-

View metadata, citation and similar papers at core.ac.uk brought to you byj(: CORE

provided by Kyoto University Research Information Repository

Bl
oo o e/,
&

Kyoto University Research Information Repository > KYOTO UNIVERSITY

COMBINATORIAL INVARIANTS OF $\mathcal{G}$-

Title MANIFOLDS(Special Differential Equations)

Author(s) | ALEXEEVSKI, A.

Citation O0o0Ooobooonono (1991), 773: 1-6

Issue Date | 1991-12

URL http://hdl.handle.net/2433/82403

Right

Type Departmental Bulletin Paper

Textversion | publisher

Kyoto University


https://core.ac.uk/display/39214638?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

goooboooogn
0 7730 19910 1-6

COMBINATORIAL INVARIANTS OF G-MANIFOLDS.
A. ALEXEEVSKI

1. INTRODUCTION. ,

In this work we define and investigate some combinatorial invariants of a manifold M
on which compact Lie group G acts (shortly G-manifold). For this aim we first define an
addition structure on M which is called “admissible section ¢” on M. ¢ is really piecewise
continuous section of a topological bundle « : M —  of M over its orbit space & = G\ M.
The “pieces” on which o is continuous are strata of some stratification of orbit space (2.
The stratification is compatible with orbit types.

So the main object of the work is a pair (M, o) which consists of a G-manifold M
and its admissible section o.

Two invariants of a pair (M, o) are constructed. One of them is (co-) representation 6
of the poset R of all strata on {2 into the poset of closed subgroups of a group G. Another
is 1-cocycle £ of the poset with values in combinatorial sheaf of Lie groups which is defined
in the work.

We prove that this invariants are the full system of invariants of a pair (M, o). There
is a construction of a topological space M, on which group G acts (G-space) with given list
of invariants A and fixed admissible section op C My. (M, 0) is equivalent to (My,o4)
if A=A(M,o0).

This construction is in some sense the natural generalization of the construction of
the homogeneous space M as factor G/H of a group by its subgroup H but the gen-
eral construction needs more combinatorial approach described here. It seems that this
construction may be useful in different questions concerned with Lie group actions on
manifolds. It would be very interesting to define different additional structures on My
in regular way. Smooth structure can be defined so and some other. Particularly the
questions about hypergeometrical systems and its generalizations was stimulated for this
work. '

We start this investigations with D. Alexeevski in [5] where classification of Rimannian
manifolds with one dimensional orbit space is done. Different partial cases of the suggested
construction arises in publications. Note at least the works of Palais, Terng [3] and Szente
[4] on Rimannian G-manifolds and its submanifolds which is orthogonal to any orbit.

In this paper we try to formulate some basic notions and statements of the suggested
approach without proves which is not very complicated.

2. INVARIANTS OF A G-MANIFOLD.

Denote by M a G-manifold. That is a topological manifold M on which Lie group G
acts continuously. Some restrictions on G and M are suggested in the paper.

1) G is a compact Lie group not necessary connected.

2) There is a smooth structure on M in which G acts smoothly. However a smooth
structure on M isn’t fixed. (This suggestion may be changed by a more combinatorial
one. :
3) There are only finite number of types of G-orbits on M. Equivalently | R |< oo in
notations introduced below.



Denote by € the orbit space G\ M and by & : M — Q the natural projection. It is
known that Q is Haussdorff topological space.

To define stratification R of § on orbit types we say that two points a,a’ € Q are
equivalent iff they have representatives z € £7(a),z’ € sk~ !(a') in M with the same
stabilizers G; = G,. A connected component of a class of equivalent elements we call
stratum. So we have division 2 = Ure'k Q, of Q into strata €2, C 2. We denote by R the
set of all strata and r € R corresponds to a stratum 2, which is the subset of points of 2.

Next statements are well known [1].

PROPOSITION 1.1. Let G be compact Lie group and let M be smooth G-manifold.
Then
(1) each stratum Q, is a manifold;
(2) boundary 0N, consists of some strata Q. of a less dimension;
(3) there is only one mazimal stratum (2, which does not contains in a boundary of any
stratum.

Using the statement (2) of the preposition 1.1 we deﬁne a partial ordering on the set
R of all strata: r' < r iff Q. C 99Q,.

Generally we use the term “stratification @ on Q” for a division = | | e Stq of ©
into parts {2, marked by elements ¢ € @ of partial ordered set (poset) @ which satisfies
the statements (1) and (2) of proposition 1.1 and for which ¢' < ¢ iff 0Q, D Q.

Stratification @ : @ = || ¢q Qg is said to be subdivision of a stratification R : Q =
U,er 2 iff for ¢ € @ there is umque r € R such that Q4 C Q,. So we have the morphism
n of poset () onto poset R.

The central role in the work plays additional structure on M which is named admissi-
ble section . To define it we fix a subdivision Q : Q@ = | } 7€Q 2, of a stratification R of
on orbit types. For ¢ € Q) let o, be a continuous section of a bundle «, : My — Q, where
My = £71(Q,) and kg = k|sm,. We denote the image of o, in M by the same sign o.

DEFINITION 1.2. A joint 0 = || g 04 of continuous sections of bundle k4 : Mg —

(24 is called admissible section of G-manifold M if

(1) for any ¢ € Q all points of o, C M have the same stabilizer G,;

(2) for q,4' € Q,q > ¢' the section 0, may be continued to the boundary Q, of stratum
24 (this continuation we denote by 04|y and call a restriction of o4 on ¢');

(3) the restriction 04|y is a section of kg : Mg — Qg which satisfy the (1) and (2)
conditions above; '

(4) for q,9',¢" € Q,q9 > ¢' > ¢" holds an equality og|gw = (o4lg')lg”;

(5) for q,¢' € Q,q > ¢' common stabilizer of points of the oy|q is equal to the Gg.

Note that admissible section may be defined in the similar way for a topological space
M on which compac‘t Lie group acts, not nessesary manifold.

Ifo= @ O¢ 1s an admissible section of M, then obviously Gy D G for ¢' < ¢ and
Gg =Gy if 7r€q) =m(¢') =r € R. so there is a map 6 : R — Sub(G) of poset R into the
poset of all closed subgroups of the Lie group G : 6(r) = G, is a common stabilizer of all
points of 04 C M with 7(q) =r.



The map 6 is an exact corepresentation of R, i.e. if ' < r than 6(r') D 6(r) and
o(r") # 6(r).

Obviously 8(M,a) = §(M',¢') if there exists a G-homeomorphism ¢ : M ~ M’
which is identical on © and ¢(o) = o'.

The pair (M, o) which consists of a G-manifold M and its admissible section ¢ has also
a cohomological invariant which is 1-cocycle of a poset @ with coeflicients in a constructive
sheaf N of noncommutative Lie groups.

We define first the sheaf /. For ¢ € @ denote by N the factor group Ng(G,)/G, of
a normalizer Ng(G,). Let n : @, — N, be a continuous map of £, into the group N, and
./Vq be the group of all those maps.

Let ¢ > ¢'. Then the group N, o = Ng(Gy) N Ng(Gy ) has images Nq(zz)' = Ng,q'/Gq
and N, q(’qq',) = Ny,q'/Gy both in the groups A, and MVy. The group G, contains G, so there
is the homomorphism N, (f,qq), — N q(f'q',) of a subgroup W, q(:lq), of NV, into the group Nq(,qq!,) C Ny

A map ng € J\qu: is called a restriction of a map nq € ./\7,1 if for any point a' € Qg
there is a limit limg—q474(a),a € Qg, in factor-space Ny/(Gy N Ny), it lies in a group
Nq(,“q),/(gq NNg) = Nq(,qql,) and ng(a’') = limgoqeng(a)(mod(Gy N Ny)). We denote the

restriction of 7, on ¢’ as nyy.

DEFINITION 1.3. A continuous map 7, : 8, — N, is called an admissible map if
(1) for a Pair q,9' € Q,q > ¢ there exists the restric’?ion Mglg's
(2) for triple ¢,¢',¢" € Q,¢ > ¢' > ¢" holds an equality nglg = (ngle)lg"-

Denote by Nq the subset of all admissible maps n, € J\~fq. Obviously ./\qu is a sub-
group of the group ./\Tq and by definition for a pair ¢,¢' € @, q > ¢' there is a restriction
homomorphism J(/'q — Aq/,nq — Nqlq’-

It can be shown using the technique of Bjorner [2] that the set N = {N|g € Q} of
groups N, and restriction homomorphisms N, — ANy is an object which is equivalent to
a combinatorial sheaf (that is a sheaf which is constant on every stratum) of a Lie groups
on the stratified topological space = | | 1€Q Q.

In standard way one can define a noncommutative cohomologies of degree 0 and 1 of
Q (equivalently of Q) with values in V.

DEFINITION 1.4. Let £ = {{,¢l9,9' € Q,q > ¢'} be a set of admissible maps
€0 € A7qr. € is called 1-cocycle if for a triple ¢,¢',¢" € @Q,¢9 > ¢' > ¢" holds an equality
fq,qu = €q,q'|q" [ ] Eq/’qn in the group Nqn,

Turn now to a G-manifold M with fixed admissible section o = | | 4€Q %

PROPOSITION 1.5. Let 0 = UqEQ‘O"I be an admissible section of a G-manifold M.

Then

(1) for q,4' € Q,q > ¢' there is a uniquely defined map & o : Qy — Ny such that
ol (a) = €q,¢(a)og(a) for any point a € Qg ;

(2) the set &€ = {&5,4lq > ¢'} is a 1-cocycle of Q with values in a combinatorial sheaf
N ={Ngle € Q}.



The proposition may be easily proved basing on the definitions of an admissible section,
the sheaf A" and 1-cocycle.

Finally for a G-manifold M with fixed admissible section ¢ = | Jo, we have two
invariants: corepresentation  : R — Sub(G) and 1-cocycle ¢ € Z1(Q,N).

3. CONSTRUCTION OF A G-MANIFOLD WITH GIVEN INVARIANTS.
To construct a G-manifold we fix next list’ of date: A ={G,Q,R,0,Q,¢}
Here G is a compact Lie group.
Q is Haussdorff topological space.
R is a stratification @ = | ], cx r. It is suggested that R is finite poset with the
unique maximal element m € R.
0 is an exact corepresentation of the poset R into the poset Sub(G) of all closed
subgroups of the group G.
Q : 2 = eq 9y is a stratification of  which is subdivision of R and 7 : Q — R is
the morphism defined for a subdivision @ of a stratification R.
€ is 1-cocycle of Q with values in combinatorial sheaf N' = {/Vq|q € Q} which is
defined in the section 2 above for any corepresentation 6.
Denote by M, the joint of sets Qg X G/Gx(q) Where G, = 8(r) C G for r = 7(q) € R.
SO MA = UqGQ(Q X g/g,,(q))
The group G acts naturally on My : g1(a, 92Gx(q)) = (a,9,92Gx(q))- Obviously the set
of orbits G \ M, may be identified with Q.
Denote by op,4 the set of points: oar,q = {(a,eGx(g))la € R4} C Mj and op =

UqGQ O-A’q'

PROPOSITION 3.1. There is unique up to an equivalency topology on M, which
satisfy properties:
(1) G acts continuously on My ;
(2) the topology on 2 = G\ M, induced from M, is equivalent to a given topology on Q;
(3) oA =Uoa,g s an admissible section on G-space My ;
(4) I-cocycle E(Mp,04) is equal to the given I-cocycle ¢ € Z1(Q, N).

The proof of the proposition can be done by standard methods of topological group
theory.

So there is the canonical topology on My. Note that for a sequence of points z; =
(@i, 9iGn(q))> ai € Q¢ with lima; = ag € ¢ a point z¢ is the limit of {z;} iff there exists
the limit 'lim{g,-g,(q:)»} = goGn(g) In factor—space G/Gx(q) (not in G/Gr(g) !). In this case
lim i = (aﬂ, £(q7 q")(ao)gog,,(q'))-

THEOREM 3.2. Let M be a G-manifold with compact Lie group G and let o=
Ugeq 94 be an admissible section of M defined for a subdivision Q : Q = [_] cofly of a
stratificaton R of 0 on orbit types. Denote by A the list of date: A = {G,Q, R, 9(M a) Q,
(M, o)} (invariants 6(M, o) and £(M, o) of a pair (M, o) was defined in section 2) and
construct G-space M, (defined in the section 8). Then the map ¢ : My — M defined
with formula: ¢(a,g9Gxq)) = 904(a),a € Qq,9 € G is G-homeomorphism of My and M
and ¢ s identical on the common orbit space Q of M and M,.



The next question is about G-homeomorphity of My and M,:. Obviously we may
suppose that orbit spaces G \ My and G \ My are identified with the same topological
space {) with fixed stratification R on orbit types. Suppose additionally that subdivisions
Q@ and Q' of a stratification R are the sama: Q@ = Q'.

THEOREM 3.3. Let A = {G,Q,R,0,Q,£} and A' = {G,Q,R,0,Q;¢'}. Then G-
spaces My and My are G-homeomorphic with G-homeomorphism which induce identity
homeomorphism on Q iff 1-cocycles £ and ¢’ are cohomological: f"m, =gl 0&g,q' ® n;l

for a chain n = {nylq € Q,n, € A7'q}.

We say that corepresentatlons 0 and ¢' are equivalent if for any r € R thereis g, € G
such that 6'(r) = g.6(r)g;!

For g € G we can define a conjugated corepresentation 69 by formula 09(7') = ¢Grg~1
Obviously 69 is equivalent to 6.

Generally denote by v a set {g,|r € R, g, € G} of elements of the group G. It can
be easily shown that 6 defined as 6”(r)g,8(r)g;! is a corepresentation iff for any pair
r,r' € R,r > r' holds an equality g,Grg;! = gwGmgo'. By definition if § is equivalent
to 8 then 6' = 6” for some v = {g,.|r € R}.

It seems that there exist equivalent § and ' which is not conjugated but we don’t
know examples.

PROPOSITION 3.4.
(1) If Mp is G-homeomorphic to My+ with G-homeomorphism which is identical on
for A={G,Q,R,6,Q,6}, A' ={G,Q,R,0',Q,'} then §' is equivalent to 6. ‘
(2) For any corepresentation 8* which is equivalent to 0 a G-space My, for A' = {G,Q, R,
0v,Q,&} is G-homeomorphic to My with A" = {G,Q,R,6,Q,¢"}.

Generally M}, is not a manifold. So there is a question for which lists of data A the
G-space M, is a manifold. We formulate here nessesary and sufficient conditions for this
in partial case { =1 and @ is a triangulation of €2.

Let A= {G,Q,R,0,Q,£} is a list of data with above suggestions. For ¢ € @ denote by
Z, the star of stratum Q, in Q : Z, = |_]q,> q Q. It can be easily proved that topological
space Z, is homeomorphic to a Qy x C*(A,) where Ay = Q4 and C*(X) is a neighborhood
of a vertex of a cone over X.

Then we can restrict A on A, and denote by A, the next list of data Ay = {Gg, Ay, Ry,
04, Qq, ¢ = 1}. Here stratifications Ry : Ay = Llre'Rq Ay and Qg : Ag = UpeQ., Ap are
induced on A, from R and Q using homeomorphism Z4 &~ Q4 xC*(Ay), Qq ={p € Qlp >
q} CQ, Ry ={r € Rlr > m(¢q)} C R and 6, is obviously defined restriction of § on R,.

THEOREM 3.5. Let A = {G,Q,R,0,Q,§ = 1} and My is G-space defined above.
Then My is a manifold iff for any vertez ¢ € Q the space My, for Ay = {Gy, Lg, Ry, 6,
Qq, € = 1} is homeomorphic to a sphere S™ for some m > 0.



Note that analoguos statement is true and in the case £ # 1 but it has more compli-
cated formulation. , :
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