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Summary. We present some old and recent results on rank problems and lineariz-
ability of geodesic planar webs.

1 Introduction

In this paper we continue our studies of geodesic planar webs [13].

We give a modification of the Abel’s elimination method. This method
allows one to find all abelian relations admitted by a planar web and therefore
to determine the rank of the web. It requires to solve step-by-step a series of
ordinary differential equations. In [25] (see also [24]) the same modification is
given by a little bit different approach.

On the other hand, we present the method of finding the web rank by
means of differential invariants of the web, i.e., the determination of the web
rank without solving the differential equations. Pantazi [22] found some nec-
essary and sufficient conditions for a planar web to be of maximum rank. The
paper [22] was followed by the papers [23] and [20]. Pirio in [24] presented a
more detailed exposition of results of Pantazi in [22] and [23] and Mihéileanu
in [20]. The characterization of webs of maximal rank in [22] and [20] is not
given in terms of the web invariants.

We give also an alternative construction (the previous one was given in
[13]) of the unique projective structure associated with a planar 4-web. Note
that Theorem 7 was first proved in [6] (see §29, p. 246) and that the result
in [6] was recently generalized in [26] for any dimension. Our method exploits
differential forms and gives an explicit formula for the projective connection.
Remark that this method, as well as one in ([13]), can be used in any dimen-
sion. Presence of the projective structure allows us to connect a differential
invariant (which we call the Liouville tensor) with any planar 4-web. This
tensor gives a criterion for linearizability of geodesic planar webs (cf. [4]).
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2 Planar Webs

All constructions in the paper are local, and we do not specify domains in
which they are valid. Functions, differential forms, etc. are real and of class
.

A planar d-web is given by d one-dimensional foliations in the plane which
are in general position, i.e., the directions corresponding to different foliations
are distinct. The local diffeomorphisms of the plane act in the natural way on
d-webs, and they say that two d-webs are (locally) equivalent if there exists a
local diffeomorphism which sends one d-web to another.

Because all 2-webs are locally equivalent, we begin with 3-webs.

A 3-web can be defined either by three differential 1-forms, say, w1, ws,ws,
where

w1 Awa #0, waoAw3z#0, wy Aws #0,

or by the first integrals of the foliations, say, f1, f2, f3, where

dfy Ndfz # 0, dfz Ndfs # 0, dfy Ndfs # 0.

The above functions fi, fa, f3 are called web functions.
Remark that the web functions are defined up to gauge transformations

fi—= @i(fi),

where i = 1,2,3, and @; : R — R are local diffeomorphisms of the line.
The implicit function theorem states that there is a relation

W(f1, fo, f3) =0

for these functions.

The above relation is called (see, for example, [5]) the web equation.

Any pair of functions in this equation is locally indistinguishable and can
be viewed as local coordinates on the plane.

Keeping in mind this observation, we consider a space R? with coordinates
u1, U2, u3 and two-dimensional surface

Y CcR3

given by the equation
W(ul, ug, U3) =0.

We say that X C R? is a web surface if any two functions u;,u; are local
coordinates on /.

In the case of d-webs one can choose d local first integrals of the corre-
sponding foliations, say, f1, f2, f3..., fa, which are also called web functions.
They define a map

o:R? - RY,
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where
o:(z,y) €R®— (g = fi(2,y), ..., ug = fa(z,y)) € R

The image X of this map is a two-dimensional surface in R¢. Remark that
any pair of functions u;, u; are local coordinates on Y.

From this point of view, the local theory of planar d-webs is just a geometry
of web surfaces in R? considered with respect to the gauge transformations.

3 Basic Constructions

Let us begin with 3-webs, and let differential 1-forms w;,ws,ws define such a
web. These forms are determined up to multipliers w; < \;w;, where \; are
smooth nonvanishing functions. Hence, these forms can be normalized in such
a way that

w1 +we+ws=0 (1)

with only possible scaling w; < Aw;.
One can prove that in this case there is a unique differential 1-form - such
that the so-called structure equations

dw; = w; Ny (2)

hold for all i =1,2,3 (see [4]).
The form + determines the Chern connection I in the cotangent bundle
T*M with the following covariant differential:

dr 1 w; — —w; ® 1.
The curvature of this connection is equal to
Rr:w; — —w; @ dy.
If we write
dy = Kwy N\ wa,

then the function K is called the curvature function of the 3-web.

Note that the curvature form dv is an invariant of the 3-web while the
curvature function K is a relative invariant of the web of weight two.

Let (01, 02) be the basis dual to (w1, ws) . We put 93 = 92 — 9. Then leaves
of the 3-web are trajectories of the vector fields 0;, 01, and 0Os.

The form ~ can be decomposed as follows:

Y = g1w1 + gawa,

where g1 and g are smooth functions.
Moreover, in this case one has (see [11])

[01,02] = —g201 + 9102 (3)
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and
K =0 (g92) — 02(91) - (4)

Remark also that the covariant derivatives with respect to the Chern connec-
tion have the form

Vx(wi) = =y(X)w;

and
Vx(0;) = —v(X)0;.

It shows that the leaves of all three foliations are geodesic with respect to the
Chern connection.

Let dy : 21(M) — QY (M) ® 2 (M) be the covariant differential with
respect to the Chern connection.

The induced connection in the tangent bundle gives the differential

ds D (M) — D (M) 2" (M),
where
dy :0; — 0; ® 7.

In a similar way the Chern connection induces the covariant differential in
the tensor bundles.

Let us denote by @74 (M) = (D(M))*" ® (2 (M))®q the module of
tensors of type (p,q).

Then the covariant differential

dy : O (M) — @PTL1 (M)
acts as follows:
dy : udj ®- - -®0;, Qwi, ®- - -Quw;, — 05, Q-+ -®0;, Qw;, ®- - - BQw;, A (du + (p — q) Yu)

where u € C* (M).
We say that u is of weight £ = ¢ — p and call the form

6 (u) Ly — kury (5)

the covariant differential of u.
Decomposing the form §(*) (u) in the basis {w1,ws}, we obtain

5®) (u) = 6% (u) wy + 68 (u) ws,

where
67 (u) = 9, (w) = (k) gou
are the covariant derivatives of u with respect to the Chern connection, ¢ =
1,2.
Note that 5§k) (u) and 5§k) (u) are of weight k + 1.
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One can check that the covariant derivatives satisfy the classical Leibnitz
rule

5§k+l) (uwv) = (51@) (u) v+u 61@ (v)

if u is of weight k& and v is of weight [, and the following commutation relation:

5§s+1) o 555) _ 5§5+1) o 5§S) =sK. (6)

Note that the curvature K is of weight two.

In what follows, we shall omit the superscript indicating the weight in the
cases when the weight is known.

For the general d-web defined by differential 1-forms wq,ws,ws, ..., wq we
normalize w1, ws,ws as above and choose w; for ¢ > 4 in such a way that the
normalizations

ajwi + w2 +wiyo =0 (7)

hold for ¢ =1, ...,d — 2, with a; = 1.

Note that a; # 0,1 for i > 2.

Moreover, for any fixed 7, the value a; (z) , of the function a; at the point z
is the cross-ratio of the four straight lines in the cotangent space T generated
by the covectors wi 4, w2 2, w3, 2, and w42 4, and therefore it is a web invariant.
The functions a; are called the basic invariants (cf. [10] or [9], pp. 302-303)
of the web.

Because of locality of our consideration, one can choose a function f in
such a way that w3 = df and find coordinates x,y such that wi A dx = 0 and
wo Ady = 0.

Let also w;1+3 A dg; = 0, for some functions g;(x,y), i =1,...,d — 3.

Then wy = — fydr and wy = — f,dy.

The dual basis {01,092} has the form

O =—fr'0., O2=—Ff'0y,

and the connection form is

Y= _ng,
where f
_ Jey
T=5
(see [11]).

The curvature function has the following explicit expression:

(b
nm(bgm>w’ )

and the basic invariants have the form

K=—
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;=
J2Giy

fori=1,...,d— 3.
Note that if a three-web W3 is given by a web equation W (u1,us2,u3) = 0,
then the curvature K is expressed as follows (see [5], §9):

K = A12 + A23 + A31, (9)

where
1 0? W,
— % jog_",
W, Wy Ou,Oug W
and subscripts r and s mean the partial derivatives of the function with respect
to the variables u, and us, where r, s = 1,2, 3.

Recall that a planar d-web is said to be (locally) parallelizable if it is
(locally) equivalent to a d-web of parallel straight lines in the affine plane.

It is known (see, for example, [5], §8) that a planar 3-web is locally paral-
lelizable if and only if K = 0.

For planar d-webs, d > 4, the following statement holds (cf. [10] or [9],
Section 7.2.1 for d = 4): a planar d-web (w1, w2, w3, w4, ...,wq) s locally par-
allelizable if and only if its 3-subweb (w1, wa,ws) is locally parallelizable (i.e.,
K =0), and all basic invariants a; are constants.

Ars =

4 Rank

We begin with an interpretation of the classical Abel addition theorem ([2])
in terms of planar webs (cf. [5]).

Let us consider linear webs on the affine plane, i.e., such planar webs
leaves of which are straight lines. There is an elegant method to construct
such webs. Take a straight line rz + sy = 1 on the affine plane and assume
that the coefficients (r,s) € R? satisfy an algebraic equation Py(r,s) = 0 of
degree d.

Given (z,y), then the system

re+sy =1,
Py(r,8) =0

has at most d roots.

Assume that in a domain on the plane (z,y) the above system has exactly
d roots. Then in this domain we have a linear d-web.

Take now a cubic polynomial

Ps(s,t) = 52 — 413 — gor — g3,

where g2 and g3 are constants.
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Then the system
re+sy =1,
2 —4r3 —gor—g3 =0
in the domain
xt — 24xy? — 12g0y* > 0, y # 0,

has three distinct real roots and consequently three pairwise distinct straight
lines (r;(x,y), si(z,y)), passing through the point (x,y). In other words, we
have a linear 3-web.

Assume that

g5 — 2795 # 0.

Then the solutions of the equation s? — 47 — gor — g3 = 0 can be pa-
rameterized by the Weierstrass’ elliptic function with the invariants go and
g3:

/
r=p(t),s =)
Hence, the roots (r;(z,y), si(x,y)) correspond to three solutions (¢;(x,y)) of
the equation

p(t)r + 'ty —1=0.
Let us put
f)=pt)z+¢'(t)y -1

and compute the integral
!
t
/ WEON"
ft)

along the boundary of the period parallelogram of the Weierstrass function.
We get

t1(x,y) + ta(z,y) + t3(x,y) = const .

This is the abelian relation.

This relation can be understood geometrically if we note that, by the
construction, the functions t; (z,y),t2 (z,y), and t3 (x,y) are first integrals
of the corresponding 3-web.

In more general case, let us consider an arbitrary planar d-web defined by
d web functions

fla"'afd'

Then by abelian relation we mean a relation
Fi(f1)+ -+ Fa(fq) = const.

given by d functions (Fy,..., Fy) of one variable.
We say that two abelian relations (Fy, ..., Fy) and (Gy,...,Gq) are equiv-
alent if
F; = G; + const,
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foralli=1,...,d.
The set of equivalence classes of abelian relations admits the natural vector
space structure with respect to addition

(Fiy...,Fa) + (G, Ga) = (Fy + Gu, ..., Fa+ Ga)
and multiplication by numbers
a(Fy, ..., Fy) = (aFy,...,aFy).

The dimension of this vector space is called the rank of the web.
In the case when d-web is defined by differential 1-forms

Wi, ..., Wd,
the differentiation of the abelian relation leads us to the abelian equation
Awr + -+ Agwa = 0,

for functions Aq,..., Ag under the condition that all differential 1-forms A\;w;
are closed:

The abelian equation is a system of the first-order linear PDEs for the
functions (A, ..., Ag) , and the rank of the web is the dimension of the solution
space.

Ezample 1. The following example illustrates the above constructions for 3-
webs.
Consider the 3-web W3 given by web functions:

I’ y? f('r7 y)

Then
w1 = _fidza W2 = _f’ydya w3z = dfa

and the condition
Awr + daws + Agwz = 0

implies
AM=X=A3=A\

The abelian relations take now the form

()‘fy)z = 07
)\mfy - )\yfz = 07

or



On Rank Problems for Planar Webs and Projective Structures 9

{ (InA), = —(In i)y,
(InX)y = —(In fy)s-

The compatibility condition for this system has the form

(0 fo)oy = (In fy)ay
or
K=0.

So, we can conclude this consideration by the following statement: rank of a
3-web does not exceed one, and the rank equals to one if and only if the 3-web
1s parallelizable.

5 Abel’s Method

In this section we discuss the rank problem in the classical setting. A method
of finding the rank, or in other terms, a method of solving abelian relations was
proposed by Abel himself (see [1]). This method is just a consistent elimination
of the functions from the abelian relation by using only differentiation.

Let us consider a planar d-web defined by web functions fi, ..., f4 and the
corresponding abelian relation

Fi(fi)+ -+ F4(fa) = const. (10)

Modifying Abel’s method and adjusting it to equation (10), we can explain
it as follows:

a) Taking the differential of equation (10), we get
Fldfi + Fydfs+ -+ Fydfs = 0. (11)

b) Taking the wedge product of (11) with df;, we eliminate F; and get the
following equation:

Fy+ J3iFy+ -+ JEF, =0, (12)
where
Jii _ a(fi, f5)
M0 fry 1)

is the Jacobian of the functions f;, f; with respect to functions fy, fi.
c¢) Taking the wedge product of the differential of (12) with dfa, we eliminate
F5 and get the following equation:

T3 FY +azFy+ - =0, (13)

where a3 is a certain function.
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d) Divide equation (13) by the first coefficient and take the differential of
the obtained equation; if F§' appears in differentiation, take its value from
equation (13). This gives the following equation:

Fy'df3 + b3 F3(f3) +--- =0, (14)

where b3 is a certain function.
e) Taking the exterior product of (14) with dfs, we eliminate F3" and get the
following equation:
c3F3(fs) +--- =0, (15)

where c3 is a certain function.

f) Dividing equation (15) by c3 and taking the wedge product of the differ-
ential of the obtained equation and df3, we eliminate the function Fj.

g) Use the procedure outlined above to eliminate the functions Fy, ..., Fy_1.
Finally, we obtain a linear differential equation with respect to the function
Fy(f4). This equation can be viewed as family of homogeneous ordinary
linear differential equations.

h) Substitute the solution Fy(f4) into (10) and apply the outlined procedure
to find another function, say, Fy_1(fa—1).

On Abel’s elimination method as well as on less general method of mon-
odromy see [25].
Below we give few examples of application of the Abel method.

5.1 3-Webs

Here we apply the Abel elimination method for 3-webs to show once more
that a planar 3-web admits a nontrivial abelian relation if and only if the
3-web is parallelizable.

Suppose that a 3-web is given by the web functions f(z,y),x,y and let

F(f)+G(z)+H(y) = 0. (16)

be an abelian relation.
Take the differential of (16):

F'(f)df + G'(z)dx + H'(y)dy = 0, (17)

and the wedge product of (17) with df:

_fy GI($)+fIH/(y) =0. (18)
Then
G'(x) - %H’@) 0. (19)

Taking the wedge product of the differential of (19) with dx, we get
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H"(y) + (log %) H'(y) = 0. (20)

Y

In order equation (20) has a nontrivial solution, it is necessary and sufficient

fo

fy

that the function | log ) does not depend on z, i.e.,
Yy

(log ;—;)w = 0. (21)

This means that K = 0, i.e., the 3-web is parallelizable.

5.2 4-Webs of Rank Three
Assume that a 4-web is given by the following web functions:

f=z+y, g=uay, =, y.

We will apply the Abel elimination method to find all abelian relations ad-
mitted by this web.
Let
F(f)+G(g) + H(z) + K(y) =0 (22)

be an abelian relation.
Taking the differential of (22):

F'(f)df + G'(9)dg + H'(z)dz + K'(y) dy = 0, (23)

and the wedge product of (23) with dy, we eliminate K'(y):
FI(f)+yG'(g) + H'(x) = 0. (24)

Once more, taking the differential of (24):

FU(f)df +yG"(9)dg + G'(g) dy + H" (z) dw = 0, (25)

and the wedge product of (25) with dg, we eliminate G”(g):
(@—y) F"(f) —yG'(9) + x/, H"(x) = 0. (26)

Using equation (24), we eliminate G’(g) in (26):

(x—y)F"(f)+ F'(f)+ H (z) + zH" (z) = 0. (27)

Dividing equation (27) by z, taking the differential of the result and taking
the wedge product of the differential with dx, we eliminate H(z) and arrive
at the equation
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F(f) = 0. (28)
Up to an arbitrary constant, the solution of equation (28) is
F(f)=af*+bf, (29)

where a and b are arbitrary constants. By (29), equation (27) gives

rH"(z) + H'(z) + 2az = 0. (30)
Up to an arbitrary constant, the solution of equation (30) is

H(z) = —az? —bx+klogz, (31)

where k is an arbitrary constant.
By (29) and (31), equation (26) gives

G'(9)=—a— 5 (32)

Up to an arbitrary constant, the solution of equation (32) is
G(g9) = —2ag — klogg, (33)
Now by (29), (31) and (33), we find from equation (22) that
K(y) = —ay? —by + k logy. (34)

Thus, the rank is equal to three, and we have the following three indepen-
dent abelian relations:

(a=0,b=0k=—1)
r+y—f=0;

(a=-1,b=0,k=0)

o® +y? + (= f) + (29) = 0;

logz + logy + (—logg) = 0.

The fact that the rank of this web is three was also proved in [12] by use
of differential invariants of webs.
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5.3 4-Webs of Rank Two
Consider a 4-web given by the following web functions:
f=a+y* g=a+y, =y

We will apply the Abel elimination method and find all abelian relations
admitted by this web.
Let
F(f)+Glg)+ H(z) + K(y) =0 (35)

be an abelian relation.
Taking the differential:

F'(f)df +G'(9)dg + H'(z) dz + K'(y) dy = 0, (36)
and the wedge product of (36) with dy, we eliminate K (y):
20 F'(f)+G'(9) + H'(z) = 0. (37)
Once more, taking the differential of (37):

20 F"(f)df +2F'(f)dx + G"(g)dg + H" (z) dz

Il
<o
—

w
oo
~—

and the wedge product of (38) with dx, we eliminate H (z):

209 = N F"(f) + G"(g) = 0. (39)

Taking the wedge product of the differential of (39) with dg, we eliminate
G(9):
2(9* — f)F"(f) = 2F"(f) = 0. (40)

Equation (40) is equivalent to the system

(41)

{ —2f F"(f) = 2F"(f) =0,
F"(f) =0.

Therefore, up to an additive constant,

F(f) =kf,

where k is a constant.
Now it follows from (39) that, up to an additive constant,

G(g) = by,

where b is a constant.
Equation (37) implies that, up to an additive constant,
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H(z) = —ka?® — b,
and equation (35) gives that

K(y) = —ky® — by.

Thus, the rank of the web is equal to two, and we have the following two
basic abelian relations:

(k=0,b=1)
(z+y)+ (=2) + (-y) =0,

(k=1,b=0)
(z* +9°) + (—2%) + (—y*) = 0.

In [12] by use of differential invariants of webs, it was shown that this 4-web
is of rank two.

5.4 4-Webs of Rank One

Assume that a 4-web is given by the following web functions:

T — )2 Tz — )2
f:(xy),g:( y),xvy.
y

We will apply the Abel elimination method to find all abelian relations ad-
mitted by this web.
Let
F(f)+G(g) + H(z) + K(y) =0 (42)

be an abelian relation.
Taking the differential of (42):

FI(f)df + G'(g) dg + H'(w)dx + K'(y) dy = 0, (43)
and the wedge product of (43) with df, we eliminate F(f):

X 2 X 2
(;_yy)g H'(x) - 7((;};)% K'(y) = 0. (44)

Once more, taking the differential of (44):

G'(g) —

G"(g)dg — ( 2.%'y;)3 H'(z) — 2y(2x +(y)(_z)d3x + zdy) H'(z)
2 o . —ude " ; (45)
3 (étyy))yg K"(y) — 2y(x + 2(31)(_ ;/)dg + zdy) K'(y) =0,

and the wedge product of (45) with dg, we eliminate G(g):
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20 +y I T+ 2y
z(x+y) z(z +y)

Taking the wedge product of the differential of (46) with dz, we eliminate
H"(x):

H"(z) + (z) + % K"(y) + K'(y)=0.  (46)

H () (x +$y)2y K"(y) — (22 + 31;) (@ +Y) o (W) - K'(y) =0, (47)

Taking the wedge product of the differential of (47) with dz, we eliminate
H'(x): .
(x +y)yK" (y) + 3(z + 2y) K" (y) + 6K"(y) = 0. (48)
Equation (48) is equivalent to the system

{ y K™ (y) + 30K (x) =0, (49)
y* K™ (y) + 6y K" (y) + 6K"(y) = 0.
It follows from (49) that
y K" (y) +2K"(y) = 0. (50)
Up to an additive constant, the solution of (50) is
K(y) = —klogy + by, (51)
where k and b are arbitrary constants.
It follows from (47) and (51) that
H'(z) = g +b. (52)
Up to an additive constant, the solution of (52) is
H(z) = klogz + bz. (53)
It follows from (44), (51) and (53) that
ko by(3x+
G/(g)——E—I—H. (54)
Equation (54) implies that
b=0 (55)
and that, up to an additive constant,
G(g) = —klogg, H(x)=klogz, K(y)=—klogy. (56)
Finally, equations (42) and (56) give
F(f) = klog f, (57)
and the 4-web admits only one independent abelian relation
log f —logg + logz — logy = 0. (58)

By use of differential invariants of webs introduced in [12], one can show
that this 4-web is of rank one.
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5.5 4-Webs of Rank Zero

Assume that a 3-web is given by the following web functions:
f=@+y)e", g==y, =, y.

We will apply the Abel elimination method to show that this web admits no
abelian relations.
Let
F(f)+G(9) + H(z) + K(y) =0 (59)

be an abelian relation.
Taking the differential of (59):

F'(f)df + G'(9)dg + H'(z) dz + K'(y) dy = 0, (60)
and the wedge product of (60) with df, we eliminate F(f):
[z +y)e+z—y|G(g) — H'(z)+ (1 +z+y) K'(y) =0. (61)
Once more, taking the differential of (61):

[(z+y)z+2—y]G"(9)dg — H"(x)dr + (1 + 2 +y) K" (y) dy (62)
=0,

+[2x+y+1)de+ (x —1)dy] G'(g9) + (dz + dy) K'(y)
and the wedge product of (62) with dz, we eliminate H (z):
sl +yz+z-ylG(g)+ (-1 G (9) + K'(y) + K'(y) =0.  (63)

Taking the differential of (63):

rl(z+y)r+z -y G"(g)dg+ (x —1)G"(g)dg
+K"'(y)dy + K" (y) dy + G"(g) dz = 0,

and the wedge product of (64) with dy, we eliminate K (y):
2 g " 29 2 " _
g@*+g+z— E]G (9) + (39 — ;—0—33: +2x4+1)G"(g)=0.  (65)
Equation (65) is equivalent to the system

PG (9) + (39 +1)G"(9) =0,
G"(g) =0,
G"(g) =0,

i.e., to the equation G”(g) = 0. Up to an arbitrary constant, the solution of
the latter equation is G = ag, where a is an arbitrary constant.
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If G = ag, then equation (63) becomes
K'(y)+ K'(y) +a(z—1)=0.

It follows that @ = 0 and G(g) = 0. The equation for K(y) becomes K" (y) +
K'(y) = 0. Up to an arbitrary constant, its solution is K (y) = —be~¥, where
b is an arbitrary constant.

Now equation (61) becomes

H'(z) =b(1+y)e ¥ +bxe V.

It follows that b = 0 and H’'(x) = 0. Hence, up to an arbitrary constant,
H(x)=0and K(y) =0.

Finally equation (59) implies that F'(f) = 0.

Thus, the web under consideration admits no abelian relations.

6 Abelian Differential Equations

In this section we discuss properties of abelian equations.
Recall that the abelian equation for a planar d-web given by differential
1-forms
W1y ooy Wd

is a first-order PDE system for functions Ay, ..., Ay of the form

Awi + -+ Aqwg =0,
d()\lwl) == d()\dwd) = 0

Let us write down the abelian equation in more explicit form. To this end,
we choose a 3-subweb, say, the 3-web given by

w1, w2, wWs,
and normalize the d-web as it was done earlier:
aiwi +we+w3 =0, aswy +ws+wy =0,...., ag_owi +wo +wyqg =0,

with a1 =1 and dws = 0.
It is easy to see that, if 4 < 3, then, due to the structure equations, we get

d(Aw;) = dA A w; + Adw; = (dX — M) A w;
or
d()\wi) =0 ()\) N wi,

if we consider A as a function of weight one.
Assuming that all A; are functions of weight one and the functions a; are
of weight 0, we get
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d(Mwir) = —d2 (A1) w1 A wa,

d (Aawa) = 01 (A1) w1 Awa,

d (Asws) = (02 (A3) — 01 (A3)) w1 A wa,

d (Mwi) = (02 (ai—2Ai) — 01 (N\;)) w1 A we

for i =4, ...,d.
The normalization condition Z‘f Aiw; = 0 implies that

Al = ajuy + -+ + ag_2uqd—2,
A2 =ur + -+ ug—2,
where
Uq Z)\g,...,ud_g :)\d'

Therefore the abelian equation can be written in the explicit form as the
following PDE system:
Ay (ur) =+ = Ag—2 (ug—2) =0,
01 (ul) + -+ 6 (ud,Q) =0,
where Al = 51 — 52 o a;.

Let
7:RI72 x R2 — R?

be the trivial vector bundle, where 7 : (u1, ..., uq—2,2,y) — (z,y).
Denote by 24; C J* () the subbundle of the 1-jet bundle corresponding to
the abelian equation, and by 2 C J* (7) the (k — 1)-prolongation of 2;.
Let
Thk—1 * A — Ap_1

be the restrictions of the natural jet projections
Thk1 : I¥ (1) — ¥ (7).

Then, if £ < d — 2, one can easily check that 2 are vector bundles, the
maps T k—1 are projections and

dimkermy 1 =d—k —2.

In other words, we have the following tower of vector bundles:

bis 1,0 2,1 3,1 Td—3,d—4 Td—2,d—3
R? & RIF2Z 20 9 22 9y 20 o 2T g s T .

The last projection
T k—1 * Aqg—2 — Agq_3

is an isomorphism, and geometrically it can be viewed as a linear Cartan
connection (see [19]) in the vector bundle
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Tag—g : Ag_3 — RZ.

This proves that the abelian equation is formally integrable if and only if this
linear connection is flat.
It is easy to see that the dimension of this bundle is equal to (d—2)(d—1)/2.
The dimension of the solution space is the rank of the corresponding d-web.
The above computation shows that the rank of a d-web is finite-dimensional

and does not exceed
(d—1)(d-2)

2
This result was first established by Bol [7] (see also [5]).
The compatibility conditions for the abelian equation can be found (see
[12]) by use of multi-brackets (see [15]).
These conditions have the form

s =Uur + -+ Ug—2ugs—2 =0,
where
O =A1--Ag 201 —Ay--Ai1-01- Aig1 -~ Aago - 4y

are linear differential operators of order not exceeding d — 2.
Summarizing, we get the following

Theorem 1. A d-web is of mazximum rank if and only if =0 on Ayg_s.

Remark that s¢ can be viewed as a linear function on the vector bundle
A4—2, and therefore the above theorem imposes (d—1) (d — 2) /2 conditions on
the d-web (or on d—2 web functions) in order the web has the maximum rank.
A calculation of these conditions is pure algebraic, and we shall illustrate this
calculation below for planar 3-, 4- and 5-webs. Note also that expressions for
2 in the case of general d-webs are extremely cumbersome while for concrete
d-webs it is not the case.

7 Rank of 4-Webs

7.1 The Obstruction

In order to simplify notations, we put a2 = a in the normalization for 4-webs

w1 +WQ+W3:O,

awy + wa +wy =0,

and reserve the subscripts for the covariant derivatives of a. Thus, az = d (a),
etc.
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For abelian equations we shall use the functions u, v, where u = uy,v = uo.
Then the abelian equations have the form

(u+ av)wr + (u+v) we + uws + vwy = 0,

where
M=u+av, o =u+v,A\3 =u, g =,

and the functions u and v satisfy the equations

>

51 (’U,) — 02 (u) = 0,
91 (v) — 62 (av) =0,
91 (u) + 61 (v) = 0.

In the case of 4-webs, the tower of prolongations has the form

™ 1,0 2,1
R2<—R4<—2[1<—2l2,

where the isomorphism 7y 1 : /2 — 2{; defines a linear Cartan connection on
the three-dimensional vector bundle

T A — R

In what follows, we use coordinates in the jet spaces adjusted to the Chern
connection and weight. Thus, for example, uy; stands for the operator §§8h.
In these coordinates, the abelian equation takes the following form:

ul—u2:O,
V] — avy — agv = 0,
U1+1}1:0,

and the obstruction
o= (A1A261 - (51A1A2)u + (A1A261 — A161A2)’U

equals
» = CcoU2 + C1V + Ccau,

where cg,c1, and co are certain functions of the curvature function K, the
basic invariant a and their covariant derivatives K, and a;, a;; (see formula
(1) in [12]).
The coefficient ¢y in the expression of » has an intrinsic geometric meaning.
Namely, by the curvature function of a 4-web we mean the arithmetic
mean of the curvatures of its 3-subwebs [1,2, 3], [1,2,4], [1,3,4] and [2, 3, 4].
Then (see [12]) the coefficient ¢y equals the curvature function of the 4-web.
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7.2 4-Webs of Maximum Rank

A planar 4-web has the maximum rank three if and only if the obstruction s«
identically equals zero, i.e., if and only if ¢ = ¢; = ¢co = 0. Computing these
coefficients leads us to the following result (see [12]).

Theorem 2. A planar 4-web is of maximum rank if and only if the following
relations hold:

a1 —aax —2(1—a)ais (=14 2a)a? —a2a2+2(1 —a)? aras

co =K+ ,
’ 4a(1 —a) 4(1—a)’a?
K2 — K1 T (CL— 4) al =+ (11 — 2OCL—|— 12@2) a2 i ai112 — a122
C1 =
' 4(1-a) 12(1-a)a 4a(1 — a)
- 2a -1 - 2(1-2 +
n a12 aas a22+( a )(a12 aag)a12 _as(( a) a; aag),
120 —a) - TR
aKy—K;  (1—2a)a; — (a—2)aas
Cy = 3 K
da(1 — a) 4(1—a)’a?

Vanishing of the coefficients ¢; and ¢y for 4-webs with ¢y = 0 is equivalent
to linearizability of the web (see [4]). Therefore the above theorem can be
formulated in pure geometric terms:

Theorem 3. A 4-web is of mazimum rank three if and only if it is linearizable
and its curvature vanishes.

Theorem 3 leads to interesting results in web geometry.

1. A linearizable planar 4-web is of maximum rank if and only if its curvature
vanishes.

2. A planar 4-web of maximum rank is linearizable (algebraizable) (Poincaré).

3. If a planar 4-web with a constant basic invariant ¢ has maximum rank,
then it is parallelizable.

4. Parallelizable planar 4-webs have maximum rank.

5. The Mayrhofer 4-webs are of maximum rank.

Recall that a 4-web is called the Mayrhofer web if all 3-subwebs of this
web are parallelizable.
7.3 4-Webs of Maximum Rank and Surfaces of Double Translation

A surface S C R? is a surface of translation in if it admits a vector parametric
representation r = R(u,v), where R(u,v) is a solution of the wave equation

Ry, =0.

Then
r= f(u)+g(v), (66)
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or, in components of vectors

z = f'(u) +g'(v),
y = f*(u) + g*(v),
z= fu)+ g*(v).

A surface S is a surface of double translation if in addition to representation
(66) it also admits a representation

r = h(s) + k(t), (67)

such that the coordinate functions u, v, s,t on the surface are pairwise inde-
pendent.

In other words, they define a 4-web on the surface S. If S is a surface of
double translation, then it follows from (66) and (67) that

fi(u) +g'(v) = h(s) = k'(t) =0 (68)

for i = 1,2, 3. These relations can be viewed as abelian relations for the 4-web
mentioned above.

If the surface S does not belong to a plane, then (68) gives three indepen-
dent abelian relations for the web. Therefore, this web has the maximal rank,
and as we have seen earlier, it is linearizable (algebraizable). This result was
first proved by Sophus Lie in the form.

Theorem 4. ([16]) If S is a surface of double translation not belonging to a
plane, then the curves f'(u), g’ (v), h'(s) and k'(t) belong to an algebraic curve
of degree four.

More on the subject, its further developments and references one can find
in [8] and [3].

7.4 4-Webs of Rank Two

As we have seen, a 4-web admits an abelian equation (has a positive rank) if
and only if the equation

coV2 +c1v + cou =0 (69)

has a nonzero solution.

Suppose that ¢g = 0. Then if two other coefficients ¢; = co = 0, then a
4-web is of maximum rank three. If ¢¢ = 0 but one of the coefficients ¢; or cg
is not 0, then ¢;v+ cou = 0 and then, say u, satisfies a first-order PDE system
of two equations. Therefore, the 4-web admits not more than one abelian
equation (i.e., it is of rank one or zero).

Assume that ¢y # 0. Then we can find all first derivatives u;,v; from the
abelian equation and (69):
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aciy — az¢y aca
- "4+ —=

uy = )
Co Co
aciy — agCy aca
Uy = ———— v+ —u,
€o Co
a2CHy — acq aco
V) = ————V — —U,
Co Co
C1 C2
Vg = ——UV— —1U.
€o Co

Therefore, a 4-web has rank two if and only if the above system is compatible.
Theorem 5. A planar 4-web is of rank two if and only if co # 0, and

Gij=0,1475=12, (70)
where

G11 = aco(ca,2 — c21) + aca(co — co2) —a(l —a)cico
+ (2a2 — a1 — aasz) cpca — ch,

G12 = aco(c12 —c1,1) +aci(ep1r —co2) —a(l —a) c%
+ (2a2 — a1 — 2aas) cpc1 + (a% +aip — agg) c%,

Go21 = co(c2,1 — aca,2) + ca(aco2 — co,1) — 2azcoc2 + a (1 — a) 2,

G2 = co(c1,1 —aci2) + ci(aco 2 — co1) +a(l —a)cica — ascocy
—az(1 — a)cpca + (aze — K) 3.

Ezxample 2. Consider the planar 4-web with the following web functions
x
z, Y, 57 Iy($+y)

The linearizability conditions (see [4]) for this web are not satisfied, and
therefore, this 4-web is not linearizable, but in this case G11 = G132 = G21 =
G22 = 0. Hence, the 4-web is of rank two.

This example gives us the following important property:
General 4-webs of rank two are not linearizable.

7.5 4-Webs of Rank One

As we have seen earlier, a 4-web can be of rank one if ¢y = 0 but one of
the coefficients ¢; and ¢y of (69) is not 0 or if ¢y # 0. The following theorem
outlines the four cases when a 4-web can be of rank one.

Theorem 6. A planar 4-web is of rank one if and only if one of the following
conditions holds:
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1.¢cg=0,J; =Jy =0, where

J1 = azeica(cr — c2) +acs(criz —c11)
+erea(ein +alean — 12 —c22)) + cf(acm —c21),
Jo =3 (c1 — 02)2 K+ (c1,11 — c112) crea (e — 1)
+cf (e1 = e2) (ca1 — c212) — 2 (261 — e2) era(er2 — c11)

+C§02,1(01,2 —cgo+c21)+ C§01,1(C2,2 —2¢2,1)

and ¢y # co, ¢1 # 0.
2.¢9=0,c1 =co #0, and J3 = 0, where

Jz = (aga — a12) (1 — a) + az(ag —a1) — (1 — a)* K.
8. ¢c9g=0,c1 =0,c0 #0, and Jy = 0, where
Ji = ajea — ajas — Ka?.
4. ¢o £ 0, and Jyo = J11 = J12 = 0, where

Jio = G11G22 — G21G12,

Ji1 = co(Ga1,1Ga2 — Ga2.1Ga1) + (azco — ac1)Gay
—|—(CL02 — a2Cy + CLCl)G21G22 — CLCQG%2,

Ji2 = CO(G21,2G22 - G22,2G21) + (&260 - CLCl)G%l
—|—a(02 — Cl)G21G22 — CQG%Q.

Proof. See [12].

Ezample 3. Consider the planar 4-web with the following web functions

.’L'y2 (E2y

(z—9)? (xr—y)

x? y7 2'

For this web, we have cg = 0 and J; = J5 = 0. Thus, we have the web of
type 1 as indicated in Theorem 6, and this 4-web is of rank one.

In this example the 4-web is not linearizable. Therefore,
General 4-webs of rank one are not linearizable.

8 Planar 5-Webs of Maximum Rank

Let us consider a planar 5-web in the standard normalization
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w1t ws+ws =0, aw; +ws + wyg =0, bwy +ws + ws =0,

where a and b are the basic invariants of the web.
The abelian equation for such a web has the form

(w+ au + bv)wr + (W + u + v)ws + Wws + uwy + vws = 0,

where we have
M=w+Hau+bv, g =w+u+wv,

and
)\3:’11}, )\42’(1,, )\5:’1}.

The functions w, u, and v satisfy the abelian equation

51 (’LU) — 52 (’LU) = 0, 51 (u) — 52 (au) = 0,
51 (’U) — 62 (b’l)) = O, 51 (’IU) + 61 (’U,) + 61 (’U) = O,

and their compatibility condition takes the form

= (A1A2A361 — 0142 A341) (w) + (A1A2A4301 — A161A342) (u)
+ (A1 A2A301 — A1 Ag51A3) (v) = 0.

In the canonical coordinates in the jet bundles, the abelian equation has
the form
u1+v1+w1:O, Ul—b’UQ—bQU:O,
uy —aus —asu =0, w; —wsy =0,

and the obstruction s equals
CoWao + c1wa + covo + csw + cqu + csv = 0,

where the explicit form of expressions for the coefficients cg, c1, 2, c3, c4 and
¢5 can be found in [12].

This gives the following result [12]:

A planar 5-web is of mazximum rank if and only if the invariants cy, c1, c2, c3, ¢4 and
cs vanish.

Similar to the case of 4-webs, the coefficient ¢y in the expression of s for
5-webs has an intrinsic geometric meaning.

Namely, we call by the curvature function of a 5-web the arithmetic mean
of the curvature functions of its ten 3-subwebs.

The straightforward calculation shows that the curvature function equals
to cgp-

In other words [12], the curvature of a planar 5-web of maximum rank
equals zero.

For the case of planar 5-webs with constant basic invariants a and b the
invariants ¢;, for i = 0,1,2,3,4,5, vanish (and the web is of maximum rank)
if and only if this web is parallelizable [12].
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Ezample 4. We consider the Bol 5-web with the web functions

z 1—y x—ay
,y,l—x,y—{[;y'

T,y

For this web we have

— 1
K=0a=2"%p_"Y

Ty —y’ z—1’

and ¢; =0, for: =0,1,....,5.

Thus, the 3-web is of maximum rank.

Using the linearizability conditions for planar 5-webs [4], we see that the
Bol 5-web is not linearizable.

The above example leads us to the following important observation:
General planar 5-webs of mazimum rank are not linearizable.

9 Projective Structures and Planar 4-Webs

In this section we give more direct construction of the projective structure
associated with 4-webs (see [13]).
Remind that an affine connection V on the plane determines a covariant
differential
dy : 2' (R?) — 2' (R?) @ 2" (R?).

This differential splits into the sum
dv =dy & dy,
where
dy : 2 (RQ) — 2?2 (RQ)
is the skew-symmetric part, and

dy : ' (R?) — S% (2') (R?)

is the symmetric one.
The connection is torsion-free if and only the skew-symmetric part coin-
cides with the de Rham differential:

@ —d.

A foliation given by a differential 1-form w is geodesic (i.e., all leaves of
the foliation are geodesics) with respect to connection V if and only if (see

[13]):
dy(w) =0 w

for some differential 1-form 6.
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Remark that it follows from the above formula that two affine connections,
say, V and V', are projectively equivalent (i.e., have the same geodesics) if
and only if there exists a differential 1-form p such that

&y () — dipr(w) = p-w

for all differential 1-forms w.
Assume that a 4-web is given by differential 1-forms w;,7 = 1,2, 3, 4, which
are normalized

w1 +we+w3 =0,
awi +wo +wqg =0,

and
dW3 = 0.

Let V be a torsion-free connection for which all foliations w; = 0,7 =
1,2, 3,4, are geodesics.
We call such 4-webs geodesic.
Then
dsv(wl) = 6‘1 - Wi

for all i = 1,2, 3,4 and some differential 1-forms 6;.
Differentiating the normalization conditions, we get
01wy +0s-ws+ 03 w3 =0,
da-w1—|—a91-w1—|—92~w2+94-w420.
If
91' = Aiwl + Biu}g

for all i = 1,2, 3,4, then the above system is just a system of linear equations
for coefficients A; and B;.
Solving this system, we find that

Ay = A1+ 2z, By =DBi+z,

Az = Ay, B3 = B1 + z,
a

A4:A1+;1,B4:Bl+27

where
ap — aag

a(l—a)’

In other words, the affine connection is completely determined by the differ-
ential 1-form 6;, and

z =
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92 = 91 — ZW3,
03 = 01 + zwa,
ai
04 =07+ Ewl + zZwa.

This shows that all such affine connections are projectively equivalent. Taking

the representative with
z
01 = —ws,
1= 5Ws

we get the following result (this result was first obtained in [6], §29, p. 246):
Theorem 7. There is a unique projective structure associated with a planar
4-web in such a way that the 4-web is geodesic with respect to the structure.

The projective structure is an equivalence class of the torsion-free affine
connection V with the following symmetric differential:

z

dsv(wl) = 5 w3+ Wi,
z
dsv(WQ) = —5 w3 - Wwa.

We say that a planar d-web is geodesic with respect to an affine connection
if all leaves of all foliations are geodesic.

The above theorem gives a criterion for a d-web to be geodesic. For sim-
plicity we take the case of 5-webs. Let a 5-web be given by differential 1-forms
wi, i =1,2,3,4,5, which are normalized as follows:

w1 +LU2+LU3:O,
awi +wo +wqg =0,
bwy + woe + w5 =0,
and
d(AJ3:O.

This web is geodesic if and only if the fifth foliation ws = 0 is geodesic with
respect to the canonical projective structure determined by the 4-web (w;,i =
1,2,3,4).

We have

A% (ws) = 05 - ws + (2b(1 — b) — (b1 — bba))w?.
Therefore, in order to have a geodesic 5-web, the last term should vanish.

Theorem 8. A 5-web is geodesic if and only if the basic invariants a and b
satisfy the following condition:
a]; — aas bl — bb2

a(l—a) b1-0b) (71)
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The linearizability problem (see [4]) for planar webs can be reformulated
now as follows: a planar d-web is linearizable if and only if the web is geodesic
and the canonical projective structure of one of its 4-subwebs is flat.

The flatness of a projective structure can be checked by the Liouville tensor
(see [18], [17], [14]). This tensor can be constructed as follows (see, for example,
[21]). Let V be a representative of the canonical projective structure, and Ric
be the Ricci tensor of the connection V. Define a new tensor 8 as

P(X,Y) = ;Ric(X, Y) + %Ric(Y, X)

for all vector fields X,Y.
The Liouville tensor £ is defined as follows:

LX,Y, 2) =Vx(P)(Y,2) = Vy (P)(X, 2)

for all vector fields X,Y, Z.
The tensor is skew-symmetric in X and Y, and therefore it belongs to
£ e NYR?) ® 22(R?).

It is known (see [18], [21], [17], [14]) that the Liouville tensor depends on the
projective structure defined by V and vanishes if and only if the projective
structure is flat.

For the case of the projective structure associated with a planar 4-web we
shall call this tensor the Liouville tensor of the 4-web

Consider three invariants:

fy _aay —wag B
w—fm, o= wal—a)’ k= (logw)gy. (72)

Then the Liouville tensor has the form
L
L= (Llwl + 5&)2) X w1 N\ wa,

where Ly and Lo are relative differential invariants of order three. The explicit
formulas for these invariants are

3L1 = w(—(kw)y + ags + aay) + (Qwee + (02 + 30wy — 20y — 200ry)
+w N (—awgy — 20w, + aw?) + wlaw,wy,
3Ly = w?(—(kw™l)y, + 200,) + w(202w, — 20, — aay)

H(—Qwgy — 20wy + ) + W (Qwewy — aywy).
(73)
Summarizing, we get the following result.

Theorem 9. A planar d-web is linearizable if and only if the web is geodesic
and the Liouville tensor of one of its 4-subwebs vanishes.
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Corollary 1. If the basic invariants of all 4-subwebs of a d-web are constants,
then the d-web is linearizable if and only if it is parallelizable.

Proof. First of all, the web is geodesic because of conditions (71).

Moreover, for a 4-subweb , condition a = const. implies « = 0, and by

Theorem 9 and (73), the 4-web is linearizable if and only if

(kw), =0,

and

(kw™h), =0.
Then w = A(z)B(y) and by (8), K = 0. Therefore, due to Section 3, the

4-web is parallelizable.

The d-web is parallelizable too, because it geodesic and has constant basic

invariants.
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