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ON THE SUBSCHEMES OF THE JOHNSON SCHEME J(v,d)

by Daiyu Uchida Faculty of Science

Kyushu University

Abstract.
For two association schemes x and Xx', defined on the same set,
we call x' a subscheme of x if each relation of x' is a union
of some relations of x. In this paper we prove that
the Johnson scheme J(v,d) has no non-trivial subscheme
if v>2d+g+/(d—g)2+6 . This slightly improves the earlier result

of Muzichuk that the conclusion holds if v=23d+4

1.Introduction
Let X=(X'{Ri}0sisd) and x'=(X,{R’i}Osisd,) be two association schemes
defined on the same set X. We say that x' is a subscheme of x if
each relation R'i is a union of some relations Ri's.
The purpose of this paper is to prove that the Johnson scheme J(v,d)
have no non-trivial subscheme if V>2d+%+¢(d—g)2+6 .For a subscheme x'
of x, we have a partition r={TO={O},T1°-',Td.} of the index set
{0,1,---,d} such that

R'i=u Ra ( using the adjacency matrices, A'i=2 Aa )
ozeTi ozGTi

Clearly xo=(X,{RO,U Ri}) and x are subschemes of x. We call these
i>0
subschemes trivial subschemes. Clearly if the association scheme x

is commutative then it's subscheme x' is commutative, and if x is

symmetric then x' is symmetric, too.
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Throughout the whole paper we shall consider only symmetric
association schemes. If we look at the Bose-Mesner algebra a and a',
it immediately holds that x' is a subscheme of x if and only if

a'c a . Then we also have the partition ﬂ={n0={0},nl,~--,nd,} of

the index set {0,1,---,d} such that
E'.=2 E
J 8€nj B

Now we calculate the entries of the first and second eigenmatrices

of x'" . ( For the notation of association scheme, sce [2],[4])
IXIE' =D a;(1)A", . ces (1,1)
0<i<d' Y
The LHS of (1,1) =I[XI2 Eg
BEM.
J

=2 (2 qB(a))Aa
O<o<d Benj

The RHS of (1,1) =2 > ai (1A,
0<i<d'«eT, J

Therefore compairing the both sides, we get qj(i)=§ qB(a) (aeTg)

€.

B nJ
Dually we get pi(J)=2 Py (8) (Ber.,)
J

aeTi

With the above notation ,we get the following lemma.
Lemma 1. Let x' be a subscheme of x, and T,T be the partitions of x'

The indices i,j are glued in t ( namely Ri and Rj are

in a same realtion R' of x' ) ( dually in m ) if and only if

for each 0<k<d’'

2 qB(i)=Z az(J) ( dually 2 P, (1)=2 p (J))
Benk Benk ozeTk aeTk

(cf. [17,[4]
Using this lemma, we get the following corollary.

Corollary. Let x=(X,{Ri} d) be an association scheme and

0<ix

)
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x'=(X,{R i}OSisd') be a non-trivial subscheme of x
If there exist 0< io,jo <d such that

qj(lO)>qj(l) ( 0<iwmi, ,O<J¢JO ) ,then
Rioe{R ito<iza’

Proof Since x'is non-trivial, there exists a part m (#{0}) of the

partition T which dose not contain jO . Then

2 oq.(iy)> 2 aq.(i) ( 0<imi. )
With Lemma 1 , we have Rioe{Ri}osisd' ( Q.E.D.)

We now state our main result. Before that, we mention a brief history
of this probrem ( according to Muzichuk [4] ) . Let J(v,d) be

the Johnson scheme of class d ( see [2],[3],for the details about the
Johnson scheme ) . As for the study of subscheme of J(v,d) or on the
enumeration of subschemes of the Johnson scheme, first L.A.Kaluznin
M.H.Klin proved that there exists a function f(d) such that

Jonhson scheme J(v,d) does not have non-trivial subscheme for vxf(d).
M.E.Muzichuk proved that the same conclusion is true if vz3d+4

The purpose of this paper is to prove the following Theorem.

Theorem A The Johnson scheme J(v,d) has no non-trivial subscheme

if V>2d+g+/(d-g)2+6

This slightly improves the result of Muzichuk [4], because our
condition becomes vz23d for dz6

The auther thanks Professor Eiichi Bannai for suggesting this probrem.
The auther also thanks Mr. Go Seki for checking the caluculation in

this paper. Also the idea of the proof of the present paper 1is based
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on that of Muzichuk [4] . The auther thanks M.E.Muzichuk for making

the preprint of [4] available to the auther before publication.

2. Proof of the Theorem A
For the Johnson scheme J(v,d), we have
p, (=3 YO EIH LD L k=YD L Csee 121,181, 14D)
0<vgj
In order to prove Theorem A , we neced the following lemma.
Lemma 2. For J(v,d) with v>2d+g+/(d—g)2+6 , we have
qj(l)>lqj(i)l ( 1<ixd,0<j<d )
First we show that Thorem A is easily obtained for Lemma 2

Proof of Theorem A from Lemma 2.

Let x'=(X,{Ri} d,) be a non-trivial subscheme of J(v,d)

0<ig

Then by Corollary, we have Rle{Ri} i.e. we have {1l}€T

0<i<d’

If the indices 1i,j are glued in W, with Lemmal , we have

p1(1)= pl(J) . Since

p (1)= i%-(v+1)ivd(v-d) , p (j)= j>-(v+1)j+d(v-d) , we have
i=j . ( Q.E.D.)

Now we prove Lemma 2 with the inductive formula of the Johnson
scheme:
v,d

P (j)={p

(5-1-p} 29 (-1 ( 0<i<d )

v-2,d-1
(Pa-1

From now on, if necessary, we let pz’d(j) and ki(v,d) be the entries

v-2,d-1
i

(j-1) ( i=d )

of the first eigenmatrix P and the valencies of J(v,d) respectively.
Concerning Lemma 2 , we check at the special value of j= d-1 by
the following Proposition.

Proposition. For J(v,d) with v>2d+g+/(d—g)2+6 , we have




qd_l(l)>lqd_l(i)l ( 1<ixd )
Proof Since qj(i)/mj=pi(j)/ki’ we only have to show that
lpi(d-l)l/ki<pl(d—l)/kl ( 1<ixd )

With the direct calculation, we have
i-1 (v-2d+2)i-d
v-d

Pi(d—l)/ki=(—l) Then

jap (A=) 17Kg

)

= —2(v-2d+2) 1%+ (v2-3dv+2d2+4d-4)i-(d+1)v+d2+3d-2 . +-- (%)

.\, v—-d
d(v-d-1i)( i )(lpi(d—l)l/ki—lp

This reaches it's minimum when i=1 or d-1, i.e.

(%)= min{v2~(4d+3)v+3d2+11d~10,(d-l)(V—2d+l){V—(3d+d%])}}

Since vz—(4d+3)v+3d2+11d—10>0 is equal to v>2d+g+/(d—g)2+6 ,

we have

2
1)If v23d+3=7

P, (d-1)/k > 1P, (d=1) I/ky> ++-+  2Ipy(d-1) I/kg

(i.e.v23d+1) ,then we have (#*#)>0 . Then

2)In the case of v=3d ( d=8 ), we have

Ip, (d-1) I/k;< max{ p,(d-1)/k; , Ipy(d-1)1/ky }

= max{ 1/d2, (d+1)/(23) } . Since
d+1 2 _ d®(d+1)!
(Zd) 2d(2d-1) .-+ (d+1)
d
5X4X3 6
< (2d-1) (24-2) < i1 we have
lpi(d—l)l/ki< pl(d—l)/k1 ( i>1 ) . ( Q.E.D.)

Proof of Lemma 2

By Proposition, we only have to show that
|Pi(J)|/ki< pl(J)/k1 ( 1<izd, 0<j<d-1)
1)d=3
With the direct calculation, we have

2v-9 v-9 -

3

V]
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Since v>10 , we have

lpi(l)l/ki< Ipl(l)l/kl ( i= 2,3 )

2)d>3
We consider the following two cases, Case 2.1; 1l<i<d , 0<j<d-1
and Case 2.2; i=d , 0<j<d-1 ,separately.

Case 2.1 1<i<d , 0<j<d-1

With the inductive formula, we have

v,d, . _ v-2,d-1,. ., v-2,d-1 .
p;" " (J)=p; (J-1)-p; 3 (j-1)
Since v—2>2(d—1)+g+/{(d—l)—g}2+6 , we have
k,(v-2,d-1)
v-2,d-1,._ v-2,d-1,; i
Ipy (J-1) i< Py (J l)kl(v—z,d—l) ,
K. (v-2,d-1)
v-2,d-1,._ v-2,d-1,. i-1
Ipi_l (j-1) I« Py (J l)kl(v—z,d—l) , and
7 405 1k, (voayg A 2O g 2 AT g e gy
i it kl(v—z,d—l)ki(v,d) 1 )
We show that
k.(v-2,d-1)+k, . (v-2,d-1)
i i-1 v-2,d-1,._ v,d, .
kl(V—z,d"l)ki(V,d) pl (J l)kl(V,d)/pl (jr<1 (=)

With the direct calculation, we have

1
j2-(v+1)j+d(v-q)
This reaches its maxmum when i=2 , j=d-2 . Therefore

v-7 1
(@-1) (v-a-1)’ (1*2v-5a+8’

2
The LHS of () = %é_;?%;ﬁéfi?)(1+

)

The LHS of (%) < (1-

. 1 1 v-7
Since 357375 < q46 < (d-1)(v_d-1) ' We have the LHS of (%)<1.
Case 2.2 i=d , 0<j<d-1
Since pg’d(j)z -pg:i’d_l(j—l) , we have
k (V-Zvd_l)
v,d, . d-1 v-2,d-1, .
pg (DR VD) € R Tk, (v, )P (j-1)

Now we get
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k (v-2,d-1)

d-1 v-2,d-1,. v,d, .
k, (v-2,d-1) K, (v, d) "1 (J-1)ky (v.d)/py " ()
2
d 1
(-1 (v_a-1) 1+ )

32 (v+1) j+d(v-d)
v-7 1
(a1 (v-a-1)) I*vsae) <1

This completes the proof of Lemma 2, hence of Theorem A.

< (1

Added in proof

Recently we improve the Theorem A in this paper as follows;

The Johnson scheme J(v,d) has no non-trivial subscheme

if V>2d+g+/(d—%)2+6
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