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Singular difference integrals, hypersingular integrals
‘and their applications

Takahide KUROKAWA
2 ) B X (ERA-HE)
81. Singular difference integrals and hypersingular integrals

For a function % on the n—dimensional Euclidean space R", the difference Afu
and the remainder Rf of order £ with increment ¢ are defined by

Xl: 1)!Clu(z + (€ — )t),

3=0
Du
Rluz)=uz+t)— Y. &t”’
hi<e-1 T
where v = (1, ++,7,) is a multi-index, D” = D{* --- D) 17 = 17 tY and |y| =
41 + -+ + Yn. The following integral transforms Dy and H**u(a > 0,£ a positive
integer) '

Abu(z)
a,l _ t
DI = I s T
¢
Hal hm/ Rtu(x)
—0Jj¢/>e |t[”+°‘

are called singular difference integral and hypersingular integral,respectively. The
Schwartz space S is the set of infinitely differentiable functions which decrease at
infinity faster than any power. For u € S, D%*u(z) exists for a < 2[(¢+ 1)/2], and
H*u(x) exists for £ —1 < a < 2[(£+ 1)/2] where [r] denotes the integral part of .
For w € S'(the dual of S), the Fourier transform of u is denoted by Fu. If u is an
integrable function, then the Fourier transform of u is defined by

Fu() = / u(z)edz

with - £ = > 5-12;€;. S.G.Samko calculated the Fourier transform of D**y for
ues.

Proposttion 1.1.([6]) Letu € S and 0 < a < 2[(¢+ 1)/2]. Then
F(D™*u)(€) = dalé|*Fu(£)
with , |
a2 TN (=1 el (e - )
2¢HT(1 + (a/2))T((n + a)/2) sin Za’

da,l_’ - (
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We calculate the Fourier transform of H®%y.
Lemma 1.2.([4])  IF2[(¢ — 1)/2] < a < 2[(£ + 1)/2], then

e _ ey
$(€) = lim e = Xpycec1 71 ()

e—0,6—00 Je<|t|<s [t|nte

dt

exists and

Y(E) = earlél”

21—a7r(n/2)+1 -
Cat = al(a/2)I'((n+ a)/2)sin fa’

with

ProposiTioN 1.3.  Letu € S and £ —1 < a < 2[(£+ 1)/2]. Then
F(H**u)(€) = eatlé|*Fu(€).

In fact, we have

F(H)(€)
ulx + t) — Z _ Mt'?’ .
_ /(/ (@ +8) = Xpice-1 Ry
It1>e [[r+e

= ! /u(a:+ t)e “idadt — ) / Ldt/D”u(av)e""”‘edas

ft>e [t]" e bicz1?1Hze Y [E]m e

et — 3 ()
[v|<e-1 41

=F / 7 dt.

U(f) lt]>e Itln+a

Hence the proposition follows from Lemma 1.2.
§2. The truncated integrals of the Riesz kernels

For o > 0, the Riesz kernel of order « is given by

p (CL‘) _ 1 |$|a_n, a<nora>na—nfeven,
“ - ,Yavn (6‘11" - log Im|)|x'a—n’ a Z n" a - n - even
with Maf2) 1 . .
(e}
5(1 n = —(1 4+ — e — ) =1
X 2T(a) ‘|‘2( +2+ + (a—n)/2 ) ogm

where C' is Euler’ constant. With the above normalizing constants v, and 84, we

have :
(21)  Fra(§) =PLE™™



where Pf. stands for the pseudo function|7:section 3 on Chap II]. Let @ > 0 and £
be a positive integer. We consider the truncated integrals of the Riesz kernels:

o Alky(z
o) = [ Dty

[t)>e [t[nte

‘ - Rfkq(7)
ol tva
gy =  Difel®)y
wte) = ha
We set p(z) = pP*(z) and p*t(z) = p®*(z). We note that p®(z) is finite for
every z, and p*(z) is finite for @ > £ —1 and & # 0. Properties of p** and u®* are
investigated in [2],[3],[4] and [6].

LemmMma 2.1.(i) Let £ be a positive integer,and moreover assume that £ > a — n
m case o — n 15 a nonnegative even number. Then

1 T
(+ X4 - al
e (@) = S p* ()

(i) Leta > £€—1, and moreover assume that ¢ > a—=n in case a—n is a nonnegative

even number. Then
: . z

, 1
a,l — el
,‘l’e (m) €n:u’ (6 )

Lemma 2.2. (i) Let 2[({+1)/2] > a. Then for x| > 1
Ipa,l(m” < Clwla—2(2(£+1)/2]—n

and for |z| < 1 :
lz[*™",  a<n,

b (@) < CS (1-loglz]), a=n,
: 1, a > n.

(i) Letl—1<a<2[(£+1)/2]. Then

S /P 8
|w|a—2[(£—1)/2]—n, |$I < 1.

i) < of

By Lemma 2.2, if 2[(£ + 1)/2] > a, then p™* is integrable, and if £ — 1 < a < -

2[(£+ 1)/2], then u*¢ is integrable. We denote

dyp = / pH(@)ds,  ep= /-u"’”(x)dw-,

S.G.Samko[6] remarked
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ProposiTioN 2.3.  For 2[(£ + 1)/2] > a,dae = dg, and hence di, + O for
2[(€+1)/2] > o and a # odd.

We note

ProposirioN 2.4.([4]) For£—1< a < 2[(£+1)/2], €4, = €, and hence e, , # 0
for{—1<a<?2[(¢+1)/2].

§3. The spaces of Riesz potentials

For f € S, the Riesz potential of order a of f is defined by
Ul(@) = [ Kale - 1) f@)dy.
By (2.1) for f € S we have

(3.1) F(UL)(€) = PEIE[TF £(6).

In order to define the Riesz potential of an LP-function, for an integér k < a we
-introduce :

Ka(T = Y) — Xjyi<k ‘Dl%j—)f’, 0<k<a,
Ko(Z — ¥), k< -1

aslen) = |

We have

Proposition 3.1.([1]) Let f € I and k = [a — (n/p)].
(i) Ifa— (n/p) is not a nonnegative integer, then

ULx(@) = [ Kap(a, )/ ()dy

erists and satisfies
(f W0tz ) Plal o dz)’? < Il

(ii) If a— (n/p) is a nonnegative integer, then U‘f,‘k_l and Uaf:“’k exist and satisfy
(/l k-1 z)I"lfl?l""”(1+ |log |z|1) Pdz)'/” < Cl|fullp,

(/ |U25(@)Plz|~?(1 + |log |z|l) Pdz)"? < Ol fall,
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where f1 = f|p, is the restriction of f to By = {|z| < 1} and fo = f - fi.

By Propositions 1.1,1.3 and (3.1) it seems that the integral transforms A D‘”

and -1 H ot are the inverse operators of the Riesz potential operator. Pre01sely
speaklng

Proposirion 3.2. (I)([3]) Let f € LP, k = [a — (n/p)] and Z > a — (n/p).
(i) Ifa—(n/p) is not a nonnegative integer, then

DS’ZUC{,k = pg‘,’e * f

and hence
Da,tUik — da,ﬁf
where the symbol * stands for the convolution.
(ii) If a— (n/p) is a nonnegative integer, then
' Dg’l(Uifkq + Ufk) = p®* x f
and hence .
Da’e(Ué‘fk—l + Uaf2k) = daf

with f; = flp, ond f = f - fi. |
(I1)([2]) Let f € P,k = [a — (n/p)] and a — (n/p) < €< a+ 1.
(i)  If a—(n/p) is not a nonnegative integer, then

HE UL, = pet* f

and hence '
H'UY | = eqpf.

(i) If a — (n/p) is a nonnegative integer, then

HE Uiy + Udh) = e+
and hence :
H* (U1 + Uk) = eanl.
Taking Propos1t10n 3.1 into account, we-define the Riesz potential spaces of

LP- functlons as follows:

[ {U a,k; feLr}, a—(n/p)# anonnegative integer,
Re= Uk + U f € 7, fi = flo, o= f = fu},

a— (n/p) = a nonnegative integer
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with k = [a — (n/p)]-

. We give characterizations of the Riesz potential spaces using the singular differ-
ence integrals and hypersingular integrals.

Tueorem 3.3.([3]) Let [(¢+1)/2] > o and oo = an odd number. Thenu € RE+ Py
if and only +f

J (@)@ + al) ™ og(e + o) Pdar < o,

Aby :
(if) lim / (z) dt existsin L?
—0Jjg>e [t|He

where Pk is the set of polynomials of degree k.
For 1 < rg,m,+,7_1 < 00, we denote
Wo o = {u; DYu € L' for |y = 5,5 =0,1,---,£—1}.
CoROLLARY 3.4. Let [(£+ 1)/2] > a and o # an odd number. Then u €
(RE + P) O W2 V™1 if and only if
(i) u e W,

(ii) lim ————AZ (z)

dt exists in L?
=0 Jjg>e [t|te

for 1o > p in case of a — (n/p) > 0,p < 7y < p, in case of a — (n/p) < 0 where

1/pa = (1/p) — (a/n).
TreEoREM 3.5.([4]) Let £ — 1 < a < min(2[(¢ + 1)/2],£ + (n/p)). Then u €
(RP, + Pp) N W, """ if and only if
(i) uwe Wy

(ii)) lim fju ()dt exists in LP
—0Jjg>e [t

for 7o > p in case of a — (n/p) > 0,p < 19 < py in case of a — (n/p) < 0.

TueoreM 3.6.([5]) Let o — (n/p) < 0 and £ — 1 < a < min(2[(¢+ 1)/2],5(¢ +
(n/p)). Then u € R? if and only if

(1) Wpoupcv 1, Pa—(£— 1),

RE
(ii)) lim (@ )dt exists in LP.
e—0Jjg>e [t|nT
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