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ON QUASI-CONVEX FUNCTIONS
OIF COMPLEX ORDER

OH SANG KWON (B E K%)
and

SHIGEYOSHI OWA (F# Ak -BIT EBHEZ)

Abstract

The class Q of quasi-convex functions was studied by K.I.Noor.
The authors, using the Sil#igean differential operator, introduce the class
Q(b) of functions quasi-convex of complex order b , b0 and the class Qn(b)
which is the generalization of Q(b), where n is a nonnegative interger.
Sharp coefficient bounds are determined for Qn(b). The authors also obtain
some sufficient conditions for functions to belong to Qn(b) and a distortion theorenm.

1. Introduction

Let A denote the class of functions f(z) analytic in the unit disk '
E={2z: |z] <1} having the power series

oo
f(z) =z + > amz® , z € E . (1.1)
n=2

Aouf and Nasr (2] introduce the class S*(b) of starlike functions of
order b, where b is a non zero complex number, as follows :

s*m ={f:rerandre [1+1(Z 2 _lyo,zex (1.2)
b ‘ f(z)

AMS (1990) Subject Classification. Primary 30C45.
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We define the class K(b) of close-to—convex functions of complex order b
as follows ¢ f € K(b) iff f € A and

1 ¢ zf'(2) l
Re[1+-5(~—g(—z’5‘——l]])0 s 2 € E (1.3)

for some starlike function g.

And we define the cldss Q(b) of quasi-convex functions of complex order b
as follows ¢ f € q(b) iff f € A and

(2f'(2))’
[ —[g(z) ’—1]])_0.zeE (1.4)

for some convex function g.
The class Sn, n € No = { 0,1,2,--- }, was introduced by Silligean [7],
that is, f € Sn Iff f € A and

Drl+l f(z)
Re{—m}>0 s, 2 €E (1.5)

where the operator f —> D" f is defined by

(1) D° £(z) = £(z) ,
(2) Df(z) = zf'(2) ,
(3) Dn f(Z) = D(D"_lf(z)) ( n e N = {1020"' } ).

It may be noted that So is the class S* of starlike functions while Sy =C
is formed with all convex functions. More, it is known [7] that Sn+t C Sa ,

n € No .

Let Qn(b), n € No , b is a nonzero complex number, denote the class
of functions f & A satisfying

1 prn*if(z)
Re{l*'s[m-l]})o.ZEE (1.6)

for some g € Sn . Here Qo(b) = K(b), Q1(b) = Q(b).
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In this paper, we determine coefficient estimates of functions in Qa(b),
n € No . Further, we obtain some sufficient conditions for f € Qu(b) and a
distortion theorem.

2. Coefficient Inequalities

We determine coefficient estimates of functions in @n(b), n € No.
First, we need the following lemmas.

00
Lemma 2,1 Llet g(z) =z + > cmz™ € Sn , where n € No .
' : m=2
Then lom] < mi'l (m>2).
proof. Noting that
w s
Drg(z) = z + >, m"Cmz™ ., (2.1)
m=2

Since g € Sn , ﬁ"g(z) € S* ., Thus, using the well known coefficient estimates
for starlike functlions one gets,

M"’lesn , M 2> 2

Lemma 2.2 For n € No , let

z(1 + (2b - 1)z)
Dl‘l"“ f(z) - .
(1-2)3

00 1 )
Then f € Qn(b) and f(z) =z + >, — [(m-1)b + 1] zm in E.
n=2 n"
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proof. Let g € A be defined so that

D g(z) z
n VA -
& (1 -2)2

The definitions of Sn implies g € Sn .  Therefore,

1 [ Dr+tf(z) } 1+2z :
1+ -1} = y 2 € E,
b D g(z) 1-2z .
This proves that f € Qu(b).
00 .
Lemma 2.3 let f(z) =z + > amz™ . If f € Qu(b), n € No , then
n=2

m-1
Imam - cn]2 < 4 Ib| {lbl + 2 ke Lk - onllowl + Ibl fox]2] } (2.2)
=2

m2n
00
proof, Let f(z) =z + 3 amz™ be in Qn(b). Then (1.6) implies
n=2
1 Dn+1f(z2) 1+ w(z)
- —_— - —— , (=] 2.3
l+b[Dﬂ *(2) 1] = w2 z E (2.3)

for some g € Sn and where w € A such that w(0) = 0, w(z) %1 and

o0
jw(z)] (1 forz € E. Let g(z) =2 + 2> cmz™
n=2

Then (2.3) and (2.1) imply

00 .
w(z) [ 2bz + sz" (2bcm + mam -~ cm)z™ )

oo
= >, nm" (mam — Cm)z™ (2.4)
o m=2
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Using clunie’s method[3], that is to examine the bracketed quantity of
the left-hand side in (2.4) and keep only those terms that z™ for m < k-1
for some fixed k, moving the other terms to the right side one obtains

k-1
w(z) { 2bz + > nt[ mam + (2b-1)cm ] 2@ }

n=2
0
= 2 m" (mam — cm)z™ + Z Anmz®
Com=2 m=k+1
Let
. ( k-1 ' 3
é(z) = w(z) )l 2bz + >, m"[ mam + (2b-1)cm ] z™ }
, n=2
k oo
= Zmn (mam - Cm)Zm + 2: Amzm (2.5)
m=2 m=k+1
and z=relo , 0<{r <1,
1 2n
Computing —_— j ¢(z) $(z) d6
2n 0 ,

for both expression of ¢ (z) in (2.5) and using |w(z)] (1, we get

> m2n| mam — Ca |2 r2m
n=2

k-1
< 4|bl?rz + > w2 | mam + (2b-1)om |2 r2m
m=2

We let r—>1- and find that

! f

“k~1 %
4|b| ilbl + Zz n27[ |mam - cm|lom| + lbllc-nlzll} )
m:

|kax - ck|2 <

k2n

In particular, when m = 2 we have

1

|282 - c2] < -—F |b| (2.6)
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00

Theorem 2.4 Llet f(z) =z + D amzm . If f € Qn(b) where n € No ,
m=2 :

then

lam| < [ (m-1)Ib] + 1] (m2>2).

This result is sharp. An extremal function is given by

00
f(z) = z+ > [ (m-1)b+1] 2z | 2.7)
m=2 m"
00 , 00
proof. Let f(z) =z + D, amz™ be in Qn(b) and g(z) =z + 2. cmz™.
m=2 m=2
We claim that for m > 2 and n € No,
1 m:l
'Mn - Cm' < 2“)' 1+ Z k"lel . (2.8)
mn k=2

We use the second principle of induction on m on (2.9).

For m=2, |2az - c2| < |b]  is true as shown in (2.6). Now assume that

2n-l

(2.8) is true for all m < p . ?aking m=p+1in (2.2), we get

1
|(p*1)ap+s — cp+1|?2 < 4 ————— |b| {Ibl + }f: k2n{ |kax - ck]||ck] + |b||Ck|2]}
(ptl)2n k=2

1
=4 — |b] {lbl + ﬁ k2r[ |kak - ck|]ck| + |b| g: k2n|ck |2 } .
(p+1)2n k=2 k=2

Now using (2.8), we have

1 k-1
[(p+1)ap+s — cpar|*< 4 ——|b|2 {l + Zi)’ k"lckl[l'f > dnley I} + ﬁ kz"lelz}
(p+1)2n k=2 J=2 k=2
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)
= 4 ———ibiz {1+ 2 S olok + 230 [lcu S rles |] + 3 enfon|2}
(pt+1)2n k=2
- 2 n
preve ] [1 <k |Ck|]

This show that (2.8) is valid for m = p + 1. Hence, the claim is correct.
From Lemma 2.1 and (2.8) it follows that

1

|mam — om|] <

n-1
2lbl | 1 + 3 kn|ck|
k=2

<

m(m=1)|b] , m>2 (2.9)

Finaliy from Lemma 2.1 and (2.9),
) . \
lam] < —— [(m-1)|b] +1'} , m>2
mn

Putting n = 1 in Theorem 2.4, we have the following corollary.

o0

Corollary 2.5 If f(z)=z + 2. amz™ ls quasi-convex function of complex
© m=2

order b, then
am] s—fn—[(m-nlblnl

This result is sharp,

Remark 2.6 For b=1, Corollary 2.5 s reduced to coefficient bounds for
the quasi—-convex functions due to Noor [5].



173

Taking n = O in Theorem 2.4 ,

00
Corollary 2.7 If f(z2) =z + >, amz™ is a close-to-convex function of
mn=2

complex order b, then
lan] £ (m=-1)|b| +1

This result is sharp.

This corollary may be found in [1] .

Remark 2.8 For b = 1, Corollary 2.7 is rqduced to the coefficient bounds
for the close-to—convex functions due to Reade [6].

Lemma 2.9 ([4]) Let w(z) be regular in the unit disk E and such that w(0)=0.
If |w(z)| attains its maximum value on the circle |[z] = r at a point zo , then
~ we have zo w'(zo0) = k w(zo) where k is real and k > 1. )

Theorem 2.10 If a function f(z) belonging to A satisfies

a Dn+2f(z) Dn-Hf(z) D"“g(z) /3< 'bla+,3
D g(2) (Drg(z) ]2

(z€E) (2.10)

for some ¢ 2 0, 8 =2 0 and g(z) € Sn, then f(z) € Qn(b).

proof. Defining the function w(z) by

(z) = — [D"“f(Z) 1] | (2.11)
wiz) = b pn g(z) ’

for g(z) € Sn. We see that w(z) 1s regular in E and w(0) = 0,
Noting that
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Dr+2£(z) Dn+1£(z) Dn*ig(z)

bzw' (z) = (2.12
Drg(2) (Drg(z))2 )
We know that (2.10) can be written as
a B a+f
[bw(z)] Ibzw’'(z)] < |b] . (2.13)
Suppose that there exists a point zo € E such that
Max |wz)] = |wzo)| =1 . (2.14)
1zl <20l \
Then, Lemma 2.9 leads us to
a ] a+B a+p
Ibw(zo) | |bzow' (z0)| = |b] k > |bl (k>1)
which contradicts our condition (2.10). Therefore, we conclude that
lw(z)| (1 for all z € E, that is, that
1 D"'Hf(Z) ¢
—_ -1 € E) .
' b [D.. 2@ ] | (1L =€k
This implies that
| Dntif(z)
—_ - 0 €E
Re {tv 4 (g "YU} 20 @D
which proves f(z) € Qn(b).
3. Distortion Theorem
Theorem 3.1 Let £ € Qn(b), n € No . Then for |z] =r (1, and
IZb - 1' S 1 ’
- - 2 - 2
rolzb -l e pe gy ¢ Lt 2oLl 3.1)

(1+r)3 (1-r)3 :



Thls result is sharp for the function f(z) given by

z(1 + (2b - 1)z2)
(1 -2)3

proof. Let f € Qn(b). Then (1.6) implies for some g € Sn

Dt f(z) 1+ (2b-1)w(z2)
D 5(2) 1 - w(z) ’

where w € A and |w(z)| £ |z| in E. This gives for |z] ( r =1

1-1J2b-1jr
1+r

Dn+l f(Z)
br s(2)

1+ |2b- 1]r
1-r

(3.2)

| <

The definition of Sn implies Drg(z) is starlike . Hence by the well
known bounds on functions which are starlike in E , we get for |z] =r (1

—7—1—5‘—!‘_75 < | brg(z) | < ——(l—f_r)i . - ' (3.3)

Using (3.2) and (3.3), one can get (3.1).

Taking (1) n=0, (i1) n=0,b =1, (ii1) n=1 and (iv) n=1,b =1
in Theorem 3.1, we have the following corollaries, respectively.

Corollary 3.2 If f is a close-to—convex function of complex order b,
where |2b - 1] <1 , then for |z| =r (1

1+ ]2b-1)r
(1 -r)3

1 -12b-1]|r

s (3.4)

< (2] <

Corollary 3.3 If f is a close-to—convex function, then for |z| =r (1

_l+r
(1 -r)3

1-r

NS (3.5)

< @ £



Corolléry 3.4 If f is a quasi-convex function of complex order b,
where |2b - 1| <1 , then for |z| =r (1

(2 +r)-1|2b-1jr (2-r) + |2b-1|r

(1 + 12 <@l < 31 - 12 (3.6)
proof. By n =1, in Theorem 3.1, we have
1-|2b~1|r , , 1+ |2b-1]r
T+ )3 < @ (2)'] < -3 . (3.7)
Intergrating the right hand side of (3.7) from O to z, we obtain
|28 )] < [01GF (@) Idz
1+ ]2b-1 2- 2b-1
Jr | Ir dr = r{(2-r) + | |r} ‘ (3.8)
0 (1 -r)3 2(1 - r)2

In order to obtain a lower bound for |f’(z)|,we proceed as follows.
Let di be the radius of the open disk contained in the map of E by zf'(z).
Let zo be the point of [z| = r for which |zf’(z)]assumes its minimum value.
This minimum increases with ( r the image of |z| = r by w = zf’ (z) expands )
and is less than di. Hence the line segment connecting the origin with the point
zof' (zo) will be covered entirely by the values of zf'(z) in E. Let | be the arc
in E which is mapped by w = zf’ (z) onto this line segment. Then

1z£' (2)| = LI(zf’ ()" | 1dz|

Jr 1-]2b - 1|r r{(2+r) + |2b-1]r} (3.9)

o (-nr° 2(1 + )2

Using (3.8) and (3.9), one can get (3.6).

Corollary 3.5 If f is a quasi—convex function, then for |z} =r (1

1
(1 +r)2

1

< 1@ < -1z
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