overline{/}]$ iiitrodnced the inoinent optimality aiid $1$)$roved$ the existence of moment
optimal stationary $1$) $olic\backslash \tau$ for finite MDP’s by $ana1_{3^{r}}zing$ the negative of the Laplace
traiisformation of $\mathcal{B},$ $whi$( $h$ is $coi\cdot responding$ to the $c\cdot ase$ of the $exl$) $onentiA$ utility $g(x)=$

$-cxp(-/\backslash .r)$ . Herc, we shall prove the existence theorem $|)\}^{r}a\iota)1)1_{\backslash }ving$ the $i\cdot esults$ in the
ploceeding sectioii to tlie restricted MDP’s iferatively, whose ielcas were appearing in
$I\backslash -\iota rano[8]$ , Mandel[9].

First let $\iota s$ givc $c_{\rangle}evcra1$ notations necessar. $r$ in onr $discus_{\iota}^{c_{\rangle}}ioi1$ . For any $i\in S$ and
$\pi\in\Pi$ , let

$-\backslash /71(i, \pi)$ $:=(-1)^{n+1}E_{\pi}^{i}(\mathcal{B}^{n})$ for $n\geq 1$ .
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Lef $u=(t_{1}, t\iota_{2}, \cdots)^{l}$ and $v=(t, t),$ $\cdots)^{t}$ be two $vec\cdot tois,$ $\backslash \backslash 1_{1ereu^{t}}$ denotes the transpose
of $u$ . Then $\backslash \backslash e$ writ $t^{}$ $u\geq v$ if $t(i\geq\iota_{i}’$ for all $i=1,2,$ $\cdots$ . Let $N(i, \pi)$ $:=(N_{n}(i, \pi);n=$

$1\eta 2,$ $\cdots)$ be a row $1^{r\rangle}t\uparrow(1^{\cdot}$ and $\wedge\backslash r(\pi)$ $:=(\sim\nwarrow 1’(i, \pi);i=1,2, \cdots)^{t}$ be an infinite matrix. For
ally integer $l\geq 1$ and $\pi,$ $\pi’\in\Pi$ , we write $N(i, \pi)\succeq\iota\underline{\prime}\backslash ’(i, \pi’)$ , if there is an integer
$\lambda\cdot(1\leq k\leq l)suc\cdot h$ tliat $-\backslash *,,(i, \pi)=\underline{l}\backslash r_{1}(i, \pi’)$ for $1\leq\uparrow l<A$. and $N_{k}(i.\pi)\geq N_{k}(i, \pi’)$ . we
$a1j^{i};owi\cdot iteN(\pi)\succeq l\wedge\backslash \vee(\pi’)$ if $-\backslash ’(i, \pi)\succeq\iota N(i, \pi’)$ for any $i=1,2,$ $\cdots$ , $l$ . $W^{:}e$ say that $\pi^{*}$ is
l-momeiit optiinffl if $4\backslash \tau(\pi^{*})\succeq\iota N(\pi’)$ for all $\pi’\in\Pi$ and that $\pi^{*}i^{t}|)$ lllolllellt optimal if it
is l-lnoinent optimal for all $l=1,2,$ $\cdots$ (see $Jaquette[\overline{l}]$ for details).

Let $fV_{1}^{*}(i)$ $:= \max_{\pi\in\Pi}N_{1}(i, \pi)$ . Then, applying Eq.(3.2) for $t=0$ , we obtain

$N_{1}^{*}(i)= \max_{a\in A(i)}\sum_{j\in S}q_{ij}(a)(r(i, 0,j)+’3_{\lrcorner}\backslash _{1^{*}}(j))$
(4.1)

for all $i\in S$ . Also, noting Remark 1 in section 3, let

$4_{1}(i):= \arg\max_{a\in A(i)}\sum_{j\in S}q_{?j}(a)(r\cdot(i., a,j)+\beta N_{1}^{*}(j))$
. (4.2)

It is easily verified that $A_{1}(i)$ is compact for $eac\cdot lii\in S$ . So we denote by MDP
$(S, A_{1}(i), q.\uparrow\cdot)$ the PtIDP’s specified by $S,$ $\{A_{1}(i);i\in S\},$ $q$ and $r$ . And define $\Phi_{1}(i)$ for
MDP $(S, A_{1}(i), q, r)$ similar as $\Phi(i)$ for MDP $(S, A(i), q, r)$ .

By Theorem 3.3(ii), it holds that

$N_{1}^{*}(i)= \int\approx F(d\approx)$ for all $F\in\Phi_{1}(i)$ . (4.3)

Next we define $\wedge\backslash r_{2^{*}}(;)$ $:= \min_{F\in\Phi_{1}(i)}\int\approx^{2}F(d\approx)$ . The following theorem concerning
with the second moment will be established.

Theorem 4.1. (i) $4V_{2}^{*}(i)$ satisfies

$4 \backslash \dot{f}2^{*}(i)=\min_{a\in A_{1}(i)}\sum_{j\in S}q_{ij}(a)(\theta_{2}(i, a,j)+\beta^{2}N_{2}^{*}(j))$
, (4.4)

$\iota\backslash \cdot here\theta_{2}(i, a,j)$ $:=\mathfrak{j}\cdot(i, a,j)^{2}+2\beta r(i, a,j)N_{1}^{*}(j)$ .
(ii) Let

$A_{2}(i):= al.g\min_{a\in A_{1}(i)}\sum_{j\in S}q_{ij}(n)(\theta_{2}(i, a,j)+\beta^{2}N_{2}^{*}(j))$ (4.5).

an$df^{\infty}$ be an$y^{}$
$statio\iota 1\partial 1^{\cdot}.V$ policy $\dagger r^{r}ithf(i)\in\wedge 4_{2}(i)$ for $\partial 11i\in S$ . $T1\ddagger \mathfrak{k}^{1}1\iota,$ $f^{\infty}$ is 2-monient

$o\iota)fi_{111}a1$ .

Proof Letting $q(z\cdot)=-x^{2}$ , we apply Eq.(3.2) for $t=0$ to MDP $(S, A_{1}(i), q, r)$ .
The assertion (i) $c\cdot oi\iota ld\dagger)e$ proved immediately. To $pro\backslash e$ (ii), we apply the results of
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$T1_{1t^{1}OlG}m3.3$ , in $whi(h_{-}4_{t}^{*}(s, i)$ ill Eq(3.3) is gii en as follows; Let $F\in\Phi_{1}(j),$ $a\in A_{1}(i)$

alld $l?(.\iota\cdot)=x^{2}.11^{\tau}e1\iota_{\dot{c}1t^{r}()}$

$\int l\iota(s+j^{l},.(j, (l, j)+43^{t+1}\approx)F(d\approx)$

$=s^{2}+2, \sigma f^{t}(,.(j, a, j)+\beta\int\sim\wedge F(d\approx))+9^{2t}\int(’\cdot(;, (\iota,j)+li\wedge.)^{2}F(dz)$

$=. s^{\underline{y}}+2.sf^{l}(’\cdot(i, a, j)+\beta_{1}\backslash \tau_{1^{*}}(j))+\beta^{2t}(l\int\sim-2F(d_{\sim}\wedge))$ .

So, $\rceil)t^{r}$ Eq(4.1) and Eq.(4.2) we get

$\min_{o\in 1_{1}(1)}\Sigma_{j}q_{ij}(a)U_{t}\{x^{2}\}(s, i, a, j)$

$=$ $s^{2}+2s 13^{t}N_{1}^{*}(?)+\beta^{2t}\min_{o\in A_{1}(?)}\Sigma_{j}q_{jj}$ ( $ci$ ) $(\theta_{2}(i, a,j)+’3^{2}N_{2}^{*}(j))$ .

Tlius, $\backslash \backslash \cdot e$ see by Eq.(3.3) that $A_{t}^{*}(s, i)=A_{2}(i)$ for all $t\geq 0$ . $i^{Fi\cdot om}$ Theorem 3.3, the
$stational\cdot y$ policy $f^{\infty}$ given in (ii) is shown to be 2-inoment optiinal. $\square$

Applying the idea of Theorem 4.1, we can get the further $i\cdot esnlts$ .

Theorem 4.2. $Tl_{1(T\Theta)}$) $\lrcorner xisfs$ a 111oment optimiil $sr$ation $\partial Iypoli(.1^{\gamma}$.
$P\uparrow oof$. Usiiig $\Phi_{1,12^{*}}\wedge\backslash arrow*,$$1\backslash T,$ $A_{2}$ given in Eq(4.1) $-$ Eq(4.6), define $\theta_{l71},$ $\Phi_{7n-1},$ $N_{m}^{*}$ and

$\sim 4_{7l}$ inductively for $7lt\geq 3$ as follows:

(i) Define $\Phi_{7\}l-1}(i)$ for MDP $(S, A_{m-1}(i), q, r)$ as siniilar as $\Phi(i)$ for MDP $(S, A(i), q, r)$ .

(ii) $N_{m}^{*}(i)$ $:=(-1)^{\prime?\iota+1} \max_{F\in\Phi_{m-1}(i)}\int(-1)^{m+1}\tau^{m}F(dx)$ .

(iii) $\theta_{n?}(i, a,j)$ $:=\Sigma_{\lambda=0}^{\prime\prime.7-1}(\begin{array}{l}\uparrow 7?k\cdot\end{array})\beta^{k}r(i, a,j)^{m-k}N_{k}^{*}(j)$, wliere $f\backslash \tau 0^{*}(j)=1$ for all $j\in S$ .

(iv) $A_{\tau n}(i)$ $:= \arg\max c’\in 4_{n1-1}(i)(-1)^{?\mathfrak{n}+1}[\Sigma_{j}q_{ij}(a)(\theta_{7?}(i, a,j)+\prime^{j_{1}^{\prime\}1}\backslash _{7)?}}\tau*(j))]$

Let $f^{\infty}$ be any stationary policy such that $f(i) \in\bigcap_{7??=0}^{\infty}A_{\uparrow’ l}(i)$ for all $i\in S$ . Then,
it is shown $a 1a\log o\iota^{\mathfrak{c}}|)$ to the proof of Theorem 4.1 that $f^{\infty}$ is l-iiioineiit optimal for all
$l\geq 3$ . $\square$

References

[1] V.S. $Borl\sigma ar,$ $Topi(s$ in Controlled Markov Chaiiis, Longman Sc.ientific Technical,
1991.

[2] $I\overline{\backslash }.J$ . Chung aiid M.J. Sobel, Discounted MDP’s: Distributioii fnnctions and expo-
nential utility maximization, SIAM J. Control and Optlrniza $t^{I}ion$ , 25(1987), 49-62.

23



[3] $E.l^{r}$ . Denarclo and U.G, Rothblum, optiinal $Sto$ ) , $exl)Ollcntial$ ntility and lin-
car programming, Math. Prog., 16 (1979), 228-244.

[4] S.N. Ethier $a11(1$ T.G. $I\backslash urtz’$ , Markov Pro(esses, $Charac\cdot tcri_{7}ation$ and Convergence,
Jolili $W^{\tau}ile_{v}1^{\tau}$ & $Son|s^{1}$ , New York, 1986.

[5] P.C. Fishburn, Utilit $!^{r}$ Theory for Decision hlaking, .Iohn $1l^{7}iley\ Sor\iota s$ , New York,
1970.

[6] R.S. $H_{ow_{\dot{C}}\iota 1}\cdot d_{\dot{c}\backslash 11(}1.I.E$ . Matheson, $Risk- sensitii^{r}ehIai\cdot koi^{r}de\mathfrak{c}\cdot i|si_{011}1)i\cdot ocesses$ , Manag.
Sci., 8 (1972), 356-369.

[7] S.C. Jaquette, Markov decision processes with a new optimality criterion: Discrete
time, Ann. Stat., 1(1973), 496-505.

[8] M. Kurano, Markov decision processes witli a $minim\iota 111- i^{r}arian(e$ (riterion, J. Math.
Anal. Appl., 123 (1987), 572-583.

[9] P. Mandl, On the variance of controlled Markov c.hains, Kybernetika, 7 (1971),
1-12.

[10] E.L. Portens, On the optimality of strucfnred policies $i_{llCotnta11e}$) stage decision
processes, Manag. Sci., 22 (1975), 148-157.

[11] J.W. Pratt, Risk aversion in the small and in the large, $Econo7\gamma ietrica,$ 32 (1964)

122-136.
[12] $S.I\backslash I$ . Ross, Applied Probability Models with optiniizatioii Applications, Holden-

$Da_{\iota}1^{r_{2}}$ 1970.
[13] M..I. Sobel, Tlie variaiice of discounted Markov $\mathfrak{c}le(isioll$ processcs. J. Appl. Prob.,

19 (1982) 794-802.
[14] D.J. White, $I\backslash$ Iiniinizing a threshold prol)ability in disconntcd $I\backslash farkov$ decision

proc.esses, J. Math. Anal. Appl., 173 (1993) 634-646.

24


