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東京理科大学理学部 石渡恵美子 (Emiko Ishiwata)
Department of Mathematical Information Science, Tokyo University of Science

Nicola Guglielmi
Dipartimento di Matematica, Pura ed Applicata, Universita de L’Aquila

1 Introduction
Consider the following nonlinear difference equation with variable coefficients:

$x_{n+1}=qx_{n}- \sum_{j-\wedge}^{m}a_{j}f_{j}(x_{n-j})$ , $n=0,1,2,$ $\cdots$ , (1.1)

where $0<q\leq 1$ , $a_{j}\geq 0,0\leq j\leq m$ and $\sum_{j=0}^{m}a_{j}>0$ . We now assume that

$\{\begin{array}{ll}f(x)\in C( \infty, +\infty) is a strictly monotone increasing function,f(0)=0, 0<fk_{x}^{x)}\leq 1, x\neq 0, 1\leq j\leq m, andif f(x)\neq x then \varliminf_{x-\infty}f(x) is finite, otherwise f(x)=x.\end{array}$ (1.2)

The above difference equation has been studied by many literatures (see for example, $[1]-[9]$ and
references therein).

Deflnition 1.1 The solution $y^{*}$ of (1.1) is called uniformly stable, if for any $\epsilon>0$ and non-
negative integer $n_{0}$ , there is a constant $\delta=\delta(\epsilon)>0$ such that $\sup\{|y_{n0-1}-y||0\leq i\leq m\}<\delta$ ,
imPues that the solution $\{y_{n}\}_{n=0}^{\infty}$ of (1.1) satisfies $|y_{n}-y^{*}|<\epsilon,$ $n=n_{O},n0+1,$ $\cdots$ .

Deflnition 1.2 The solution $y^{*}$ of (1.1) is called globczlly aumctive, if every solution of (1.1)
tends to $y^{*}$ as $narrow\infty$ .
Deflnition 1.3 The solution $y^{*}of$ (1.1) is called globally asymptotically stable, if it is uniformly
stable and globally attractive.

In this paper, we study “semi-contractive” functions and global asymptotic stability of dif-
ference equations. In Section 2, we first define semi-contractivity of functions and show the
related results on the global asymptotic stability of difference equations.

2 Semi-contractive function
Assume that

$g(z_{0}, z_{1}, \cdots , z_{m})\in C(R^{m+1})$ and $g(y,y, \cdots , y)=yhasauniquesolutiony=y^{*}$ . (2.1)
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Deflnition 2.1 The function $g(z_{0}, z_{1}, \cdots z_{m})$ is said to be semi-contractive at $y^{*}$ , if
(i) for any constants-z $<y^{*}$ and $z_{i}\geq\underline{z},$ $0\leq i\leq m$ , there exists a constant $y^{*}<\overline{z}<+\infty$ such
that $g(z_{0}, z_{1}, \cdots z_{m})\leq\overline{z}$ , and for any $\underline{z}\leq z_{i}\leq\overline{z},$ $0\leq i\leq m$ , there exbsts a constant $\underline{\tilde{z}}>\underline{z}$

such that $\underline{\tilde{z}}\leq g(z_{0}, z_{1}, \cdots z_{m})$ , or
(ii) for any constants $\overline{z}>y^{*}$ and $z_{i}\leq\overline{z},$ $0\leq i\leq m$ , there $e$ ists a constant $y^{*}>\underline{z}>-\infty$ such
that $g(z_{0}, z_{1}, \cdots z_{m})\geq\underline{z}$, and for $any–\leq z_{i}\leq\overline{z},$ $0\leq i\leq m$ , there enists a constant $z\simeq<\overline{z}$

such that $\tilde{\frac{}{z}}\geq g(z_{0}, z_{1}, \cdots z_{m})$ .

Lemma 2.1 If $g(y)\in C(R)$ is a strictly monotone decreasing function such that $g(g(y))>y$
for any $y<y^{*}$ , then $g(z)$ is semi-contractive for $y^{*}$ .

Lemma 2.2 Assume (2.1) and that each $g_{i}(z0, z_{1}, \cdots , z_{m}),$ $0\leq i\leq m$ is semi-contractive for
$y$ . Then for any $b_{n,i}\geq 0,$ $n\geq 0,0\leq i\leq m$ such that $\sum_{i=0}^{m}b_{n,:}=1$ and $\lim_{narrow\infty}b_{\mathfrak{n},i}=b_{i},$ $0\leq$

$i\leq m$ , it holds that $\sum_{i=0}^{m}b_{n,i}g_{1}(z_{0}, z_{1}, \cdots z_{m})$ is semi-contractive for $y^{*}$ .

Collorary 2.1 Assume (2.1) and that $g(z_{0},z_{1}, \cdots z_{m})$ is semi-contractive for $y^{*}$ . Then for
any $0\leq q_{n}<1,$ $g_{n}(z_{0}, z_{1}, \cdots , z_{m})$ and $k$ such that

$\{\begin{array}{ll}\lim_{\mathfrak{n}arrow\infty}q_{n}=q<1, and 0\leq k\leq m,\lim_{narrow\infty}g_{n}(z_{0},z_{1}, \cdots z_{m})=g(z0, z_{1}, \cdots z_{m})for any \text{屋}, z_{1}, \cdots z_{m}\in(-\infty, +\infty),\end{array}$ (2.2)

it holds that $q_{n}z_{k}+(1-q_{n})g_{n}(z_{0}, z_{1}, \cdots , z_{m})\dot{u}$ semi-contractive for $y^{c}$ .

Collorary 2.2 Assume that each $g_{i}(z)\in C(R)$ and $g_{i}(y)=y$ has a unique solution $y=y^{t},$ $0\leq$

$i\leq m$ , and each $g_{i}(z_{i}),$ $0\leq i\leq m$ is semi-contractive for $y^{*}$ , then for any $b_{n,i}\geq 0,$ $n\geq 0,0\leq$

$i\leq m$ such that $\sum_{:=0}^{m}b_{n,i}=1$ and $\lim_{narrow\infty}b_{n,i}=b_{i},$ $0\leq i\leq m$ , it holds that $\sum_{1=0}^{m}b_{n,1}g_{i}(z_{i})$ is

semi-contractive for $y^{*}$ . In particular, for any $0\leq q_{n}<1$ and $k$ such that $\lim_{narrow\infty}q_{n}=q<1$

and $0\leq k\leq m$ , it holds that $q_{n}z_{k}+(1-q_{n}) \sum_{i=0}b_{\mathfrak{n},i}g_{i}(z_{i})$ is semi-contractive for $y^{*}$ .

Remark 2.1 If $g(z_{0}, z_{1}, \cdots , z_{m})>0$ for any $z\iota>0,0\leq i\leq m$ , then there are cases that we
may restrict our attention only to $z;>0,0\leq i\leq m$ and the unique positive solution $y^{*}>0$ of
$g(y,y^{*}, \cdots y^{*})=y^{*}$ , whether or not $g(y,y, \cdots y)=y$ has other solutions $y\leq 0$ .
Example 2.1 Examples of semi-contractive function $g(z_{0}, z_{1}, \cdots z_{m})$ for $y^{*}$ .
(i) $g(z_{0}, z_{1}, \cdots z_{m})=z_{m}e^{c(1-z_{m})},$ $y\cdot=1$ and $c\leq 2$ (see [1]).
(ii) $g(z_{0}, z_{1}, \cdots z_{m})=z_{0}\exp\{c(1-\sum_{i=0}^{m}a_{i}z_{i})\},$ $y^{*}=1/( \sum_{i-\triangleleft}^{m}a_{i})$ and $c\leq 2$ , where $a_{0}>$

$0,$ $a_{i}\geq 0,1\leq i\leq m$ and $( \sum_{i=1}^{m}a_{i})/a_{0}\leq 2/e$.
This is equivatent that $h(u_{0},u_{1}, \cdots u_{m})=$ でり $-c \sum_{i=0}^{m}b_{i}(e^{u_{i}}-1)$ is semi-contractive for $u^{*}=0$

and $c\leq 2$ , where $z_{i}=y^{*}e^{u_{1}},$ $h=y^{*}a_{0}>0,$ $b_{i}=y^{*}a_{i}\geq 0,1\leq i\leq m,$ $\sum_{i-\triangleleft}^{m}b_{i}=1$ , and
$( \sum_{1=1}^{m}b_{i})/k\leq 2/e$ (see [8]).
(m) $g(z_{0}, z_{1}, \cdots, z_{m})=c(1-e^{z_{m}}),$ $y=0$ and $c\leq 1$ (see [3]).
(iv) $g(z0, z_{1}, \cdots z_{m})=\infty_{1+bz_{m}}\alpha x^{*}=((c-1)/b)^{1/p}$ and $c\leq\overline{P}^{-}*$ , where $p>2$ and $b>0$ (see
[1]).

We consider the following difference equation

$y_{n+1}=q_{n}y_{n-k}+(1-q_{n})g_{n}(y_{n},y_{n-1}, \cdots y_{n-m})$ , $n=0,1,$ $\cdots$ , (2.3)
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where we assume (2.1) and

$\{\begin{array}{ll}0\leq q_{n}<1, \lim_{narrow\infty}q_{n}=q<1, k\in\{0,1, \cdots m\}, and\lim_{narrow\infty}g_{n}(z_{0}, z_{1} , \cdots z_{m})=g(z_{0}, z_{1}, \cdots z_{m}) for any z_{0}, z_{1}, \cdot.. , z_{m}\in(-\infty, +\infty).\end{array}$ (2.4)

Theorem 2.1 If $g(z_{0}, z_{1}, \cdots , z_{m})$ is semi-contractive for $y^{*}$ , then $y^{n}$ of (2.3) is globally asymp-
toticdly stable for any $0\leq q<1$ .

Collorary 2.3 Assume that there exists a constant $0\leq q_{0}<1$ and some $0\leq k\leq m$ such
that $q_{0}z_{k}+(1-q_{0})g(z_{0}, z_{1}, \cdots , z_{m})$ , is semi-contractive for $y^{*}$ . Then, for any $q_{0}\leq q_{n}<1$ and
$g_{n}(z_{0},z_{1}, \cdots z_{m})$ which satisfy (2.4), the solution $y^{*}$ of (2.3) is globally asymptotically stable.

Remark 2.2 (i) The corresponding continuous case (2.3) is the following differential equation

$\{\begin{array}{ll}y’(t)=-p(t)\{y(t)-\frac{1}{1-q_{n}}g_{n}(y(n),y(n-1), \cdots, y(n-m))\}, n\leq t<n+1, n=0,1,2, \cdots,p(t)>0, q_{n}=e^{-\int_{n}^{n+1}p(t)dt}<1. \end{array}$

(ii) In Theorem 2.1, a semi-contractivity condition is a delays and $q_{n}$ -independent condition for
the solution $y^{*}$ of (2.3) to be globally asymptotically stable.

By Theorem 2.1 and Example2.1, we obtain the following result:

Example2.2 Examples of delays and q-independent stability conditions.
(i) Ricker model $y_{\mathfrak{n}+1}=qy_{n}+(1-q)y_{n-m}e^{c(1-y_{n-m})}$ , $n=0,1,2,$ $\cdots$ . The positive equihibrium
$y^{*}=1$ is globally asymptotically stable, if $c\leq 2$ (see [1]).
(ii) Ricker model with delaled-density dependence $y_{n+1}=qy_{n}+(1-q)y_{n} \exp\{c(1-\sum_{i\triangleleft}^{m}-a_{1}y_{\mathfrak{n}-i})\}$ .
The positive equilibrium $y^{*}=1/( \sum_{i=0}^{m}a_{i})$ is globally asymptotically stable, if $c\leq 2$ , where
$a_{0}>0,$ $a_{i}\geq 0,1\leq i\leq m$ and $( \sum_{i=1}^{m}a_{i})/a_{0}\leq 2/e$ (see [8]).

(iii) Wazewska-Czyzew8ka and Lasota model $y_{n+1}=qy_{n}+(1-q)c \sum_{\dot{\iota}=0}^{m}b_{i}e^{-\eta y_{n-}},$ $n=0,1,2,$ $\cdots$ ,

where $\gamma>0,$ $b_{i}\geq 0,0\leq i\leq m$ , and $\sum_{1=0}^{m}b_{i}=1$ .
The positive equilibrium $y^{*}$ is the positive solution of the equation $y^{*}=ce^{-\gamma y^{*}}$ . Put $x_{n}=$

$\gamma(y-y_{\mathfrak{n}})$ . Then, this equation is equivalent to

$x_{n+1}=qx_{\mathfrak{n}}-(1-q) \gamma y^{*}\sum_{i=0}^{m}b_{i}(e^{x_{n-:}}-1)$, where $b_{i}\geq 0,0\leq i\leq m$ , $\sum_{:=0}^{m}b_{i}=1$ . (2.5)

Thus, the positive equilibrium $y$ is globally asmptotically stable, if $c\leq e/\gamma$ which is equivalent
that the zero solution of (2.5) is globally asymptotically stable if $\gamma y^{*}\leq 1$ (see [3]).
(iv) Bobwhite quail population model $y_{n+1}=qy_{n}+(1-q) \frac{w_{n-m}}{1+by_{n-m}^{p}},$ $n=0,1,2,$ $\cdots$ , where

$c>1,$ $b>0$ . The positive equilibrium $y^{t}=((c-1)/b)^{1/p}$ is globally asymptotically stable, if
$c\leq*p-$ for $p>2$ (see [1]).

We have the following counter example:

Example 2.3 Examples of q-dependent and delay-dependent stability conditions.
(i) A model in hematopoiesis $y_{n+1}=qy_{n}+(1-q)e^{2(1-y_{\hslash})}$ , $n=0,1,2,$ $\cdots$ .
The equilibrium $y^{*}=1$ is globally asymptotically stable if $q\in[1/3,1$), and 2-cycle if $q\in[0,1/3$)
(see [2]).
(ii) A delayed model in hematopoiesis $y_{n+1}=qy_{n}+(1-q)e^{2(1-y_{n-2})}$ , $n=0,1,2,$ $\cdots$ .
The characteristic equation takes the form $\lambda^{3}-q\lambda^{2}=-2(1-q)$ . Then for $q=q_{2}= \frac{3-\sqrt{3}}{2}=$
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0.633975 $\cdots>1/3$ , the roots are-l $<\lambda_{1}<0,$ $|\lambda_{2}|=|\lambda_{3}|=1$ . For $q_{2}<q<1$ , the equilibrium
$y^{*}=1$ is locally attractive but it becomes unstable for $q=q_{2}$ , and Hopf bifurcation occurs (see
[2]).
(iii) Ricker’s equation with delayed-density dependence $y_{n+1}=y_{n} \exp\{c_{n}(1-\sum_{i=0}^{m}b_{n,i}y_{n-i})\},$ $n=$

$0,1,$ $\cdots$ , which is equivalent to $x_{n+1}=x_{n}-c_{n} \sum_{i=0}^{m}b_{n,i}(e^{x_{n-:}}-1)$ , $n=0,1,$ $\cdots$ , where
$c_{n},$ $b_{n,i}>0,$ $\sum_{i=0}^{m}b_{n,i}=1$ and $y_{n}=e^{x_{n}}$ .
The positive equiliblium $y^{*}=1$ is globally asymptoticolly stable if $\lim\sup_{narrow\infty}\sum_{i=n}^{n+m}r_{i}<$

$\Sigma 3+\frac{1}{2(m+1)}$ (see [7]).
(iv) A model of the growth of bobwhite quail populations $y_{n+1}=qy_{n}+(1-q)1+y_{\mathfrak{n}-m}\ovalbox{\tt\small REJECT},$ $n=$

$0,1,$ $\cdots$ ,
where $c,p>0$ . If $c\leq 1$ , then for any $0<q<1, \lim_{narrow\infty}y_{n}=0$. If $c>1$ , then the positive

equilibrium $y’=(c-1)^{1/p}$ of the model exists. Moreover, if $p \leq\frac{2c}{(c-1)(1-q)}$ for $m=0$, or
$p< \frac{c}{(c-1)\{1-q)}\frac{3m+4}{2(m+1)^{2}}$ for $m\geq 1$ , then the positive equiliblium $y$ is globally asymptotically
stable $(8ae[4])$ .

3 Delays-independent stability conditions for (1.1)

After setting

$r_{1}=a_{0},$ $r_{2}= \sum_{1=1}^{m}a;,$ $r=r_{1}+r_{2},$ $\varphi(x)=qx-r_{1}f(x),\hat{z}(q)=(-1+\sqrt{1+4q})/(2q)$ , (3.1)

we have the following result.

Theorem 3.1 Assume that $f(x)=f_{0}(x)=e^{x}-1$ and $0<q<1$ , and suppose that

$r_{1}<q$ , $r\leq q+(1-q)\ln(q/r_{1})$ and $(q/r_{1})^{q}e^{r-q}(r_{1}-r_{2})+(1-q)\geq 0$, (3.2)

$or$

$\{\begin{array}{ll}r_{1}\leq q, r>q+(1-q)\ln(q/r_{1}), qr_{2}\leq r_{1},r-r_{2}(q r_{1})^{q}e^{r-q}-(1-q)(\overline{L}-1)\geq 0 and L=\ln_{r_{2}}^{r--1-}\ovalbox{\tt\small REJECT}^{\ln r_{1}}\leq 0,\end{array}$ (3.3)

$or$

$\{\begin{array}{ll}r_{1}>q, r\leq 1+q, r-r_{2}(q/r_{1})^{q}e^{r-q}-(1-q)(\ln(q/r_{1})-1)\geq 0,and \frac{r}{q}( /r_{1})^{q}e^{r-q}\leq\frac{\epsilon^{\ell(q)}}{1-\dot{z}(q)}.\end{array}$ (3.4)

Then, the zero solution of (1.1) is globally asymptotically stable.

Numerical result 3.1 Assume that $f(x)=f_{0}(x)=e^{x}-1$ and $0<q<1$ .
(i) The last inequality in (3.4) can be eliminated from (3.4).
(ii) Under the condition $Ar_{1}r \leq\frac{2}{e}$ and $r\leq 1+q$ , the third inequality of (3.4) is satisfied, and
hence the zero solution of (1.1) is globally asymptotically stable.

Example3.1 $Wazewska\cdot Czyzewska$ and Lasota model (see [9]).

$y_{n+1}=qy_{n}+(1-q)c \sum_{1=0}^{m}b_{i}e^{-\gamma y_{\hslash-}\iota}$ , where $c,$ $\gamma>0,$ $b_{i}\geq 0$ and $\sum_{1-\triangleleft}^{m}b_{i}=1$ . (3.5)

(3.5) is equivalent to (2.5). For equation (3.5), the positive equilibrium of (3.5), 8ay $y^{*}$ , is globally
asymptotically stable, if $\gamma y\leq 1$ (see [3] and Example 2.2 iii)). For the case $\gamma y^{*}>1$ , by using
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the generalized Yorke condition, [6, Theorem 8] extended these to $\gamma y^{*}\leq(1+q^{m+1})/(1-q^{m+1})$

with some restricted conditions “ $V_{k}(q)<0,$ $W_{k}(q)<0’$ . Note that the last condition contains
the restriction $(q+q^{2}+\cdots+q^{m})q^{m}\leq 1$ for $0<q<1$ . On the other hand, by applying Theorem
3.1 and Numerical result 3.1 to (2.5) for $a_{i}=(1-q)\gamma y^{*}b_{i},$ $0\leq i\leq m$ , we obtain another
sufficient condition, for example, $\sum_{i=1}^{m}b_{i}\leq\frac{2}{e}b_{0}$ and $\gamma y^{*}\leq(1+q)/(1-q)$ for the solution $y^{r}$

$\frac{of(3.51+qm+1}{1-q^{m+1}}<\frac{1}{1}+-\Delta qfor0<q<1.Thus,$$comparedwith[6,ProofofTheorem2](and[1]-[9])tobeg1oba11yasymptoticallystable.Notethate^{x}-l<x/(l-x)for0<x<1andand$

references therein), one can see that our results offer new stability conditions to (3.5).

4 Semi-contractivity with a sign condition

For $0\leq q<1$ , consider the following nonautonomous equation

$x_{n+1}=qx_{n}- \sum_{j=0}^{m}a_{n_{\dot{\theta}}}f_{j}(x_{n-j})$, $n=0,1,$ $\cdots$ , (4.1)

where $0<q\leq 1,$ $a_{n,j}\geq 0,0\leq j\leq m,$ $n=0,1,$ $\cdots$ , and $\sum_{j-\triangleleft}^{m}a_{ni}>0$ , and we assume that

there is a function $f(x)$ such that (1.2) holds.
For (4.1) and any $0\leq l_{n}\leq m$ , we can derive the following equation.

$\{\begin{array}{ll}X_{n+1}=\{q^{l_{n}+1}X_{n-t_{n}+(1-q)\sum_{-}^{l_{\hslash}}q^{k}\sum_{j=0}^{m-k}a_{n-k_{\dot{\theta}}}}k\triangleleft -\sum_{k=1}^{\iota_{n}}q^{k}\sum_{j=m-k+1}^{m}a_{n-k_{\dot{\theta}}}f_{j}(x_{\mathfrak{n}-k-j}), n=2m, 2m+1, \cdots.\end{array}$ (42)

Similar to the proofs of [5, Lemmas 2.3 and 2.4], we have the following two lemmas for (4.1).

Lemma 4.1 Let $\{x_{n}\}_{n=0}^{\infty}$ be the solution of (4.1). If there exists an integer $n\geq m$ such that
$x_{n+1}\geq 0$ and $x_{n+1}>x_{\mathfrak{n}}$ , then there $e$ vists an integer $\underline{g}_{n}\in[n-m,n]$ such that

$x_{g_{n}}= \min_{0\leq.;\leq m}x_{n-j}<0$ . (4.3)

If there exists an integer $n\geq m$ such that $x_{n+1}\leq 0$ and $x_{n+1}<x_{n}$ , then there exists an integer
$\overline{g}_{n}\in[n-m,n]$ such that

$xg_{n}=0_{\dot{d}\leq m}^{\max_{<}x_{n-j}}>0$ . (4.4)

After setting

$\{\begin{array}{ll}\overline{r}_{1}=\sup_{\mathfrak{n}\geq m}\sum_{k=0}^{m}q^{k}\sum_{j-\triangleleft}^{m-k}a_{n-ki}, \overline{r}_{2}=\sup_{n\geq m}\sum_{k=1}^{m}q^{k}\sum_{j=m-k+1}^{m}a_{n-k_{\dot{\theta}}},\overline{r}=\overline{r}_{1}+\overline{r}_{2}, \overline{\varphi}(x)=\overline{q}x \text{一} \overline{r} f(x), \overline{q}=q^{m+1}, \overline{\hat{z}}=(-1+\sqrt{1+4\tilde{q}})/(2\overline{q}),\end{array}$ (4.5)

and
$\overline{g}(z_{0}, z_{1}, \cdots z_{m};\overline{q})=\overline{\varphi}(z_{0})+\sum_{k=1}^{m}q^{k}\sum_{j=m-k+1}^{m}a_{n-k_{\dot{O}}}g(z_{j})$ , (4.6)

we are able to prove the following results.
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If there exists an integer $n\geq m$ such that $x_{n+1}\geq 0$ and $x_{n+1}>x_{n}$ , then by (4.3) and (4.2)
with $l_{n}=n-\underline{g}_{n}$ , we have that

$x_{n+1}\leq\overline{\varphi}(x_{\ })-\overline{r}_{2}f(L_{n})$ , $L_{n}= \min_{0\leq j\leq 2m}x_{n-j}$ . (4.7)

If there exists an integer $n\geq m$ such that $x_{n+1}\leq 0$ and $x_{n+1}<x_{n}$ , then by (4.4) and (4.2) with
$l_{n}=n-\overline{g}_{n}$ , we have that

$x_{n+1}\geq\overline{\varphi}(x_{\overline{9}n})-\overline{r}_{2}f(R_{n})$ , $R_{n}= \max_{0\leq.;\leq 2m}x_{n-j}$ . (4.8)

Lemma 4.2 Suppose that the solution $x_{n}$ of (4.1) is oscillatory about $0$ . If for some real
number $L<0$ , there emsts a positive integer $n_{L}\geq 2m$ such that $x_{n}\geq L$ for $n\geq n_{L}$ , then for
any integer $n\geq n_{L}+2m$ ,

$x_{\mathfrak{n}+1}\leq R_{L}$ for $n\geq n_{L}+2m$ , and $x_{n+1}\geq S_{L}$ for $n\geq n_{L}+4m$ , (4.9)

where $R_{L}=L \leq x<0\max\varphi(x)-r_{2}f(L)>0$ and $S_{L}= \min_{0\leq x\leq R_{L}}\varphi(x)-r_{2}f(R_{L})<0$ . Moreover, if $S_{L}>L$

for any $L<0,$ $t \overline{h}en\lim_{narrow\infty}x_{n}=0$ .

Assume that $g(z_{0}, z_{1}, \cdots z_{m})$ is continuous for $(z_{0}, z_{1}, \cdots z_{m})\in R^{m+1}$ and $g(y,y^{*}, \cdots,y^{*})=$

$y^{*}$ has a unique solution $y^{*}$ .

Deflnition 4.1 The function $g(z_{0}, z_{1}, \cdots z_{m})$ is said to be semi-contractive uyith a sign con-
dition $\triangleleft for$ $y^{*}$ , if
(i) for any constants– $<y^{n}$ and a $\geq\underline{z},$ $0\leq i\leq m$ uyith $z0\leq y^{*}$ , there $exi_{8}ts$ a constant
$y^{*}<\overline{z}<+\infty$ such that g(z屋, $z_{1},$ $\cdots z_{m}$) $\leq\overline{z}$ and for any $\underline{z}\leq z\iota\leq\overline{z},$ $0\leq i\leq m$ with $z0\geq y^{*}$ ,
there $e\dot{m}ts$ a constant $\underline{\tilde{z}}>\underline{z}$ such that $\underline{\tilde{z}}\leq g(z0, z_{1}, \cdots , z_{m})$ ,
$or$

(ii) for any constants $\overline{z}>y^{*}$ and $z_{i}\leq\overline{z},$ $0\leq i\leq m$ utth $z0\geq y^{*}$ , there nists a constant
$y^{*}>\underline{z}>-\infty$ such that $g(z0, z_{1}, \cdots z_{m})\geq\underline{z}$ and for any $\underline{z}\leq 4\leq\overline{z},$ $0\leq i\leq m$ unth $z_{0}\leq y’$ ,
there enists a constant $\tilde{\frac{}{z}}<\overline{z}$ such that $\frac{-}{z}\geq g(z_{0}, z_{1}, \cdots , z_{m})$ .

Then by (4.7), (4.8) and Lemma 4.2, we can obtain the following result.

Theorem 4.1 If $\overline{g}(z_{0}, z_{1)}\overline{q}).=\overline{\varphi}(z_{0})-\overline{r}_{2}f(z_{1})$ is semi-contractive with a sign condition $z_{0}$ for
$x^{*}=0$ , then the zero solution of $(4\cdot 1)$ is globally asymptotically stable.

Note that if $\overline{g}(z_{0}, z_{1}; \overline{q})=\overline{\varphi}(z_{0})-\overline{r}_{2}f(z_{1})$ is semi-contractive with a sign condition $z_{0}$ for
$x^{*}=0$ , then the zero solution $x^{*}=0$ of (4.1) is uniformly stable and hence $x^{*}=0$ is globally
asymptotically stable.

For the special case $f(x)=e^{x}-1$ , we establish the $f_{0}nowing$ sufficient conditions for $0<q<1$
which are some extentions of the result in [5] for $q=1$ .

Theorem 4.2 Suppose that $f(x)=e^{x}-1$ and that one of the following condition is fidfilled;

$\{\begin{array}{ll}\overline{r}_{2}\leq 1 and \frac{\tau}{\overline{q}}e^{72}\leq\frac{e^{l}}{1-\hat{z}} if \overline{r}_{1}\leq\overline{q},\overline{r}\leq 1+ \overline{q} and \overline{\frac{r}{q}}(\overline{q}/\overline{r}_{1})^{\overline{q}}e^{\overline{r}-\overline{q}}\leq\frac{e^{\overline{f}}}{1-\hat{z}} if \overline{r}_{1}>\overline{q},\end{array}$ (4.10)

or $\{\begin{array}{ll}\overline{r}_{2}\leq 1, \frac{F}{\sigma}e^{\overline{r}_{2}}>\frac{\epsilon}{1-\hat{z}} and G_{3}(\delta)>0 if \overline{r}_{1}\leq\overline{q},\overline{r}\leq 1+ , \overline{\frac{r}{q}}(\overline{q}/\overline{r}_{1})^{\overline{q}}e^{\overline{r}-6}>\frac{\epsilon^{f}}{1-\hat{z}} and G_{1}(\alpha)>0 if \overline{r}_{1}>\overline{q},\end{array}$ (4.11)
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with $\{\begin{array}{l}G_{1}(x)=\overline{q}(\overline{q}\ln(\overline{q}/\overline{r}_{1})+\overline{r}-\overline{q}-\overline{r}_{2}e^{x})+\overline{r}-\overline{r}(\overline{q}/\overline{r}_{1})^{\overline{q}}e^{\overline{r}-\overline{q}-\overline{r}_{2}e^{x}}-xG_{3}(x)=(\overline{r}_{1}+(1+\overline{q})\overline{r}_{2})-\overline{q}\overline{r}_{2}e^{x}-\overline{r}e^{\overline{r}_{2}-\vec{r}_{2}e^{x}}-x\end{array}$ (4.12)

where $\alpha$ and $\delta$ are the lowest solutions of $G_{1}(x)=0$ and $G_{3}(x)=0$ , respectively, and and $\overline{\hat{z}}$ is a
positive solution of $\overline{q}z^{2}+z-1=0$ . Then, the solution $x^{*}=0$ of (4.1) is globally asymptotically
stable..

As an immediate consequence we have the following corollary.

Collorary 4.1 Assume that $f(x)=e^{x}-1$ and that

$\overline{r}\leq 1+\overline{q}$ and $\overline{r}_{1}\geq\overline{q}\overline{r}_{2}$ . (4.13)

If

(i) $\frac\frac{r\overline}{q}(\overline{q}/\overline{r}_{1})^{\overline{q}}e^{\mathfrak{k}-ff}\leq\frac{e^{\hat{l}}-}{1-\hat{z}}$ , or (ii) $\overline{\frac{r}{\frac{}{q}}}(\overline{q}/\overline{r}_{1})^{q}e^{\overline{r}-\overline{q}}>\frac{e^{\overline{\hat{z}}}}{1-\hat{z}}$ and $G_{1}(\alpha)>0$ , (4.14)

then, the zero solution of (4.1) is globdly asymptotically stable.

Example 4.1 Consider a model $x_{n+1}=qx_{n}- \sum_{\iota-\triangleleft}a_{i}(e^{-x_{\hslash-}}m‘-1)$ , $n=0,1,2,$ $\cdots$ , where

$a_{i}\geq 0,0\leq i\leq m$ , and $\sum_{i=0}^{m}a_{i}>0$ . This equation is equivalent to (2.5), if $\sum_{1=0^{a}:}^{m}=(1-q)\gamma y^{*}$

and $0<q<1$ . By Corollary 4.1, the zero solution $x^{*}=0$ is globally asymptotically stable for
$\overline{r}\leq 1+\overline{q}$, if for the setting (4.5) and $\hat{r}_{1}=\overline{q}(\underline{1}+\overline{\Delta}(1-\overline{\hat{z}})e^{1-\hat{z}})^{1/\overline{q}}\overline{q}-$ it holds that $\frac{\overline{r}}{F}z_{1}\leq\underline{1}+^{-}1r_{1^{-}}$ Since
$e^{x}-1<x/(1-x)$ for $0<x<1$ and we do not need the restriction $(q+q^{2}+\cdots+q^{m})q^{m}\leq 1$

for $0<q<1$ in [6, Theorem 2], our results improve some of [6, Theorem 8] (see [5]).
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