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A generalization of close-to-convex functions*®

Teruo YAGUCHI

(IRXELPEG%) o~ 7))

1.Introduction
Let A denote the class of functions of the form:

(1) ) =24+ ardt,
k=2

which are analytic in the unit disk U = {z : |z] < 1}. Let Py(a) denote the class of
functions of the form: '

(e ]
flz) =€+ Zak?k (—cos™la < 8 <cos™!a),
k=1

which are analytic and Ref(z) > a(0 < a < 1) in the unit disk U. We set P(a) = Py(a).
For a function f(z) in the class A, Salagean ([6]) defined the differential operator D", n €
N02{0)17233>"'},by |

D°f(z) = f(z),  D'f(z) = Df(2) = 2f'(2)

and
D" f(z)=D(D"f(z)) (neN={1,2,3,---}).

If a function f(z) € A is defined by the form (1), then
D" f(z)=z+ Z k™ayz*.
k=2
Salagean ([6]) also defined the subclass S™(a) of the class A by

S"a) = {f(z) €A: —IZDZ:%{-E—;—Z € P(a)}

for some a(0 < a < 1) and for some n € Ng. From equalities

D) _:f() ., DG, )
D) - £ ™ D) T )

*1990 Mathematics Subject Classification. Primary 30C45.
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it follows that S%°(a) = $*(a) and S*(a) = K(a), where S*(a) and K(a) are classes
‘consisting of all starlike and convex (univalent) functions of order a, respectively.
Now we introduce a new class. Let 0 < a < 1,0< 8 <1and —cos™! 8 < 6 < cos™! .
Then a function f(z) € A is said to be in the class C}(a, ) if and only if there is a function
D"f(z)

 g(z) € S™(a) and a real number 8 such that ————"— € Py(S). Further, we set
elGDng(z)

C"(a,8) = J{C3(a,B) : —cos™ B < 0 < cos™" B}

and

C"(a,B) = [{Cq(e,B) : —cos™ B < 8 < cos™" f}.

Kaplan ([3]) defined the class C2(0,0) of close-to-convex functions, and Libera ([4])
defined the class C}(a, 3) of close-to-convex functions of order 3 and type a. Goodman
and Saff ([2]) defined the class C'(0,0), and showed the result C!(0,0) = K(0) without its
proof. The new class C (a, 8) is a generalization of the class of close-to-convex functions
of order a and type #. With virtue of Lemma 1, Theorems 1 and 2, a function in the class
5n(a,ﬂ) is said to be a close-to-S™(a) function of order 3, or a close-to-S™ function of
order B and type a. A function f(z) in the class _C—O(a,O) (or 51((1,0)) is, respectively,
known as a close-to-star function of type « (or a close-to-convex function of type a ).

2. Preliminaries

To get our results, we need some lemmas as follows.

Lemma A (MacGregor [5]). Let 0< a < 1. Then K(a) C S*(¢), where

6=d0) = gy (@ # D)
e ’
6= 00 = 373 (=}

The value of ¢ satisfies that
ma.x{a,%} <dla)<1 (0<a<)

Lemma B (Salagean [6]). Let 0 < a < 1 and n € Ny. Then S™t1(a) C S™(¢(a)),
where ¢(a) is given by (2).

For 0 < a < 1 and ¢(a) defined by (2), let {¢,}§° be a sequence defined by mathematical
induction as follows:

(3) bo=a, ¢pp1=0¢(¢p) (pENy).

The sequence {¢,} satisfies that

1
max{a,;)—}‘<¢1<-"<¢p<¢p+1<"'<1, ¢p— 1 (p— 0).

We get easily -the following lemma with virtue of Lemma B.



180

Lemma 1. Letn € No,p€e N,0 < a <1 and let {¢,} be defined by (3). Then

5™P(a) C 5™(4,) G 5™().

Lemma C (Bernardi [1]). Let 0 < a <1, Rec< a and f(z) € P(a). Then

f'(z)
f(z)—c¢

3. Main results

Theorem 1. Letn € Np,0 < a <1 and 0 < 8 < 1. Then S*(a) = C"(a,B) G Cg (e, B)
for all real 6(]6] < cos™! B3).

Proof. If f(z) € S™(a), then there is a function ¢g(z) = f(z) € S™(«) such that %ﬂ% =
e % € Py(B) for 0 < 8 < 1 and real (4| < cos™! #), which proves S™(a) C C™(a, B).
Conversely, suppose f(z) € C™*(a,f) for 0 < a < 1and 0 < 8 < 1. Then for all real

6(|6] < cos™! B3) there is a function g(z) = gg(z) € S™(a) such that —-;% € Py(p).

2(1 - a)
= (1-1z]){1 —Rec+ (1 —2a + Rec)|z|}’

Applying the function w(z) defined by

D" f(2)

—10

w(z) =

to Lemma C, we have

D™t f(z) D”'HJ(Z) 2w'(z) ' < 2(cos 8 — pB)|z|
| D™ f(z) Dng(z) lw(z)+ e —1| 7 (1 —lz|){cos 8 + (cos € — 23)|z|}
and therefore
D™If(z) L D™g(z) 2(cos8 — B)lz|
Re Dnf(z) 2 Re Drg(z) (1 —|2|){cos 8 + (cos 8 — 203)|z]|}
(4) _ ~
> (1- a)l |z ta- 2(cos 8 — B)|z|
- 1+ |2| (1 —|2]){cos 8 + (cos 8 — 28)|z|}

For fixed 2z € U, the value of the last formula of inequality (4) is larger than o when we
choose 6 such that the value of cos @ — 8 > 0 is sufficiently small. This proves f(z) € S™(«)
~and hence S"(a) = C"(a,3) for 0 < B < 1. For # = 0, we define the function p(z) € P(0)

by
D" f(2)
6i0Dng(Z)

p(z)cos@ —isinf =

€ Py(0)

Then we have

Rol)"—“f(__) ReDn-H g9(z) 'D"“f(z) ) D"Hg(z)l
(5) D) Dig(z) | D'f(z)  Drglz) |
>a+(1 —a)l — Izl zp'(z) cos 6

14|z |p(z)cosf —isin6|’
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For fixed z € U, the value of the last formula of inequality (5) is larger than « for suf-
ficiently small cos@ > 0. This proves f(z) € S™(a) and hence S"(a) = C"(«,0). Fi-
nally, we have to prove S"(a) # C§(a, ), and hence the existence of a function in the
class C§(a,8) — S™(a) for all real 6(|6] < cos™! B). The function fg(z) € A defined by

2 ei0 ezG
D) = HLE U —28)5),

is in the class C"(a B3). Because the function g(z) €A

(1 — 2)3 —2a
- ;
defined by D"¢(z) = (_1:—)_2—(1:'1_) satxsﬁes

D"fo(z) e+ (e’ —28)z

9(2) € S(a), e®Dng(z) 1-2

€ Py(B).

That fe(z) ¢ S™(a) forany 0 < a <1 and 0 < 5 < cos @ is shown as follows Suppose
that fg(z) € S"(a) for some a(0 < & < 1) and some (0 < 8 < cos§). Smce

D ! 32
"'—‘—.fM =20 —1-— - - + a,
D7 fy(z) 1+e(e?—28)z 11—z

hence the inequality

n+1 18 —
RBD fol re’ )=2a—1—— 14+28r —rcosf _
D fo(—re—?) (14 28r—rcosf)? +r2sin” 0
(3 —2a)(1+rcosb)

(1+7cosf)? +r?sin®6

(6)

has to hold true for some a(0 < a < 1), some 3(0 < B < 1), all 7(0 < r < 1) and all
6(]8| < cos™! 3), and the inequality

Dt fo(—re=2if) o1 1 4 (3 =2a)(1 4 rcos26)

Re
(7) D fo(—re=2i0) 1-r 1+ 2rcos26+r?

has to hold true for some a(0 < a < 1), =0, all (0 < r < 1) and all §(|0] < T). When
,0<a<1and0<ﬂ<1 we have

1. R D11+1f0(__,,,8—i0) ‘ a 2ﬁ(COS 0 — ﬁ)
im Re = —
r—1—0 D”‘fg(—re"’”) (14 28 — cos6)? + sin’ §

<«

for fixed 6 and a, which contradlcts the mequahty (6). When 0 < a < 1 and g = 0, we
have

n+1 —218
lim ReD fo(—re )
=10 Dr fg(—re—29)

= =0 < ¥

for fixed 6 and «, which contradicts the inequality (7). This proves fg(2) ¢ S™(a). O
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Theorem 2. Letn e Ny0<I<n-1and0<a<1 Then

8 §"1(a) C C(a,B) (0SB <a)
and . ‘ | :
9) - S(@)¢TNe,B) (a<B<1).

Proof. Let f(z) € $"~!(a), and g(z) = f; &:Zdz. Then we have
«¢/(2) = f(2), D"g(2)= D" f(2) € 5*(a)

. . D" f(x D" f(= .
Therefore there is the function g(z) € S™(a) such that D";g:; = D"-{(f()z) € P(a). This

proves S"1(a) C C¥(a,a) and (8). We define the function f,(2) € A by

Dn—lfa(z)= (1—_23‘2(1—_05 ES*(OL) (OSq<ﬂ< 1).

Since fa(z) € S""!(a), we have only to prove fo(2) ¢ C3(a,p) for all a,B and 6(0 <
a < B < cosf < 1) to prove (9). If fu(z) € C§(a,B) for some a,§ and 0<a<pB<
cos@ < 1), then there is a function g(z) € S™(«) such that ;"1?0"_-1{"‘!9({3_) € Pg(lﬂ). We define
the function w(z) by

w(s) = AP Dfal2)

)= S gy~ enDng(e) <O

Since
aw'(z) D" fa(2)}"  2{D"g(2)}"

D™ l¢(z) € K(a), o) = {D"_lfa(Z_)}' - {D"_lg(z)}' >

hence we have

zw'(z) _ e Z{D"'_Ifa(Z)}" ' Re z{D" 1g(2)}"
Ry ° (” {D"“fa(z)}') R (” {Dn~1g(z>}')

(1-2a)z (3 —2a)z 1-|z|
< —-(1-—- —_
_Re(l+1+(1—2a)z+ 1-z ) (A=)~

_ 2z + (1 — 2a)2? 2|
=2(1 - a)Re ((1 Ty TixpE) <Y
and |
: ' —rw'(—r) . 21-a)r :
—_—t L - ' < .
(10) Re w(-r) — (Q+r){1-Q-2a)r} (0sr<1)
Otherwise, from the relation w_(z%:_:siasi_no € P(a%) and Lemma C, we also have
Rezw’(z) - 2(cos 8 — B)lz| (12 < 1)

w(z) | = (1 —|z|){cos8 + (cos 8 — 28)|z|}
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and .
' —rw'(—r) 2(cos 8 — B)r
> - < .
(11) Re w(—r) — (1 =r){cosf+ (cosf —28)r} (Osr<i).
Therefore, with virtue of inequalities (10) and (11), we have
1l-a cosf — 3

(12) T+ {1 = (1= 2a)r} = (1-r){cos8 + (cosb — 28)r]

for some a, 3 and (0 < a < B < cosf < 1), and all 7(0 < r < 1). Letting » — 0 in the
both sides of the inequality (12), we get 8 < acosf < a, which contradicts @ < 3. This
proves (9) for [ = n — 1. By Lemma 1, we prove the assertion (9) for 0 <! <n-1. O

Many mathematicians have given the class of close-to-convex functions geometrical
meanings. One of the meanings is that the boundary curve of the image f(U) of the
unit disk U by a close-to-convex function f(z) has no “hair pin ” bend that exceeds .
Another is that the complex plane minus the image f(U) is the union of closed half- lines
such that the corresponding open half-lines are disjoint. '

We give the class C (a, 8) of close-to-S™(a) functions of order 3 set-theorecal meanings
as follows:

S™(a) G S™a)=C™a,8) G C (a,8) (0<a<1,0<B<1,n<m),

(13) ¢ S'a) L CT'(a,B) (0<a<f<1,0<1<n-1),
$"(a) C Ca,8) G C" (e, B) (0<B<La<) |

Putting n = 1 and # = 0 in the last inclusion relation of (13), we have the following
Corollary which is well-known.

Corollary. A starlike function of order a 13 a close-to-convez of order a.
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