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1. Introduction

It is established that conformal field theories play an important role in studies on two
dimensional models. In particular the Wess-Zumino-Witten(WZW) model provides us
with powerful tools to investigate models in the language of affine Kac-Moody algebras. It
is also recognized that free field realization is indeed useful to investigate representation of
Virasoro and affine Kac-Moody algebras. Wakimoto [1] first introduced free realization of
the affine Kac-Moody algebra s{5 and there have existed many works on this realization.

Recently Frenkel and Reshetikhin [2] have constructed certain g-deformed chiral vertex
operators(¢VOs) of the WZW model based on the representation theory of the quantum
affine algebra U,(§). They showed that the correlation functions satisfy a g-difference -
equation called the g-deformed Knizhnik-Zamolodchikov(¢KZ) equation, and the connec-
tion matrix of the qKZ equation indeed corresponds to the elliptic solution of the Yang-
Baxter equation. As an application XXZ models are analyzed by the technique of g-vertex
operators [3,4,5].

In these situations it is desirable to construct a concrete realization of quantum
affine algebras and g-deformed chiral vertex operators. Frenkel and Jing first found a
g-deformation of the Frenkel-Kac construction which corresponds to boson representation
of Uq(sﬁz) of level one [6]. They show the Drinfeld realization [7] can be treated in terms
of currents in which the technique of operator product expansions(OPEs) is powerful. Fol-
lowing this work Jimbo et al. [4] introduced explicit forms of ¢g-deformed chiral vertex
operators and calculated the trace of the product of the vertex operators. Recently some
papers appear to attempt to extend to the case of arbitrary level. There are two kinds of
boson realization of the quantum affine a,lgebra,‘ Uq(;[ 2). One is based on the Wakimoto
construction with a bosonization of bosonic ghost system [8] and the other on the realiza-

tion in terms of bosonized parafermions [9,10]. In this talk we construct another boson
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representation & la Wakimoto following the line of the Matsuo’s realization [9]. In this

formulation it is useful to investigate the module of Uq(gf 2).

2. Quantum Affine Algebra U,(sl,)
We begin with realization of the algebra U,(s(2). It is known that the algebra U,(sl) can

be realized in terms of a ¢-deformed harmanic oscillator. First we introduce q-deformed

oscillators of annihilation and creation, a and af, which satisfy following relations:

a' —qala=q7",

aal — q—laTa = qN,

' | ()

[N,a] = —a,

where ¢ 1s a deformation parameter. Hamiltonian of a q deformed harmonic oscillator is

given by H = [N] + %, where we use the notation [N] = q__q:lN. One can obtain the
g-deformed sl (2)algebra from these oscillators.
Jt =adf,
J” =alA+1- NJ, (2)
A
JP=N-=
N 2’

where % is constant corresponding to a value of spin. In the case of the irreducible repre-

sentation A\ = j(j: integer), bases of weights are given by
i0>> [N]|O>:07 1:071327"'7.7" (3) |

These are eigenvectors of the g-deformed number operator[N| belonging to eigenvalues [I].
It is easy to check that these operators satisfy the commutation relations of the quantum
s[(2) algebra:
[J%,T%] = £J%,
3 3
== =
q9—4q
Now we are in a position to construct the g-deformation of the affine Kac-Moody
algebra sl in the same spirit as the sly case. It is useful to begin with the following

bosonized representation of the Wakimoto description of the algebra 32[12].
J+(Z) —: Ox(z) exp{—x(2) +i0(2)} :,
J7(2) = [(k+2)0{x(2) —i0(2)} — dx(2) + V/2(k + 2)d( z)] exp{x(z) —io(2)} , 5)

J(z) = —ido(e) + 1) °F 2630( )
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First we introduce ¢-deformation of the boson ¢(z):
p(z) =a—aglnz+ Z %z_n,
nF#0
{O[Oa O(] =2,
[2m][m]

(6)

In the case of a system with degrees of finite freedom, one has to use ¢-deformed oscillators.

[am'; an] = 6m—|—n,0

However, in field theories one can use ordinary oscillators with adequate normalization.
As the Wakimoto currents contain three bosons {0(z), x(2),¢(z)}, we prepare three kinds

of oscillators{an, @,, b,;n € Z;a,a,b} satisfying the following commutation relations:

[@m,n] = —8man,0 %@1, [ag,a] = —4,
s ] = St o g 5] =, 10
[y bn] = Smtn0 pm”“if 2)m] , [by, 8] = 2(k + 2).

The other commutation relations of oscillators are equal to zero. We define currents of the
algebra U,(sl,) by using the oscillators (7) as follows:

Koo mesp{ (4= 47) 3+ (am 4 b) {470,
m=1

If—(z) :exp{—(q - q——l) E 'Zm(q—('k+2)ma_m -+ q~2mb_m)}q—(ao+bo)7
m=1

X0 = Yz ) - 2R )] ®)
X7 = - — Y L P W 03 2)

A WY ()

where -
YTH(z) = exp{— q_%m z Qe + Gy }6_11_-2],:22_19#0_
. = —im (k+2)mz_m _ }
X exp q ¢ mlam +am) o,
P> ] O )
| — z™ i agta ®)
Y7 (2) = exp{ q%’”———-—(CLm + (_z_m)}eg%l S
mz=:1 [2m]
X exp{— Z qgmq(k-l-Z)m Fzm] (am + am)}v

m=1
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Wi(z) = eXP{(q —q) mi;lz—mbm}q’”,

= {07 z i a

(Z)—e\fp{ (¢—q~ l)z - }q"lfa",

Z_(z)= { g—q7") Z (HBmm [ng]a—m)}q’l’—‘%,

(11)

Uy(z )—eXp{ 74— 1)261'”" _mﬁ_z_]lr_n_]( m+am)} 2 (aota0)

(12)

U-(2) = exp{—(q —gT)  am ———[(k[x]}m] (a—m + a_m)}q—’%ﬁ(amo).

As we arrange operators in the way of normal ordering except for the zero modes, :: denotes
the normal ordering with respect to the zero modes, a < wp, & < & and f < fBy. The

essential idea of this construction is that we define ¢g-deformations of derivatives, dx(z),

A x(2) — V—10(z)) and d¢(z) by

2 (24 = 2-(2)) |
. —1q_1 [U+(z) — Uﬁ(z)] . (13)
1

) [M/:I-(Z) - W—(Z)]a

9—49

respectively *. By taking a limit ¢ — 1, they become
g

Z Gmz ", k + 2 Z (am + @m )z m, Z bz™™,

meZ meZ meZ

which correspond to the fields 29x(z), 28(x(2) — vV—10(z)) and z9¢(z), respectively. The

* This idea is due to the paper[9)].
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currents of Uy (sl,) satisfy the following relations [6]:

; ¢z — qxgw +1
KX @) = (L) xR G),
: z—q*Frw
2 _ :F.’E_ F1
Kt = (L) ) (),
w—q*Frz '
2+k 2—k
Ptz —w ¢z —w 14
mI{_(Z)I{+(w) = WI(+(H?)I{_(2), ( )
+2
-4 + _gTTER W g +
X)X F(w) = - q:‘:QwA (w)X*(z),
1 z k z k
(T - Tw) — K (g™ 2
XT(2) X (w) ~ pR=— (z o K4(g2w) p—— K_(q w)).

Here we define the mode expansions of these currents as

_]&’+(z) = Z ¢mz_m — qao+bo eXp{(q _ q—-1> Z Hmz—m}’

meZyo . m=1

. |
K ()= Y ¢omz™ =g 20th) exp{—(q —g H*mz_’”}, (15)
m=1

mEZZo

H(z)=Y Hmz™™, X%z)= > Xi;™

mezZ meZ

Putting K = g% 1% we obtain the relations of the Drinfeld realization of Uq(g\lz) for level
k [7):
[, Hal = Smyno—mllbm],  m#£0,
[Hma K] =0,
KXEK™' = ¢ X3,

1 kim]| 16
[Hm,Xni] = :I:;%-[Zm]qr" z X$+n, (16)
+ + v & + + v+ +
Xm+1X1:zt - qizXn Xm+1 =49 2Xan+1 - Xn+1X£a
_ 1 k(m—n) k(n—m)
[Xaj_an] = q_q_l (q z d)m-l‘n—q 2 (-/9m+n>-

The Drinfeld realization of Uq(f;\{g) corresponds to one of the ¢-deformation of the algebra
sl 2. .
Next we introduce the Fock module Fj m, m,(l € %Z; mi,my € Z) freely generated by
{@n,8n,bn;n € Z50} from a vector
a a

b _
ll,ml,mz >= exp lm—mlé--{—mg-z— ]0> (17)
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Here a vector | 0 > has the following properties:
b, |0 >=0, an | 0>=0, an | 0 >=0, n > 0.

The vector | I,my,ms > is a eigenvector of by,a, and @ belonging to eigenvalues 21,2m

and 2mg, respectively. From the following relations:
(H(=), a0+ =0, [X*(2),a0+a0] = 0, (15)

we can restrict the Fock module Fj ., m, to the sector in which the eigenvalue of ag + @o
is equal to zero [11]. There is another operator @ which commute with the currents. Q@
was introduced as a screening operator in the case of bosonization of the bosonic ghast

system. In our case QT is defined as

Qt = S*(z (19)

2w/ —
where
N k2 1 3o
St(z) = exp{ Z q 2 a_m}e5z 2
= - (20)
k2 2T :
X exp{ Z q 2 E}’r—z— m}

We get following OPEs between S*(z) and currents:

St(2)X T (w) ~ 0,
SHX ™ (w) ~ wgq—z- (wﬂ_%) (21)

S*(2)H(w) ~ 0.
Here 5%"; f(2) is the difference operator defined as

9y o ez~ fg) -
fa) = FEEEE, (22)

and
R(z) = exp{ E q- a_m}e_%z_%g
2m]
m=t (23)

—&m (k+2)m z ™
X exp{ Z q [Zm] }.

m=1
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Since S"'(z) is single valued on Fym,m and R(z) is a meromorphic function on Fj ., m,
Q1 commute with the currents. We also show the properties, @Q*? = 0 and the trivial

cohomology of the following complex
+ + +
- @ _'*Fl,m,mQ _‘%Fl,m,m+1Q —
Then the representation module of Uq(ag) can be restricted as

Fl = @m:l—{—ZKer(Q-l- : Fl,m,m - Fl,m,m—i—i)- (24)

When ¢ = 1, Fj is isomorhpic to the Wakimoto module of 572. It 1s easy to check that the
vector | *21,0, 0 > satisfies the highest weight conditions:

H, | %,0,0 >= j6no | %,0,0 > n>0,
X 12-,0,0 >=0, n>0, \ | (25)

X‘|%,0,0>:0, n > 0.

3. Relations to other realizations

Now we will give relations between realization of Uq(s/\[z) in section 2 and another one
based on the following currents of s, [13]:

V2

I (z) = -—\/gagéo(z).

We define the following linear transformation of oscillators {an, @y, bn;n € Z;a, @, b}:

TE(z) = = {\/mwl(z) + ’\/————I\/lzc‘?%(z)] exp{i\/%[\/j%(z) - ¢0(z)]} :

(26)

an 1 0 1

am | = | - gm0y
B (k[;ri)]mlq(kﬂ)m l(k[—zi-i)]m q(k.+1)m g™ b

—(k+2)m —2m
i | = _;_13};% " “[[%%} e 14
Bm (k[“;i'l]m ¢ e bm

Qg 1 0 1 ag

w)=(-i2 o2 ) (@

Bo LA %‘13 1 bo
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a 1 0 1 a
ﬂ k2 k42 1 b

From the commutation relations (7) one can obtain

>~

e

2
[Oé-m, an] = 6m+n Omv [a07a] = 2k7

[@m, Gn] = —0min OW, | [qg, @) = —2k,
BunsBo) = b o DT g gy — ok 1 2),

Substituting the inverse transformations of (27) into the currents (8), we can obtain

m,n # 0 (28)

Ky(x) =exp{(q —¢ Y Z‘mam}q‘”,
m=1
K_(:r):exp{ q—q 1)ijmoz m} °,
m=1

XF(2) =

ez T awats
- W(eE 2 E V) -

X == —— Y @n P

Wl o E Y ()

(29)

where

e k z k

VH(z) = g e ) ee st
@ =ep{ > " (o )

N k2™ _

X exp{_ Z—:l q [km] (‘am + Olm)},
S (30)
m ata ag+ta
Y7 (z)= exp{— Z q%m _[Zm] (a—m + Ovl—m)}e___}’:_Z__Q_"—Jl

m=1

X exp{ Z q-'%m [Zk ](am + am)}a
m=1

{ oo (31)
AR (RS SR
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Z4(z) = exp{-(q —gH Y [[27:2]5«711)%‘%&",
- (32)
Z_(z)= exp{(q —gH) > e [mlé—m)}q%&"-

These currents correspond to those in the paper [9] except for a small change because of a
normalization of zero mode.

Shiraishi’s representation is also based on the Wakimoto currents. The main differ-
ence consists in how to treat a treatment for g-deformation of derivative. He extends

differentiation to a g-difference operator defined as

fa"2) — fla™"2)

nazf(z)E (q_q_l)z

(33)

There is a correspondence between H(2), X*(z) = XF(2)+ X% (2) in (8)(15) and 2J3(z),
2J%(z) = JE(2) + JF in the appendix of the paper [14].

Finally the aim of this talk is restricted on the forms of currents and their relations. In
the line of our construction we can obtain screening currents, ¢VOs and n-poiﬁt correlation
functions with one sci‘eening charge on sphere. In the case of the two-point correlation func-
tion, we have confirmed the correspondence with the results in the paper [9,14]. Detailed
accounts of our results will be given in a forthcoming paper. It is necessary to inves-
tigate cohomological structure of the Fock module [15,16] in order to derive irreducible

representations and correlation functions on torus. These are under investigation.
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